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FOREWORD 


The frontiers of science are broad and varied. As the methods of observation 
are improved and expanded, an immense variety of facts and occurrences are 
faced and new phenomena are continually discovered. Science tries to under- 
stand the phenomena as the consequences of a few basic processes and laws of 
nature. In this way, insights are gained into the fundamental ordering prin- 
ciples that govern the great variety of observed events. 

One can distinguish two different aspects in the research at the frontiers of 
science: in some research the fundamental laws and forces that govern the 
relevant phenomena are believed to be known and beyond doubt; the prob- 
lems in understanding come from the infinite variety of ways in which nature 
realizes the potentialities of these laws and forces, a variety that by far exceeds 
what the human mind could have expected. At these frontiers, ingenuity and 
insight are applied to create new ideas and concepts in order to recognize 
and formulate unexpected consequences of known fundamental principles. 
The frontiers of chemistry, solid state physics, low temperature physics, 
statistical mechanics, quantum optics, and plasma physics belong into this 
category. 

In other frontier research the situation is different. One is dealing with 
phenomena where it seems that the known laws of nature are no longer appli- 
cable, where one faces conditions that probably are beyond the domain of 
validity of these principles. One therefore searches for new principles or for a 
generalization of known laws. Examples of these frontiers are high-energy 
physics and some fields of astronomy. 

Nuclear physics—the science of the structure and the properties of atomic 
nuclei—has a special position in the edifice of physical science. Its frontiers 
Occupy an intermediate position, partaking of both aspects of frontier re- 
search, a fact that imparts a special character and interest to this field. 
The central concept is the nuclear force that keeps the nucleus together. This 
force is not part of a well-understood system of natural laws, in contrast to the 
electromagnetic forces that are responsible for the atomic and molecular 
structure. The nature and origin of the nuclear force is unknown; it is a 
realization of the so-called “strong interactions’’ between elementary particles, 
interactions that still defy any attempt to obtain a systematic understanding. 
Its existence is known only for about 40 years. Nuclear force fields are too 
short ranged to be realized on a macroscopic scale in contrast to electric or 
gravitational fields. 

In the study of these forces, nuclear physics aims at the exploration of new 
natural laws. Another evidence of this aspect is found in the study of radio- 
active phenomena, which play such an important role in nuclear phenomena. 
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Also here processes are faced that are not understood within the framework of 
known natural laws. They seem to be related to the so-called “‘weak inter- 
actions,” between elementary particles. The violation of left-right symmetry 
was first discovered in a nuclear radioactive decay. 

On the other hand, a large part of nuclear physics is devoted to the study of 
nuclear properties on the basis of a system of laws and forces that is assumed 
to be valid and known. True enough, our knowledge of the nuclear force and 
of the weak interactions is derived only from empirical evidence and is in 
some respects incomplete. Still, many of the most important creative efforts 
and insights of nuclear physics are directed toward the interpretation of 
phenomena and processes as consequences of these assumed fundamental 
laws. 

As in so many fields of physics, such efforts and insights were made possible 
by the invention of new physical concepts and new formulations. Some of them 
have found applications in different fields of physics too, some were borrowed 
from other fields. Here are a few examples of such intellectual creations. One 
is the concept of isotopic spin that was introduced by Heisenberg for the 
purpose of a more concise description of the similarities between the proton 
and the neutron in regard to nuclear forces; it led to the important concept of 
“analogue states’” and became a fundamental concept of particle physics. 
Another example is Bohr’s concept of compound nucleus, which is essential 
for the description of certain nuclear reactions. This concept led, among other 
things, to the application of thermodynamic concepts to nuclear processes, 
such as “nuclear temperature”’ and “evaporation”; today it is used success- 
fully also for the understanding of atomic collisions and elementary particle 
processes. 

A concept that was borrowed from other fields and further developed in 
nuclear physics is the single-particle model, in which the dynamics of a 
nucleus is described in terms of the motion of each constituent in the average 
field of all others. The concept of superconductivity also found its application 
in nuclear physics. Most of these ideas are ways to cope with the problems of 
the dynamics of a large number of particles bound together by a strong force. 
The nuclear physicist faces the same problems in the nucleus as the solid 
state physicist faces in a metal, a crystal, or a liquid. Both study the dynamics 
of many particles and their collective motions. The nuclear physicist, however, 
has to worry about the effects of the overall shape of the object, which play a 
much more important role in the nucleus because of its small dimensions. 
These problems gave rise to fruitful concepts such as deformed nuclei, rotating 
nuclei, and deformation vibrations. 

The development in recent years of our understanding of many-body systems 
is a good example of successful cross-fertilization between fields of physics 
that study objects as disparate as a nucleus and a chunk of metal. The same 
intellectual tools are used for the understanding of widely different phenomena. 
Such concepts as effective interaction, the particle-hole description of excited 
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quantum states, plasma frequencies, spin waves, and so on, find their applica- 
tions equally well in nuclear and in ordinary matter. It is a proof of the unity 
and power of modern quantum physics. 

A cross-fertilization of a different kind has taken place between nuclear 
physics and astronomy. Here it is not the conceptual methods but the subject 
matter that brought these two sciences together. The discovery that stellar 
energy is supplied by nuclear processes is one of the greatest achievements of 
modern science. Nuclear processes occur rarely on the earth’s surface. Most 
of the phenomena of nuclear physics studied in the laboratories are “man- 
made.”’ We need powerful accelerators to induce nuclear excitations. The 
only exceptions are the decays of natural radioactive substances, which are the 
last embers still remaining of the great cosmic fire in which terrestrial matter 
was formed. The natural habitat of nuclear physics is the interior of stars. In 
the nuclear laboratories, man has created here on earth a cosmic environment 
in which he studies the processes that are of importance for the universe at 
large. What we see in the sky, the stars, the novae and supernovae, the galaxies 
and quasars, and the neutron stars are all manifestations of nuclear effects 
induced by gravitational compression. 

There is a fascination in dealing with nuclear processes, with nuclear matter 
with its tremendous density; a matter, however, that is inert on earth but is not 
inert at all in most other large accumulations of matter in the universe. The 
dynamics of nuclear matter are probably much more essential to the life of the 
universe than our terrestrial atomic and molecular physics. After all, what is 
that physics? It deals with the electron shells around nuclei that are only 
formed at very low temperatures on a few outlying planets where the conditions 
are just right—where the temperature is not too high, low enough to form 
those electron shells but high enough to have them react with each other. 
These conditions are possible only because of the nearness of a nuclear fire. 
Under the influence of that nuclear fire, self-reproducing units were formed 
here on earth. And after billions of years of benign radiation from the solar 
furnace, thinking beings evolved who investigate the processes that may be 
nearer to the heart of the universe than the daily world in which we live. 

The present state of insight into nuclear structure is presented to us in this 
textbook by two of the most dedicated contributors to this knowledge. Tragi- 
cally one of them—Amos deShalit—is no longer among us. He was able to 
finish most of his contributions to this book, which Herman Feshbach welded 
together into an impressive work. The achievements of nuclear research of 
half a century are described here in a concise, systematic, and lucid form. 
May this book be a testimony to the ability of the human mind to clarify the 
ways in which nature works. 


Victor F. Weisskopf 
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It is our intention in these two volumes to describe the fundamental principles 
underlying the present understanding of nuclear structure and interactions. 
It is not our intention to be complete, giving the most recent views on each and 
every nuclear problem. Instead, we hope that, after studying these volumes, the 
reader will have gained sufficient insight to enable him or her to profitably 
turn to the original literature and review articles. Even more, we hope we have 
been able to transmit the quality of the challenge presented by nuclear phe- 
nomena and the nature of the intellectual rewards that attend their study. 

Nuclear phenomena are enormously varied. To understand them it has been 
necessary to call on the entire armamentarium of modern theoretical physics. 
Concepts and methods from every subdiscipline such as statistical mechanics, 
thermodynamics, atomic and molecular physics, chemical reactions, the 
physics of solids and liquids, optics and sound-wave propagation and ele- 
mentary-particle physics have been borrowed and transformed. The conse- 
quent ability to appreciate advances in these fields and even to contribute to 
them on occasion is one of the dividends of the conscientious study of nuclear 
theory. However, this wide-ranging approach and the great variety of phe- 
nomena to be discussed present a formidable pedagogic problem. 

For this reason we have emphasized principles instead of attempting to 
cover all aspects and to be up to date. The reader is assumed to be moderately 
sophisticated. The audience we-have in mind is typified by the graduate 
student who might make a career in nuclear physics or more generally in 
nuclear science. We assume a working knowledge of quantum mechanics and, 
as far as nuclear physics itself is concerned, a general knowledge of the phe- 
nomena as well as the vocabulary and symbols in terms of which these are 
commonly described, as might be acquired from an introductory course. 

In addition we have provided an introductory chapter that discusses in a 
brief and qualitative fashion many of the important phenomena, facts, and 
concepts, furnishing thereby a quick first look at the nucleus. Both structure 
and reactions are reviewed. Of course, these are given a fuller discussion later 
on in this and the next volume. However, it is often true that these qualitative 
descriptions are sufficient input for many developments, and it is convenient 
to be able to refer to them rather than to the fuller but necessarily less trans- 
parent descriptions. 

The structure of nuclei and the principal features of nuclear reactions are a 
consequence of the strong nuclear forces. Strong interaction physics here and 
elsewhere involves two characteristic and interactive features. On the one hand, 
a systematic study of nuclei is needed to establish regularities in their prop- 
erties. These regularities can suggest or are suggested by models of nuclear 
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structure that mimic some of the attributes of the real nucleus. Initially the 
models are rather crude and have a narrow range of applicability. As the field 
develops, the experiments become more subtle, and the models become more 
sophisticated and encompassing. One such model, the generalized nuclear 
shell model, has been able to provide a framework for understanding many of 
the outstanding features of nuclei, particularly the properties of the ground 
and low-lying states. This is a remarkable achievement, since the model has 
been established in spite of the absence of a complete description of the 
underlying force. For the most part, only a qualitative understanding of that 
force is required. 

In many ways the generalized shell model can be considered as the central 
subject of this first volume. Why and in what ways is it successful? What are 
the ad-hoc elements? How is it related to the simpler models, which preceded 
it historically and which remain very useful in their domains of validity? How 
can it be justified and, more than that, quantitatively related to the nuclear 
forces? Upon what features of the latter does it rely? 

The first step is taken in Chapter II in which it is shown that the features of 
the semiempirical law giving the binding energy of nuclei as a function of the 
number of protons and the number of neutrons follow if the nucleus is thought 
to consist.of noninteracting nucleons constrained to have the observed density. 
The fact that the nucleons obey the Pauli exclusion principle is of essential 
importance for this development. The agreement with experiment of this very 
primitive model is not quantitative, but order-of-magnitude results, correct to 
within a factor of two, are obtained. 

Of course, one is surprised that it is possible to replace (even though roughly) 
the complex motion of the strongly interacting nucleons by independent 
motion in a constant potential. In addition, the question remains of how the 
strong nuclear forces can lead to the observed nuclear densities. There is some 
discussion of these problems in Chapter II. But it is taken up in earnest in 
Chapter III in which the properties of an idealized system, infinite nuclear 
matter, is discussed. The theory of this system is presented in Chapter III in a 
relatively elementary way. It is quickly realized that the potential in which the 
particle moves represents the average effect on one of the nucleons by all of 
the others. The quantitative development of this notion is carried out with the 
aid of the independent-pair approximation. With this development comes an 
understanding of the independent-particle nature of nuclear dynamics as well 
as the role played by various components of the nuclear force and the Pauli 
principle. A more modern and sophisticated discussion is presented in Chapter 
VII. 

The independent-particle concept is applied to finite nuclei in Chapter IV. 
Each particle is now assumed to move independently in a central potential. 
The phenomenon of shells, the necessity for a spin-orbit component in that 
potential, the values of the spins and magnetic moments of the ground and 
low-lying states are discussed. Finally the Hartree-Fock method for deriving 
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the “best” central potential is described. The limitations of the model and the 
significance of the agreement with experiment obtained in the course of the 
discussion become quite apparent. A possible cure, the residual interactions 
between the particles, is introduced in Chapter V, and their effect is evaluated 
with the aid of perturbation theory. The nature of the configurations that can 
be involved and the way in which their effects can be evaluated in first order are 
discussed in some detail. It becomes apparent that first-order theory is ade- 
quate for nuclei near closed shells but that a more elaborate perturbation 
theory becomes essential for nuclei at some distance from the closed shells. 

However, it was not by simply extending perturbation theory that progress 
was made. Instead, it was made through a brilliant hypothesis that provided a 
new insight into nuclear dynamics. This is described in Chapter VI on collective 
motion. The success of the hypothesis, that some nuclei such as the rare earths 
are rotators, suggests that there are characteristic modes of motion of nuclei 
that involve substantial numbers of nucleons moving together. Rotational 
motion is just one example. Chapter VI discusses others such as vibrations of 
which the giant dipole is one realization. But now the problem of connecting 
these phenomenological descriptions with the shell model arises. Its resolution, 
also discussed in Chapter VI, lies in the behavior of the shell-model potential. 
We learn that that potential can be deformed, that it can vibrate, and that the 
corresponding modification in the shell-model orbits can be connected with 
the observed rotational and vibrational motions. 

Up to this point, no attempt has been made in the text to connect the above 
descriptions of collective and shell motion with the underlying nuclear forces. 
This is the ultimate goal of the investigations reported in Chapter VII. Vibra- 
tions are treated by considering the time-dependent Hartree-Fock method, 
and also by searching for the appropriate linear combination of particle-hole 
excitations that can describe a vibration, the so-called RPA method. These 
methods fail if the nuclear interaction is singular or very strong as is certainly 
true for small nucleon-nucleon separations. The Brueckner method, which is 
designed to deal with this problem, is described and applied to the nuclear- 
matter problem. Finite nuclei are considered next. Recent work reviewed 
includes (1) the Hartree-Fock method for soft nucleon-nucleon potentials, 
(2) the Brueckner-Hartree-Fock method that generalizes the method of self- 
consistent fields to include the case of singular potentials, and (3) the local 
density approximation in which the infinite nuclear matter results for a given 
density are assumed to apply in finite nuclei in regions with the same density. 
Various attempts to relate these results to derive an effective interaction that 
can be used in shell-model calculations are described, and the present status of 
these theories is discussed. Much of the discussion of this chapter uses the 
methods of “‘second quantization.’’ One model that is most easily described in 
this language leads to a “superconducting” solution from which the existence 
of a gap between the ground state of an even-even nucleus and its first excited 
state can be inferred. 
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The various models and theories of nuclei described in Chapters II to VI 
predict not only the properties of the nuclear states but also their radiative 
and @-decay transitions. These are discussed in Chapters VIII and IX. Chapter 
IX also contains a review of the nuclear tests of the theory of weak interactions 
including the “‘fall of parity,’’ double 8-decay, the nuclear tests of CVC and 
PCAC, and the effect of weak interactions on nuclear forces. 

It is obvious that many important subjects have been omitted; the choice of 
topics that are thought to constitute the basis of nuclear theory is necessarily 
idiosyncratic. For this reason, references to review articles and books that can 
supplement the material presented here have been listed at the end of this 
volume. 

The second volume of this book is not yet completed. It will be concerned 
with two subjects. The first will focus on nuclear forces, their origin in the 
exchange of bosons and their manifestations in nucleon-nucleon scattering and 
binding, as well as in the three- and four-body nuclear systems. 

The second will be concerned with nuclear reactions and will include re- 
actions induced by high-energy particles, direct reactions, transfer reactions, 
compound nuclear resonances, doorway state resonances, and the statistical 
theory of nuclear reactions. Reactions involving electromagnetic probes such 
as electrons and photons, weak interaction probes, the various neutrinos, as 
well as those induced by strongly interacting projectiles such as pions, kaons, 
nucleons and antinucleons, deuterons, alpha particles and finally heavy ions 
will be discussed. 

I am very grateful to a number of my colleagues who took time from their 
busy lives to carefully read and criticize the original manuscript. Approxi- 
mately the whole manuscript was read by N. Austern, J. Devaney, R. L. 
Feinstein, A. Gal, J. Hufner, and I. Talmi. Chapter IX was carefully scruti- 
nized by C. W. Kim and J. Weneser. Discussions with J. Weneser and K. 
Gottfried resulted in the rewriting of the Appendix on time reversal. 
T. Lauritsen read the first few chapters while D. A. Bromley contributed 
suggestions in connection with Chapter VI. R. Jackiw was helpful in develop- 
ing the description of the Adler-Weisberger relation given in Chapter IX. 
Not all of their advice was taken, nor did they see the final version. Any 
errors that inescapably are present in a work of this magnitude are of course 
my own responsibility. But I hope that with their help, major errors and 
unclear discussions have been eliminated. 

I thank the members of the M.I.T. Center for Theoretical Physics, particu- 
larly, M. Baranger, A. K. Kerman, J. Negele, F. Villars, and V. F. Weisskopf. 
Their attitudes toward physics in generafand toward nuclear physics in par- 
ticular is reflected in the spirit with which this book is written. 

We are grateful to Miss Ilana Eisen and Mrs. Lillian Horton for their 
dedicated assistance in the preparation of the manuscript. 

The references listed at the end of this volume are not in any way complete, 
nor has any attempt been made to ascertain the origin of many of the argu- 


xiv PREFACE 


ments presented. The preparation of a complete list and the assignment of 
credit for original discoveries is an enormous task that we did not attempt. 

It was in 1960 that Amos deShalit and I decided to write this book. But we 
were unable to start until 1965 and even then it proceeded slowly because of 
our many commitments to other projects. Amos came often to M.I.T. to 
write and to work intensively with me on the manuscript. Collaborating with 
Amos was an exhilarating experience. My own understanding of nuclear 
physics grew significantly with each visit as we discussed the plan of each 
chapter, sharpened up an argument, found a more incisive presentation, all so 
that the underlying physics would be more strikingly revealed. Amos died in 
August 1969. I have written elsewhere of the loss to the world, to his country, 
to science and education, and to his many friends. I want to record here my 
own profound sense of loss. I hope that the completed volume is faithful to 
his vision of a book that would not only instruct but also inspire. 


Herman Feshbach 
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CHAPTER I 


NUCLEAR 
PHYSICS— 
INTRODUCTORY 
REVIEW 


These two volumes deal with the theoretical concepts that underlie our under- 
standing of the structure of nuclei and nuclear reactions. One can distinguish 
two main complementary approaches. In one, attention is focused upon 
nuclear forces. The ultimate aim is to quantitatively relate these to the prop- 
erties of nuclei. From this point of view, each nucleus, its excitations, and the 
way in which these properties shift as the nucleus changes are all manifesta- 
tions of the nuclear force. The traditional strategy has assumed that nuclear 
forces would be determined principally from the properties of the 
two-, three-, and four-nucleon systems together with the fundamental 
theory of the nuclear force that asserts that this interaction is the consequence 
of the interchange of the mesons (z, p, w, etc.) among the nucleons. However 
the possibility that the comparison between nuclear properties and their 
predicted values may help in choosing among rival theories of nuclear forces 
should not be forgotten. 

The second approach looks toward the discovery and elucidation of the 
nuclear modes of motion and their associated degrees of freedom. Examples 
include the nuclear shell model with its single particle states. Another is the 
rotational model with such dynamical parameters as the moment of inertia. 
Vibrations are indicated by such phenomena as the giant dipole resonance. 
The optical model, the compound nuclear resonance, the doorway state 
resonance are also special modes of nuclear motion. The discovery of these 
relies upon the observation of regularities in the properties of nuclei from 
which the nature of a nuclear degree of freedom may be deduced or verified as 
the case may be. Significantly involved here is the formulation of a model, 
with a kinetic and interaction energy depending directly upon the degrees of 
freedom under study. Such a model depends upon a number of parameters 
whose value is determined from comparison with experiment. If these parame- 
ters vary smoothly or understandably over a number of nuclei, the model is 
said to be a good one. Of course, models may be deduced from the data or 
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they may be postulated and their consequences suggest experimental tests. 
In any event experiments and calculations involving a number of nuclei and a 
number of processes are required before the model is established. Originally 
the models were rather simplistic but by this time rather elaborate and so- 
phisticated schemes have been developed that unify and combine several 
earlier models. 

These two broad areas of effort, (1) the study of nuclear forces and their 
relation to the properties of nuclei, and (2) the development of widely appli- 
cable models meet in the effort to “‘derive’’ the models, calculating the model 
parameters, and determining their range of validity from nuclear forces. The 
sorts of question that need to be answered, for example, in the case of the shell 
model include: (1) when is the description of the nucleus in terms of each 
nucleon moving independently in a potential correct and (2) how is this shell 
model potential quantitatively determined? 

These paragraphs describe very briefly the areas to be discussed in 
these volumes. The first volume will be devoted mainly to nuclear structure, 
that is, to the properties of the ground state, the low-lying levels, and the 
electromagnetic and @-decay transitions that can occur between them. Models 
including their relation to nuclear forces are discussed. The second volume 
concerns itself with the origin of nuclear forces, the semiempirical determina- 
tion of nuclear forces from the nuclear two, three-, and four-body problems, 
and finally nuclear reactions and the associated reaction models. An important 
part of the discussion of nuclear reactions is the description of how they can be 
employed to determine properties of the stationary states of nuclei. 

It has been stated that the physics of the twentieth century has been pri- 
marily concerned with the quantal structure of matter [Weisskopf (71)]. Each 
system, an atom or a nucleus or a hadron studied by particle physicists, has a 
ground state and a spectrum of excited states that are specified by a set of 
internal quantum numbers, such as spin, in addition to their energy. Transi- 
tions can take place between these states. These transitions may involve the 
emission or absorption of photons, electron-neutrino pairs, mesons of various 
kinds, and for the relatively highly excited states of atoms, electrons, and of 
nuclei, neutrons, alpha particles, etc. These and other parallels have been 
emphasized by Weisskopf. 

But of course there are substantial qualitative differences. We can distinguish 
between the three great classes of matter (1) atoms, molecules, solids, and 
plasmas, (2) nuclei, and (3) hadrons. Nuclei are those systems that can be 
formed from A-nucleons, where A is the mass number, of which Z, the atomic 
number, are protons. No other particles need be involved. The hadrons are 
the strongly interacting particles including the baryons, that is, nucleons and 
the “‘strange’’baryons, the A, 2, #, and 2 as well as the mesons such as the 
a, p, K, etc. The concept of nuclei can be generalized by including in its domain 
all systems with two or more baryons. When these baryons are nucleons, the 
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systems are the ordinary nuclei. When some are the strange baryons as well as 
nucleons, the systems are called hypernuclei. We now emphasize that these 
three types of matter, atoms, etc., nuclei, and hadrons differ dynamically. 
That is, the major forces acting in each type are dissimilar. This is indicated 
in the table below. 


Characteristic Forces for Different Classes of Matter 


Importance Characteristic 


Strength of of Excitation Number of 
Interaction Range Relativity Energies Particles 
(1) Atoms Weak Long Little 1-105 eV 1 to many 
Molecules Weak Long Little 10-*-10-1eV 2to many 
Solids Weak Long Little 10-*+1 eV very many 
(2) Nuclei Moderate Short Some 105-107 eV 2 to many 
(3) Hadrons Strong Short Great 107-109 eV ? 


As the table shows, nuclei are the only systems that consist of a finite number 
of particles, (the most massive known nucleus consists of 259 particles, the 
least the deuteron with two) with moderately strong forces acting between the 
particles. They are a unique form of matter. 

Because of the strength of the forces it is not possible to use simple per- 
turbation theory, which is so useful in the theory of atoms. Because there are 
relatively few particles, the many-body theory developed for solids and 
quantum fields does not immediately apply. New methods have had to be 
devised. This process is not complete but even at this point, application of 
these methods has already been made to the theory of atems and molecules 
and their interactions, as well as to solids and plasmas. 

There is remarkable commonality in the qualitative nature of the phe- 
nomena exhibited by the various forms of matter. But there is an equally 
remarkable diversity in their underlying dynamics and thus in quantitative 
aspects, as, for example, is apparent from the column, “‘Characteristic Excita- 
tion Energies.’’ Each field has its own great problems but their solution in one 
area may still prove of use and significance for the others. 


1. NUCLEAR SIZES 


Evidence for the existence of nuclei comes now from so many different sources 
that it is hardly necessary to describe any of them. The picture of the atom as 
consisting of a small, positively charged, massive nucleus, surrounded by a 
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““cloud”’ of electrons, is now established beyond any doubt. Together with the 
powerful tools of quantum mechanics, it forms the backbone of numerous 
quantitative calculations of the properties of atoms and molecules, and these 
all agree very well with experiment. 

The detailed study of atomic spectra shows that the atom possesses degrees 
of freedom in addition to those of the electrons that manifest themselves, for 
instance, through the “splitting”? of spectral lines. These so-called hyperfine 
effects, which modify the behavior of electrons in atoms, [see Herzberg (44)], 
are most naturally ascribed to detailed properties of the nucleus of the atom. 
The nucleus emerges from these studies of atomic spectra, as an object of 
finite dimensions, with a finite distribution of charge and magnetization. 
Furthermore, it is quite evident from the studies of atomic spectra that a finite 
angular momentum should be generally associated with the nucleus, and that, 
because of the interaction between the electrons and the nucleus, it is only the 
total angular momentum—the angular momentum of the electrons plus that of 
their nucleus—that is generally conserved. 

The dimensions of a typical nucleus are about 10-!* cm. The density of 
electrons in the atom changes very little over these dimensions. Yet, in many 
cases the atomic-spectroscopy data are accurate enough to trace even the 
effects of the shape of the nuclear charge distribution on the dynamics of its 
surrounding electrons. It is thus possible to determine the electric quadrupole 
moment of the nucleus, which measure the extent to which the charge distri- 
bution in the nucleus deviates from spherical symmetry and acquires an 
ellipsoidal shape. Magnetic dipole moments, which reflect the current and spin 
distributions in nuclei, have generally a more dramatic effect on atomic 
spectra, and further refined measurements yielded information on nuclear 
magnetic octupole moments as well. 

An important step forward in the elucidation of nuclear charge and current 
distribution has been made through the study of high energy electron scatter- 
ing from nuclei [T. deForest and J. D. Walecka (66)]. Because the forces on 
electrons penetrating the nucleus depend on the details of the charge distribu- 
tion in the nucleus, and because the electromagnetic interaction is, on the 
whole, very well understood, it is possible to extract fairly accurate informa- 
tion about nuclear electromagnetic properties from such electron scattering 
data. Figure 1.1 shows typical results of high energy elastic electron scattering 
experiments and the fit to the data obtained by using different forms of the 
charge density. A typical charge density employed is shown in Fig. 1.2. 
Figure 1.1 gives us an idea of the sensitivity with which such experiments can 
determine nuclear charge distributions. 

The information obtained from high-energy electron scattering comple- 
ments that which is obtained from the bound electrons. In fact, in the Born 
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FIG. 1.1. (a) Electron scattering data for *°Ca and 48Ca. The solid lines give the fit ob- 
tained with a three-parameter form that describes the radius, surface thickness, and 
nonuniformity of the charge distribution in the nuclear interior [from Ravenhall (67)]. 


approximation the amplitude for the electron to be scattered while trans- 
ferring momentum q to a nucleus of radius R is proportional to 


f@ = af“) r sin qr dr (1.1) 


Note that tq = p; — p,; where p; is the initial momentum of the electron, p,; 
the final momentum. If gR > 1, that is, for large-momentum transfer, the main 
contribution to (1.1) comes from regions in which p(r) varies rapidly. This 
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30 


40Ca—“*8Ca, 250 MeV 
20 


DX 100 


FIG. 1.1 (b) The difference D = [«(#°Ca) — «a(48Ca)] /[o(4°Ca) + o(48Ca)] between the 
electron elastic scattering data for 4°Ca and 48Ca for 250 MeV electrons [from Ravenhall 


(67)]. 


usually happens at the nuclear surface, so that (1.1) becomes sensitive to how 
fast the charge density falls off at the surface, that is, to the surface thickness. 
On the other hand, for gR « 1 we can put sin gr ~ qr — (1/6)(qr)? and we see 


R 
that f(g) measures then (7?) = | r4o(r) dr. The information obtained from 
0 


energies of bound electrons is equivalent, from this point of view to that of 
electrons scattered with low g. The information obtained from atomic spec- 
troscopy is therefore complementary to that obtained from large g e-scattering. 

Muonic atoms, in which a w--meson is captured in an atomic orbit are 
even better than the normal electronic atoms for probing the nuclear charge 
distribution. Having a mass of 


m, = 105.659 - 0.002 MeV (1.2) 


p-mesons are about 200 times heavier than the electron and, hence, have a 
Bohr radius that is 200 times smaller. A u-meson therefore probes the nuclear 
charge distribution from much closer distances and mu-mesic x-rays have 
greatly helped clarify the charge and current distribution in nuclei [see Sens 
(67); Devons and Duerdoth (69); and Wu and Wilets (69 ) ]. 

All atomic spectroscopy data, electron scattering data, mu-mesic x-rays and 


NUCLEAR SIZES 7 


G1) * ca—4?Ca 
@ “ca— “ca 
GB) 4(4Ca—*8Ca) 


(4) [3 (44Ca + *8ca)—8 Tix 2 


p(r) for *°Ca 


0.1 


4n r2 Ap(r) ine per fm 
° 


FIG. 1.1 (c) Differences between the charge distributions of 4°Ca and other nuclei. 
The assumed charge distribution for 4°Ca is shown by the dotted line [from Ravenhall 


(67)). 


many other experiments are consistent with an A independent nuclear 
density. Unlike atoms, whose size on the average varies very little with in- 
creasing Z, nuclei keep swelling as we increase their mass. Since the average 
nuclear density is found to be independent of A we can write for the nuclear 


radius 
R= nA (1.3) 


where 7) was found, empirically, to have the value of 
ro = 1.12 K 10-3 cm = 1.12 fm (1.4) 
corresponding to an average nuclear density of 
p = 1.72 * 108 nucleons/cm? (1.5) 


Actually the nuclear density does not change abruptly from its value (1.5) to 
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FIG. 1.2. Typical charge density. R is the nuclear radius and tis the surface thickness. 


p = 0 outside the nucleus; there is a finite region over which p goes down to 
zero. This region is often called the nuclear surface; see Chapter II. The width 
of that region labeled ¢ in Fig. 1.2 is defined to be the distance over which 
the density drops from 0.9 of its value at r = 0 to 0.1 of that value. Empirically 
tis a constant 


t~ 2.4 fm (1.6) 


2. NUCLEAR MASSES 


Nuclear masses are measured, both directly and indirectly, through the 
energetics of specific reactions leading to the desired nucleus. What is usually 
tabulated is the mass of the neutral atom built around the nucleus in question. 
It is given in such units, the “‘unified scale,”’ that make the atom of !2C have 
exactly the atomic mass 12. In these units, 1 unit = (1.66043 + 0.00002) 
10-74 g = 931.478 + 0.005 MeV/c?. The mass of the hydrogen atom is 


My = 1.00782522 units (2.1) 
The mass of the 1*O atom is 
Mieo = 15.99491494 + 0.00000028 units (2.2) 


[In some older tabulations a “‘physical scale”’ or a “‘chemical scale’’ for atomic 
masses is used; the former assigns the exact mass 16 to 1*O, while the latter 
assigns it to the natural isotopic mixture of oxygen isotopes; in making 
precise calculations using tabulated nuclear masses it is thus advisable to make 
sure which mass unit is used. For complete discussions and tabulations, see 
E. R. Cohen and Jesse W. M. DuMond (65)]. 
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The bare nuclear mass can be obtained from the atomic mass using the 
relation 
Myue = Mato — [Zm. — BAZ)] (2.3) 


Here m, is the mass of the electron 


m,. = (5.48597 + 0.00003) X 10-4 units 
= 511006 + 2eV (2.4) 


and BZ) is the binding energy of the Z electrons in the neutral atom. A good 
estimate for B.(Z) is given by the expression derived from the Fermi-Thomas 
model of the atom [L. L. Foldy (51)]: 


BAZ) = 15.73Z7!3 eV (2.5) 


For the mass of the bare proton one obtains, using (2.3) and the measured 
binding energy of the electron: 


M, = (1.00727663 + 0.00000008) units 
= (938.256 + 0.005) MeV (2.6) 


while the measured mass of the neutron is 


M,, = (1.0086654 + 0.0000004) units 
= (939.550 + 0.005) MeV (2.7) 


A detailed table of atomic masses, cross-checked by using various nuclear 
reactions, can be found in a paper by J. H. E. Mattauch, W. Thiele, and 
A. H. Wapstra, (65) [see also A. H. Wapstra and N. B. Gove (71)]. The 
standard deviations of the masses given there are generally less than a few 
parts per million. 

Many derived quantities can be obtained from the data on masses. The 
nuclear binding energy B(Z,N), for instance, is defined through the identity 
(neglecting small corrections due to the electronic binding energy) 


M(Z,N) = ZMy + NM, — BZN) (2.8) 


where M(Z,N) is the atomic mass of a nucleus with Z protons and N = A — Z 
neutrons and My, is the hydrogen mass and M, the neutron mass. B(Z,N) is 
thus the energy that is required to completely break up the nucleus (Z,N) into 
its A-nucleons; it is given as a positive number, as implied by the minus sign 
in (2.8). | 

The nuclear binding energy B(Z,N) is, generally speaking, an increasing 
function of Z and N; a derived quantity—the binding energy per nucleon: 
B(Z,N)/(Z + N)—remains rather constant from A = 12 and up. To a good 
approximation one finds empirically that 


B(Z,N) 


Ge 8.5 MeV/nucleon (2.9) 
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Figure 2.1 shows the more detailed trend of the binding energy per nucleon 
as a function of A. It can be contrasted with a corresponding plot for the 
electronic binding energy per electron that, from (2.5), is seen to increase 
as Z 4/3, 

If the binding of a system of n objects arises from the interaction between 
every pair of such objects, then, crudely speaking, the total binding energy of 
the system should increase with n in direct proportion to the number of pairs 
gn(n — 1); the binding energy per object should then increase linearly with n, 
which agrees, roughly, with the observation in atomic electron binding energies. 
The totally different behavior of nuclear binding energies, as indicated by 
(2.9), shows that nuclear interactions possess the saturation property; a 
nucleon in a nucleus interacts at most only with a small, fixed, number of 
nucleons, which is independent of the size of the nucleus. As the nucleus in- 
creases in size its total binding energy should then, crudely speaking, increase 
only linearly with A, leading to an A-independent binding energy per nucleon, 
as observed. 

Result (2.9) is of course quite crude. There have been many attempts to 
provide a more accurate formula for B(Z,N) or M in terms of a universal 
function of Z and N. These attempts were motivated on the one hand by the 
apparent regularities observed in tables of nuclear masses and, on the other, 
by some general theoretical considerations. They have therefore come to be 
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FIG. 2.1. Binding energy per nucleon as a function of A. 
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known as semiempirical mass formulae, the most commonly used being 
Weizsacker’s formula (see also Section I].3): 
Zz? (Z — N/) 


M = ZM, + NM, — aA + AM + Os Fag TM A 


+ 6(A) (2.10) 


The numerical value for the coefficients a; in this formula are given in Eq. 
IJ.3.2. The physical picture behind this formula is the following: 

The nuclear mass consists mainly of the masses of the Z-protons and 
N-neutrons that constitute the given nucleus. The next term a,A is in the form 
given by (2.9).* Since nuclear densities are to a first approximation independent 
of A, this term ‘is proportional to the nuclear volume and is therefore called the 
volume energy. Since the nucleons at the nuclear surface contribute less to the 
total binding, the volume energy a,A has to be reduced by a term proportional 
to the nuclear surface area: +a,A?/3. Then comes the Coulomb forces that, 
being repulsive, again increase the nuclear mass, this time in proportion to the 
square of the charge Z?, and in inverse proportion to the nuclear radius, 
that is, to A'/3, Of the last two terms—the a, term 1s the symmetry energy and 
6(A) is the pairing energy. They have to do with the empirical observation that 
stable nuclei prefer, in the absence of Coulomb forces, to have as far as 
possible, equal numbers of protons and neutrons, and that an even number of 
protons or neutrons seems to be more strongly bound than an odd number of 
these nucleons. 

It should be stressed that-semiempirical mass formulae give only an average 
behavior of nuclear masses, and important systematic deviations of actual 
masses from the “‘predictions” of such formulae are observed locally in 
specific parts of the periodic table. These will be discussed later in Chapters II 
and III. 


3. NUCLEAR FORCES 


Having established the fact that nucleons bind themselves to each other in the 
nucleus, we naturally ascribe this binding to a force that must exist among 
nucleons. It is definitely a different force from the two forces already known 
to us—gravitation and electromagnetic—because both are too weak to 
explain the observed binding. The electromagnetic force is of course repulsive 
[in Weizsacker’s mass formula (2.10) it contributes to a reduction in the total 
binding energy]. 


*The constant a; is, however, not 8.5 MeV but rather 15.68 MeV. The value 
8.5 MeV is a consequence of the effect of all the terms in (2.10) over a limited 
range in A. 
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Several things can be said about this new force: 


(a) Inside the nucleus the nuclear force is substantially stronger than the 
electromagnetic interactions, or otherwise most stable nuclei would not exist. 


(b) The nuclear force is attractive, or at least has dominant attractive 
components in it. This, again follows from the fact the nuclei are bound. 


(c) The nuclear force has a short range. That its range is shorter than 
interatomic distances we can conclude from the fact that at the molecular level 
there seems to be no necessity for forces other than electromagnetic to explain 
known phenomena. However, we can also put a much lower limit on its range. 
As we see from Fig. 2.1, the binding energy per nucleon seems to reach its 
saturation level already around A = 10 and, in fact, even for *He the binding 
energy per particle is nearly 90% of its average value all through the periodic 
table. It is thus evident that the nuclear interaction is ‘“‘exhausted”’ already at 
distances of the order of magnitude of the size of the “He nucleus. We con- 
clude, therefore, that the range of nuclear forces is of the order of magnitude 
of the radius of that nucleus, that equals approximately the average distance 
between nucleons in the nucleus, that is, between 1 and 2 fermis. 


(d) Nuclear forces have the saturation property; in other words their 
general character is such that each one of them cannot interact with more than 
the few nucleons within its range of influence leading, as we mentioned 
before, to a total binding energy that increases linearly with A. 


These qualitative conclusions about the nuclear force can be made more 
quantitative by a closer study of the two nucleon system. This shall be done in 
detail in Volume II, but we would like to summarize here some of the more 
detailed results: 


(e) The strength of a force cannot be measured just by the binding energy 
that it produces. There is another energy to which it should be compared, as 
we Shall now show. Consider the two nucleon system. If we force the nucleons 
(0 be within the range of their mutual (nuclear) interaction, we increase their 
‘elative momentum because of the uncertainty relation ApAx =~ h. That leads 
O an increase in their kinetic energy in the center-of-mass system 


— (Apr | 
~ 2(M/2) M(Ax)? ee) 


kin 


the reduced mass M/2 was used in (3.1) to emphasize that we are dealing with 
he relative kinetic energy]. The nuclear attraction has to overcome this kinetic 
nergy in order to produce a bound state, so it is therefore natural to ask 
vyhether its binding energy is large or small compared to Ein in (3.1.). 
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From the fact that there is only one bound state known for the two-nucleon 
system—the deuteron—we conclude that the nuclear interaction is barely 
strong enough to overcome the kinetic energy that results when the two 
nucleons come within each other’s range. Thus the nuclear interaction is 
basically a weak interaction—that is, weak in comparison with its task of 
overcoming Fyin in (3.1). This situation can be contrasted with the Coulomb 
interaction in atoms: because of the infinite range of e?/r it is always possible 
to go to large enough distances so that the kinetic energy (3.1), which decreases 
like 1/r?, will be small compared to the interaction energy. And, indeed, the 
hydrogen atom has many bound states! 


(f) The nuclear force depends not only on the relative separation of the 
two nucleons, but also on their intrinsic degrees of freedom—the spin and the 
charge. Its dependence on the spins of the interacting nucleons can be inferred 
from the fact that the only bound n-p system—the deuteron—has the proton 
and the neutron spins parallel to each other giving rise to a total angular 
momentum J = 1. There is no known bound state for that n-p system where 
the two spins are antiparallel to each other leading to J = 0. 

The spin dependence* of the nuclear interaction probably comes in three 
different ways: a direct spin-spin interaction of the form 6-6 V(|r1 — re|); a 
spin-orbit interaction of the type [(é6: + 62)-(f1 — re) K (Pi — pe)] VCjri — re|) 
[note that (r, — re) X (pi — pe) is proportional to the relative orbital angular 
momentum, hence, the name spin-orbit interaction for this part of the nucleon 
nucleon force]; and a tensor interaction of the type 


{3[61-(F1 — ¥e)] [6e-(t1 — F2)J] — (Wi — Fe)? Gi- 62} V¢ [ri — Fel). 


The evidence for these various components in the nucleon-nucleon interaction 
comes from many sources, the most direct one being nucleon-nucleon scatter- 
ing experiments. For the tensor force we have an additional very important 
evidence from the quadrupole moment of the deuteron, which is found to be 
positive and nonnegligible [Q(H?) = 2.78 X 10-27 cm?]. We conclude that the 
deuteron has a preference for a shape similar to the one shown in Fig. 3.1a, 
rather than oscillating equally between the two shapes (Figs. 3.la and 3.15), 
which would have led to a zero quadrupole moment. A preference for one 
shape over the other can come only through an interaction that couples the 
spins to the vector r = r; — re and, in the case of the deuteron, this can be 
achieved only via a tensor force. We may recall that in its spin dependence 
this is a force similar to the one between two magnetic dipoles, but its strength 
in the deuteron is too large to be accounted for by the interaction between the 
magnetic moments of the proton and the neutron. 


*The vector @ is the Pauli spin operator whose components satisfy 
Fq 9h + Ob og = 20ab 
Sq Sh = 1% a, b, ¢, cyclical 
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axis of symmetry axis of symmetry 
a) Q>0 b) @<O 


FIG. 3.1. Schematic mass distributions for the deuteron that lead to (a) positive and 
(b) negative quadrupole moments. The axis of symmetry is in the direction of the total 
angular momentum. 


The dependence of the nuclear interaction on the charge variables is a very 
interesting one. As will be discussed in greater detail below, it was found that 
the nuclear p-p interaction (i.¢., that part of their interaction that cannot be 
accounted for by the electromagnetic interaction between them) is very nearly 
the same as that of the n-n interaction. Furthermore, if a p-n pair is put in a 
state that is similar to that of a p-p or n-n pair, its interaction will again be the 
same as that of the p-p or the -n pair. Because the Pauli principle operates for 
protons or neutrons but does not exclude states for the p-n system that are 
symmetric under the exchange of the spin and space variables, the p-n pair can 
be found also in states that have no counterpart in the p-p or n-n system. In 
such states its interaction is different, and as a matter of fact stronger, than 
that of the p-p or n-n pairs. 

The equality between p-p and n-n nuclear interactions is known as charge 
symmetry, whereas the fact that in similar space-spin states the p-n interaction 
also turns out to be the same, is known as charge independence. Both charge 
symmetry and charge independence have important consequences with regard 
to nuclear structure. This will be discussed in detail in Chapter V. 

Charge symmetry and charge independence are not satisfied exactly. 
Deviations from charge independence that ultimately have their origin (in 
electromagnetic effects and the failure of charge symmetry are of the order of 
a few percent. 


(g) An interaction between two nucleons, like every other interaction, 
involves the exchange of momentum between them. It has been found, how- 
ever, that the two nucleons can also exchange their charges at the same time. 


NUCLEAR FORCES 15 


This is manifested most dramatically in p-n scattering experiments that show a 
peaking of the differential cross section at backward angles (in the center-of- 
mass system) as drawn in Fig. 3.2. Such peaking at back angles is most easily 
understood in terms of charge exchange, as indicated in Fig. 3.3; it is difficult 
to get a backward scattering as large as the forward scattering at such relatively 
high energies by any other mechanism. The component of the potential 
responsible for this effect is called the exchange potential. 


(h) Nucleon-nucleon scattering at higher energies—200 MeV laboratory 
energy and more—shows that at very small separations the nucleon-nucleon 
interaction becomes very strongly repulsive. This is often referred to as a 
hard core in the nucleon-nucleon potential, whose radius, it turns out, has to 


* 91 
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FIG. 3.2. np-angular distribution 90 to 580 MeV in the laboratory system. The lines are 
merely to guide the eye. [from Wilson (63)]. 
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(a) no charge exchange (b) charge exchange 
FIG. 3.3. Schematic description of charge exchange scattering; scattering of the original 
proton through the angle @ looks like a backward scattering by an angle z-# if charge is 
exchanged. 


be taken as r, ~ 0.5 fm to fit the scattering data. It should be emphasized, 
however, that all we really know is that the interaction becomes repulsive at 
such short distances, but whether it really takes the form of an infinite repulsive 
hard core, or whether it takes other possible forms we do not really know at 
this stage. It is this repulsive part in the nucleon-nucleon interaction that is in 
part responsible for the saturation of nuclear forces, although it has been 
shown [Bethe (71)] that the tensor forces and the exchange potential also play 
important roles in determining the actual saturation density of nuclei. 

Our understanding of nuclear forces is still rather limited. Most probably 
they arise out of the strong coupling of the nucleons to the various mesons 
that have been discovered. This coupling is manifested through the prolific 
production of mesons whenever a nucleon of high energy is decelerated. Like 
the electromagnetic bremstrahlung emitted by stopped electrons, nucleons 
emit their characteristic radiation when they are stopped. It is therefore 
reasonable to assume that nucleons can also emit virtual mesons, and by 
exchanging them exchange also momentum that gives rise to a force between 
the nucleons. 

In electromagnetism it is easy to derive the important features of the 
Coulomb force from the analogous exchange of virtual photons. In fact, if a 
charged particle 1 emits a virtual photon of energy E and momentum E/c, it 
itself must recoil with momentum p,; = —E/c; when the charged particle 2 
absorbs the virtual photon it must also absorb its momentum and recoil with 
momentum pp = +£/c; thus an exchange of momentum Ap = po — pi = 
2(E/c) took place. This whole process, since it violates conservation of energy 
by an amount E, can last only for a time At = h/E, during which the photon 
can travel only a distance r = c At = ch/E. ch/E must therefore be the 
separation between the two particles when they exchange momentum Ap 
during a time ¢. The force between these two particles at this distance is then 


Ap  _2(E/c) 2 ( E ) 2he e? 
pe Se ead) Se 0 
At h/E he “\iic a 


This force must be multiplied by the probability of absorbing and emitting 
the photon. From (3.2) we see that this probability must be of the order of 
the fine structure constant (e?/fc) in order to obtain the Coulomb law of force. 
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It is obvious from (3.2) that the force at large distances is communicated by 
the low energy photons which, because they violate conservation of energy 
only by very little, can afford to stay outside the sources for a longer time and 
transfer their momentum over greater distances. However, because their 
energy is low they also carry small momentum and, hence, the decrease of the 
force with distance. 

When we apply a similar argument to the nuclear force we find that because 
here the virtually exchanged particle has a mass, there is a minimum amount 
by which energy conservation must be violated: AE > m,c? where m, is the 
mass of the lightest known meson that is strongly coupled to the nucleon: 


m,c? = 139.576 + 0.011 MeV (charged pions) (3.3) 
= 134.972 + 0.012 MeV (neutral pion) 


That means that there is an upper limit on the time a virtual meson can stay 
away from its source: 


At < h/m,c? 


and there is consequently a maximum distance over which it can carry 
momentum: 
Ar < cAt = (h/m,c) ~ 1.4 X 107% cm (3.4) 


_— 


The range of nuclear forces is thus naturally related to the mass of the lightest 
observed meson [Wick (37)]. 

We see from these arguments that the heavier mesons, or virtual transitions 
that involve the emission of more than one meson, will be effective only at 
shorter distances, and the complexity of possible mesons that can be exchanged 
at such shorter distances has thus far prevented the derivation of any reliable 
force from such fundamental processes. Actually, the situation is even more 
complex since, although the range at which heavy mesons contribute to 
nuclear forces is smaller, the strength of their contribution may be much 
greater. The rho meson contribution still accounts for nearly 10% of the 
nuclear forces at 1.4 fm, although its mass, m, = 765.0 MeV, is much larger 
than that of the pion. 

The empirical data on the nuclear force at distances of 0.7 to 1.4 fm is also 
not complete. In fact, nuclear forces that differ considerably from each other 
in this region fit the data equally well [see Lomon and Feshbach (68)]. Still, 
the tail of the nucleon-nucleon potential, from distances y~! = h/m,c = 1.4fm 
and up, can be calculated on the basis that one pion exchange is responsible 
for that part of the interaction. One obtains then the OPEP (One Pion Ex- 
change Potential) interaction that is given by 


1 g? 3 3 ~ er 
Vie = Beek MC?(*1° %2) [(61- 62) + (1 a ee + )sul : 
3 he ur (ur)? ur 


(3.5) 


18 NUCLEAR PHYSICS—INTRODUCTORY REVIEW 


where + is the isospin operator (see below, Section 1.6), and Sj. is the tensor 
force operator, 


Sto = [3(6,-r) (62°F) = (6;- 62) r?] (3.6) 


and r = |r, — re| is the mutual separation of the two nucleons. The coupling 
constant g?/hc is determined by the z-nucleon coupling constant and is found 
to be 


2/he = 0.081 (3.7) 


4. NUCLEAR SEPARATION ENERGIES 


Nuclear masses can be used to obtain other important derived quantities 
besides the binding energies of Section 2. One such quantity is the separation 
energy S for a nucleon, or a group of nucleons, from the original nucleus. 
More precisely, the total mass of the nucleus (Z,N) is generally smaller than 
that of the nucleus (Z,N—1) plus a free neutron; it is necessary to provide the 
nucleus (Z,N) with a certain amount of energy in order to “ionize” it and make 
it emit a neutron. We thus define 


M(Z,N) = M(Z,N — 1) + M, — Sh (4.1) 


and call S, the neutron separation energy in the nucleus (Z,N). It is seen from 
(2.8) and (4.1) that 


S, = B(Z,N) — B(Z,N — 1) (4.2) 


Figures 4.1 to 4.3 show three sections from the chart of neutron and proton 
separation energies [N. B. Gove and M. Yamada (68)]. It exhibits a striking 
regularity: for any fixed number of neutrons (protons) the neutron (proton) 
separation energy S,(S,) increases as the number of protons (neutrons) 
increases. This regularity obviously represents a refinement over the crude 
constant-binding-energy-per-nucleon rule (2.9). Indeed, if (2.9) were precisely 
valid we would have gotten for the neutron separation energy (4.2) the con- 
stant value S, = 8.5 MeV. The fact that S, is not a constant demonstrates the 
approximate nature of (2.9). The regular behavior of S, as a function of both 
N and Z points at some regularity in the deviations of the actual binding 
energies from their average value (2.9). 

Figures 4.1 to 4.3 also show that for a fixed proton (neutron) number, the 
neutron (proton) separation energy S,(S,) decreases as the number of neutron 
(protons) increases. However, this decrease has sharp discontinuities in some 
regions. Thus while S, decreases by about 300 keV in going from !37Ce to 13°Ce 
from 14!Ce to '4*Ce, or from 14%Ce to 14°Ce, it decreases by nearly seven times 
that much—about 2 MeV—when we go from 1°°Ce to '4!Ce. Similar dis- 
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Neutron separation energies 
for odd—N nuclei, A=136 to 153 


Mass number A 
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Neutron separation energies 
for even—N nuclei, A=136 to 153 
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FIG. 4.1. Reproduced from N. B. Gove and M. Yamada, (68). 


continuities exist in the chart of the proton separation energies. They can be 

Summarized in saying that the 83rd or 84th nucleon (proton or neutron) is 

considerably less strongly bound than the 8lst or 82nd proton or neutron. 

Drawing from the analogy with electronic binding energies, one then says that 

at neutron or proton number 82 a corresponding “‘shell’”’ is being closed, so 

that the next nucleon seems to go to the next, less strongly bound, shell. 
Similar effects are seen at both neutron and proton numbers 


2, 8, 20, 28, 50, 82, and 126 (4.3) 


These numbers thus seem to represent especially stable nuclear configurations, 
and they became known as the nuclear magic numbers. As we shall see later, 
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Neutron separation energies 
for odd—N nuclei, A=204 to 221 
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Neutron separation energies 
for even—N nuclei, A=204 to 221 
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FIG. 4.2. Reproduced from N. B. Gove and M. Yamada, (68). 


‘there are many other nuclear properties that exhibit a characteristic “dis- 
continuity” at these numbers, strongly suggesting their interpretation in 
terms of closed nuclear shells in the nucleus. The nuclear shell model, which 
was developed to provide a simple, first order, description of nuclei, is largely 
based on these findings. It asserts that nuclei can be described as a collection of 
nucleons moving independently in well-defined orbits. These orbits, or 
single-particle levels as they are often called, are determined by an average 
smooth potential that takes into account in an average way the mutual 
interaction among the nucleons. 

The neutron and proton separation energies exhibit also a characteristic 
odd-even structure. In fact, we obtain more regular patterns if we group 
separately S,, for odd-N (or odd-Z) and for even-N (or even-Z) nuclei. Further- 
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Proton separation energies 
for odd Z nuclei, N=119 to 136 
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Proton separation energies 
for even—Z nuclei, N=119 to 136 
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FIG. 4.3. Reproduced from N. B. Gove and M. Yamada, (68). 


more, within each group of values of S,, we note that S, for a series of isotopes 
very often changes less in going from an odd-N nucleus to an even one, than in 
going from an even-N nucleus to the next odd-N nucleus. [The pairing term 
6(A) in the Weizsacker formula (2.10) is based on this observation.] It is 
therefore interesting to look also at the neutron-pair separation energies 
defined by | 

Sen = B(Z,N) — B(Z,N — 2) (4.4) 
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where the odd-even structure is greatly suppressed. Figures 4.4 and 4.5 are 
sections from the charts of nuclear pair separation energies [V. A. Kravtsov 
and N. N. Skachkov (66)]. The sharp changes at the magic number N = 82, 
N = 126, and Z = 50 (Sn) is quite obvious in these plots as well. 

A very revealing way to look at nuclear masses was proposed by G. T. 
Garvey and I. Kelson (66). It can be formulated in the following form: 
since nuclear binding energies exhibit the saturation property, it is con- 
ceivable that for nuclei (Z,N) in the neighborhood of any nucleus (Z),No), the 
mass difference M(Z,N) — M(Z),No) can be expanded in a power series in 
AZ = Z — Z,and AN = N — N,. We can then write for the binding energies 
that: 


B(Z,N) = B(Zo,.No) + Byo AZ + Bo. AN 
+ Bo(AZ)? + BAN)? + BuAZ-AN +... (4.5) 
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FIG. 4.4. The neutron separation energy S2,(Z) for N = 54 to 154. Points for nuclei with 
the same N-values are connected by line segments; N is indicated at the line. Errors are 
shown by error bars when greater than 100 keV. Errors of 1 MeV were assigned to binding 
energies obtained by interpolation. Reproduced from V. A. Kravtsov and N. N. Skachkov, 
(66). 
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FIG. 4.5. The proton pair separation energy S2,(N) for Z = 32 to 68, Ge to Er. Points for 
nuclei with the same Z-values are connected by line segments. Error are shown by 
error bars when greater than 100 keV. Errors of 1 MeV were assigned to binding energies 
obtained by interpolation. Reproduced from V. A. Kravtsov and N. N. Skachkov, (66). 


The coefficients By etc. are “partial derivatives’ of B(Z,N) taken at (Z,N) = 
(Zo,No). Assuming that it is a good approximation to terminate the series (4.5) 
after the second derivatives, we see that B(Z,N) in the neighborhood of 
(Zo,No), is given by the six constants: B(Z0,No), Bio, Boi, Boo, Boo, and Bu. It is 
therefore obvious that some linear relations can be established between the 
binding energies B(Z,N) of at least six different nuclei around the nucleus 
(Zo,No). It follows, for instance, from the expansion (4.5), provided it is 
terminated after the second derivatives, that 


B(Z — 2,N + 2) — BIZ, N) + BIZ -—1,N) —- BZ -—2,N+4+ 1) 
+ B(Z,N+1)- BZ-1,N+2)=0 (4.6) 
and also [see G. T. Garvey et al. (68), (69)] 
BIZ, N+ 2) — BZ —2,N)+ BIZ -—2,N+4+ 1) -— BZ -1,N +4 2) 
+ BZ -—1,N)—-— BIZ,N+1)=0 (4.7) 
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To the extent that such relations actually hold around every point (Zo, No) 
in the periodic table, one can draw further conclusions about the Z and N 
dependence of B(Z, N). Indeed, (4.6) is satisfied for every Z and N only if 


B(Z, N) = g(Z) + gfN) + g(Z + N) (4.8) 
while (4.7) is satisfied for every Z and N only if 
BZ, N) = f(Z) + fAN) + f(N — Z) (4.9) 


Figure 4.6 represents an attempt by Garvey et al. (68) to fit the available data 
on binding energies of nuclei to (4.6). A(Z, NM) in Fig. 4.6 is the empirical 
value for the left-hand side of (4.6), and different points in the figure for the 
same value of Z + WN represent different initial pairs (Z, N). Note that the 
scale of A(Z, N) is given in keV; characteristic binding energies that enter into 
the left-hand side of (4.6) to produce these A’s are in the neighborhood of 
1000 MeV. The relative smallness of A(Z, N) thus indicates that (4.6) is fairly 
well satisfied by actual binding energies of nuclei. 

Equation 4.7 is also rather well satisfied by the empirical data. Garvey et al. 
(68), (69) performed a least-square fit of the empirical binding energies to an 
expression of the type (4.9): 


B(Z, N) = 114.0130 +-fa(Z) + ACY) + FN — Z) (4.10) 


FIG. 4.6. A(Z, N) as a function of A (see text). Reproduced from G. T. Garvey et al., 
(68). 
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FIG. 4.7. R,(Z) for various values of Z. Reproduced from Garvey et al. (69). 


The numerical results for the f’s were found to be 
FAZ) = [—65.4326 + 12.8234Z — 0.14203Z? + R(Z)] MeV Z> 6 
fi(N) = [—113.976 + 9.07899N + 0.551232N2 + RAN)] MeV N > 10 
fa\N — Z) = [11.2943 — 2.76076(N — Z) — 0.160758(N — Z)? 
+ R(N—Z)]MeV N>Z_~ (411) 


The “residues” Ri(Z), Ro(NV), and R3(N — Z) are relatively small corrections 
and their empirical values are given in Figs. 4.7 to 4.9. It is interesting to 
observe the “peaks” in R,(Z) and R.(N) at the magic numbers 28, 50, 82, and 
126. They indicate again that around these numbers there are significant 
deviations from the “‘smooth’’ behavior of nuclear binding energies found 
elsewhere in the periodic table. The pairing effect is also clearly indicated by 
the grouping of the points into parallel curves for the heavier nuclei. 

A comparison of (2.10) and (4.11) indicates that although the total nuclear 
binding energy B(Z, N) turns out to be approximated fairly well by a linear 
function of Z + N, this linearity is less well satisfied by the functions f,(Z) 
and f.(N) separately. In particular, it is apparent that fi(Z), for larger values 
of Z, even changes its sign, making a negative contribution to the total binding 
energy of heavier nuclei. 


R2(N) (MeV) 


—12. 


00 
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FIG. 4.8. R2(N) for various values of N. Reproduced from Garvey et al. (69). 


This last result is not really surprising, since the repulsive Coulomb inter- 
action between the protons in a nucleus is expected to make heavier nucle 
relatively less tightly bound. The repulsive Coulomb energy is, of course, 
quadratic in Z since it does not possess the saturation property and all 
4Z(Z — 1) pairs of protons are expected to make their contribution to this 
energy (see Eq. 2.8). The negative coefficient of Z? in (4.11) supports this 
interpretation, and its order of magnitude is consistent with the Coulomb 
energy of a uniformly charged sphere of radius R, (3/5) (Z%e?/R), with a 
typical nuclear radius of R ~ 5 fermi. 


5. COULOMB FORCES AND MIRROR NUCLEI 


The study of the effects of Coulomb forces on nuclear masses has led t6 the 
observation of a number of additional important regularities. One of these is 
exemplified in Fig. 5.1. Of the three fairly well-studied nuclei of mass A = 27: 
"™Meg, °7Al, and ”’Si, ?’A] turns out to be the most strongly bound. Yet, when 
one compares the excited states of ?7Al and 2’Si one finds great similarity 
between these two nuclei. In both nuclei excited states are found at about the 
same excitation energies and the angular momenta associated with these states 
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FIG. 4.9. R3(N-Z) for various values of (N-Z). Reproduced from Garvey et al. (69). 


are identical. The similarity between these two nuclei is even more. striking 
when we compare them with the third 4 = 27 nucleus—?’Mg; the latter 
exhibits an entirely different sequence of angular momenta and altogether 
different excitation energies. 


27Al and 27Si are often referred to as mirror nuclei because the number of 
neutrons (protons) in one is equal to the number of protons (neutrons) in the 
other. Many other mirror nuclei are known and a systematic study of these 
pairs of mirror nuclei reveals that the excitation spectrum of one member of 
the pair is always very similar to that of the other (see Fig. 5.2). On general 
grounds we are inclined to expect that an excitation spectrum of a system is 
intimately connected with its detailed internal structure and, hence, our 
general conclusion that mirror nuclei have similar intrinsic structure. 

There is, however, one important difference between the two members of a 
pair of mirror nuclei: the one with the smaller Z is always found to be more 
strongly bound, the difference in binding energies between the two members of 
the pair being well approximated by 

Zie* 


AE, =~ 5.1 
R (5.1) 
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FIG. 5.1. Excited states of three mass-27 nuclei. Energies of excitation are given in MeV; 
they are referred to the ground state of each nucleus, respectively, except in the upper 
insert where they refer to the ground state of 27Al. 


where R is the radius of the nucleus. It will be recognized that (5.1) is just the 
change in the total Coulomb energy of a collection of Z units of charge 


Ze? 


E. « 


when we change the total charge by one unit.* The following picture therefore 
emerges: 


Mirror nuclei have a similar intrinsic structure determined by the dynamical 
effects of the nuclear interactions. However the difference in the total charge 
between two mirror nuclei makes all the states of the member with the smaller 
charge more tightly bound by nearly the same amount AE.. 


'*For a uniformly charged sphere of radius R, the constant of proportionality is 
3/5. This is an overestimate since it neglects the exchange contribution. [(Cooper 
and E. Henley (53)]. 


COULOMB FORCES AND MIRROR NUCLEI 29 


13 13 
6C7 7Ng 


FIG. 5.2. Single-particle levels for mirror nuclei (in MeV). Talmi and Unna (60). 


The fact that AE,, which is about 4.8 MeV for the pair ?”7Al-?’Si, remains the 
same for all excited states of both nuclei is reflected through the near equality 
of the excitation energies of corresponding states from the ground state 
(Figs. 5.1 and 5.2). It indicates that the nuclear size hardly changes for excited 
states of these nucleus. 

In the example discussed above and shown in Fig. 5.1, 27Mg has a smaller 


30 NUCLEAR PHYSICS—INTRODUCTORY REVIEW 


charge than 27Al; since its size is known to be similar to that of 27Al, its re- 
pulsive Coulomb energy must be smaller than that of ?7Al. Superficially we 
may expect then ?’Mg to be more tightly bound than ?’Al. Actually its ground 
state is Jess tightly bound than that of ?7Al by about 2.61 MeV (see insert in 
Fig. 5.1). We must conclude, therefore, that the nature of the nuclear forces 
makes a system of 12 protons and 15 neutrons (?7Mg) Jess tightly bound than 
that of 13 protons and 14 neutrons (27Al) although both contain the same 
number of nucleons. Actually, if we consider the fact that Coulomb forces 
alone would have made ?’Al by about 4.5 MeV less tightly bound than 2’Mg, 
we conclude that nuclear forces alone make 12 protons and 15 neutrons less 
tightly bound by about 7 MeV than 13 protons and 14 neutrons (the observed 
2.61 MeV mass difference between the ground states of ?7Mg and 2’Al plus 
the effect of the Coulomb interaction). 

We are caught here in a somewhat paradoxical situation. On the one hand 
the similarity between the spectra of the mirror nuclei ?’Al and 2’Si suggests 
that, apart from the Coulomb effects, the dynamical structure of nuclei is the 
same whether the A-nucleon system is composed of m, protons and n, neutrons 
or vice versa. On the other hand if (Z, N) # (Z’, N’) we see a marked differ- 
ence between the nuclet (Z, NV) and (Z’, N’) despite the fact that Z + N = 
Z’+ N’. 

The resolution. of this paradox lies in the recognition that the existence of 
two distinct nucleons—the neutron and the proton—leads to three distinct 
classes of nuclear interactions: proton-proton, proton-neutron, and neutron- 
neutron. If we compare two mirror nuclei with each other, we are comparing 
essentially the proton-proton and neutron-neutron interactions; the proton- 
neutron interactions involve the same number of neutron-proton pairs for 
both mirror nuclei. This is generally not the case for nonmirror nuclei, as can 
be clearly seen from Table 5.1. The similarity between the structure of mirror 
nuclei can then be interpreted in terms of the charge symmetry of nuclear 
forces (see Section J.3); the difference between the structure of ?7Mg and 27Al 


TABLE 5.1 Number of Pairs of Nucleons for Different Mass-27 
Nuclei. 


Protons 12 13 14 


Neutrons 15 14 13 
p-p pairs 66 78 91 
n-n pairs 105 91 78 


p-n pairs 180 182 182 
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arises from the fact that a p-n pair can exist in states that are not allowed toa 
p-p or n-n pair and have a characteristically stronger interaction in these 
states (see Section I.3). 


6. CHARGE SYMMETRY AND CHARGE INDEPENDENCE. OF 
NUCLEAR FORCES 


The two known nucleons—the neutron and the proton—differ from each 
other very significantly in that one is electrically charged and the other is 
electrically neutral. Yet in many other respects they markedly resemble each 
other. First, their masses are nearly equal: 


M, — M, 
1/2(M, + M,) 
Second, both are fermions having an internal spin s = 1/2. Their intrinsic 
magnetic moments are indeed different: 


My = 2.792782 + 0.000017 nuclear magnetons 
Mn = —1.913148 + 0.000066 nuclear magnetons (6.2) 


But if we take into account the fact that as elementary fermions they are 
supposed to have the intrinsic magnetic moments 


ue = lnm uw = Onm (6.3) 


~ 1.4 xX 10-3 (6.1) 


we see that the deviations of the actual moments from those expected for 
elementary structureless fermions are again nearly equal in magnitude: 


Mp iu ~ 1.79 nm Mn — uo =~ —1.91 nm (6.4) 


The similar structure of mirror nuclei discussed in Section 5 brings out 
another similarity between the two nucleons: the charge symmetry of the n-n 
interaction and the nuclear part of the p-p interaction (we stress the nuclear 
part in the p-p interaction since the similarity between the structure of mirror 
nuclei comes out only after correcting for the Coulomb interaction as ex- 
plained previously). 

It is convenient for these reasons, as well as for other reasons that will 
become clear later, to consider the neutron and the proton as two states of 
the same entity—the nucleon. This is to be understood in the same sense that 
positively polarized electrons and negatively polarized electrons are two states 
of the same entity—the electron. We should then write a nucleon’s wave 
function as a function that has two components in the “nucleon’s space,”’ 
much the same as the electron’s wave function has two components in the 
spin space. Thus we write 


— 


= bes 


(6.5) 
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and adopt the following convention. If the nucleon wave function y(r) is that 
of a proton its structure (6.5) will be 


vi(r (6.6) 


vr) = ( 0 


whereas if it is a wave function of a neutron its structure will be 


0 
VAF) = ( a (6.7) 


Thus the nucleon wave function (6.5) describes a nucleon with the probability 
amplitude y, of being a proton and y_ of being a neutron. It should be 
remembered that since the nucleon is a fermion with s = 4, each of the func- 
tions y,(r) and ¥_(r) in (6.5) has two components in spin space, which we may 
label with arrows as ¥,7;(r) and ¥4 (rr). It is too cumbersome to denote ex- 
plicitly all the components of a wave function, and we shall usually drop the 
indices, or the symbols, which are not relevant to the specific point we wish 
to make. The reader is advised, however, to develop the habit of keeping in 
mind the full structure of these wave functions. 

Because of the analogy of (6.5) with the spin-space structure of wave func- 
tions, it is common to call ¥4(r) and y_(r) the two components of the nucleon 
wave function y(r) in the charge space, or in isospace. For now this is a pure 
formality, and we can conceive only of states of the form (6.6) or (6.7) in 
which one of the components vanishes. However, as we shall soon see, the 
actual similarity between the proton and the neturon makes it sensible to talk 
of a nucleon state that has mixed properties of a proton and a neutron. 

To be able to make full use of the isospace formalism we should introduce 
also some operators operating in this space. 

There are only four independent operators in the space of dichotomic 
variables, that is, in a space of two-component wave functions like (6.5). 
These four independent operators can be chosen in different ways, but it is 
most convenient to use the three hermitian Pauli matrices and the identity 
operator. We thus introduce the operators 


1 O 0 1 0 -ji l 0 


and proceed to formulate our findings and conjectures in terms of these 
operators. 

We notice first that the operators 7; satisfy the commutation relations of the 
Pauli spin matrices: 


T1T2 = 173 T2T3 = It and T3771 = IT2 (6.9) 


Second, it is obvious that the operator 73 tells us whether a given wave function 
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describes a proton or a neutron. When operating on the wave functons (6.6) 
and (6.7), 73 yields: 
T(r) = +¥,(r) (6.10) 
T3V rl) — —V,Ar ) 
We can interpret (6.10) by saying that the proton belongs to the eigenvalue of 
+1 of 73, whereas the neutron belongs to the eigenvalue —1. 


If 7:3 is the 73 operator that operates on the ith nucleon, then it follows from 
(6.8) that the charge of the ith nucleon is given by 


1 + Tis 
2 


ex(i) = e Wi) (6.11) 
where e is the unit of charge, that is, of a positron. The charge of a nucleon in 
units of e is thus the eigenvalue of the operator 


qi = 2(1 + Tis) 


‘and the total charge of a system of A-nucleons, in units of e, is given by the 
operator 


=5D (tre) (6.12) 


The operator representing the Coulomb interaction of a system of A-nucleons 
can now be written as: 


2 & (tra) 1 + 1) 


HH. = 
4 Kj [rs — Fr; 


(6.13) 
When written in the form (6.13) the Coulomb interaction takes place, formally, 
between all the nucleons including the neutrons. The operators 7:3 (6.10) see to 
it that actual contributions come from the protons only. 

The total charge of a system of nucleons is known to be conserved. Thus if y 


is an A-nucleon wave function belonging to an eigenvalue E of the Hamiltonian 
HY, then 


1 A 
Oy = | du d+ ra) = Zy 


is also an eigenfunction of H belonging to the same eigenvalue. In other words 
every nuclear wave function must satisfy 


A(QY) = QUAY) (6.14) 


where Q is the operator (6.12). It follows that every nuclear Hamiltonian 
must satisfy 


HQ — QH = [H, Q] = 0 
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Mr» 


or, since Q = (1/2)A + T3 where 7; = 


T i385 


NOL 


1 

[H, T3] = 0 (6.15) 
It is seen immediately that the Coulomb interaction AH, given by (6.13) 
satisfies (6.15). It is less trivial to see that the OPEP potential (3.5) commutes 


with Q, since the operator t;-4, = tata + Tite. + Ti3Tx3 does not commute 
separately with either 7:3 Or 7;3: 


oO. 
I 


[ei- tx, Tig] = —Iriete + Irate (6.16) 
[ei- tx, 7x3] = irate + iret 
However, it is still true that 
[t:° tx, Tiz + Tes] = O (6.17) 


so that Q does commute with OPEP. 

We notice in passing that (6.16) actually says that the individual charge of 
each nucleon separately is not conserved by OPEP; only the total charge is 
conserved. OPEP may therefore lead to charge exchange between nucleons 
and, in fact, it does whenever it exchanges a charged pion between a proton 
and a neutron as in charge exchange scattering (Section I.3). 

We also note that the isospin operators t; and +,, which behave like vectors 
in isospace, appear in (3.5) in the scalar product ;-;; it thus commutes with 
the operator T; = ) > ris that represents rotations around the 3-axis in 
isospace. 

The statement that nuclear forces are charge symmetric can also be formu- 
lated in terms of the isospin operators. In fact we notice that the operator 7, 
has the property of converting a neutron state into a proton state and vice 
versa: 


mY A(r) = ¥ AF) (6.18) 
mr) = (Fr) 
As a consequence the operator 
IL(,..., A) = ri(1)ri(2)71(3) . . . 71(A) (6.19) 


operating on ¥(1,..., A) will yield a wave function in which every neutron is 
converted into a proton and vice versa. If nuclear forces are charge symmetric, 
the energy of the system is unchanged by this operation: 


AILy) = EMLy) = IL(Ay) (6.20) 
If this result is to be valid for any eigenfunction of H, it follows that 
[H, I,] = 0 (6.21) 


It is easy to verify that +(1)-«(2) does commute with II, and, hence, we can 
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conclude that OPEP, (3.5), is charge symmetric. The Coulomb interaction, 
(6.13) does not commute with II,; 


[H., 0,] # 0 (6.22) 


This is not surprising since the Coulomb energy will obviously change (except 
for N = Z) if all protons are changed into neutrons and vice versa. 

We have seen that charge conservation amounts to the statement (6.15) that 
H commutes with 73; charge symmetry requires that it commutes with II, 
(Eq. 6.21). We shall now show that charge independence requires that H 
commutes with 7), Jo, and 73, that is, with the whole isovector T: 


[H, T] = 0 (6.23) 


To see, however, how this comes about we have to be more specific on what 
we mean by saying that “‘charge independence implies equal n-p and n-n inter- 
actions when both pairs are in the same space-spin states.”’ The p-p or n-n 
system 1s restricted by the Pauli principle to antisymmetric states only 


Wnn(F151, F252) = —Wnn(TeS2, 1151) (6.24) 


where s; stands for the spin coordinate of the ith particle. No such restriction 
exists for the p-n system, but it is possible to break up any p-n wave function 
into a part that behaves like (6.24) and a part that is symmetric with respect to 
the exchange of particles 1 and 2. 

Suppose the neutron-proton wave function is ¥(r,5p, PnSn). We may remove 
the explicit charge labels from r and s on the charge of the nucleon by intro- 
ducing the basis vectors of a spin space to be referred to as isospin space 


Xe = @ Xn = (") (6.25) 


Wi pSps FnSn) = [W(8i8i, F282] X(1)xa(2) (6.26) 


The isospin wave function x,(1)x,(2) tell us that particle 1 is a proton, particle 2 
is a neutron. We may now break y(risi, res2) up into two parts that are sym- 
metric or antisymmetric against space and spin exchange, respectively, so that 


Then 


1 
W(r151, P50) = a/2 fy (ris, PSo) +- YO(rws, reSe)] (6.27) 
where 


l 
YO (FSi, F252) = V5 [Y(riS1, FeS2) + W(TeSe, 1151)] 


] 
YO rs, TeSo) —— /2 fWr1s1, TSe) = V(PeSo, r5;)] (6.28) 
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If the p-n wave function in (6.26) depends spatially only on the relative 
separation of p and n (and not, say, on their separate coordinates, which would 
have been the case for a p-n pair in an external Coulomb field), then it really 
makes no difference whether particle | is the proton and particle 2 the neutron 
or vice versa. We could therefore use linear combinations of both situations. 
Nature chose to have the antisymmetric combination of the isospin wave 
functions go with the symmetric space-spin wave function y, while the 
symmetric combination will be associated with y“ : (we could have just as well 
chosen, at this stage of our discussion the opposite combination, but we shall 
see later that charge exchange forces introduce a physical difference between 
the two choices. Both combinations are eigenvectors of II,(1, 2) but with 
eigenvalues of opposite sign). 


Von (TiS1, F282) = F[¥pn(1,2) + Pon(251)] [xe(1) xn(2) — xn(1) x0(2)] (6.29) 
Von (tiS1, F282) = $[Ppn(1,2) — won(251)] Exe) xn(2) + x01) X2(2)] (6.30) 
Equation 6.30 can be supplemented now with the p-p and n-n wave functions 
written in the same formalism 
Wop (F181, F282) = Ppp(1,2) xo(1) xp(2) (6.31) 
Von (F151, F252) = Wan(1,2) xn(1) xn(2) 
In (6.29) to (6.31) 1 and 2 stand for the space and spin coordinates of particles 
1 and 2, y,, and y,,, being antisymmetric [see (6.24)]. 
By inspecting (6.29) to (6.31) we can now formulate a Generalized Pauli 
Principle: two nucleon wave functions have to be antisymmetric with respect to 


the simultaneous exchange of their space, spin, and isospin coordinates. We 


further notice that the isospin wave functions that go with the three wave 


functions yo, py and yo? are the analogs of the ordinary spin combinations 


for the S = 1 wave functions of two spin-3 particles. We therefore introduce 
the total isospin operator 


where t = (1/2)* and rewrite (6.29) to (6.31) in the form 


| l 
y (F151, PoS2) = /2 [Won(1,2) + Wpn(2,1)] x12, T = 0, Mr = 0) 


l 
Von (115), F252) = /2 [Won(1,2) — Wpn(2,1)] x12, T = 1, Mr = O) 
(6.33) 


$p (Si, F282) = Ppp(12) x(12, T = 1, Mr = +1) 
WP (1151, F252) = Wan(12) x(12, T = 1, Mp = —1) 


where x(12,7M 7) is a two-particle isospin wave function of the two nucleons 
corresponding to total isospin 7 and a total three-component 73; = Mr. 
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Charge independence now says that the nucleon-nucleon interaction is the 
same for all two particle 7 = 1 systems. The p-n system can be either in the 
state yo or vo. In the state vS. its energies are the same as in the correspond- 
ing states vo and y of the p-p and n-n system. It is implied that as a function 
of the two space and spin coordinates 1 and 2, the three functions y%, ¥P, and 
y) determined by the nuclear Hamiltonian, are identical with each other. 
This is of course true only in the absence of charge independence breaking 
interactions such as the Coulomb interaction (6.13). 

We see from (6.33) that with our choice of isospin wave functions charge 


independence says two things: 
(a) The two nucleon states are split according to their total isospin. - 
(b) For a given total isospin, the energies are independent of M7. 


These two conclusions are similar to the well-known conclusions about the 
space-rotational invariance of the Hamiltonian of closed systems which make 
J a good quantum number and the energies degenerate with respect to J, = M. 
Thus, in a similar way, charge independence amounts to the invariance of the 
Hamiltonian with respect to any rotation in isospin, and we can formulate it 
in the form of (6.23). 

It is worthwhile to note that charge independence does not require that py 
and y“) have the same energies. In fact, if we consider OPEP and note that 


(12, TM |(e1-22)|12, TMr) = 4(12, TM | (ti-t2)| 12, TM) 
— 2412; TM,|T? — t:? —- to? | 12, TM,) 


—3 T=0 
= ] 


=1NT+)-%-H=)4; fF 


(6.34) 
we see that it leads to contributions of an opposite sign for T = 0 and T = 1. 
OPEP is attractive for T = 0 and S = 1 (like the ground state of the deuteron) 
and repulsive for TJ = 1 and S = 1. We note that the levels in the mirror 
nuclei ?“Al and ?’Si that match (see Section 5) have the same total isospin, 
T = 3 their values of M7, differing while the low lying levels of ?7Mg belong 
tof = 572. 

To see further the operational significance of this state of affairs let us 
consider, for instance, the nucleus 7gF,. with 9 protons and 12 neutrons. 
Because of the charge symmetry of nuclear forces its structure should be 
similar to that of {;Mgy with 12 protons and 9 neutrons. This indeed is found 
to be true when one compares the excitation energies of the first few states in 
these two nuclei. However, consider now the nucleus 7$Ne,, with 10 protons 
and 11 neutrons. Formally it can be obtained from ?!F by changing one of the 
neutrons into a proton. Because of the equality of the n-n and n-p forces when 
the spin and spatial part of the wave functions are the same, there ought to be 
states in *!Ne that mimic the states in ?!F; in other words we expect to find 
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in 24Ne states whose spins and energy spacings are identical with those of ?!F. 
The p-n system can also be found in states, like y? in (6.29), which have no 
counterpart in the p-p and n-n system. We should therefore expect 7!Ne to 
have also states that have no counterpart in ?!F. But the important conclusion 
we have reached is that every state in ?1F should have its counterpart in 7!Ne. 

Figure 6.1 [reproduced from Butler et al. (68)] shows the actual experi- 
mental situation for the mass 21 nuclei. °gF i. and 723Mp, being a pair of mirror 
nuclei, show a similarity in their structure; so do {$Ne,, and *tNaio, being 
another pair of mirror nuclei. The spectrum of ?!Ne is, as expected, very 
different from that of either 2!F or ?}Mg. However the lowest three states in 
21K have counterparts in ?!Ne and 2!Na that have the same spins and parities 
assigned to them, and whose energy spacing is very similar to that of the 
corresponding states in 2!F and 2!Mg. Thus the states in ?!Ne and ?!Na are 
composed of states that are identical in their spatial and spin structure to the 
states of ?1F and *!Mg, plus other states that result from the p-n combinations 
that have no counterpart in the p-p or n-n system. 


2.43 1/2+ 


7/2+ 


1.71 


5/2+ 0.335 5/2+ 
-T = 1/2 3/2+]-T = 1/2 


21 Ne 21Nq 


FIG. 6.1. Energy level diagrams for the members of the mass-21 isospin quartet showing 
the positions of the T = 3/2 levels in each nucleus. For clarity, the ground state energies 
of mirror-nuclei have been equated, and many of the excited levels of Ne and Na below 
10-MeV excitation have been deleted [Butler, Cerny, and McCarthy, (68)]. 
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The fact that nuclear forces are independent of the nature of the nucleons in 
two nucleon states that are antisymmetric with respect to the exchange of the 
spin and space coordinates, that is, the phenomenon of charge independence, 
thus manifests itself in many parts of the periodic table. In the last few years 
there have been also extensive studies of the consequence of charge inde- 
pendence for heavy nuclei, and it was possible to find many cases in which a 
sequence of excited states in a nucleus (Z,N) correspond to the sequence of 
the lowest states of a nucleus (Z — 1, N + 1). Such analog states in the neigh- 
boring nuclei offer important tools for the detailed study of their structure 
[see, for instance, Fox and Robson (66) and Anderson, Wong, and McClure 
(62)]. 

Charge independence implies charge symmetry, but not vice versa. It thus 
puts a stronger limitation of the nature of nuclear forces than that implied by 
charge symmetry alone, and enhances the similarity between the two nucleons. 
Actually with the discovery of other elementary particles it was found that the 
proton and the neutron are two members of a bigger family of particles, with 
which they share many common properties. The other members of the p-n 
family are the three Z-particles (2*, 2°, and 2-), the A° and the two 2-particles 
(=- and #°). We shall not discuss here the nature of the similarities between all 
eight members of this family, but refer the reader to appropriate studies in 
elementary particle physics [see, for instance, Gasiorowicz (67)]. 

One application of the generalized Pauli principle that will be important for 
later chapters is to the two-body nucleon system. According to that principle 
the space-spin wave function for T = 1 two-particle system must be anti- 
symmetric, for the 7 = 0 system, symmetric. Consider the 7 = 1 system first 
(e.g., a two-proton system). Suppose the spin wave function is a singlet and 
therefore antisymmetric. Then the space dependence must be even. More 
explicitly in the expression 


UT = I, S= 0) = o(Fi2) x-(1, M7) Xo(0,0) 


P(Fi2) = $(21) (6.35) 
If @ is expanded in a series of Legendre functions 
(Fie) = ye ~ P; (cos 6) 
where |r| =r 
u(r) 


wtn) = Lo = (—)! Pr (cos 8) 


It follows from (6.35) that only the even /’s survive (i.e., u; for / odd are zero). 
Thus only even orbital angular momenta are involved. In other words, if 
T = 1, S = 0, then / is even. The states allowed are thus !So, !Do, 1G4, etc. In 
the same fashion it is possible to determine the states for which T = 1, S = 1. 
In this case / must be odd. 
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Similar discussion may be made in the T = (0 two-body case. The results 
are summarized in Table 6.1. 


TABLE 6.1 Two-Body States Allowed by the Generalized Pauli Principle 


T= 1 T= 1 T=0 T=0 
$=0 S:=— 4 S= 1 S$=0 
1S 3Po.1,2 3S 1p, 
1D» 3Fo 3.4 3D 2,3 IF; 
1G, 3, 5,6 3G3,4,5 1 FT; 
etc. etc. etc. etc. 


7. OTHER REGULARITIES OF NUCLEAR SPECTRA 


The accumulation of data on nuclei and their excited states resulted in the 
discovery of several outstanding regularities that greatly helped to clarify 
what otherwise would have been a hopelessly complicated collection of data. 
Most of the regularities concern the spin sequences of various nuclear levels, 
their parities and their excitation energies, and we shall discuss these first. 

The spin of a nuclear level, that is, its total angular momentum, can be 
determined directly from the multiplicity of hyperfine structures in atomic 
spectra or from the splitting of atomic beams in inhomogenous magnetic 
fields. It can also be inferred indirectly from the study of radiations and 
nuclear reactions involving the particular level in question. It was thus found 
that without any exception the ground states of even-even nuclei all have 
J = 0. Furthermore in many cases it is possible to determine also the parity of 
the nuclear state studied, that is, whether its wave function is odd or even 
under space reflection. All ground states of even-even nuclei turn out to have 
positive parity, without a single known exception. 

It is surprising that these universal rules have not yet found a simple, model 
independent, interpretation. To be sure each of the models proposed for the 
elucidation of nuclear structure reproduces these empirical rules in a straight- 
forward manner (or else it would have not been proposed to begin with), but 
what is still lacking is a direct theoretical proof that the ground state of a 
nuclear Hamiltonian for an even-even system must have angular momentum 
JS OF. 

The derivation of the rule J = O* in the framework of the various models 
will be discussed in the following chapters. Here we shall mention only 
briefly the common underlying idea: all the Hamiltonians that we use for the 
description of nuclei have the property that if y is an eigenstate belonging to an 
eigenvalue E, then its time-reversed conjugate state y is also an eigenstate 
belonging to the same eigenvalue E. y, loosely speaking, is obtained from y by 
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reversing the velocities and spins of all the particles (for more exact definition, 
see Appendix A.3). Hence, if in y one of the nucleons moves with 
momentum k, it will move with momentum —k in y. In forming the ground 
state of a nucleus, the nuclear wave function should allow each nucleon to find 
another nucleon with which it can interact most strongly, since the overall 
interaction between nucleons is attractive. For two particles to interact strongly 
their wave functions (or densities) should overlap as much as possible. The 
maximum overlap would occur if both of them were in the same state. But 
just this ideal situation is forbidden by the Pauli exclusion principle. It turns 
out that the maximum overlap consistent with the exclusion principle is ob- 
tained when a particle pairs off with another particle in a time-reversed state 
to its own (say, a particle rotating clockwise with one rotating counter- 
clockwise). The angular momentum of a pair of such particles vanishes, and 
the parity of the pair is always positive, since any state and its time-reversed 
state have the same parity. In an even-even nucleus the opportunity exists for 
all particles to pair off in such J = 0+ pairs, and the only state one can get from 
adding together any number of pairs with 0+ angular momenta, is again a 
state with J = Ot. The a-particle is a good example where the two protons 
and the two neutrons each couple their spins to S = 0, all of them moving in 
the same spatial state that is its own time conjugate. This is then the best 
overlap one can hope for and, hence, the large binding energy of He*. The 
remarkable regularity found for the ground states of all even-even nuclei, at 
least in this way of looking at it, depends therefore strongly on the validity of 
the Pauli principle for the nucleons and on the fundamentally attractive 
nature of their mutual interaction. 

It should be stressed, however, that the arguments described above may be 
misleading in their simplicity. In fact, for an antisymmetric wave function it is 
not possible to ascribe well-defined properties to one pair of nucleons. The 
intricacies of dealing with antisymmetric wave functions are greatly responsible 
for the more complicated arguments that the different nuclear models have to 
present for the explanation of the remarkable regular behavior of ground 
states of even-even nuclei. This will become clearer in the subsequent chapters. 

Another important regularity found in even-even nuclei, which is nearly 
equally universal, is concerned with their first excited state: its spin and 
parity is in nearly all cases J = 2+. There are few exceptions to this rule, such 
as sHe, whose first excited state at 20 MeV has J = 0+, 780, with a J = 0+ first 
excited state at 6.05 MeV, 5¢Cac) with a J = Ot state at 3.35 MeV, 20Zrs with 
a J = 0+ state at 1.752 MeV, and 788Pb,0, with its first excited state at 2.615 
MeV having J = 3-. It is noteworthy that all these exceptional nuclei are 
doubly magic nuclei, that is, nuclei for which both the proton number and 
the neutron number belong to the series of magic numbers (Eq. 4.3). (The 
40 protons in 32Zrso have other features of a magic number as well; see dis- 
cussion following Fig. 8.1.) If the magic numbers stand for closed shells, as 
suggested earlier, then the regularity referred to can be formulated in the 
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following way: the lowest possible excitation of nonclosed shell configurations 
of even-even nuclei has J = 2+. 

Again, the explanation of this regularity is far from trivial in the various 
theories that describe nuclear excitations. What is crucial to all these explana- 
tions is the validity of the Pauli principle for the nucleons in the nucleus and 
the short range of the interparticle interaction. No model independent ex- 
planation of this regularity is available yet, nor is there a simple explanation 
for the very regular behavior of the excitation energy of the first 2+ state in 
even-even nuclei as a function of Z and N. Figure 7.1, reproduced from 
O. Nathan and S. G. Nilsson (65), shows this regularity and indicates its rela- 
tion to the magic numbers. It is seen that E(2*), the excitation energy of the 
first excited state in even-even nuclei, increases sharply as either Z or N 
approaches a magic number, and no 2+ state is observed as a first excited 
state when both Z and N are magic numbers. 

Whereas the regular behavior of the ground states and first excited states of 
even-even nuclei is uniform throughout the periodic table, there are other 
features that show up as a regular behavior in preferred regions of the periodic 
table. One of the first such regularities to be observed is the existence of 
“islands of isomerism’ for odd-even nuclei when the odd nucleon number is 
just below the magic numbers 50, 82, or 126. 

Isomers are long-lived excited states, and it is now established that their long 
lifetime is connected with the fact that their angular momentum is sub- 
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FIG. 7.1. The energy E., of the first excited 2+ state in even-even nuclei [taken from O. 
Nathan and S. G. Nilsson (65)]. 
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stantially different from that of any of the states they can energetically decay 
into. Angular momentum, like energy and linear momentum, must be con- 
served in any decay process of one nuclear level into another. The energy 
available to the decay product is determined by the energy difference between 
initial and final states, and this energy is shared between the decay product and 
the recoiling nucleus in order to conserve total momentum. When the decay 
product is a photon and neglecting the nuclear recoil in this case, its mo- 
mentum 1s 


Pi E/e 


If this photon is emitted from a point at a distance R from the nuclear center, 
it can carry away at most L units of angular momentum where 


L~ ER/hc 


If we recall that Ac = 197.32 MeV fm we see that for photons of energy E ~ 1 
MeV to carry away a few units of angular momentum with ease, they will 
have to be emitted at about 100 fm from the nuclear center, which is way 
outside the nucleus! Thus the whole radiation process goes through the 
quantum mechanical “‘tails”’ of the photon and nuclear wave functions, and it 
is no surprise that if the photon has to carry away four units of angular 
momentum, the probability of it doing so is extremely small, leading to very 
long lifetimes—even as long as a few days or weeks—for the decay of the 
isomeric states. 

The regular appearance of islands of isomerism near magic numbers finds 
its natural explanation within the framework of the nuclear shell model. In 
this model, which we shall discuss in greater detail in Chapters IV and V, as we 
build up heavier nuclei, the nucleons fill in one orbit after the other. It is a 
particular feature of the ordering of the orbits in the shell model that sets of 
orbits are grouped together leading to the phenomenon of a shell structure 
and the corresponding magic numbers. It, furthermore, turns out that near 
the top of such shells there are always orbits with relatively high values of the 
angular momentum lying close to orbits with low angular momentum. This 
results from the relatively strong spin-orbit interaction in the nucleon-nucleon 
force. The realization of the importance of this spin-orbit interaction led 
Mayer (49) and independently Haxel, Jensen, and Suess (49), to the formula- 
tion of the nuclear shell model, and opened the way to a great progress in our 
understanding of nuclear structure. 

The average nuclear potential, which determines the orbits of the individual 
nucleons, has a shape that follows roughly the mass distribution of the nu- 
cleons. It is often approximated by a parabolic potential, and the levels and 
shells in the harmonic oscillator potential thus form a natural starting point for 
the classification of nuclear levels. Figure 7.2 shows the sequence of proton or- 
bits in the nuclear shell model, and one sees from it that with 81 protons, for 
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FIG. 7.2. Approximate level pattern for protons. The spin-orbit splitting is adjusted in 
such a way that the empirical level sequence is represented. For convenience the oscil- 
jator-level grouping and the parities of these groups are indicated at the left side of Fig. 
7.2. Round brackets (2), (4), etc. and square brackets [2], [6], etc. indicate the level de- 
generacies and the total occupation numbers. In the 6% oscillator group the splittings 
are not drawn in a proper scale, the 3d splitting is too large. A more accurate drawing 
would have confused the picture too much. [Taken from Mayer and Jensen (55)]. 


instance, one can have all levels filled up to the end of the fourth shell, except 
that the 35/2 level will have just one proton in it. (Although the 1/41;2 orbit lies 
higher than the 35,2, it is a general feature of the shell model that for pairs of 
nucleons it is actually lower even than the 2d3,. level. See Chapter V on the 
shell model for further clarification of this point). This will then be the ground 
state configuration of 81 protons and its spin will be J = 1/2+. To obtain an 
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excited state we can “‘lift’”? a proton from the 2d3/. orbit and make it fill the 
3512 orbit; there will result an excited state with J = 3/2+. The next excited 
state will be gotten by lifting a proton from the filled 1hy,;2. orbit and make it 
fill the “‘hole’’ in the 2d3/2. orbit. The resulting excited state will have J = 11/2-. 
We now see that if a nucleus with 81 protons is to be deexcited from the 
J = 11/2- state by the emission of a photon, this photon has to carry away at 
least 4 units of angular momentum if the nucleus settles in the excited state 
J = 3/2*, or even 5 units of angular momentum if it goes straight to the 
ground state. The J = 11/27 state will consequently live for a relatively long 
time and will show up as an isomer. Such isomers, involving a transition from 
a 11/2- level to a 3/2+ level, are indeed very common for odd Z or odd N 
before the magic number 82. 

Figure 7.3, reproduced from M. Goldhaber and A. W. Sunyar (65), shows 
the distribution of observed isomers over the periodic table. The absence of 
any isomers right after magic numbers is very striking. It is equally important 
to note that isomerism shows up at the same nucleon number for both odd-Z 
and odd-N nuclei. It appears that the rules governing nuclear structure 
apply separately for protons and for neutrons, as if the nucleus were composed 
of two separate liquids—a proton liquid and a neutron one—that are held 
together by forces that do not upset the intrinsic structure of each of them 
separately. 

In the framework of the various models that we shall discuss, this special 
feature of nuclear structure finds a very natural interpretation. There is a 
common starting point to all these models: the effect of the mutual interaction 
of the nucleons is approximated by an overall potential that keeps all the 
nucleons together, something like the central Coulomb field that keeps all the 
electrons together in the atom. This overall potential is assumed to take care, 
in an average way, of the bulk of the nucleon-nucleon interaction, and the 
remaining unaccounted for residues of the interaction are then invoked to 
explain the details of nuclear structure. As in the case of atoms, the Pauli 
principle is very instrumental in determining the “‘packing’’ of the nucleons 
inside this overall potential. Since, the Pauli principle applies separately for 
protons and for neutrons one sees that the structure of nuclei will be dominated 
by the numbers Z and N separately, rather than by A = Z + N. 

Odd-even nuclei show other remarkable regularities. If one looks at a 
whole series of odd-Z-even-N isotopes: (Z, VN), (Z, N + 2), (Z, N + 4), etc. or 
a whole series of odd-N even-Z isotopes: (Z, N), (Z + 2, N),(Z+4,N)..., 
one often finds that the excitation spectra of the nuclei in such series resemble 
each other very much. An example is shown in Fig. 7.4 where the excited 
states of odd-A isotopes of Tl are shown together with their spin assignments. 
It seems that the addition of pairs of neutrons to an odd-A isotope of Tl does 
very little to the general nature of its low-energy excitations. This result, which 
holds for many other sequences of isotopes and isotones is again consistent 
with the observation made with regard to the J = 0* rule for the spins of the 
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FIG. 7.3. The distribution of long-lived isomers of odd mass number A, plotted against 
the number of odd nucleons (WN or Z) [taken from Goldhaber and Sunyar (65)]. 


ground states of even-even nuclei. In fact, if pairs of identical nucleons do 
tend to pair off in states that are time-reversed conjugates of each other, then 
they add no angular momentum or parity to a “host’’ nucleus, and the spin 
sequence of its low-lying excited states will remain unchanged after the 
addition of the paired-off nucleons. 

Another very remarkable regularity that led to extensive studies of various 
collective features of nuclear motion is connected with the spectra of nuclei 
in the so-called regions of large deformations, (150 S A S 180; 22005 AS 
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FIG. 7.4. Level schemes for the odd-A isotopes of TI [taken from Diamond and Stephens (63); the 9/2 
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250). In between magic numbers nuclei tend to acquire an elongated shape 
with a large positive quadrupole moment. The excitation spectra of nuclei in 
this region then shows the characteristic features of rotational motion. Such 
rotational motion are encountered in molecular physics where nonspherical 
molecules with axial symmetry can absorb energy by increasing their rate of 
rotation around an axis perpendicular to their symmetry axis. This shows up as 
a band of excited states with angular momenta J increasing with excitation, the 
excitation energy itself being approximately proportional to JJ + 1). Figure 
7.5 shows several examples of such nuclear spectra observed in various 
regions of the periodic table where in first approximation: 


l 
Ey =~ a7 JJ + 1) 

The picture that emerges from attempts to put together the obvious evidence 
for shell structure and the equally impressive evidence for collective motions 
of the nucleus as a whole can be stated as follows. 

The effects of the mutual interaction that keep the nucleons together in a 
nucleus can be simulated by an overall average potential in which these 
nucleons move with very little residual interaction among them. This average 
potential in itself, being produced by the nucleons, has some dynamical 
features of its own. In particular, when this average potential turns out to 
have a nonspherical shape, its axes rotate in space, slowly compared to the 
motion of the nucleons inside it; the nucleons in this deformed potential are 
then dragged along and are thus performing a collective rotational motion on 
top of their nearly independent faster motion in the average potential well. 

The average overall potential can undergo other slow changes, such as 
shape oscillations or volume oscillations, each time giving rise to another type 
of collective motion of the nucleons moving in it. Thus excited states have been 
observed that probably correspond to vibrations of the nucleus manifesting 
themselves through surface waves at the surface of the nucleus. It is possible 
to identify many such states that arise out of one such phonon excitation and, 
in several cases, states arising from the excitations of two or more phonons 
have been also observed. 

These modes of excitation like the rotational modes seem to be common to 
many nuclei and to exhibit a marked regularity in the dependence of their 
excitation energy on mass and atomic numbers. Perhaps the best documented 
of these are the giant dipole resonance, observed either by the absorption 
process in which the incident projectile is a photon and the major reaction 
involves the production of a neutron or sometimes two nucleons, or by the 
(p, vy) process in which the photon is produced. In either case a broad reso- 
nance (see Fig. 7.6) is observed. The general behavior of these resonances, 
their energy and width, is shown in Fig. 7.7. These resonances were first 
understood by Goldhaber and Teller (48) as collective vibrations of the 
neutrons against the protons, giving rise to a large electric dipole moment. 
The quantum numbers of the resonance in this case can be calculated by 


OTHER REGULARITIES OF NUCLEAR SPECTRA 49 


3 
= + 
2 370.9 
oy 368.5 
Ket 
2 
st 332.3 
16+ ———__————- 3147. (3160) 13 
3. 
SL 2675 
14+ ———_—_—— 2564 (2568) 2 
Us. 
2 
2f—————— 6/3. (20/2) 
me 
se 2 
2. 
10+ —————— 1503—_ (1500) 2 
| 
5+ ————— 127 
8+ —————- 104 _ (1038) in 
2 
3+ a PAG 
6+ ————————-. 641.1 (639.8) K=2 3 
2 2. 
4+——-_— 320.6 (3205) ge ee 0) 
2+ ——————. 100.0 (100.0) ; 
ji — 2+ 0 
2 
(70.46 oO TNs 
Alr Kin 
+ Al w 
Gdaavupste ___ 1036 ___. 902+ [—!!00-——-0l2"__ 1062 __ 2.24 
_B- vibrational bond 994 oot -y —vibrational 
— 785 —o10t 724 see 
Ground - 679 0.1- 
238), State — 522 ——o. st Octupole. 
rotational vibrational 
band — 309 ——0.6+ band 
— 148 ——044 
__ 4470.2 + 
—o 00 


FIG. 7.5. Numbers in brackets are calculated energies based on a collective model of 
Davidov and Chaban for the rotational excitation of the levels in 17°Hf. The excitation en- 
ergies actually deviate slightly from the J( J + 1) rule expected for a rotational band 


[Data taken from F. S. Stephen et al. (65)]. 


assigning to the photon a unit isospin, spin, and odd parity. We shall postpone 
the discussion of these excitations to a later chapter. For the present it should 
be pointed out that their occurrence in a wide variety of nuclei suggests that 


collective motion of a vibratory type is a universal form of nuclear motion. 


Other “‘vibrations’”? have been discovered. Giant resonances built upon 


other radiative multipoles (e.g., the magnetic dipole) have been reported. 
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FIG. 7.6. The photonuclear cross section for !97Au o = a(y, n) + o(y, 2n) + a(y, np). The 
resonance energy is about 13.90 MeV, the width of the resonance 4.2 MeV [from Fultz 
et al. (62)]. 


Other examples include a series of 3— levels in heavy nuclei (the 3~ level in 
208Pb at nearly 3 MeV is an example). In light nuclei the 3~ level in 1*O at 
6.14 MeV is an example of a level thought to be vibratory. 

In fact it is also clear now that one and the same nucleus can show features 
in its excitation spectrum that may require different models for their descrip- 
tion. If one plots the total energy of A-nucleons as a function of the deviation 
of their overall shape from spherical symmetry, a curve similar to the one 
shown in Fig. 7.8a may result. For low energies, Ey, the nucleus may prefer, 
then, the spherical shape, and characteristic excitations will involve vibrations 
and single particle excitations. For higher excitations, say £), the nucleus may 
prefer a shape that deviates appreciably from spherical symmetry giving rise 
to characteristic rotational spectra. A possible example of such a situation is 
found in ¥*O. 

For other values of A the situation may be just reversed, as shown in Fig. 
7.8b: the lowest energies may prefer a nonspherical nucleus with its char- 
acteristic rotational spectra, and the higher excitations may have spherical 
symmetry. 

The two groups of nuclear states, all in the same nucleus, one centered 
around spherically symmetric shapes and the other around deformed states, 
may sometimes be so different from each other that a direct transition from 
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FIG. 7.7 The location and width of giant dipole resonance for a number of nuclei. The 
shaded area gives the width, the enclosed number the resonance energy (MeV) [from 
Fuller (66)]. 


one to the other becomes greatly hindered. One talks then about shape 
isomers [Hill and Wheeler (53) and V. M. Strutinsky (67)], that is, excited 
nuclear states that owe their long lifetime to the fact that they correspond to a 
nuclear shape that is very different from that of any of the states they can 
possibly decay into. The decay of these states therefore involves a simul- 
taneous transition by several nucleons at a time, which drastically cuts its 
probability. In fact, it is possible that some of these shape isomers are re- 
sponsible for the fast spontaneous fission observed in some of the Am isotopes. 
Such nuclei in their ground states are energetically unstable against a breakup 
into two smaller fragments and can undergo spontaneous fission from their 
ground state with a characteristic lifetime of 10° to 10” years. However, some- 
times excited states are observed at an excitation of 2 to 3 MeV that undergo 
spontaneous fission with a lifetime of 1 msec or less and, furthermore, these 
excited states do not seem to decay via a y-emission back to the ground state. 
It is possible that we see here extreme shape isomers that are much closer in 
their shape to the fissioning configuration of the nucleus than to its ground 
state, giving rise to this tremendous change of 14 orders of magnitude in the 
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FIG. 7.8. Two possible situations for the dependence of the energy of A-particles on the 
overall shape of their mass distribution. 


‘spontaneous fission lifetime. Some further evidence in favor of this interpre- 
tation was given by the work of Migneco and Theobold (68), who studied 
subthreshold fission in Pu (see below). 

We therefore see that the collective properties of nuclei reflect the special 
features. of the single particle levels available for the specific number of 
nucleons one is considering. Near magic numbers there are few possibilities 
for the particles to distribute themselves among various levels if they want to 
stay at the low energies and a spherical shape is preferred. Between magic 
numbers or at higher excitations the availability of several close-lying levels 
makes it possible for the particles to accommodate themselves better in non- 
spherical-shaped nuclei, and some collective features show up. This way one 
can satisfy the need for both independent particle motion as required by shell 
structure and other phenomena, as well as the accumulating evidence for the 
existence of several modes of collective motion in nuclei. 

The fact that the average potential is, in the last analysis, just a convenient 
way of representing the bulk of the mutual interactions of the nucleons 
reflects itself in a coupling between the collective motions of the average 
potential and the motion of the nucleons inside it. Very interesting features 
of nuclear structure find their natural explanation through this coupling, as we 
shall see in later chapters. Among other things the inertial parameters that 
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determine the collective motion (such as the moment of inertia for collective 
rotations) are sensitive to the details of the motion of the nucleons in the 
potential, including the effects of the small residual interaction on this motion. 
The elucidation of such details is a good measure of the success of the models, 
and we defer their study to the chapter on collective motion. 


8. ELECTROMAGNETIC PROPERTIES OF NUCLEI 


A very useful way of studying nuclear properties involves their interaction with 
outside electromagnetic fields. Two features of the electromagnetic interaction 
contribute to making it so productive in the study of nuclei: first, it is a rela- 
tively well understood interaction and therefore allows rather clear conclusions 
to be drawn. Second, because the electromagnetic interaction 1s weak com- 
pared to nuclear interactions, an electromagnetic “‘probe’’ that is used to 
study nuclear properties disturbs the nucleus very little. One is therefore 
measuring properties of the free, undisturbed nucleus. These features are to be 
contrasted with the study of nuclei using nuclear reactions, where the un- 
certainties concerning the nuclear interaction and the strong perturbation of 
the target nucleus by the projectile complicate the analysis markedly. 

The simplest way of studying nuclei by means of electromagnetic inter- 
actions is to measure their interaction with a known static field. If we con- 
sider an electric field given by the electric potential V(r), then its interaction 
energy with a nucleus is given by 


* 1 T%3 
E = eWinl,...,4)| XS Ve)\vou(l,.-- 4) BID 


where Yyu(1, ..., A) is the nuclear wave function characterized by the total 
angular momentum J and its projection M along an arbitrary z-axis. It is 
convenient to expand V(r;) around the center of mass of the nucleus since the 
wave functions yy; are usually referred to this point. Furthermore, for 
reasons that will become clear soon, it is convenient to expand V(r;) in terms of 
spherical harmonics Y7,,(6,¢) (@ and @ are the spherical angles taken with 
respect to the z-axis mentioned above) rather than in terms of the conventional 
Taylor expansion. Taking the center of mass of the nucleus as the point 
r = 0, and choosing an arbitrary direction for the z-axis, we then obtain 


V(ri) = > D> Vinlri) Yim(Oib:) (8.2) 


i=0 m=—l 


where 6; and ¢; are the polar coordinates of the point r; and V;,,(r;) is given by 


Virlr) = | Yim(6¢) V(r) d(cos 6) dp (8.3) 
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The functions V,n(r) play the role of the /-th term in the Taylor expansion of 
V(r), and it can be shown that to a good approximation they are given by 


Vinlt) & r'Vim (8.4) 


where V7, depends, of course, on the detailed funtional form of V(r), but is 
independent of r. Vin is simply related to the derivatives of V(r) at the origin. 
Introducing (8.4) into (8.1) we obtain 


l 


l=0 m=—l 


where 


4: Yin(Oib:) |Wru(l,..., A)) (8.6) 


lL bare 
Om = eWs(l,..., A)| 


7 


The quantities Q;,, in (8.6) are often referred to as the static electric multipole 
moments of the nucleus in the state ¥4. As we see from (8.5) their knowledge 
determines uniquely the interaction of the nucleus with any outside static 
electric field. 

Using some well-known properties of the spherical harmonics (see Appendix 
A,, A.2.44,) we can draw some further conclusions about Q),. First, the matrix 
element (JM|Y.,,|J’M’) vanishes unless M = m+ M’ and |J — J’| <1< 
J + J’. Applying these results to (8.6) we conclude that 


Qim = 9 for m #0 
and for l> 2J (8.7) 


Equation 8.7 actually says that for a nucleus with angular momentum J the 
highest nonvanishing multipole can be of the order ] = 2J/. Thus nuclei with 
J = 0 have no dipole (J = 1) or quadrupole (J = 2) moments, and nuclei with 
J = 1/2 have no quadrupole moments. Second, we know that under the 
transformation r; — —r; (space reflection), the spherical harmonics undergo 
the transformation Y;, — (—1)'Yim (see Appendix A, A.2.32). If the eigen- 
function yyy(1,..., A) have a definite parity, it then follows that 


Qim = 0 for odd! (8.8) 


Combining (8.7) and (8.8) we see that the electric, static interaction of a 
nucleus in a state of angular momentum J is determined completely by the 
[J + 1] numbers 


Ooo Or, Ox, cee yg Qo57},0 


where [X] is the largest integer that is smaller than or equal to X. These 
remarks assume parity conservation of nuclear forces. Weak nonparity 
conserving forces may exist (see Chapter [X). 
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Qoo has a very simple meaning; since Yoo = 1/+/4m we see from (8.6) that 
Qoo is just proportional to the total charge, that is, 


Om = 28. 
4/4 


QO defines the quadrupole moment of the nucleus. For historical reasons a 
somewhat different normalization has been adopted for the quadrupole 
moment; it is proportional to the expectation value of Qo for the special 
magnetic substate M = J or, more precisely, 


(8.9) 


l67 1 lor 4 lt; 
q = ve Qx|u-1 = JM = Vis - 5 1? Yao(0:0) [JM = J) 
Xu 
(8.10) 


(Note the omission of the charge e; quadrupole moments are measured in cm? 
or in barns where 1 barn = 10-74 cm?). Qa measures the hexadecupole 
moment of the nucleus, etc. 

The various electric multipole moments provide us with a measure of the 
complexity of the charge density of the nucleus. Thus, if the density has com- 
plete spherical symmetry all multipoles, except the monopole, vanish identi- 
cally. On the other hand, a strongly deformed nucleus may have large values 
of |g|, as can be more clearly seen if we introduce into (8.10) the identity 


16m 
ia 1? Ynx(0,6) = 7°(3 cos? @ — 1) = 328 — 7° (8.11) 


The quadrupole moment then takes on the form 
q = Z[(3z*) — @*)) = ZI2@) — + ¥)I (8.12) 


where (A) stands for the average value of the operator A; taken over all 
protons of the system. 

Taking a nucleus with axial symmetry, with uniform charge density and 
choosing the z-direction along the axis of symmetry, we see that (x?) = (y?) 
and therefore, from (8.12) 


q = 2Z[ (2?) — (x?)] 


If AR is the difference between the extension of the nucleus along the z-direc- 
tion and along the x-direction, and if AR « R, then g reduces to 


~ + zRaR = + zRA* 8.13) 
1 — 5 ~ 5 R 7 
The parameter es 
4 - AR AR « 
= -,/——— ~_ 1.06 — se 
P-3N5 R R 
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is known as the quadrupole deformation parameter; in terms of 6 


3 
of = 2 
q ~ Aap ZR*B (8.14) 
For a prolate charge distribution (z?) > (x?) and q can be large and positive; 
for an oblate charge distribution (z?) < (x?) and q may be large (in magnitude) 
and negative. For a spherical charge distribution (z?) = (x?) and qg vanishes. 

In actual cases one finds, for instance, for “O a quadrupole moment of 
g(?’O) = —0.0205 barns leading tg AR/R = —0.03—indeed a very small 
deviation from sphericity. The largest measured quadrupole moment is that 
of #7>Lu: g?Lu) = 5.68 barn, which leads to AR/R = 0.23. 

The transition electric charge density shows up in various features of the 
electromagnetic radiation emitted by nuclei. Classically a system whose charge 
density varies with time will emit electromagnetic radiation. If, in particular, 
the charge density changes only its quadrupole moment, without at the same 
time changing the other moments, the system will be emitting a pure quad- 
rupole radiation that has a characteristic pattern for its intensity distribution 
in space. We shall derive the quantum mechanical laws for the emission of 
electromagnetic radiation in Chapter VIII, but it is obvious that nuclei with 
large quadrupole moments should emit quadrupole radiation more readily 
than those with small quadrupole moments. There are other factors that affect 
the rate of radiation of any given multipole, such as the energy of the emitted 
radiation and the size of the system. If one corrects for both these factors one 
obtains a measure of the intrinsic ability of the particular system one is 
studying to emit the particular radiation. Such studies for electric quadrupole 
radiations are shown in Fig. 8.1, reproduced from P. H. Stelson and L. 
Grodzins (65). They show very striking regularity that is again connected 
with the magic numbers: nuclei close to magic numbers emit electric quadru- 
pole radiation less readily than nuclei between them. The static quadrupole 
moments show a similar behavior—they are large between magic numbers and 
small around them. These two similar patterns are quantitatively related to 
each other, as we shall show in Chapter VI on the collective model of deformed 
nuclei. 

Note that in the data described in Fig. 8.1, proton number Z = 40 behaves 
as if it were a magic number. Nuclei with Z close to 40 emit quadrupole 
radiation less readily than those further removed from this region. We noted 
already before that $?Z159 is one of the very few even-even nuclei whose first 
excited state is not a J = 2+ state, all other being doubly magic nuclei. The 
data on the emission of quadrupole radiation is consistent therefore with the 
pattern observed in the first excited states of even-even nuclei. 

Electric multipole moments provide us with information on the charge 
density in nuclei. Similar information on the current and magnetization 
densities is provided by the magnetic multipole moments. These moments 
measure the interaction of a nucleus with an external magnetic field in much 
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FIG. 8.1. The ratio as a function of neutron number N, of the adopted value of 6, the 
quadrupole deformation parameter as obtained from quadrupole transitions, to (8),.>. 
the value expected from the single-particle model [reproduced from Stelson and 
Grodzins 65)]. 


the same way that the static electric moments measure its interaction with 
an external electric field. 

Two factors contribute to the magnetic multipole moments of nuclei: one 
comes from the currents of the protons and the other from the intrinsic mag- 
netic moments of the protons and the neutrons. Both are of the same order of 
magnitude. In fact, it is well known [see, for instance, K. Gottfried, Quantum 
Mechanics (66), p. 313], that if 1 is the operator for the orbital angular mo- 
mentum in units of @ of a charged particle of mass M, its current will produce 
an effective magnetic dipole whose operator is 


oS (8.15) 


where eh/2M,c—the nuclear magneton, has the numerical value 


en 
2M,c 


= 3.1525 X 10-18 MeV/gauss (8.16) 
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On the other hand, the intrinsic magnetic dipole of the nucleons is given in 
terms of their spins by 


s (8.17) 


M, is the proton mass and g“? are the spin g-factors whose numerical values 
for the proton and the neutron are 


gp = 5.585564 + 0.000034 (8.18) 
gr = —3.82630 + 0.00013 


It is seen from (8.15) to (8.18) that as long as the orbital angular momenta of 
the protons in the nucleus is of order unity, the orbital and the spin contri- 
bution to the total magnetic dipole moment of the nucleus are of the same 
order of magnitude. 

We shall postpone to Chapter VIII the complete derivation of the higher 
multipole operators describing the interaction of nuclei with magnetic fields 
and describe here briefly only the dipole moment. 

The magnetic dipole moment is the only nucleon property that is needed 
for the complete specification of the interaction of nuclei with a uniform 
magnetic field. According to (8.15) and (8.17) the appropriate operator in 
units of the nuclear magneton is: 


v= Ld (gi i + 8: 81) (8.19) 
i=1 
where g;“ are given by (8.18), and the orbital g-factor is given by 
] for protons 
go = (8.20) 


0 for neutrons 


Note that each term in (8.19) depends upon the coordinate of a single nucleon. 
Because of pion exchange, currents flow between the nucleons inside the 
nucleus. These exchange currents discussed in Chapter VIII will contribute 
terms in u depending on at least the coordinates of two nucleons. Their 
effect appears to be small. 

Using the isospin formalism, (8.19) is sometimes written also in the following 
form: 


v= 2D ~a 78 l + eae a 4° on g.") Si 


1 it l 
De 5b + 5G + Bn!) 82 + 5 Taal + (> — Bn) 81] 


I 


l 1 
7 > (i; + S;) + 5 (80 ++ £,° —— 1) > S; 


] 
a7 see Tislli + (8p — Bn“) Si] 
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Noting that >> (1, + s,) = J is the total angular momentum of the nucleus 
and putting in numerical values from (8.18) we obtain 


A 
u= E J+ 0.38 >> | + E > rials + 941s, | (8.21) 
i=1 


The first term is often referred to as the isoscalar part of w, since it involves no 
dependence on the isospin operators, whereas the second term is referred to as 
the isovector part. We notice the considerably bigger contribution of the 
nucleon spins to the isovector part of the magnetic moment, as compared to 
their contribution to the isoscalar part. This will turn out to be important in 
the study of some magnetic dipole radiations (see Chapter VIII). 

What the physicist refers to as the magnetic moment of a system in a state 
Y(JM), as distinct from its magnetic moment operator, is the expectation 
value of yw, in the state YJ, M = J): 


w= UM=J|p|\J, M=J) (8.22) 


For a single nucleon moving in a central field—the so-called Schmidt case— 
pcan be very easily evaluated. Assuming the nucleon moves in an orbit with 
orbital angular momentum /, and that its spin s couples with 1 to form a total 
angular momentum j, we obtain 


Mech = (I,m = jlg?l, + g®s.|Ij,m = j) (8.23) 
We can evaluate these matrix elements by noting that 


\lim) = 2s (Im, 3m, | jm) | lmz)| zm, ) (8.24) 
where (J, (1/2)m, | jm) is the Clebsch-Gordan coefficient for the addition of 1 
and s to form j (see Appendix A, A.2.57) while |/m,) and [(1/2)m,) are 
the eigenfunctions of the orbital and spin motions separately. Since 


l,|Im:) = m,|Im;) s,|4m,) = m,|4m,) 
we obtain, from (8.23) and (8.24), using the orthogonality of the wave func- 
tions |/m,) and |(1/2)m, ), 


Msn = 2 | (lm, dm,|j,m = f)|? Gmg® + mg) (8.25) 


mims 
The relevant Clebsch-Gordan coefficients are: 


1 for m=I1 om, = +4 
for j=l+3 (Im, 3m,|j,m = j) = 
0 for all other cases 
(8.26) 
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J l for m,=1-— ] 
23 + 2 m, = 


i 
2 
for j=1—4 (Im, 4m,|j,m =) = a for m, =I1 
2p 2 m= —3% 
0 for all other cases 


Substituting from (8.26) into (8.25) we obtain: 


IO +4e9) if fort 
Msch = (8.27) 
HOGTWG+ Ys? —tg@] fo yHl—4 


Equation 8.27, which is often referred to as the Schmidt value or the single 
particle value for the magnetic moment, plays an important role in the study 
of nuclear structure. The reason for this is the following: if, as we were led to 
conclude, pairs of identical nucleons are paired off in states that are time- 
reversed conjugates of each other, then such pairs make no contribution to 
the total magnetic moment of the nucleus; both the orbital and the spin con- 
tributions of one member of the pair are cancelled by those of the other mem- 
ber. In an odd-even nucleus one is thus left with the sole contribution of the 
odd, unpaired nucleon. To the extent that it can have well defined values of 
l and j, its magnetic moment will be given by the Schmidt relations (8.27). 

Experimentally one finds that the situation is very close to what we have 
just described. Since the g-factors for protons and neutrons are so different 
from each other, it is advisable to study separately the odd-Z-—even-N and 
odd N-even Z nuclei. Plotting then the magnetic moments as a function of the 
total angular momentum—the so-called Schmidt diagram—one obtains 
Fig. 8.2. The full lines in these diagrams represent the Schmidt values for the 
magnetic moments as derived from (8.27) by inserting the appropriate values 
for the g-factors. It is clearly seen there that magnetic moments of odd-A 
nuclei tend to fall into two groups, those that could be identified with the 
Schmidt line for 7 = / + 4, and those that belong to 7 = / — 4. Furthermore, 
whereas the moments of odd-Z nuclei tend, on the whole, to increase with j, 
those of odd-N nuclei do not show this tendency. This feature of the Schmidt 
formula is related, as can be easily seen, to the different values of g, for protons 
and neutrons: the increase of » with j for odd-Z nuclei reflects the increasing 
contribution to » of the orbital current of the proton; for odd neutron nuclei 
this contribution vanishes on account of the zero charge of the neutron. 

There are other interesting patterns observed in the behavior of nuclear 
magnetic moments; we shall mention here just one of them that follows from 
(8.21) if one assumes that nuclear states have well defined values for the 
isospin. 

Taking, for instance, nuclear states with J = O, and recalling that the 


nl 
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FIG. 8.2. (a) Schmidt diagram for odd-proton nuclei [from Blin-Stoyle (56)]. 


expectation value of any component of an isovector vanishes in states with 
T = 0, we obtain from (8.21 ) and (8.22) that 


wT = 0) = VU, M = J\3J, + 0.38 >> siz|J, M = J) 
i=1 


1740.38 J, M=J| >> sie|J, M = J) (8.28) 


Or 
eT = 0) = 34+ 0.38/J J, M=J| >) sx|J, M = J) 


In the deuteron ground state, which is the simplest T = O nuclear state, we 
know that most of the angular momentum J = 1 is provided by the two spins. 
In this case we can put (| Zs:.|) = 1 and predict a magnetic moment yp = 
0.88 nm; the actual value is uw = 0.85742 nm. The difference between the two 
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FIG. 8.2—Continued (b) Schmidt diagram for odd-neutron nuclei [from Blin-Stoyle (56)]. 
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values may very well be due to the fact that the expectation value of the total 
spin is somewhat less than 1, there being a slight contribution to J from 
orbital angular momentum as well (Volume II). 

In other heavier nuclei, the evaluation of (| 2s;.|) may require more 
detailed knowledge of the nuclear wave function, but our picture of pairs 
of identical nucleons pairing off in states that are time-reversed conjugates 
of each other (see Section 1.7) leads us to expect that at most two nucleons— 
an odd proton and an odd neutron—will be contributing to (| 2s,,|) in 
T = O nuclei. We thus expect to have —1 < (| 2s;,|) < +1 leading to the 
limits (J # 0) 


0.22 nm < g(T = 0) < 0.88 nm (8.29) 


This limit 1s indeed found to be obeyed by all J = O nuclear states whose 
magnetic moments were measured, as can be seen itn Table 8.1 [reproduced 
from J. Bleck et al. (69)] that gives the experimental g-factors of these nuclei 
(7H, °Li, }°B, ?2Na, 22?Na*, 14N, and 38K). 

One can go even one step further and consider pairs of mirror nuclei. For 
corresponding states in such pairs the isoscalar part of the magnetic moment 


TABLE 8.1 Compilation of the Experimental Values for lsoscalar 
g-Factors [from Bleck et. al. (69)] 


Gi 
Mirror Nuclei or Doubly-Odd Nucleus (experimental) 

2H (1+) 0.857 
3He, °*H (3+) 0.851 
1sNe, 19F (3*) 0.742 
2 (1*) 0.822 
10B (3+) 0.600 

uC, 4B (3-) 0.552(3) 
170, 17F 5+) 0.566 

18F (5+) 0.568(3) 

19Ne, YF (8+) 0.573(3) 
21INe, 241Na (3+) 0.575 
22Na (3+) 0.582 

22Na (1*) 0.536(6) 
13C, 13N (4-) 0.380 
14NJ (1+) 0.404 
18, 15N (2-) 0.436 
35Ar, 25C] (3*) 0.485 

s7Ar, 37K 3+) 0.38 (7) 


3K (3+) 0.458 
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should be the same, while the isovector part should be equal in magnitude and 
opposite in sign. This is clearly seen if one recalls that the protons and neutrons 
exchange their roles when one goes from one member of a mirror pair to the 
other, so that all we have to do in (8.21) is change the sign of 7,3. It follows, 
therefore, that the average value for the magnetic moments of corresponding 
states in mirror nuclei with T = 3 is again given by 


2 
Lu(T = 4 Tr =) + nT =3 Ts = —)] = V4 0.38 ((D> sz) 


so that the same considerations apply to this average as to the moments of 
T = O nuclear states. Comparison with the shell model yields agreement with- 
in the limits given by (8.29). 

The regular behavior of nuclear magnetic moments thus seems to cor- 
roborate our previous findings and add some new insight into the nature of 
nuclear structure. The pairing off of pairs of identical nucleons shows up most 
dramatically in the Schmidt diagrams, as does the independent behavior of 
neutrons and protons. On the other hand the fact that the empirical moments 
do not lie on the Schmidt lines probably indicates the approximate nature of 
the picture we have been developing thus far. The understanding of the 
deviations of magnetic moments from the Schmidt lines in terms of refine- 
ments to the picture of paired-off nucleons has thus been the subject matter 
of many interesting studies in nuclear structure, some of which will be dis- 
cussed in later chapters. 

We notice an interesting fundamental difference between the general be- 
havior of electric quadrupole moments and magnetic dipole moments. Whereas 
the single-particle values for the magnetic moments of nuclei, (8.27), do turn 
out to describe actual moments fairly well, the experimental values of the 
electric quadrupole moment, (8.12), often exceed the contribution from an 
average single particle, indicating a constructively coherent addition of the 
contributions from all particles. This difference stems from a fundamental 
difference in the nature of the two relevant operators. The magnetic dipole 
operator leads to opposite contributions from a state y and its time-reversed 
state y since both the currents and the spins change sign when we go from y 
to y. It is thus an odd operator with respect to the transformation y > w, and 
one member of paired-off nucleons cancels the contribution of the other. The 
quadrupole operator’s contribution on the other hand does not change when 
we switch from y to y; the two add up their contributions. If now the nuclear 
deformation also assures some correlations between the motion of the various 
pairs, a coherent buildup of the quadrupole moment can, and actually does, 
take place. - 

We see, therefore, that there are odd operators, like the magnetic dipole 
moment, which naturally respond primarily to the few unpaired nucleons, 
whereas there are even operators, like the electric quadrupole moment, which 
are more sensitive to collective correlations between the various pairs. By 
cleverly using such operators one can separate the study of the independent 
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particle features of nuclear structure from those of the collective degrees of 
freedom. 


9. SYSTEMATICS OF OTHER DECAY MODES OF NUCLEI 


The richness of nuclear phenomena makes it possible to inspect the structure 
of the same nucleus from many angles. We mentioned nuclear masses and 
their systematics, and have briefly glanced at some of the electromagnetic 
properties of nuclei and their relevance to nuclear structure. Another fruitful 
way to investigate nuclear structure uses the weak interaction of nucleons with 
the leptonic field. The fundamental reactions that underlie this whole field are 
the beta decay of the neutron and the y-capture by protons 


n—-ptet+p, (9.1) 
ew +rpont+ vy (9.2) 


where py, is the neutrino that goes with 6-decay (#, is the antineutrino; see 
Chapter IX) and », is the neutrino that goes with y-decay. Both are spin-4 
particles and are believed to have zero mass [actual present limits are m(v.) < 
60 eV, m(v,) < 1.6 MeV]. They are believed to be different particles, in that 
the neutrino that leads to (9.6) (see below) does not lead at the same time to a 
positron production. Both above reactions are exothermic and have been 
observed. Under suitable energetic conditions other reactions, which follow 
from (9.1) and (9.2), can take place and they have also been observed. Thus 
from (9.1) we can derive a reaction that will involve the capture of electrons on 
protons 


pte p-nst+py, in complex nuclei (9.3) 
This can be seen in complex nuclei whenever the conversion of a proton into a 


neutron is energetically favorable. In fact, if the balance of energy is favorable 
enough, one finds even spontaneous positron emission 


_pon+tet+p»y,. in complex nuclei (9.4) 


Inverse reactions involving neutrino absorption have been observed for both 
the electron-neutrino py, and the u-neutrino v, 


ve t$n—->p+ ec (9.5) 
iy. tpoptta (9.6) 


Although the fundamental reactions in all these weak interactions take place 
with individual nucleons, when these nucleons are bound in the nucleus the 
rate at which these reactions proceed is sensitive to nuclear structure. Since in 
these reactions a nucleon of one kind always winds up as a nucleon of the 


Number of cases 
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other kind, that is, the nucleon isospin changes, the rate depends on the ease 
with which the final nucleus can accommodate the second kind of nucleon. 

In the study of beta decays it has been customary, for historical reasons, to 
measure the rate of decay by a quantity called log ft. Here ¢ stands for the 
half-life (in seconds) of the transition, and fis a universal function that corrects 
for the effects of the available energy, Coulomb repulsion, etc. on the transi- 
tion rate. We shall deal with all these questions in detail in the Chapter IX; 
here we want just to point out that a Jarge log ft value stands for a Jow transition 
probability. 

As in the case of y-emission, 8-emission proceeds less readily if the electron 
and the neutrino have to carry away angular momentum with them. Beta 
decays have therefore been classified according to the angular momentum 
(and parity) that they carry away into transitions that are “allowed,” ‘‘1st 
forbidden,” “2nd forbidden,” etc. In Fig. 9.1 we show just the distribution of 
observed log ft-values of the various types of transitions, as compiled by 
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FIG. 9.1. Frequency histogram for log ft-Values. Reproduced from Nuclear Data Sheets 
5-5-109 (1963). 
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Gleit, Tang, and Coryell (63). One notices a group of very fast (low log ft) 
transitions; these are the so-called “‘superallowed”’ transitions that take place 
between two members of an isomultiplet. The members of an isomultiplet, it 
will be recalled, have a very similar structure as evidenced by the similarity in 
their spectra as described in Section 6. Had it not been for the Coulomb inter- 
action they would have all been degenerate in their energies. The Coulomb 
repulsion is enough to make the high Z members of the isomultiplet less stable 
than the low Z members, and positron decay can take place. The fact that the 
superallowed beta decays are considerably faster than the regular allowed 
transitions is a very strong additional proof for the similarity between the 
wave functions of the various members of an isomultiplet. It fits in nicely with 
the observed similarity of the spectra of mirror nuclei. 

Negative muon capture by nuclei is more than just another example of 
electron capture. Because of the much larger mass of the muon, nuclear 
matrix elements for correspondingly larger values of neutrino momenta are 
involved. Thus it should be possible to extract additional information on the 
nuclear wave functions from these experiments. 

Nuclei are known also to decay spontaneously via the emission of other 
nuclei. The best known cases are those of a-decay and fission. All these decays 
owe their presence to the Coulomb repulsion that makes it energetically 
advantageous for a nucleus to break up into two smaller parts. The total 
energy of such nuclei as a function of the separation between the two frag- 
ments may look something like Fig. 9.2. The energy does have a minimum at 
zero separation, that is, when the two fragments are together and form the 
initial nucleus; a slight increase in the separation increases the energy of the 
system because one has to overcome the attractive nuclear interactions without 
gaining much from the slower decrease in the repulsive Coulomb interaction. 
As the separation increases further, however, the main work in overcoming 
the short range nuclear forces has been done, and if the eventual gain in the 
Coulomb interaction is big enough, one may wind up at a lower total energy. 
The lifetime for such decays is then determined by the available gain in 
energy and by the width and structure of the potential barrier. Since the proba- 
bility for barrier penetration decreases exponentially with its increasing 


Separation between two fragments 


FIG. 9.2. Total energy of fissioning nuclei as a function of the separation between the 
two fragments. 
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FIG. 9.3. Alpha disintegration energies of polonium isotopes (From Hyde, Perlman, and 
Seaborg (64)]. 


height [see Messiah (61)], we expect big variations in the lifetime for a-emission 
or spontaneous fission, as indeed is found to be true.* 

Both a-emission and fission again reflect the magic numbers very vividly. 
Figure 9.3, taken from E. K. Hyde, I. Perlman, and G. T. Seaborg (64), shows 
the huge jump in the disintegration energies of the polonium isotopes as one 
passes the neutron number 126. This, of course, is nothing but another way of 
looking at the masses of the specific nuclei involved in these processes, but it 
does dramatize the effect of the magic number 126. 


10. THE STUDY OF NUCLEI BY MEANS OF NUCLEAR REACTIONS 


Although the study of unstable nuclei has been and continues to be an im- 
portant source, by far the greatest amount of detailed information on nuclear 
structure and nuclear dynamics is obtained from nuclear-reaction studies. The 
methods employed may involve the application of general conservation 
principles such as the conservation of momentum and energy. It may require, 
in the case of certain classes of experiments, the use of an understanding and 
associated semiempirical analysis based upon systematic study of many indi- 
vidual cases. Nuclear information that is obtained in these several ways will 
include properties of nuclear states such as their energy, angular momentum, 
parity, and isospin. It may also yield detailed information on the nuclear 
wave function. Indeed, it has been one of the accomplishments of nuclear 
physics that specific reactions that are sensitive to particular properties of the 
wave function have been discovered and developed. Clearly the nature of the 


*Recent experiments indicate that there is a second valley and peak in the 
curve of Fig. 9.2. 
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nuclear dynamics plays a central role. In this and later chapters we shall 
briefly review by example the characteristic features of nuclear reactions that 
have not only been useful for the determination of important nuclear data but 
also for the elucidation of the interaction dynamics between the incident and 
emergent projectiles with the target or residual nucleus. 

In a typical two-body reaction A(a,b)B 


At+a—-b+8B 


a is the incident projectile, A the target, b the emergent projectile, and B the 
residual nucleus. Experimentally the incident projectile is one of an incident 
beam of particles that often have acquired their energy in an accelerator or 
are a secondary or tertiary particle produced when a primary accelerated 
particle strikes a target. An exception is of course neutron beams extracted 
from reactors. 

The kinematic variables usually observed include the energy and momentum 
of the incident and emergent projectiles. From these measurements and 
application of the conservation of energy and momentum, the excitation 
energy of residual nucleus can be determined. In this way the energy of a state 
in that nucleus can be obtained. The accuracy depends naturally upon the 
accuracy with which the incident and emergent particle energies and the 
momenta have been measured. Figure 10.1 shows a characteristic spectrum of 
protons scattered from Zr. The peak at zero excitation energy gives the 
elastically scattered protons in which the target nucleus remains in its ground 
state while the numbered groups are located at the energies of the excited 
states of the target. 

For another example of the use of a conservation principle, consider a 
nucleus excited by inelastic a-scattering, and assume that this is done at high 
enough energies to assure that 1isospin-conserving nuclear forces, rather than 
electromagnetic, dominate in the process. The a-particle has isospin T = 0 
(see Section 1.6). Since isospin 1s conserved by nuclear interactions, an in- 
elastic a-scattering can lead only to such states in the nucleus that have the 
same isospin as that of the ground state. Protons, on the other hand, have 
T = 1/2, and their inelastic scattering can therefore lead to states with T = 
To + 1, and To if To is the isospin of the target’s ground state. By thus com- 
paring levels that can be reached by a and p inelastic scattering, it is possible 
to determine the isospins of many levels. 

The parity of the excited state can very often be determined by nuclear 
reactions. Thus, if an a-particle is inelastically scattered giving rise to an 
excited state, in transferring to the nucleus the necessary angular momentum 
it should also transfer parity to make up for the possible parity differences 
between the ground and the excited state. The a-particle can transfer angular 
momentum; orbital angular momentum wave functions are the spherical 
harmonics Y7,,(0,¢); these have a parity that is determined by /: (—1)4 It 
therefore follows that when an a-particle transfers / units of angular momen- 
tum it also transfers a parity of (— 1)". If we consider an inelastic a-scattering 
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10.1. Pulse height spectrum of protons scattered from 9°Zr. Proton groups associated 
with scattering from contamination nuclei are labeled with the symbol for that nucleus. 
The numbered groups correspond to proton excitation of levels in 9°Zr [taken from 
Dickens, Eichler and Satchler (67)]. 


from even-even nuclei, whose ground state has J = 0+ we find then that an 
a-particle can excite a level with spin J only if it has the so-called natural 
parity (—1)’. States with J = 2* or J = 3- can thus be excited by inelastic 
a-scattering; those with J = 2- or 3* cannot. Figure 10.2, taken from Segel 
et al., shows the absence of an a-decay from the 27 state in !*O to the ground 
state of }2C thus confirming the parity assignment to the level at 8.88 MeV in 
16Q), 

Not only are we interested in the presence or absence of a level but also in 
the probability for the process leading to a particular final state that is usually 
expressed in terms of a cross section for the process. This describes what 
would have been the yield in number of particles per second of that particular 
reaction if a single nucleus were bombarded with a flux of one projectile per 
cm? per sec. A cross section for a reaction is therefore defined by yield/flux. 
If we imagine an area equal to the cross section placed across the incident 
beam, the yield is given by the number of incident particles striking that area. 
Since the dimensions of nuclei are of the order of 10-1? cm, we expect nuclear 
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FIG. 10.2. Energy-level diagram showing the relevant states in the !®N (@-) !5*O (a) 16C 
decay chain [taken from Segel, Olness and Sprenkel (61)]. 


cross sections to be of the order of 10-24 cm? (=1 barn). Although this is a 
good first orientation in nuclear cross sections, we encounter of course cross 
sections that are much smaller, either because the specific reaction we have in 
mind 1s a rare event among other, more common, reactions, or because the 
specific projectile interacts only weakly with the nucleus. We also encoun- 
ter considerably larger cross sections, even as high as 10% barns, when the 
projectile “‘resonates”’ with the nucleus in one sense or another. 

It is common to talk about differential cross sections when some kinematic 
restrictions are put on the reaction products, such as specifying their direction 
of emission, or their energy (when this is not uniquely determined by the 
momentum of the projectile, such as in reactions leading to three or more 
reaction products). 

We also encounter polarization measurements; these are usually given by 
the ratio 


ee Seer 

Ni + N+ 
where N; can be the number of nuclei or other emergent particles observed at 
specified conditions (energy, direction, etc.) with spin up, and similarly for Ny. 


We note that polarization as defined above varies between plus and minus one, 
so that it is always given as a percentage —100% < P < +100%. 
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These cross sections are sensitive to the nuclear dynamics. This is demon- 
strated by the very different probability with which different processes excite 
a nuclear level in the residual nucleus. An example is shown in Fig. 10.3. The 
height of each line indicate the differential cross section for the excitation of 
each level. We see that most levels are excited by inelastic proton scattering, 
but that the interaction dynamics is much more selective in inelastic deuteron 
and the stripping (d,p) reaction. The “specificity”? observed in this case is 
thought to be a consequence of the small probability for composite particles to 
penetrate into the interior of the target nucleus. As a consequence their inter- 
action is localized at the surface. Hence a transfer of given amount AJ of 
angular momentum must be accompanied by linear momentum transfer qg so 
that gR ~ RAJ. This requirement, together with the conservation of energy, 
then fixes, classically, the direction into which the projectile is inelastically 
scattered. Quantum mechanically these directions are not sharply determined, 
but it is obvious that for a given inelasticity, the higher AJ is, the greater will 
be the average scattering angle. We may thus expect that the complete (angu- 
lar) differential cross section for such a reaction is a very good tool in the 
determination of the spin of the excited state. The angular distribution will 
reveal, if we are dealing with a process in which a specific angular momentum 
is transferred, what that value is. This is illustrated in Fig. 10.4. The value of 
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FIG. 10.3. The excitation of levels in “Ni (MeV) using different reactions [from Cosman, 
Schramm, Enge, Sperduto and Paris (6/)]. 
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the transferred angular momentum is denoted by /. We see that each value of / 
is characterized by a characteristic angular distribution. Note also the first 
maximum occurs at angle that is greater for the larger /. 

Knowing the transferred /] gives us information on the nature of the excited 
state of the residual nucleus involved. It must be a “‘surface”’ state, that is, its 
amplitude must peak at the nuclear surface. Combining this with some 
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FIG. 10.4. The angular distribution for the 9°Zr(d, p) reaction with 12 MeV deuterons in 
which the neutron transferred to 9°Zr carries an orbital angular momentum of / = 0, 2, 4 
{from G. R. Satchler (66)]. 
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knowledge of the nucleus can take us much farther. For example, if the nucleus 
is a closed shell similar to Zr the stripping (d,p) reaction will most likely 
deposit the transferred neutron in a single-particle state in the open shells. In 
this way one can then determine the energy of the levels that are principally 
single-particle levels. 

This method can be generalized to examine two-particle states in, for ex- 
ample, a (*H, p) reaction or a four-particle state in, say, a (1O, 1°C) reaction, 
and so on. 

Another sort of surface states are the collective vibrations mentioned 
earlier. These are also preferentially excited by composite projectiles like the 
deuteron or alpha particle or a heavy ion like '*O. 

Another example of the use of a probe with a given specificity are excita- 
tions induced by a low energy high charge projectile. Such a projectile will 
preferentially excite levels that are easily excited by an electromagnetic field 
(these are levels that in their decay have a relatively high probability for y-emis- 
sion). The proper choice of projectile and its energy can be made so that the 
projectile does not come too close to the nucleus (because of the Coulomb 
repulsion), and whatever excitation is observed must therefore be due to the 
effects of the changing electric field felt by the target nucleus as the projectile 
approaches it and recedes from it. 

Careful studies of inelastic scattering of heavy projectiles make it possible 
also to measure quadrupole moments of excited nuclear states. Two projectiles 
of different mass and charge are used with their energies chosen so that both 
will follow the same classical trajectory when scattered by the Coulomb field 
of the nucleus (assumed to be produced by a point charge Rutherford scatter- 
ing). Both projectiles may excite the same level, say a 2+ state in an even-even 
nucleus. Due, however, to the difference in their mass and charge, one will 
spend more time in the vicinity of the excited nucleus than the other (the 
lifetime of the excited state is assumed to be long compared to the collision 
time); it will thus be more affected by the deviations of the electric field, in the 
proximity of the nucleus, from the assumed spherical symmetry of a point 
charge. By comparing the actual differential cross section for the inelastic 
scattering of two such projectiles at appropriately chosen energies, we can 
measure the quadrupole moment of the excited state. 

The examples of the use of nuclear structure that are given above are all 
taken from “low energy” nuclear physics, the projectiles being generally 
nucleons or nuclei whose kinetic energy is of the order of a few tens of MeV. 
Higher energy projectiles have been and will be extensively used for studies of 
nuclear structure. We mentioned earlier (Section I.1) that from high energy 
electron-nuclear elastic scattering it is possible to determine the nuclear 
charge density. But there are many more examples. These will be discussed in 
Section I.15. And more fully in Volume II. 

One should also mention that the availability of intense beams of various 
elementary particles provide new types of reactions for the study of nuclear 
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structure. Thus pions, for instance, interact strongly with nuclei; they cannot 
be absorbed by single nucleons (except if another particle, say a photon, is 
emitted) because energy and momentum cannot be conserved, but they can be 
absorbed on an interacting nucleon pair 7 + N+ N—N-+ N. Pion absorp- 
tion in nuclei, which is not accompanied by high energy y-rays (nonradiative 
absorption) is therefore a good tool for the study of pair interactions in nuclei. 

Since pions have a unit isospin the excitation of new isospin states not 
accessible to nucleon, a-particle, or deuteron excitation becomes possible. 
For example, in the charge exchange reaction 


At+r—-nrt+B 


it is possible to explore states that differ in isospin from that of the ground 
state by as much as two units. 

A few other elementary particles that may soon become available in the 
future as nuclear probes are given in the table below with some of their 
relevant properties. Of particular interest is the production or absorption of 
kaons that will yield nuclei one of whose particles will be a strange baryon or 
“‘hyperon”’ like the A°. These nuclei are referred to as hypernuclei. Since the A° 
differs from the nucleon it is not inhibited by the Pauli exclusion principle and 


TABLE 10.1 Possible Elementary Particle Probes 


Mean Life in Seconds 


Particle T Js (parity) Mass (MeV) or Width (I) 

wt 1 0 — 139.576 + .011 2.6 X 10-8 

7 1 0 — 134.972 + .012 0.84 x 10-16 

K+ 3. 0 — 493.84 + .011 1.24 x 10-8 

K? 4 0 — 497.79 + .015 Kshorte = .86 & 107-10 
Kiong = 5.17 X 10-8 

n 0 0 — 548.8 + 0.6 r = 2.63 + 0.59 keV 

p 1 1 — 765 + 10 r = 125 + 20 MeV 

@) 0 1 — 783.9 +0.3 r= 11.4 +0.9 MeV 

A 0 2 + 1115.59 + 0.06 2.52 & 10-0 

at 1 s + 1189.42 + .42 .800 x 10-% 

2? 1 4 + 1192.51 + 0.10 <1.0 * 10-4 

> 1 4 + 1197.37 + 0.07 1.49 < 10-2 

ci 3 2 = 1314.7 +0.7 3.03 XK 10-1 

= ; 4 -+- 1321.31 + 0.17 1.66 < 10-19 

Q- 0 3 a 1672.5 + .5 ee x 10-1 


¢ These data taken from Particle Data Group (71) where a more complete listing can be 


found. 
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thus will be able to occupy particle states not available to a neutron or proton. 
It can thus serve as a unique probe of nuclear structure. 


11. THE DETERMINATION OF NUCLEAR SIZES BY NUCLEAR 
REACTIONS 


We mentioned in Section I.1 that x-ray data, mu-mesic x-rays, and e-scattering 
experiments can give us fairly good information on nuclear sizes and shapes. 
Strictly speaking these experiments are indicative only of the nuclear charge’s 
size and shape parameters, but not of the nuclear-mass parameters. There 
is no a priori reason why the nuclear charge distribution should follow its mass 
distribution, especially in heavy nuclei, where the number of protons is sig- 
nificantly different from that of neutrons. In fact, the separate determination 
of the size and shape parameters for the charge and the mass distributions in 
nuclei can be a good test of our detailed understanding of nuclear structure. 

Size reflects itself most dramatically in nuclear reactions. It was through its 
effect on a-scattering that Rutherford was first able to formulate his famous 
model for the atom and give the correct order of magnitude for the size of the 
atom’s nucleus. 

The differential cross section for the scattering of one point charge Ze by 
another one with charge Z2e, is given by the well-known Rutherford formula 


do Z1Z2e° 1 
7 = sin? "a oe 


where m is the reduced mass of the target-projectile system and v is their 
relative velocity. As far as the angular dependence is concerned, (11.1) is a 
monotonically decreasing function of 6(0 < 6 < 7), and low energy scattering 
of a-particles from heavy nuclei follows (11.1) very closely. However, at 
higher energies significant deviations from (11.1) show up. 

As 1s well known, there is a connection in classical physics between the 
scattering angle and the distance of closest approach of the projectile’s 
trajectory, given by 


_ 7 ] 
a at are val whe) 


where k is the wave number and where 7, the Coulomb scattering parameter, 
is given by 


mZ,Ze _ V AWAY ia 


1 Rk hiv 


(11.3) 


As one sees from (11.2) for a given energy the large angle scattering probes 
small distances, and for a given angle it is the higher energy that probes 
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smaller distances. Thus the angle at which significant deviations from (11.1) 
start to show up corresponds to values of D at which the Coulomb interaction 
fails because of the additional nuclear interactions. D is then of the order of 
nuclear dimensions and, hence, the usefulness of nuclear scattering and 
reactions as a tool in determining the size of the nucleus. The energies one has 
to use for that purpose must be larger than the Coulomb energy between the 
target and the projectile when they “‘touch” each other; in fact, one sees from 
(11.2), by putting sin 6/2 ~ 1 that the projectile’s energy is given by 
h?k? Z,Z2e? 


~~ 
~~! 


2m D 


(11.4) 


The right-hand side of (11.4) is the Coulomb energy of the projectile when it is 
a distance D from the target, and in order to be sensitive to the target’s size 
we must have 


D < roAy? + Ap") (11.5) 
and consequently 
h2k2 2122e" 
Eta So 11.6 
Syn > Lcoul ro( Ay? + Agi) ( ) 


Here A; and A; are the masses of the target and the projectile. 

A beautiful manifestation of the nuclear size as reflected in the Coulomb 
scattering is shown in Fig. 11.1 [taken from McIntyre et al. (60)] that shows 
the angular distribution (in center of mass system) of 18N in the reaction 
197 AU + 14N > !9%8Au + 15N. Since the absorption of 14N by Au is very strong, 
the reaction can take place only when !4N is outside the !*’Au nucleus. On the 
other hand, since a transfer of a neutron has to take place from !4N to !%Au, 
14N cannot be too far from !*Au for the reaction to occur. Thus this particular 
reaction is fairly well localized at mutual distances of slightly more than 


D = ro Ay? + Ag/8) = 10 fm (11.7) 


The reaction product should therefore come off at angle @ so that (11.2) will 
be satisfied with a value of D slightly bigger than (11.7). An inspection of 
Fig. 11.1 does show a characteristic peaking of the differential cross section 
at a specific angle, which becomes smaller as the energy increases. Introducing 
the angle 6m.z at which the differential cross section attains its maximum 
value into (11.2) with the appropriate energy gives consistently a value of 
D = 12 to 13 fm. It is thus in excellent agreement with the expectation based 
on (11.7). [See also A. Dar (65) for a more detailed study of this particular 
experiment. ] 

Our description of the 'Au (4N, ®N) 198Au reaction was made essentially 
in terms of classical concepts. This was justified because of the very short 
wave length associated with nitrogen nuclei at these energies (around 0.1 fm). 
In many cases of interest, such as lighter projectiles at lower energies, the 
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FIG. 11.1. Summary of angular distribution measurements as a function of 6 in the 
center-of-mass system for the reaction for !97Au + 14N — 198Au + 13N. The letters are 
plotted to indicate measured differential cross-section values. A different letter is as- 
signed for each bombarding energy. The curves are smooth lines drawn through the 
experimental data. The lower portion of the figure shows the cross sections plotted with 
a magnification of 10 to reveal more details [taken from McIntyre, Watts and Jobes (60)]. 


wave length of the projectile becomes of the order of magnitude of the dimen- 
sions of the system and more caution has to be exercised in the use of classical 
concepts. 

Figure 11.2 [taken from F. G. Perey (66)] shows the differential cross 
section from the scattering of a-particles of 43 MeV on *8Ni and ?4Mg. What 
one observes now, both in the elastic scattering and the inelastic scattering, is a 
characteristic oscillation of the differential cross section with angle, which is 
nothing but a manifestation of diffraction of the a-wave around these nuclei. 
In fact, since a-particles are fairly strongly absorbed by nuclei (in the sense 
that their coming out as a-particles after passing through a nucleus is highly 
improbable), we can use the familiar concepts of optics in order to describe 
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FIG. 11.2. Elastic and inelastic a-particle scattering [taken from F. G. Perey (66)]. 


these reactions. The nucleus is considered to be a black sphere. Such an object 
will in the short wave length limit diffract an incident plane wave, the result- 
ing diffraction pattern showing minima of intensity at angles 6 satisfying 


2KR sin 0/2 ~ nx n is an integer (11.8) 


Although one needs a more refined theory of the elastic and inelastic processes 
to pin down the exact positions of the maxima and minima in the differential 
cross section, two things emerge from (11.8): 


(a) The spacing in angle A@ between successive maxima at small angles is 
given by 


Tv 
Ad = —— 11.9 
KR (11.9) 
and can thus serve to determine the nuclear radius (or to be more specific but 
still quite approximate—the sum of the radii of the target nucleus and the 
a-particle). 
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(b) The consistency of the diffractive description of these processes can be 
tested by measuring the energy dependence of the angles of minima and 
maxima in the cross sections; this should be such that ksin 0/2 remains 
constant. 


An inspection of Fig. 11.2 shows that for 43 MeV a-scattering of °8Ni the 
spacing in angle between two successive maxima is about 11°, whereas in *4Mg 
for a’s of about the same energy it is about 13°. According to (11.9) these two 
numbers should be in the ratio of 


RlocMg) _ 24" + O_o 
R(a-*8N1) (58) + (4)13 


which is in very good agreement with observation. 

We thus see that some rather detailed features of the differential cross 
section can be understood in terms of the general principles of quantum 
mechanics and, in this case, a single parameter describing the size of the 
target. Only the much more detailed study of the cross sections is going to 
give us more specific information about the structure of the target nucleus. 

There are, however, cases in which even an inspection of the cross sections 
at the level we have employed thus far can give us interesting information on 
the reaction mechanism. 

An interesting example in this connection is shown in Fig. 11.3, taken from 
W. von Oertzen et al., (68). Shown here is the angular distribution for the 
reaction 


2C 4 16O —, 2C 4 160 


over a wide range of angles at two different energies. In the forward direction 
one sees the characteristic Rutherford scattering of two charges off each other. 
Scattering at small angles results from collisions with a large impact parame- 
ter,* and we expect to see the effects of nuclear forces and the structure of the 
nucleus only as we proceed to larger angles. Indeed, as one sees from Fig. 
11.3, the differential cross section starts to deviate from the smooth expo- 
nentially decreasing Rutherford scattering at angles of about 40°, in the 
center-of-mass system -and a characteristic diffraction pattern shows up. 
However, instead of the expected continuously decreasing cross section as we 
go to larger angles, we find an increase in the cross section at backward angles 
(in the center-of-mass system) with a marked diffraction structure in it too. 
This suggests that we may have here two processes that are schematically 
shown in Fig. 11.4. In process (a) !2C and 1°O collide, exchange momentum via 
the nuclear force and scatter at an angle 6; in process (b), during their collision 


\ 


*The impact parameter is defined to be the perpendicular distance between 
a ray in the incident direction and a parallel ray passing through the center of the 
nucleus. 


mi 12¢('60,! 60,,)' aes 


Optical model 
U = 200 MeV r,,. = 0.84 fm, a, = 0.47 fm 
W = 625 MeV r= 1.23 fm, ag, = 0.45 fm 


102 


Diffraction model 


7, =1.48 fm, L, (35) = 93 L, (42) = 117 
d =0,05 fm, 04, = 40° 6 ,, = 20° 


° 
104 . 
f 
tf F 4 
2 10% % 


aQ 
oda. 


4 e 
$ 
ee 
x 
10? : { 
a : 
se oe 
A 
e 4 42 MeV e 
10! iad Fo 
~ e 
a & 
%e 
e 
10° ae . °° - 4 
ee ‘*° » 
0° 40° 80° 120° 160° 


FIG. 11.3. The elastic scattering of 1°O on !2C at 35 and 42 MeV [taken from von Oertzen 
et al. (68)]. 
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FIG. 11.4. Schematic description of a-particle exchange scattering. 


they exchange an a-particle that carries the exchanged momentum and pro- 
ceed at the same angle 6. Since however the measured scattering angle is always 
referred to !2C, process (b) will be interpreted as a large angle scattering of 12C 
at an angle of 7-0. 

To check whether this interpretation is correct we compare the cross sections 
at different energies. As is well known from optics, as one decreases the wave 
length of a radiation that impinges on an obstacle, the diffraction pattern 
tends to concentrate more and more in the forward direction (see also Eq. 
11.9). Indeed the comparison of the forward scattering of 2C on *O at 35 MeV 
and 42 MeV shows that the two diffraction peaks at 80° and 100° moved to 
60° and 80°, respectively. However, we see that the backward diffraction peaks 
move farther backward, rather than forward, as the energy increases. This 
seemingly strange behavior for a diffraction pattern finds its natural explana- 
tion in terms of mechanism (b) in Fig. 11.4 for the scattering at large angles: 
the diffraction peaks do continue to move forward with increasing energy, 
except that “forward” for an a-exchange reaction looks like “backward’’ 
when we insist on measuring the angles of the !2C nucleus. 

This explanation is, however, disputed [for a summary see Austern (71)]. 
An alternative that has been proposed suggests that nuclear scattering will 
occur for heavy ions only when they are in contact. This is based on the 
qualitative result that heavy ions do not interpenetrate and maintain their 
identity readily. If this is true only a small range in the relative orbital angular 
momenta of the colliding ions will be involved in the reaction. If this is true a 
backward peak in the angular distribution should appear and should have an 
angular width of (1/L) where L equals pR/h. As E the energy increases so will 
p, the relative momentum, with the consequence that the backward peak 
becomes narrower. 

Thus far the experimental data does not distinguish between these two 
explanations. But in their resolution we shall learn much about the reaction 
mechanism. We shall learn with what probability an a-particle can be trans- 
ferred from 160 to !2C, what states in the residual nucleus are most readily 
excited, etc. 
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12. ENERGY DEPENDENCE AND TIME DELAY IN NUCLEAR 
CROSS SECTIONS; RESONANCES 


The cross sections for the processes discussed in the preceding section for the 
most part vary smoothly with energy. An example is given in Fig. 12.1 that 
shows that the proton angular distribution for the *°Ca(d,p) reaction to a 
particular excited state of *1Ca both in magnitude and shape remain re- 
markably stable over a bombarding energy range from 7 MeV to 12 MeV. On 
the other hand some cross-sections are not at all smooth and exhibit a very 
complex structure. Figure 12.2, reproduced from the Brookhaven neutron 
cross sections table (65), shows the energy dependence of the neutron cross 
section for ?25U at very low energies. The resonances that one observes in 
Fig. 12.2 are characteristic of the general features of low energy neturon 
scattering for all nuclei. We see that some of the resonances are sharper 
whereas others are broader; some are “intense”? whereas others are “‘weak’’; 
the density of resonances may be higher in one region and lower in another, 
etc. Figure 12.3 shows other interesting features of some resonances. We see 
that between the resonances the cross section is smooth and almost constant. 
This is called the background scattering. On approaching some of the reso- 
nances from their low energy side, one observes a destructive interference 
with the background scattering. This interference indicates that the two proc- 
esses proceed coherently; the fact that it is seen with some resonances and 
not with others suggests that there are some quantum numbers characterizing 
the resonance that may not be the same as the “smooth” background scatter- 
ing that becomes visible between the resonances in that region. Only resonances 
that have the same quantum numbers as the background scattering can inter- 
fere with it. 

In the vicinity of an isolated resonance the cross section o(£) takes on the 
Breit-Wigner form 


4 4 12. ? 
o(E) = —" sin?'6 = ——lsino — e* / 


So Zz. 
i? k? E— Er + if/2 ey) 


where 6 is the phase shift and 2?k?/2m = E. The “background”’ scattering 
cross section is given by 47/k? sin? o. The second term in (12.1) gives the 
resonant scattering amplitude, the resonance occurring at E = Ep, assuming 
that the only physical process possible is elastic scattering.* The full width of 
the resonance at half maximum is I’. The presence of interference between the 
background amplitude and the resonance amplitude is clear. 


*If there are other processes the resonance amplitude should be multiplied by 
the relative probability for elastic scattering. Equation 12.1 holds when only 
one orbital angular momentum is resonating. 
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FIG. 12.1. The 4°Ca (, p) reaction for bombarding energies in the range 4.19 MeV to 12 
MeV exciting a level in “Ca, the solid lines are theoretical [from L. L. Lee et al. (64)]. 
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FIG. 12.2. Neutron total cross section for 225U. Taken from BNL-325 2nd edition, Supple- 
ment No. 2(65). : 


Resonances characterize the low energy behavior of almost all processes, 
both elastic and inelastic, and much has been learned about them. To be sure 
they characterize the behavior of complex systems in fields other than nuclear 
physics. They are known in classical physics, atomic physics, and high-energy 
physics. In many cases they represent special dynamical conditions around the 
energy Ep for the specific process one is studying. In other cases they may 
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FIG. 12.3. Neutron total cross section for 232Th. Taken from BNL-325 2nd edition, Supple- 
ment No. 2(65). 
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reflect the size or the shape of the system. Thus it is well known [see Messiah 
(61)] that the scattering from a potential shows characteristic peaks, as a 
function of energy, for such values of E that make an integral number of 
wave lengths sit within the potential. The resulting shape resonances are rather 
broad, their width being of the order of a fraction of (1/m) (h/R)?, that is, 
about several MeV for nuclei. It is clear that the resonances of the sort shown 
in Figs. 12.2 and 12.3, whose widths are several orders of magnitude less than 
1 MeV, cannot be described by simple potential scattering. 

At higher bombarding energy fluctuations in the cross section are seen if 
sufficient energy resolution in the incident beam and detectors is employed. 
This is illustrated in Fig. 12.4. The fluctuations are not nearly as rapid as those 
that appear at low energy and cannot be described in terms of resonances. 
They are referred to as Ericson fluctuations [T. Ericson (60, 63)]. 

If we return to resonances described by (12.1), because of their very narrow 
widths, these resonances are thought to reflect the existence of almost sta- 
tionary states of the compound system C; 


At+a-Coac+aA 


A stationary state has an infinite lifetime while these states have a lifetime equal 
to 2/T, which although finite is large compared to the time it would take 
particle a to make one traversal of the target nucleus. According to this 


The ?”AL (p,a@) 24Mg reaction 
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FIG. 12.4. Excitation curve for the reaction 27Al (p, a) Mg to the ground state of Mg ob- 
served at 90° to the beam [from G. Temmer (64) quoted by H. Feshbach (64)]. 
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picture it makes many traversals remaining inside the nucleus for a time of the 
order of 2/T before being reemitted. The resonance is thus referred to as a 
compound nuclear resonance, the state as a compound nuclear state. 

As Friedman and Weisskopf (55) have emphasized a considerable insight 
can be gained by studying the time dependence of nuclear reactions. Toward 
this end let us study the time delay that occurs during a reaction. [A more com- 
plete treatment will be given in Volume II, Chapter XI. See also N. Austern 
(70)]. According to the above discussion a resonance reaction should be 
characterized by a relatively long time delay. 

For simplicity consider a spherical wave packet expanding from the origin 
(r = 0). In the absence of any interaction, the form of a component of such a 
wave at a distance r is | 


= eil(kr—(E/h) 9] (12.2) 
; 
where k = p/h, E = h?k?/2m, and t = 0 corresponds to the wave packet 
localized at r = 0. The net effect of the interaction is to introduce a change of 
phase 6 at r equal to the radius R of the interaction so that (12.2) is replaced by 


I eilkr+5(£)—(E/h) t] r>R (12.3) 
r 


The phase shift 6 can be identified with the 6 in (12.1). The time it takes for the 
wave packet to make the journey from r = 0 tor = Ris taken to be the time 
for the maximum of the wave packet amplitude to arrive at R. The maximum 
of the wave packet occurs when there is constructive interference. Two com- 
ponents of the wave packet with wave numbers k and k’ interfere construc- 
tively at r = R at a time ¢ when their phase difference is zero. The time ¢ at 
which this occurs at r = R 1s: 


(k — K) R + HE) — HE) — = (E- Et = 0 


Solving for ¢ and taking the limit of E — E’ yields: 


dk db 
t= aR +” oe 
or 
R dé 
= — + ;,— 12.4 
t 7 oF TE (12.4) 


The first term gives the time for the wave packet to go from r = O0Otor = R 
without the presence of an interaction so that h dé/dE measures the time 
delay because of the interaction. The total time delay 7 for an incident spherical 
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wave is twice that given by (12.4) since the wave must propagate from r = R 
to the origin and then back again. Hence 
dé 


r= 2h (12.5) 


Expression 12.1 is obtained if 


AT 


~ (E— Eye + 1/4 Sa 


i 
Integrating (12.5) with this value of 7 gives 


it 

— roan SE as 
6=60 tan WE — En) 
where o is a constant of integration. The final expression for o(£) in (12.1) can 
be obtained by substituting this value for 6 in the first of the equations in 
(12.1). From (12.6) we see that at E = Er, r = 4h/T as expected (except for 
the qualitatively unimportant numerical factor of 4). 

But there is much more that one can learn from (12.5). We note that time 
delay is relatively larger whenever 6 varies rapidly with energy. Or from the 
dependence of the cross section on 6, (see Eq. 12.1) the time delay is large 
whenever the cross section varies rapidly with energy. This condition is of 
course satisfied at the resonances in Figs. 12.2 and 12.3. However, for the 
(d,p) reaction of Fig. 12.1 or the background scattering between resonances 
the cross section varies slowly with energy so that in these cases the time 
delay is short. Such a short time delay characterizes the collision between sys- 
tems with at most few internal degrees of freedom, collisions that can be 
described in terms of a potential. For background scattering the potential is, 
say, U(p) where p gives the coordinate of the incident particle relative to the 
center of mass of the target. The potential description is more complicated for 
the (d,p) reaction since there is more than one channel involved and would 
require too great a digression at this point to describe it.* 

The description of the background scattering in terms of a potential is 
reminiscent of the independent particle description of the nuclear bound states. 
As in that case the exact interaction between the incident particle, p, and the 
nucleons (1,..., A) of the target nucleus is replaced by a smooth interaction 


*However “for the record” in this case the effective Schrédinger equation has 
the following coupled equation form: 


[E — Tp — Ulp,n)] ypIp,n) = SUlp,n;p’) Yp(p’) dp’ 
[E — Tp — Ulp)] Yolp) = SS Ulp; p’, n’) yop’, n’) dp’ dn’ 


It is left as.a problem for the reader to ascertain the physical significance of the 
quantities involved. Or he can refer to Volume II [See also Austern (70) p. 8 4f.] 
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U(p). The complex many-body interaction is thus approximated by a simple 
two-body potential. Of course this does not apply to an energy region in which 
the resonance amplitude dominates. 

In introducing such a potential it is, of course, conjectured that a more 
precise and detailed treatment of nuclear reactions, including scattering, will 
take into account that part of the exact interaction that is not accounted for 
by U(p), and that this residual interaction can be treated as a perturbation. 
This conjecture is based primarily on the success of the shell model and the 
collective model in describing properties of bound states. 

There is, however, an important difference between the situation with low- 
lying bound states and scattering states. As we shall see in Chapter III, the 
success of the various independent particle models is due primarily to the fact 
that nuclear interactions are basically weak (in the sense described in Section 
I.3), and the Pauli principle blocks many of the states into which bound 
nucleons could scatter under the influence of this weak interaction. Thus pairs 
of nucleons in bound states, when they collide, have hardly any other choice 
than to scatter in the forward direction only, which is tantamount to saying 
that they move independently of each other. 

When a proton with a positive energy hits a nucleus, it is no longer true that 
its interaction with the individual nucleons can have only little effect on them. 
If the proton has enough energy it can kick a nucleon from the nucleus into 
unoccupied states in the continuum; it can excite the target nucleus into one of 
its low-lying states; it can be captured into the target nucleus and emit a y-ray, 
etc. Thus the arguments that could justify the use of an independent particle 
approximation for bound states are less valid when it comes to scattering 
States. 

Here, however, comes an important generalization of the bound-state 
average potential in the assumption that all these processes that do lead to 
meaningful interactions of the projectile with the target nucleons can also be 
described by means of an average potential U(p) acting on the projectile 
coordinates only. In fact, we notice that all the processes we described above, 
such as knocking out a nucleon, etc. necessarily involve a loss of energy for the 
projectile; therefore, if we consider only projectiles of the initial energy— 
that is, if we stay in the elastic channel—these processes are equivalent to an 
attenuation of the intensity of the elastic beam. The ordinary Schrodinger 
equation with its Hermitian operators does not allow for such loss of particles 
from a wave function. If, however, we relax the condition of hermiticity of the 
operators, we can describe the processes that lead to the disappearance (as 
well as appearance) of particles. The generalization of the shell model to 
scattering and reactions thus takes the form of allowing the average potential 
U(p) to be complex. 


U(p) = Vip) + iW(p) (12.7) 
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Indeed, if we write down the time-dependent Schrddinger equation with 
H = T, + U(p) 


: Oy _ : oy* — sxe gt 
we find that 

i [y*y] = = [y*Hy — y*H"y] 

Ot ih 


2 
; [y* ia (12.8) 


((y*Wy] is just the product of y* and Wy, not integrated over space coordi- 
nates). Therefore a choice of W(p) that makes the right-hand side of (12.8) 
negative will lead to a depletion of the beam intensity with time, that is, to 
absorption. 


13. ENERGY AVERAGES, OPTICAL MODEL, AND INTERMEDIATE 
STRUCTURE 


However the description of the nucleon-nucleus interaction in terms of an 
absorptive potential is still incomplete since it omits any description of the 
compound nuclear resonances. To obtain a detailed theoretical description of 
each of many thousands of resonances is of course impractical and probably 
not worthwhile. One resorts therefore to statistical methods. Of these the 
simplest is smoothing the fluctuations by taking an energy average. This may 
be accomplished experimentally by using sufficiently poor resolution or by 
numerically averaging good resolution data. In either event the energy region 
over which the average is made AE must be much larger than the width of the 
resonances, I, and also much larger than the energy spacing, D, between 
them. By making AE sufficiently large one can obtain cross sections that vary 
slowly with the energy. An example of the result of such a smoothing pro- 
cedure is shown in Fig. 13.1. 

In principle it then becomes possible to describe each cross section in terms 
of a potential model. However, from the point of view of theory this is awk- 
ward since the cross section depends quadratically upon the wave function. 
It is therefore customary following Feshbach, Porter, and Weisskopf (54) to 
energy average the wave function y and thus the scattering amplitude rather 
than the cross section; that is, to-define 


(W(E)) = | dE p(E,Eo) W(Eo) (13.1) 
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R = 1.45 x 10713 A’/3 cm 


FIG. 13.1. Observed neutron total cross sections as a function of energy and mass num- 
ber compiled by Feshbach et al. (54) from experiments by Barschall (52), Miller et al. 
(52), Walt et al. (53), Okazaki et al. (54), Nerenson and Darden (53, 54), Cook and Bonner 
(54), and Neutron Cross-Sections, U. S. AEC Report, AECU-2040. 


where p is a weighting factor normalized to unity. Such a superposition forms 
a wave packet and permits thus a sequential description of the scattering 
process [Friedman and Weisskopf (55)]. The various components of the wave 
packet will be delayed inside the nucleus differently. Those with energies at 
which the background scattering dominates will be promptly emitted while 
those near resonance energies will be much delayed. (The lifetime of a resonant 
state whose width is 1 eV is 6.6 X 10~'* sec. The time it takes a particle moving 
in a potential of depth 50 MeV to travel a distance of 5 fm, the radius of a 
medium mass nucleus, is about 5.5 * 10-73 sec). Thus the magnitude of 
the prompt amplitude will be less than that of the incident amplitude. As far 
as the prompt amplitude is concerned an absorption appears to have taken 
place. It is not a true absorption in the sense that the missing portion will 
eventually be emitted after a meantime of (#/T). It is important to remem- 
ber that the potential can relate only to the prompt amplitude. It therefore 
must be absorptive, that is, have a negative imaginary part as is true for the 
true absorption (see Eq. 12.8 and below). 

We are thus led to the following result. The energy averaged wave function 
in the elastic channel is the solution of a two-body Schrddinger equation with 
a complex potential whose imaginary part is negative definite. Part of the 
resultant absorption is a consequence of real processes that deplete the ampli- 
tude in elastic channel as described in the discussion leading to (12.7). The 
remainder is a false absorption originating in the energy average and describes 
that part of the amplitude that is not prompt because of compound nuclear 
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resonances. Thus the cross section calculated from the energy averaged wave 
function does not yield the energy averaged cross section. This is obtained 
only if one adds on the effect of the delayed amplitude. We shall postpone the 
discussion of how that is done to Volume II. The reader should also consult 
Friedman and Weisskopf (55). 

The Schrodinger equation with the complex potential described above is 
referred to as the optical model Schrédinger equation, although some authors 
prefer the phrase “‘complex potential” to “optical.”” The equation has the 
following form 


tv: ae LES ap wy y) = 0 (13.2) 


If (~) were a classical wave it would correspond to the propagation through a 
medium with an index of refraction n given by 


n= 1— =. (V + iW) (13.3) 


the index of refraction for an absorptive medium. The term “optical’’ applies 
most accurately at high energies where the real inelastic processes dominate 
the absorption, and there is no need to make an energy average. It is of course 
always possible to describe exactly the passage of a nucleon through a nuclear 
medium in terms of an index of refraction. But that index of refraction 1s 
generally a complicated many-body energy-dependent operator. [See Feshbach 
(58) where the generalized optical potential is derived or Feshbach (62) where 
it is related to the effective Hamiltonian described there.] Only at high energies 
Or upon energy averaging does it reduce to the simple form (13.3). 

In the absence of a delayed amplitude and inelastic processes, the potential 
in (13.2) is real. At low nucleon energies it is this real potential that can be 
regarded as the extrapolation of the potential of the independent particle 
model to positive nucleon energies. Such a real potential will have “‘shape’’ 
elastic resonances* described earlier. Within this shape resonance the ampli- 
tude of the nuclear wave function inside the nucleus is enhanced with a 
corresponding enhancement of the formation of a complex many-body com- 
pound nuclear resonance at the resonance energy. This means that the 
widths of compound nuclear resonances occurring within the shape resonance 
are also enhanced. This is indicated schematically in Fig. 13.2. In this figure the 
size of the widths is indicated by the height of the lines placed at the resonance 


*The shape resonance is closely related to the giant resonance of Lane, 
Thomas, and Wigner (55). 


{For a description of how the compound nuclear state develops from the simple 
single nucleon wave function see Section 14. 
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ge Shape elastic 
scattering 


FIG. 13.2. Schematic picture of the cross section for shape elastic scattering in the 
neighborhood of a shape resonance. The heights of the vertical lines indicate the width 
of compound nuclear resonances at that value of the energy. Two regions one outside 
the shape resonance (A) the other inside (B) are shown. 


energy. The resonances in region B are enhanced because of the shape reso- 
nance with respect to resonances in energy region A. 

Upon averaging the real potential will be modified but, more important, 
quantitatively W in (13.2) is no longer zero. The consequent absorption calcu- 
lated from (13.2) is proportional to the average probability of forming a com- 
pound nucleus. This is proportional to the fraction of the energy domain 
occupied by the resonances, that is, to the strength function S, where 

(P) 7 

So = D (13.4) 
where (I') is the average width while D the average energy between reso- 
nances. One can expect that S, is large within a shape resonance and cor- 
respondingly smaller outside. Observationally this phenomena is most easily 
seen, by comparing different nuclei that have differing radii. The radii of 
some of these nuclei will be just appropriate at the energy in question for a 
shape resonance in the wave function. Figure 13.3 taken from Seth (66) shows 
the experimental variation of the neutron strength function ([)/D with A, 
together with the calculated curves using appropriate optical models. In this 
calculation s-resonances (J = O) of the neutron optical potential were con- 
sidered, so that only corresponding resonances had to be included. The peaks 
in the dependence of (I')/D on A are due to the fact that at these values of A 
the size of the nucleus just happens to be able to accommodate an integral 
number of neutron wave lengths within it. 

The addition of W has a second effect: the elastic cross section calculated 
from (13.2) no longer has an observable shape resonance. This is because W 
is of the order of several MeV, which must be added to the width, Isp, of the 
shape resonance, and the height of the resonance must be lowered by roughly 
I'sp/(I'gp -+- 2W). 

In actual applications one assumes a certain functional form for the po- 
tential U(p), with a few parameters built into it, and then tries to get the values 
of the parameters that will best reproduce the experimental data. For a-scatter- 
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FIG. 13.3. S-wave neutron strength function plotted against atomic weight, A. 
—_—_——_———————_Optical model prediction of Chase et al. (58); ------------------ 
Optical model prediction of Buck and Perey (62), [taken from Seth (66)]. 


ing, for instance, McFadden and Satchler (66) used for U(a) the following 
expression: 


U(r.) = —V + et)! — iWd + e’)y-! + Var) (13.5) 
where 
_ 1/3 Dawe / 1/3 
x= (Ta — Pol") x’ = eer) (13.6) 
a a 


and V(r) is the Coulomb field of a uniformly charged sphere with a radius 
r-Al3, yr, = 1.3 fm. The parameters that were used to fit the data were taken 
to be V, W, ro = ro’, and a = a’ (the data did not justify the use of the freedom 
to make 7o ¥ ro, a ¥ a’). The data included the measured elastic scattering 
differential cross sections for 24.7 MeV a’s on various nuclei from O to U. 
Figure 13.4 shows a characteristic fit of the calculated differential cross sec- 
tion to the measured one. 
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FIG. 13.4. Scattering of 24.7 MeV a-particles. Comparison of experimental data with the 


prediction of the optical model [from McFadden and Satchler (66)]. 
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For protons and neutrons the optical potential is usually more complicated 
since additional terms should be added to account for the strong spin orbit 
interaction. These may again be present in both the real and the imaginary 
part of the potential. Although this means that there are more parameters 
that can be used to fit the data, one should remember that there is also more 
data to be fit, since the polarization of the elastically scattered nucleons can 
also be measured. Figure 13.5 [taken from Rosen et al. (65)] shows a fit to the 
polarization data on 14.5 MeV protons scattered off various nuclei from 
22C to 1°Sn. The optical potential was made to fit the differential cross sections 
for proton scattering off these various nuclei and average empirical parameters 
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FIG. 13.5. Comparison of predictions of optical model potential with 14.5 MeV polariza- 


tion data, using average parameters. Taken from Rosen, Beery, Goldhaber, and Auer- 
bach (65). 
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thus derived were then used to calculate the polarization with the results 
shown in Fig. 13.5. The fit for the proton scattering is shown in Fig. 13.6. 

The optical. potential in its present form was originally introduced by 
Feshbach, Porter, and Weisskopf (54) to explain the regularities observed by 
Barschall (52) in the elastic scattering of neutron by a wide variety of nuclet. 
Its great usefulness stems from the fact that its parameters are found to vary 
slowly and smoothly with the atomic weight A and the projectile’s energy E. 
Its success in reproducing differential cross sections and polarizations must 
therefore be tied to a more profound aspect of nuclear structure that makes 
such a description possible. This question will be dealt with at greater length 
in Volume II; here we would like just to mention that the physical meaning of 
the optical potentials goes even beyond the scope of their first presentation: 
extensive studies by various authors on the best optical potentials for deuterons 
have shown that they are simply related to the best proton and neutron optical 
potentials: 


U(d) = U(p) + U(n) (13.7) 


One would not expect (13.7) to hold exactly, even for the simple reason that 
the deuteron is a special combination of a proton and a neutron, and this is 
not reflected on the right-hand side of (13.7). But the fact that (13.7) holds in 
some approximation is a further proof of the physical significance of the 
optical potential and its description of elastic processes. 

The discussion above depends upon the substantial difference between the 
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FIG. 13.6. Comparison of optical model predictions with differential elastic scattering 
cross sections at 14.5 MeV. Taken from Rosen, Beery, Goldhaber, and Auerbach (65). 


ENERGY AVERAGES 99 


time needed for a particle to traverse a nucleus and the delay time for particles 
at or near a resonance energy. In the example quoted above, these times and 
the corresponding widths were 6.6 XK 107!6 sec, [ow = 1 eV and 5.5 X 107? 
sec, 'sp = 12 MeV. The question naturally arises as to whether there are 
intermediate situations with characteristic times lying between these two 
extreme values. Such an intermediate situation would be indicated by the 
presence of structures in the cross sections whose width Ig is such that 


Isp > Ta > Ten (13.8) 


It would be observed as the energy interval AE over which the cross section 1s 
averaged increases from the very small value required to make the compound 
nuclear resonances or Ericson fluctuations visible. If over some range in AE 
satisfying 

Ten < AE XT gp 


structure (that is, energy dependence in the average cross section) is observed, 
the structure is referred to as intermediate structure; the widths of the observed 
peaks are then Iz, which must be larger than AE and of course ey. An ex- 
ample of this phenomenon is shown in Figs. 13.7a and Fig. 13.76. Figure 13.7a 
is the partially resolved cross section, the individual peaks representing single 
or groups of compound nuclear resonances. Upon averaging the cross section 
Fig. 13.76 results. This average cross section also resonates, the resonance in 
this case is an isobar analog resonance [see Auerbach, Hufner, Kerman, and 
Shakin (72)]. This is an example of a general class of resonances, the doorway 
state resonance [Block and Feshbach (63), Feshbach, Kerman, and Lemmer 
(67)] that are responsible for intermediate structure. Characteristically its 
width is much larger than the compound nucleus width but much smaller than 
I'gp. Another example is the giant dipole resonance described earlier that 
exhibits a similar behavior with change in resolution [see P. P. Singh et al. 
(65)]. In Fig. 13.8 one sees the successive emergence of intermediate structure 
as the energy resolution AE is increased. Still another occurs in fission (Fig. 
13.9) where we observe selective enhancements of the fission cross section. 
In these regions the cross section breaks up into narrow fluctuations. 

In each of these cases the relation between the good resolution results and 
the intermediate structure is similar to that between the good resolution data 
and the shape resonance. In the absence of coupling to the compound nuclear 
resonances or rapid fluctuations in the cross section, the cross section would 
exhibit a resonance. Within that region the widths of the compound nuclear 
resonances, because they do in fact couple with the doorway state, are en- 
hanced. This phenomenon is illustrated in Fig. 13.9, the fission cross section 
being greatly enhanced in the region of the doorway state resonances but being 
practically zero elsewhere. Upon averaging over the compound nuclear 
resonances an effective absorption is introduced that increases the width of the 
doorway state resonance just as the width of the shape resonance was increased 
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FIG. 13.8. Photocapture of protons by 27Al to the ground state of ?8Si. The data is pre- 
sented for various energy resolutions [taken from P..P. Singh et al. (65)]. 


by energy averaging; the additional width is referred to as the spreading width, 
ly. If Iw is too large the resonance may spread so far and its magnitude 
reduced so greatly as not to be visible. Thus the relative value of 'y and I, are 
critical. Iw depends directly upon the coupling between the doorway state and 
the compound nuclear resonances. If this coupling is. weak, I'w will be rela- 
tively small and the doorway resonance will be narrow even after the energy 
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FIG. 13.9. The sub threshold fission cross section 24°Pu (n,f) [taken from Migneco and 
Theobold (68)]. 
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average is made. As we shall see in the case of isobar analog resonances, the 
coupling is weak because of the approximate validity of isospin conservation. 
Here the isospin of the analog state, as the doorway state is referred to, 74 1s 
larger than the isospin of the compound nuclear states. They are coupled only 
in virtue of those parts of the nuclear Hamiltonian that are not invariant 
against rotations in isospin space, of which the most important example is the 
Coulomb interaction. 

It is worthwhile for the understanding of intermediate structure to discuss 
the isobar analog case more thoroughly. In particular, let us consider the case 
of elastic proton-nucleus scattering. Let Z be the atomic number of the target 
nucleus and N the neutron number. It is a general rule that the isospin of the 
ground state of this nucleus is (V — Z)/2. The combined system, proton 
plus target, can be in two isospin states, 


~N-Z+1 


N= f= 
Tl, = Le SS 


2 2 


Consider the 7, component. The essential point is that the compound system 
with Z + 1 protons and N neutrons does have a lowest Ty state that for 
heavier nuclei is in the continuum. This, through the action of nuclear forces, 
can couple to the incident channel, proton plus nucleus, with a consequent 
resonance. Most important for the width is the fact that these 7, states are 
isolated. There is, for example, a lowest Ts state, the other states nearby in 
energy are all Tz. These can couple only because of the isospin symmetry 
breaking interactions such as the Coulomb interaction. Since the nondiagonal 
components of these forces are relatively weak, the spreading width will be 
correspondingly small and the resonance narrow and observable. 

The reason that these T, states in the (Z + 1, N) nucleus are relatively 
isolated is because they are the “isobar analogs’”’ of the low-lying Ty levels in 
the (V + 1, Z) nucleus. This nucleus 1s called the parent nucleus. For example 
the ground state of this nucleus is a JT, state and there is generally a healthy 
separation in energy of this state from the next highest T, state. The 73 value is 
—(N +1 — Z)/2. The analog of this ground state in the (Z + 1, N) nucleus 
is the member of the 7, isospin multiplet with 7; = — (N — Z — 1)/2. If iso- 
spin symmetry were exact these two states in the (V + 1, Z) and (N,Z+ 1) 
nuclei would have the same energy. But because of the Coulomb force the level 
in the (VN, Z + 1) nucleus lies higher. We have described such a case earlier 
(Fig. 6.1). In heavy nuclei this increase in energy is enough to make the analog 
level unbound and therefore accessible to excitation by proton scattering from 
a (Z, N) nucleus. The T< levels can have a considerably smaller energy because 
in addition to the repulsive Coulomb energy, there is an effectively attractive 
compensating nuclear term. Since a T< state involves a wave function that is 
more symmetric in space and spin than a Ty state, it can readily take greater 
advantage of the short range nuclear force and will be more deeply bound. 
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Thus the first 7, state is at an energy very much* above the ground state for 
the 7< levels. The advantages of having a relatively simple state with positive 
energy that emits particles are many; we shall return to this point briefly. 

For the moment we wish to emphasize the more general picture for which 
this example of the isobar analog resonance can serve as a prototype. The 
wave function for the system can be expanded in terms of wave functions of 
increasing complexity. The simplest component is that given by the initial 
state Yo; in the above example, this is the 7, combination of the proton plus 
the target nucleus in its ground state, a “‘single-particle”’ state. The next most 
complex component is the doorway state Wa, in this case the analog state. The 
relative motion of the proton and the target that is the single-particle state Wo 
is described, for example, by some single-particle potential analogous to the 
independent-particle model. t The doorway state is coupled to wo by the residual 
interaction; that is what remains of the nucleon-nuclear Hamiltonian after 
the single-particle potential is subtracted. Ya is a more complex state than Wo 
because it involves some excitations of the target nucleus. But these are 
chosen to be the simplest variety possible, such as particle-hole states in which 
a particle in the target is excited leaving a “‘hole’’ behind; or it might be a 
vibrational or rotational excitation. Which it is will depend upon the target 
nucleus and the nature of the incident projectile. In the case just discussed 
the analog was such a simple state. This two-channel system, Wo and ya can 
under the appropriate conditions have resonances of both the broad shape 
resonance variety and of the much narrower doorway kind. 

Of course, Yo and ¥~z do not in general give a complete description of the 
exact wave function. There generally needs to be many components of greater 
and greater complexity before a compound nuclear state can be adequately 
described. Both the shape and doorway state resonance are meaningful only 
if Yo and wa couple not too strongly to the remainder of the wave function. 
The coupling causes the “‘strength”’ of the doorway state to be shared among a 
number of compound nuclear states over an energy range of the order of I'y, 
the spreading width. If the coupling is too large I'w will be too large and the 
doorway state resonance will not be observable. 

Let us return briefly to the isobar analog state. There is a considerable 
advantage to having such a simple state at high energy where it can be excited 
by an incident proton. Because of this high energy processes in which the 
analog resonance decays to several final states are possible. The branching 
ratio to a final state would indicate whether the analog state was similar to that 
final state. For example, consider the inelastic scattering of a proton by ?°8Pb. 


*The symmetry energy involved here is about 90 (N — Z)/(N + Z) MeV 
with the result that there are many Tc states at the first T. energy level. 

{There are many ways to choose yy and the corresponding potential. This is 
one example. For others see Feshbach, Kerman, and Lemmer (67) or Volume Il 
of this work. 
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The isobar-analog states are in ?°°B, the parent nucleus 1s ?°°Pb. Several analog 
states are found [Zaidi et al. (68), Bromley and Weneser (68)]. All these decay by 
proton emission into the 3- first excited state of 2°8Pb, while decay to the second 
and third levels, 5~ and 4 respectively, occurs from only one of the analog 
resonances, the one corresponding to a 29/2 neutron level in the parent nucleus. 
It is thus possible to conclude that in ?°*Pb the 3 is a superposition of many 
neutron particle-neutron hole configurations while the 5— and 4~ are prin- 
cipally a neutron hole plus a neutron in a go/2 orbit. 


14. THE MICROSCOPIC STRUCTURE OF THE NUCLEUS AND 
ITS RELATION TO NUCLEAR REACTIONS 


We picture the nucleus as consisting of nucleons moving more or less inde- 
pendently in a common potential. A particle p of energy E approaches the 
nucleus (Fig. 14.1a@) interacting with each one of the nucleus via the interaction 
v(pi). As a result of this interaction the projectile p may fall down into one of 
the allowed states lifting up a particle i, of the target nucleus, thereby con- 
serving total energy (Fig. 14.15). A further interaction with particle i, may 
bring p farther down in the nuclear well, lifting ig to an excited state. The 
process continues until one of the particles is lifted to a positive energy and 
comes out of the nucleus as a reaction product, leaving the rest of the nucleus 
at its ground state or at one of its excited states. 


(c) 


FIG. 14.1. The reaction process: a schematic microscopic picture. 
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FIG. 14.2. Diffraction scattering by an absorbing sphere. 


The process we have just described is actually that of the formation of the 
compound nucleus. It can readily proceed if the initial energy of the pro- 
jectile coincides with that of the level in the compound nucleus, and the more 
complex the excitation involved, the sharper is the energy dependence of the 
process. Sharp resonances are compound nucleus states that, in the picture 
we have just described, have many components representing excitations in the 
compound nucleus of various nucleons to various states, so that the total 
excitation energy (including corrections due to the residual interaction) lies 
around Er. When the projectile hits the target at the appropriate energy it is 
“‘trapped”’ in one of the components (usually the simpler ones) of this com- 
pound state and is carried over through all other components until a reaction 
product emerges through another component of the resonance wave function. 

The kinematics of the system and the strong conservation laws (conserva- 
tion of charge, baryonic number, total angular momentum, etc.) generally 
make many otherwise reasonable end products strictly forbidden. One says 
then that these particular channels are closed. There is, however, always at 
least one channel that is open; the entrance channel to the reaction, and elastic 
scattering is therefore a process that always takes place. 

Actually, because of the wave character of the projectile, there is another 
contribution to the elastic scattering that shows up whenever there is a reaction. 
To see how this comes about let us consider a nucleus that absorbs completely 
the projectile p and an energy E. In the language of the description given above 
it means that at this energy there is an overwhelming probability that the 
reaction products will differ from p. Looking now at the elastic channel the 
picture would be something like that shown in Fig. 14.2: a wave of the pro- 
jectile with wave length % impinges on a nucleus with radius R; that part 
which hits the nucleus is totally absorbed, casting a shadow on the other side 
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of the nucleus (there may be reaction products in this shadow; we are con- 
sidering only the elastic channel). Because of the wave nature of the projectile, 
however, this shadow will extend only over distances of the order of R/(X/R)= 
R?/X. If we translate it to the particle language, it means that because of the 
absorption by the nucleus a projectile passing outside of the nucleus will be 
deflected by an angle X/R in order to form the shadow by interference with 
the incident beam. Such a deflection is interpreted as an elastic scattering, 
thus showing why there is elastic scattering, even if the compound nucleus 
prefers to decay into channels other than the entrance channel. 

Coming back to our microscopic description of nuclear reactions, Fig. 14.1, 
we see that if the energy of the projectile does not coincide with one of the 
resonances of the compound system, many things can still happen. The most 
trivial process is that in which the projectile p interacts with one or more of the 
target nucleons and is scattered elastically without exciting these nucleons. 
The recoil momentum is then absorbed by the nucleus 4s a whole. This 
process is probably described to a large extent by the optical potential, 
although this potential includes also a description of processes in which the 
target nucleus is first excited and then deexcited while the projectile goes 
through it. Furthermore, through the imaginary part of the optical potential 
some account is taken of the effects of reactions (1.e., absorption) on the 
elastic channel. 

Another simple process involves a projectile with energy EF, exciting one of 
the nucleons by an energy « < E, and emerging from the nucleus as an 
inelastically scattered projectile with its residual energy E — e. This process, 
as is quite obvious from its description, is not very sensitive to the energy of 
the incoming projectile, and we do not expect any resonance structure in it. 

A third simple process is that of the knock-out reactions or pick-up reactions. 
Here a projectile, say a proton comes in and either knocks out a nucleon or a 
cluster of nucleons with itself being captured in one of the nuclear states 
[such as in (p, 7) or (p, a) reactions], or it picks up a neutron, or a pair of 
neutrons, or a deuteron, and comes out as a more complex reaction product 
[such as in (p, d), (p, t), (p, 3He) reactions, etc.]. In the same class we have also 
the stripping reactions, where a complex projectile comes in, leaves part of 
itself in the nucleus, and emerges as a lighter projectile [reactions like (d, p), 
(t, p), etc.]. All of these reactions have simple components that proceed very 
rapidly and involve just one or two collisions. Thus, since Af is small, they 
cannot, be associated at the same time according to the uncertainty principle 
with a small energy spread. 

Reactions that proceed in between resonances, that is, that do not show a 
structure in the energy dependence of their cross sections, are called direct 
reactions. Since they are also associated with fast processes, they do not 
involve multiple scatterings, and are thus invariably connected with the 
excitation of simple degrees of freedom in the nucleus. These may be the 
excitation of a single nucleon from one orbit to another, or the excitation of a 
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collective oscillation of the nucleus, or the picking of one nucleon from a 
definite level to the continuum, etc. 

In some cases, especially if the projectile is energetic enough, the nucleus 
may be left at quite a high excitation after a direct interaction. It may then 
continue to emit reaction products also a relatively long time after the direct 
reaction is over. One talks then about the evaporation of such reaction prod- 
ucts, and they can indeed be identified by their characteristic spectrum. 

Since direct reactions involve only simple degrees of freedom, they offer an 
excellent tool for the isolated study of these degrees of freedom. In pickup 
reactions, for instance, it is possible to study the quantum numbers of the 
orbit from which the nucleon was picked up. If this nucleon was, say, in an 
s-orbit, with orbital angular momentum / = 0, then its pickup does not re- 
quire the transfer of any angular momentum to the residual nucleus, and the 
product can come out in the forward direction. If, on the other hand, the 
picked-up nucleon had a finite orbital angular momentum in its orbit, this has 
to be provided for by the reaction, and the reaction products will be peaked 
at an angle that will assure the required momentum transfer gq to satisfy 
qR = lh. Figure 14.3 shows typical stripping reactions that are peaked in the 
forward direction when the orbit involved is in /] = 0, and are peaked at other 
angles for orbits with a finite angular momentum. The same effect is seen in 
elastic and inelastic proton scattering as shown in Fig. 14.4. 

Direct reactions make it possible to study also other properties of the 
nuclear wave function. We can always decompose an A-particle wave function 
in the form: 


¥ol,...,A) = DE Con voll, ..., A — 1) ba) 
Here Wg is a complete set of the (A — 1) particle system and ¢,(A) is a complete 
set for the one-nucleon wave functions in the original nucleus. By picking out a 
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FIG. 14.3. Angular distributions of protons from 16Sn (d, p) ’7Sn leading to states of 
1175n with known spins and parities. Figures attached to the curves are /,, the orbital 
angular momentum of the stripped neutron. Of the two curves with /, = 2, the upper 
leads to the d;,. states and the lower to the ds/2 state [taken from Cohen and Price (61)]. 
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FIG. 14.4. Typical predictions of the optical model for elastic and inelastic angular dis- 
tributions of 40 MeV protons scattered from *4Fe for various multipole excitations [taken 
from Blair (66)]. 


nucleon from a well-defined orbit nm (as determined from the angular distribu- 
tion and polarization of the reaction products), and by observing the 6-states 
in which the final nucleus is left, one can determine the coefficients | C3,|?. 
These coefficients, generally called spectroscopic factors, are easily determined 
in the various models that serve to describe nuclear structure; their experi- 
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mental determination is thus of great importance in the study of the range of 
validity of these models. 

The transition from direct reactions, with their characteristic smooth 
energy dependence, to the compound nucleus reactions, with their character- 
istic narrow resonances, is not an abrupt one. There is a whole array of 
intermediate situations where the compound nucleus is starting to be formed, 
so that the process is still fast enough not to show narrow resonances, but 
already complex enough to show some preference for one range of energies 
over another. These intermediate structures show themselves most strikingly 
when one averages compound nucleus resonances over an appropriate energy 
range [see Section 13, Feshbach (64) and Griffin (66)]. 


15. HIGH-ENERGY SCATTERING AND REACTIONS 


We know from optics that the limit on the resolving power of any instrument 
is set by the wave length of the radiation it employs. The same holds true for 
the study of nuclei by means of various projectiles: if we want to perform 
experiments that are sensitive to the detailed microscopic structure of the 
nucleus, we should be using projectiles of short wave lengths, shorter, in fact, 
than the average separation between nucleons. 

The wave length of a particle is given nonrelativistically by 

A he h 
ip VW2ME 

so that A can be made small either by increasing M or by increasing E. The use 
of heavy projectiles, such as heavy nuclei, is, however, not practical for the 
purpose of studying the internal properties of nuclei because of their own 
structure and because of their strong absorption by the target nucleus. We are 
therefore left with the possibility of using projectiles—electrons, protons, 
pions, and other mesons—of high energy and, indeed, with protons of about 
1 GeV (= 1000 MeV) we can get down to wave lengths of about 0.1 fermi. 

Figure 15.1 gives the angular distribution obtained when 1 GeV protons are 
elastically scattered by *He. The typical diffraction pattern can be easily 
explained on the basis of multiple scattering theory. Note the following 
features. At small angles or small momentum transfers the cross section drops 
precipitously. Then there is an interference region including a minimum and a 
maximum after which the cross section continues to fall off with increasing 
angle but now at a considerably slower rate, roughly one-half of the original. 
At larger angles there is an indication of another intereference region. 

In terms of multiple scattering analysis this can be interpreted as follows: 
it is known empirically [Bugg et al. (66) Dutton (67)] that the proton-nucleon 
elastic scattering is given by 


do 
a = lila) (15.1) 
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FIG. 15.1. 1 GeV elastic scattering of protons by ‘He. The straight line curve includes 
single scattering. The upper curve with one minimum includes single and double 
scattering. The remaining curve with two minima includes triple scattering as well 
[taken from Bassel and Wilkin (68)]. The data is that of Palevsky et al. (67). 


where f,(q) the scattering amplitude for a momentum transfer q is given by 


fq) = Ca oe P oem (al a)? (15.2) 


where p is the proton momentum and 


GeV 


and o has the following values for p-p and p-n scattering: 
Opp = 47.53 mb Opn = 40.4 mb 


Note the very rough nature of (15.2). It does not include spin dependence and 
only approximately agrees with not very complete or accurate data. 

When a high energy proton impinges on a *He nucleus and is observed to 
have transferred momentum q to *He, the momentum transfer could have 
occurred in several ways: 


(i) It could have transferred momentum q in a single collision with a ‘He 
nucleon with probability amplitude given by /f,(q) multiplied by the proba- 
bility p(q) that *He can recoil with that momentum transfer without excitation. 
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The quantity p(q) turns out to be the Fourier transform of the nucleon density 
p(r). The charge density and thereby the nucleon density (certainly for *He) has 
been measured in electron-*He elastic scattering and is given by 


2 \6 
ug = (1- @ LY cio 


where 


GeV 
a = .316 fm and O = .282 ae 


Hence the probability amplitude for single scattering is proportional to 


, 2772\ 6 
(i —! po (1 = “f) e-P A1/ae? + 1/0”) (15.3) 


Since Q < qp it is clear that the g dependence and therefore the angular dis- 
tribution is dominated by the g dependence of the nucleon density. 


(ii) It could have transferred momentum (1/2) q in one collision and 
(1/2) q in a second collision. The probability amplitude for this double 
scattering process is roughly proportional to 


[o(4/2) fo(Q/2)P _ =\{ + p) Pe( pa: a’q’ yy eo (a2/2)(1 /as? + (1/0) 
R R Arh h? 
(15.4) 


where R is the dimension of the target nucleus. This amplitude consists of an 
amplitude for the first scattering, a probability amplitude proportional to 
(1/R) to reach a second nucleon after scattering by the first one and the 
probability amplitude for the second scattering. 


(iii) It could transfer a momentum q in multiple collisions, each time 
transferring only a small fraction of q. 


All these scattering amplitudes add up, of course, coherently. Although it is 
true that the probability for multiple scattering decreases with their multi- 
plicity since ¢/27R? < 1, it is equally true that the multiple scattering de- 
creases less rapidly with momentum transfer g than the single scattering. This 
can be easily seen by comparing the exponential in (15.4) with that in (15.3). 
There is therefore a value of g for which double scattering becomes com- 
parable to single scattering. At that point as one can see by comparing (15.3) 
and (15.4), one expects a destructive interference between the two to take 
place. At higher values of g the double scattering will predominate with its 
characteristic slower decrease with g, until it reaches a point where triple 
scattering becomes comparable to double scattering. Interference between the 
two amplitudes will take place again, after which the triple scattering ampli- 
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tude will dominate with its even slower decrease with g, and so on. The data 
shown in Fig. 15.1 has been analyzed using a model of multiple scattering by 
Glauber (59, 70), and the full lines represent the theoretical predictions using 
single, single + double, and single + double + triple scattering amplitudes. 
No free parameters were used to fit the data, and the p-He?* cross section (at 
least at angles that are not too large) is accounted to within the accuracy shown 
in Fig. 15.1 by the nucleon-nucleon cross section and a *He nucleon density 
that is taken from electron scattering. To the extent that these results are 
dominated by that density, the agreement is not suprising. But we learn that it 
is possible from measurements of this type to determine properties of the 
nuclear-nucleon density. This is more significant for the heavier nuclei where 
these components differ from those obtained from electron scattering. It is 
important to learn that the forward angle region 1s dominated by the density, 
and that the interference region involves interference between single and 
double scattering. This suggests that the angular distribution in this latter 
region through its dependence upon the double scattering will be sensitive to 
the pair correlations in the target nucleus. 

We shall discuss pair correlations at greater length and with greater precision 
later on and in Volume II. For the present it will suffice to give the rough 
definition that they measure the probability of finding a nucleon at a dis- 
placement r away from a given nucleon. 

The effect of correlations upon the angular distribution is given in Fig. 15.2. 
The various curves correspond to differing estimates of the pair-correlation 
terms. An accurate experiment could decide among these possibilities but 
only if the elementary nucleon-nucleon amplitude is known with sufficient 
accuracy. 

The second interference region still imperfectly observed will presumably 
offer opportunities for the measurement of triple correlations. 

Inelastic scattering will similarly measure transition densities and correla- 
tions. Omitting any dependence on spin and isospin, we find that the transition 
density p,,(1) is 


pri( 1) = feo d(3)...d(A) ¥*; (1, 2,..., A) vi G, 2,..., A) 6(R) 
(15.5) 


where all the coordinates refer to the center of mass through the delta function 
by placing 


l 
Re 2 


The pair transition correlations are obtained simply by integrating the inte- 
grand in (15.5) over one less coordinate, that from (3) to (A), and clearly triple 
correlations are obtained by dropping still one more coordinate. 

Looking at these various expressions it should be clear that one way of 
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FIG. 15.2. The cross section for the scattering of 1 GeV protons in the interference re- 
gion. The various curves are for differing forms of the pair correlation function. Two, 
those labeled by r, are postulated forms in which roughly speaking the correlation is 
significant for particle separations of 0.4 fm and 0.6 fm. The other two, the pair correla- 
tion is computed from nucleon-nucleon interactions proposed by Reid and Tabakin 
[from Lambert and Feshbach (72)]. These results were obtained using a multiple scatter- 


ing series for the optical model potential rather than for the direct calculation of the 
scattering amplitude. 
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describing the goal of this research is that it aims to measure the nuclear 
density matrix: 


pri ~ WAI, , AVY, «~~, A) 


where f can also equal i as is appropriate for elastic scattering. Of course one 
cannot expect to measure this quantity for all f’s or even for one f for all 
A-coordinates. But even partial measurements such as those of the density, 
second and perhaps triple correlations will, when combined with other 
nuclear structure information, be sufficient to choose among proposed nuclear 
models and nucleon-nucleon interactions as is indicated in Fig. 15.2. Of 
course one must not forget that information from experiments with other high 
energy projectiles, such as the photon and the electron, will play as important 
a role as the nucleon projectile since all are needed in order to disentangle the 
spin and isospin dependence of p,;. 

High energy projectiles are not only useful because of their short wave 
length but also because of their high momentum that allows them by direct 
collision to “knock out’? nuclear nucleons and clusters of particles such as 
deuterons, *H, *He, as well as alpha particles. The presence of such clusters is 
an expression of the existence of correlations in the initial and final A-particle 
nuclear state. 

Let us briefly discuss only one such experiment, the (p, 2p) or (e, ep) in which 
the incident proton or electron “‘knocks out” a proton. The energy and mo- 
mentum of one or of both final particles may be measured as well as the 
cross section for these final states. If one adopts the simple model for the 
nucleus in which each particle is moving in a single-particle potential, such 
experiments would yield the momentum distribution of the nuclear nucleons. 
It would also yield the energy required to knock the particle out of the nu- 
cleus.* Of course these considerations are too simplistic. Some of the energy 
goes into excitation of the residual nucleus. And of course the independent- 
particle description provides only a first approximation to the nuclear wave 
function. Nevertheless, as often happens in nuclear physics, the rough results 
obtained in this way are very suggestive. Table 15.1 gives the results obtained 
using the results of an (e, ep) type of experiment, the electrons having an 
energy of 500 MeV [Moniz et. al. (71)]. The quantity kp is the Fermi momen- 
tum (see Chapter II) that measures the maximum momentum of a nucleon in 
the nucleus. In Fig. 15.3 the energy required to eject a nucleon in the indicated 
particle orbit out of the nucleus has been determined in a (p, 2p) experiment 
[James (70)], the protons having an energy of 385 MeV. This should be com- 
pared with the column ¢in Table 15.1, which represents some rough average of 
the energies in the illustration. They are comparable. For the light nuclei it 


*These experiments will be described in greater detail in Volume Il, including 
the special kinematic conditions that are generally employed. 
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FIG. 15.3. The ‘‘binding energy” of single-particle levels as a function of nuclear mass 
obtained from (p, 2p) experiments. The incident proton energy is 385 MeV, the target 
nuclei are 12C, 4°Ca, 45Sc, 59Co, 58Ni, 12°Sn, 2°8Pb, and 2°°Bi [from James (69)]. 


would appear as if the nucleon ejected in the electron experiment is from the /p 
orbit. In both experiments note the approach of these energies to independence 
of A for heavy nuclei. 

Further details on these and other high-energy reactions and on scattering 
together, with the possible uses of such experiments will be discussed in 
Volume II. 


TABLE 15.1 Nuclear Fermi Momentum Kr and Average Binding 


Energy € Determined in (e,ep) Experiment. The Electron Energy is 500 
MeV [from Moniz et al. (71)] 


kp € 

Nucleus (MeV/c)? (MeV)? 
SLi 169 17 
aC 221 25 
Mg 235 32 
29Ca 251 28 
oS Ni 260 36 
aay. 254 39 
87Sn 260 42 
ela 265 42 
7esPb 265 44 


¢ The fitting uncertainty in these numbers is approximately +5 MeV/c. 
6 The fitting uncertainty in these numbers is approximately +3 MeV. 
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16. SUMMARY 


Our understanding of nuclear structure and nuclear reactions is not com- 
plete, yet a picture of the nucleus has emerged that combines phenomenologi- 
cal and qualitative considerations with rigorous applications of the laws of 


quantum mechanics. The principle ingredients that go to make this picture 
are the following: 


(1) It is enough to consider just the degrees of freedom of the nucleons in 
describing nuclear data. The degrees of freedom of the pions and other 
mesons, which clearly exist in nuclei since they are known to exist in the 
nucleon, do not play an important role in the range of energies in which 
nuclei are studied. 


(2) The theoretical description of nuclear phenomena is most probably 


given a good approximation via the solution of the nonrelativistic Schrodinger 
equation 


oo 
» ae ni) = By (16.1) 
with the boundary condition appropriate to the special problem one is dealing 
with. In (16.1), M; are the free-nucleon masses, and v(ij) is most probably the 
free nucleon-nucleon interaction. The latter point is not completely clear at 
this stage, but there is evidence to show that at least the long range part of 
vij)—from 1 fm and up—is the same as that of the free nucleon-nucleon 
interaction. Much of the nuclear data is less sensitive to the short range part 
of v(i/). 

It is also to be noticed that in (16.1) no three-body force is present. As of 
now there is no evidence of its importance. 


(3) It seems to be a good zeroth-order approximation to replace in (16.1) 


>> wij) by >> U(i), where the one body potential U(i) is energy dependent and 
tw t 

may look rather different for bound and unbound nucleons. The remaining 
part of the interaction, that is, the residual interaction, can then be treated as a 
perturbation. 


(4) The one body potential U(i), which converts (16.1) from an A-body 
problem to a one-body problem, may have dynamical collective coordinates 
in it, representing slow time variations in U(i). The nucleus can then be 
treated best by dealing first with the collective and individual nucleon co- 
ordinates independently and then introducing their coupling as a perturbation. 


(5) As far as we know the nucleus does not violate any of the fundamental 


principles of quantum mechanics, even though most of them were derived 
from the study of atoms. 
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The following chapters will be devoted to a more detailed examination of 
these various points and to an attempt to justify them at least to some extent. 
In so doing we shall have to develop the appropriate machinery and formalism, 
some of which, it turns out, is also useful for other fields of physics. Our main 
emphasis, however, will be on the particular approximations that render such 
formulations most useful in the realm of nuclear physics. 


CHAPTER Il 


THE NUCLEUS 
AS A FERMI GAS 


Nuclei, like atoms, can be completely broken apart. They can be ionized by 
tearing off one or more nucleons and they can also be taken apart completely. 
Unlike the atom, where after complete ionization the atomic nucleus remains, 
the complete “‘ionization”’ of the nucleus of all its constituent nucleons leaves 
nothing behind. That is, it is possible, by using the minimum required energy, 
to completely disintegrate a nucleus into a certain number, say Z-protons and 
N-neutrons. It is in this sense that the nucleus is said to be composed of 
Z-protons and N-neutrons. All measurements of the minimum energy, B.E., 
required to break up such a nucleus are consistent with the expression 


B.E. 


‘exg 


M(Z,N) = ZM, + NM, — (0.1) 
M(Z,N) is the mass of the nucleus. M, and M, are the proton and neutron mass 
respectively, and c is the velocity of light. Relation (0.1) has not been checked 
directly except for a few light nuclei. Complete ionization of most nuclei is 
very difficult experimentally. However, it is not necessary, because through 
mass spectroscopy and by means of nuclear reactions it is possible to com- 
pare the masses and binding energies of nuclei that are not far apart and, 
thereby, (0.1) is verified indirectly. 


1. THE NUCLEAR WAVE FUNCTION AND THE ROLE OF MODELS 


The conclusion, drawn from (0.1) that the nucleus is composed of Z-protons 
and N-neutrons, finds additional support in the fact that the total charge of the 
nucleus is found to be Ze with a very high accuracy (e is the positive charge of 
the proton); furthermore it is found from molecular spectra that nuclei with 
Z-protons and N-neutrons satisfy a Bose-Einstein or a Fermi-Dirac statistics 
according to whether 4 = Z + JN is even or odd. Since both the proton and 
the neutron separately satisfy the Fermi-Dirac statistics, this result is exactly 
what one expects of a system of Z-protons and N-neutrons. 

On the other hand the neutrons and protons in a nucleus are rather closely 
packed: the average distance between nucleons in the nucleus is comparable 
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to the size of the nucleon. One may wonder if such close packing of nucleons 
can still be considered simply as an assembly of Z-protons and N-neutrons. 
More rigorously we can formulate this question as follows. 

We propose to describe a nucleus by a wave function y; to the extent that a 
nucleon is described by five coordinates (three for its location in space r, one 
for its spin orientation o, ,and one for its charge 73), is it sufficient to consider 
y as a function of the five A-coordinates 


iy Cizy Ti3 be] 103434 A 


Or must we consider explicitly additional degrees of freedom as well? It is in 
this sense that we have to understand the question of whether the nucleus is 
composed just of Z-protons and N-neutrons, or whether there is “something 
else’’ to it. It extends the meaning of the phrase “composed of Z-protons and 
N-neutrons”’ far beyond the rigorous implications of (0.1). 

The answer to this question is not unique. If we are concerned with processes 
involving energies of a few hundred MeV or more, then in the description of 
the single free nucleon we must include the field of z-mesons, and possibly 
that of other mesons as well. Only as long as we are considering energies below 
the threshold for 7-meson production can we regard the coordinates r, o,, 73 aS 
sufficient to describe the nucleon degrees of freedom. Similarly it is evident 
that complex nuclei may also require an explicit description of their mesonic 
field once we are considering processes involving energies beyond roughly one 
hundred MeV. However, at lower energies it is still an open question whether 
the close packing of the nucleons in the nucleus requires the explicit con- 
sideration of the meson field. Most treatments of nuclear structure assume that 
mesonic effects at most change some of the intrinsic properties of the nucleon 
(its magnetic moment and more generally possibly also the distribution of its 
charge and magnetic density). Sometimes more complicated corrections are 
also considered, such as the current due to the virtual exchange of mesons 
among the nucleons—the so-called exchange current (see Chapter VIII). 
But for the most part, the theories of nuclear structure that we shall discuss in 
this volume, for energies below meson production threshold, describe the 
nucleus in terms of a wave function of the type: 


V(r, O1z5 T1385 90927235 - - « » FACAz, TA3) 


The central problem in nuclear physics is that of characterizing the motion 
of these A-nucleons under the influence of their mutual forces. We need 
hardly mention that the general A-body problem for an arbitrary mutual 
interaction has not been solved exactly for A > 3 and that we must satisfy 
ourselves with approximate solutions only. However the nuclear A-body 
problem becomes even more complicated on account of our rather limited 
knowledge of the nuclear force and its apparent great complexity. Had we had 
a fundamental field theory describing the strong nuclear interactions, we 
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could have perhaps extracted from it also the exact nucleon-nucleon inter- 
action to be used in the nuclear A-body probleny In the absence of such a 
theoretically deduced interaction we must satisfy ourselves with a more-or-less 
phenomenological nucleon-nucleon force derived from nucleon-nucleon 
scattering experiments. The limitations on our knowledge of such a phe- 
nomenological force were described in Chapter I. 

There is a further uncertainty that concerns the possible existence of many- 
body forces, especially among the strongly interacting particles. Nucleon- 
nucleon scattering experiments cannot teach us anything about three-body 
forces among nucleons. Such potentials describe a situation in which the 
interaction between two particles 1 and 2 depends not only on their mutual 
position, but also on the presence of a third nucleon in position r3. A three- 
body potential is a function of r;. and m3 that cannot be broken up into a sum 
of two-body potentials. It might have a form such as V(ri2 + 7e3 + rai) or 
Virie+ros* 131). They are thus completely absent in two-nucleon systems. In an 
A > 2 nucleon system, however, their contribution may become significant. 

In view of these fundamental difficulties special methods had to be developed 
to minimize the sensitivity of the calculation of the nuclear property under 
study to uncertainties in the basic input. Generally these methods consist in 
the formulation of a “model,” a simple solvable physical system that mimics 
some of the attributes of the real nucleus. The hope is that there exists a range 
of phenomena for which the omitted features are not of critical importance. 
Since no attempt, at least initially, is made to connect these models with 
nuclear forces, they will involve a number of parameters that will characterize 
the simplifications made regarding nuclear interactions, nuclear sizes and 
shapes, etc. Models thus involve built-in parameters whose values are deter- 
mined from experiment. A model is valid and thus also very useful when these 
parameters vary slowly over the appropriate range of experimental conditions. 
In some cases such models can be justified more or less rigorously; in many 
cases they are justified only intuitively to begin with and are later checked 
through their agreement with experiment. In this way a number of models 
were proposed for the study of nuclear structure and nuclear reactions, some 
of them claiming a relatively broad range of validity, others limiting them- 
selves to a selected set of phenomena within a selected set of nuclei. 

A well-known nuclear model of this type, which we shall discuss in detail 
later, is the “collective model.” In its simplest form it asserts that certain 
nuclei are cigar-shaped rather than spherical, and, as a result they exhibit 
rotational bands in their spectra (see Chapter IJ, page 46). The energy of a. 
level in a band, relative to the lowest level of the band, can be described by a 
simple relation: 


EJ) = a5 + 1) (1.1) 
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Here J is the angular momentum of the state considered and 7 is a parameter— 
referred to as the “nuclear moment of inertia’ —whose value is determined by 
the experimental values of E(/). Although the model in its simplest version 
does not give an absolute value for E(/), it predicts for any given nucleus the 
ratios of various excitation energies. Thus, if a set of excited states of the 
nucleus is found to agree with (1.1), they can all be characterized by a single 
number, the moment of inertia 7. A more detailed theory, when developed, 
will have then only to relate the moment of inertia 7 to the nuclear forces, 
thereby automatically explaining the energies of a whole set of excited states. 

As we see from this example, a model can be considered as a way of sum- 
marizing, through a few parameters, a large amount of experimental informa- 
tion.. Evidently the model is convenient only if its predictions are relatively 
easy to obtain. A model should always reduce to soluble problems, and very 
often even to a relatively simple soluble problem. It is therefore bound to have 
a limited applicability and fail at least in some aspects. We should be prepared 
to find different, and even opposing, models being applicable in different 
regions of the periodic table, or even to encounter two different models being 
used for the elucidation of different properties of the same nucleus. It is 
comforting to know, however, that the better models do have a surprising 
broad range of validity. 

The next step—that of a more complete theory—has then two tasks. First, 
it has to explain the success of the particular model in its range of validity. 
Second, it has to relate the experimentally observed values of the parameters 
of the model to the forces, or other basic features, of the more complete theory. 

It is also obvious that in working out models we shall often try to reduce as 
much as possible the number of ad-hoc assumptions, sometimes even at the 
cost of being able to describe only gross features of some nuclei rather than 
their detailed properties. We shall now investigate one such model, the so- 
called Fermi gas model, which considers the nucleus as a collection of non- 
interacting fermions whose density is fixed somehow from the outside. The 
purpose of this model is to clarify which of the nuclear properties is due just 
to the Pauli exclusion principle at the given density, and how much of these 
properties remains, so to speak, to be explained by the detailed dynamics of 
the interacting nucleons. This model is not a theory of nuclear structure; for 
one thing it does not even pretend to explain why nuclei have exactly their 
observed density; but it does tell us that if we understand the factors that 
determine the density—some of the other properties of nuclei follow simply 
from the Pauli principle. 


2. THE FERMI GAS MODEL 


In our attempt to account for some nuclear properties with this simple and 
crude model we shall concentrate initially on the parameters empirically 
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observed in the Weizsacker formula (see Section I.2). This mass formula, it 
will be recalled, gives the masses of nuclei as a function of their charge and 
mass number, and is composed of different terms whose plausibility is argued 
for on some general principles. It is for this reason that we expect to be able to 
derive the parameters of the formula from a very simple model and obtain a 
qualitative order of magnitude agreement with experiment. 

Consider a system of a number of neutrons and protons put in a cubic box 
of linear dimension a. The Schrédinger equation for a single particle in this 
box reduces to 


2 


2M 


Vy = Ey (2.1) 


We impose the boundary conditions corresponding to an infinite potential 
barrier at the surface of the box: 


W(x,y,z) = 0 on the faces of the box, that is, whenever at least one of the 
following conditions holds: 


x=0, y=0, z=0, x=a, pHa z=a (2.2) 


The action of the walls of the box replaces to some extent the average inter- 
action between the nucleons. By adjusting the size of the box we can obtain 
the observed nucleon density in nuclei. The solution of (2.1) with the boundary 
conditions (2.2) is given by 
¥(x,y,zZ) = A-sin k,x-sin k,y-sin k,z (2.3) 
provided 
k,a = nzw k,a = nyt and k,a = nw (2.4) 


where 1, ny, and n, are all positive integers, and A is a normalization factor. 
[Negative integers lead to solutions equivalent to (2.3).] Each set of positive 
integers (n,, n,, n.) defines a different solution corresponding to an energy 


2 


2M 


2 
E(na,Ny,n.) = Rode hte y= = k? (2.5) 


Equation 2.5 together with the restriction (2.4) on the values of k,, k,, and k, 
represent the quantization of a single particle in a box. It is obvious from (2.5), 
as well as from (2.3), that 


k = (k,, k,, kz) 
is the momentum (divided by #) of the particle in the box. 
Remark. Actually the eigenstates in a cubical box are characterized by the 


line along which the particle moves and the magnitude of its momentum, 
that is, by the ratio k,:k,:k, and by k?. We shall refer to k = (k,,k,,k,) loosely 
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as the momentum of the particle in the box, understanding that actually we 
are dealing with a standing wave composed of k and —k. 


Because of the Pauli principle a given momentum state can be occupied at 
most by four nucleons, two neutrons with opposing spins, and two protons 
with opposing spins. The lowest energy of a nucleus will then be obtained by 
filling the lowest possible energy states in the box. The values of this lowest 
energy will be dependent upon the number of available states, and it is the 
determination of this quantity that we shall now consider. 

Consider then the space of the vectors k; because of (2.4), for every cube of 
sides 1/a [and volume (7/a)*] there is, in this space, just one point that rep- 
resents a permissible solution of the type (2.3). (Fig. 2.1) The number of per- 
missible solutions n(k) with the magnitude of k between k and k + dk is 
then given by 


1 
(1/a)? 


In this expression 4rk*dk is the volume of the spherical shell in k-space with 
radii k and k + dk; only one-eighth of this shell is considered since only 
positive values of k,, k,, and k, are required to span all different solutions, 
and (7/a)’ is the volume, in k-space per permissible solution. 

The total number of permissible states up to energy « = (fk)?/2M is then 
given by 


dn(k) = = dk (2.6) 


(2.7) 


k k+dk 


FIG. 2.1. Each point at the intersection of the thin lines represents an allowed pair of 
values (k,, ky). To find the number of pairs allowed between k and k + dk, find the num- 
ber of points in the region enclosed by the heavy lines; this number is its area divided 
by the area per point. Equation 2.6 is obtained from a similar three-dimensional diagram. 
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Since each momentum state k can accommodate, according to the Pauli 
principle, two neutrons and two protons, we shall obtain the lowest energy 
state of A noninteracting nucleons put in a box of linear dimension a if we 
take half of them to be neutrons and half to be protons. The highest occupied 
momentum state kp will then be given according to (2.7) by: 

A An kp 22 


a A 
4° 3 8n/ae ~ ae 


kp? (2.8) 


where 2 = a’ is the volume of the box. It follows that under these conditions 
the momentum of the highest occupied state depends only on the density 
p = A/Q of nucleons in the box, and is given by: 


2 
pias kp* (2.9) 
We have disregarded thus far the interaction among the nucleons (except 
when it determines their density). Within this limit the momentum distribu- 
tion per unit volume in momentum space is a step function with a constant 
value for k < kp and zero for k > kp (Fig. 2.2). This momentum distribution 
is referred to as the Fermi distribution. In high energy scattering experiments 
it is possible to measure the momentum distribution of nucleons in a nucleus 
(see Section I.15) and although one does not observe a sharp cutoff at k = kp, 
the probability of finding in the nucleus nucleons with momenta k > kp de- 
creases very rapidly with k. 
From the observed density of nuclei, p = 1.72 X 10%8 particles/cm’, which, 
as is known, is practically the same for all nuclei with A = 12, we obtain 


ky = 1.36 fm! (2.10) 
with a corresponding energy of 


cp = 38 MeV (2.11) 


N(k) 


ke k 


FIG. 2.2. The momentum distribution of nucleons in the ground state of the Fermi gas 
model. kr is the Fermi momentum. N(k) dk equals number of states with momenta 
between k and k + dk. 
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kr and ep are called, respectively, the Fermi momentum and Fermi energy of 
the degenerate gas model. The average kinetic energy of the fermions in the 
box is less than er, and is given by: 

1 [€r dn 3 


DS = de ; 
(T ) 4/4), e de 5 (2.12) 


= 23 MeV for nuclei of the observed density 


It is also convenient to introduce a nuclear radius R through (4/3) 7R’ p = A. 
Since p is experimentally found to be independent of A it follows that 


= 1ryA'3 (2.13) 

With the value of p given above ry becomes 
ro = 1.12 fm (2.14) 

Kero = 1.52 


It should be stressed that there are different ways to define a nuclear radius, 
since the nucleus does not have sharp boundaries. Equation 2.13 corresponds 
to the radius of the sphere that would have included all the mass of a nucleus 
if its density were uniform. In comparing radii it is very important to make 
clear which radius is being considered. 


3. THE WEIZSACKER MASS FORMULA 


Let us now use the Fermi gas model to try and understand the order of 
magnitude of some of the empirical nuclear parameters. To this end we recall 
the Weizsacker semiempirical mass formula: 

Ze (Z — N) 


gus oe ge, 
(3.1) 


This empirical formula gives the mass of a nucleus with Z-protons and 
N = A — Z neutrons in terms of some empirically determined parameters a;. 
Their best values are [Myers and Swiatecki (66)]. 


M(A) = ZM, + NM, — aA + a,A?!* + a; 


a, = 15.68 MeV (coefficient of volume energy) 

18.56 MeV (coefficient of surface energy) 

az; = 0.717 MeV (coefficient of coulomb energy) (3.2) 
a, = 28.1 MeV (coefficient of the symmetry energy) 


34 A-3/4 MeV for odd-odd nuclei 
0 MeV for odd-even nuclei }(coefficient of pairing energy) 
— 34 A-3/4 MeV for even-even nuclei 


S) 
to 
| 


6(A) 


Since we have found that (T) = 23 MeV at the observed nuclear density, 
the value of a, = 15.68 MeV for the average (volume) binding energy per 
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particle indicates that the “nuclear box’’ in the Fermi gas model represents an 
average potential energy of (U) = —15.68 — (T) ~ —39 MeV. Scattering 
of neutrons on complex nuclei provides another estimate of this quantity. 
If the interaction energy is U, then we conclude from (2.12) that the average 
(volume) binding energy per particle should be 23 MeV + U. Empirical 
values of U are scattered around U ~ —40 MeV leading to a value of the 
(volume) binding energy per particle of —17 MeV that is not too far from the 
value quoted above. 

Next we shall try to calculate the symmetry energy term within the frame- 
work of the Fermi gas model. As we can see from (3.1), this term measures the 
increase in the mass M that occurs when the number of neutrons no longer 
equals the number of protons. We therefore consider the energy required to 
take protons from the highest filled proton levels and: transform them into 
neutrons in the lowest unfilled neutron level. Consider a nucleus with A-nu- 
cleons, half neutrons, and half protons. Let \ represent the fraction of protons 
changed into neutrons, so that after the change is made we have 


z= + -») N= +4») or 


AN = 247 = “= (3.3) 


The energy consumed in this change is 


A/4(1+)) A/4 
az =2 | cdn — 2/ e dn (3.4) 
( 


A/4) A/4(1—)) 
Introducing 
F(n) = in edn 
0 
AE = 24F| — (1 + A) 24) +4 4a -»]| 
7 4 = m 4 4 | 
a) so 
AS) eG), as 
But 


EE = eon?/3 
where ¢€) is a constant. When 2 = A/4, « equals er. Hence 


1 de 2 
e dn 3n 


so that 


dn n=A /4 
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Hence 


l (N’ — 2’)? 
a aa Saar eee o 3.7 
3. A A . on 
Comparison of the empirical value for the coefficient of (Z — N)?/A in the 
Weizsacker formula with (3.7) shows that the Pauli principle accounts for 
about one-half of the observed symmetry energy. 


Problem. Assuming that a nucleus consists of two Fermi gases, one of 
neutrons and the other of protons, show that the energy of the nucleus is 


ey N + ——- 7, - 
Cc NQ «| (20 A | 2 
where er ~ 38 MeV is obtained from (2.8). Derive (3.7) starting from (3.8). 


Another nuclear property we want to calculate concerns the nuclear surface 
energy. If we refer to (2.6) and Fig. 2.1. we see that for any given value of k,, 
say, we should have not counted those states in which k, or k, = O, since in 
this case y = 0. The number of such states in a shell dk at k is from (2.6) 


1 (2k) dk 


3: 
4 Gay oe 
The correct number of permissible states between k and k + dk is then 
k? 3 
dn(k) = — (1 = = dk 
ak 
k? xr S i 
= — — — — } dk ; 
oT (1 oO c)4 (3.10) 


where we have chosen to introduce the surface S = 6a? of the cube in order to 
write the correction to dn(k) as a characteristic surface term proportional 
to S/Q. It can be shown that dn (k) is indeed a function of S/Q only, so that 
(3.10) is rigorously valid for any shape of the nucleus. For a recent discussion 
see Balian and Bloch (70, 71). Using this expression we shall be able to deduce 
a surface correction to the nuclear energy as well as the surface thickness of 
large nuclei. In fact, let us expand the binding energy per particle in powers 
of S/Q. We can write then: 


af k) dn 1 ak 


S 
“ran = at bi t-. (3.11) 


where a) = (3/5) er and bo = (a/8) (1/Kr) ao. The coefficient bo is simply 
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related to the surface energy coefficient a2. in the Weizsicker mass formula 
(3.1) .From (3.11) we get 


E=aA+b(S/QI) A+... 


We have for the nuclear radius 


R = rAV3 and p= 


Hence 


Q ro 
Comparison with (3.1) then yields immediately 


jj _ 3bo | Or 
= ro ~— 40K erro e 


(3.12) 


Substituting (2.11) into (3.12) and using the observed constant density of 
nuclei, one obtains a surface energy of 18 A?/3 MeV. This time the Fermi gas 
model gives nearly the correct value for an empirical parameter since a» is 
18.56 MeV. 


In a similar way we can apply the surface correction to p: 
& é S 
A= af Me dn (k) = aa + bs = ) 
0 ~Q 
leading to an average density of the form 
p= > = 40+ bo (3.13) 


The existence of a term proportional to S/Q in (3.13) indicates that p cannot 
be uniform throughout the nucleus. A step function for p(v) would have led 
to an average density independent of S/Q. 

To interpret the surface term bo(.S/Q) in (3.13) in terms of more familiar 
concepts, it is reasonable to assume for p(7) a trapezoidal function as shown in 
Fig. 3.1. Nothing in the derivation of (3.13) really tells us that the term in S/Q 
results from nucleons actually located at the surface, but since it is known 
from electron scattering that p(r) has approximately a trapezoidal shape, our 
assumption is the natural one to make. Using this density distribution, 
that is, 


Po r<R 
or) = {pp -—————_ R<r<R+t 
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p(r) 


R Ret r 


FIG. 3.1. The trapezoidal charge distributionp (r) assumed in deriving the surface thick- 
ness t. 


we have to first order in t(S/Q): 


° 4 1 S$ 
A= ah pr) r? dr = = rR | oe | (3.14) 
0 3 2 2 


On the other hand the average density po is given by [see Eq. (3.9)] 


The left-hand side of (3.14) is independent of S/Q; hence, 


(+53 =F - = S45 
me i ) 3 OR? Ak © 201 


should be independent of S/Q to first order. ¢ is thus fixed at a value of 


3 

t= Fe 3.5 fm (3.15) 
The quoted empirical value of the surface thickness is the distance between 
the radii at which p = 0.9 and 0.1 of the central value. This thickness is pre- 
dicted by the Fermi gas model (3.15) to be 0.8 XK 3.5 = 2.8 fm. Actual measure- 
ments of nuclear shapes yield a surface thickness of more like 2.5 so that again 
the Fermi degenerate gas model gives only an approximation to the effect. 
It is, however, interésting to note that the density of a finite system must fall 
off gradually instead of abruptly. In actual nuclei the distance over which the 
density almost falls to zero is close to the distance corresponding to free, 
noninteracting fermions with the same average density. 

It should be pointed that general principles of quantum mechanics do not 
permit the density to fall sharply to zero. In the Fermi gas model all the wave 
functions are zero at R and rise to their first maximum a quarter of a wave 
length away. If one assumes that the closest maximum is dominated by the 
high k’s, that is, for k ~ kp, that maximum occurs at approximately r/2kp ~ 
1.15 fm away from r = R. 
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Our description of nuclei in terms of a degenerate Fermi gas is, of course, 
very crude. For simplicity we carried out the quantization in a cube of dimen- 
sions a and, through the introduction of its volume 2 = a? and its surface 
S = 6a’, switched over to a spherical box with the same volume and surface. 
This is not always a rigorous procedure particularly when the potential at the 
surface is finite. Strictly speaking we should have carried out the quantization 
in a spherical, rather than cubical, geometry. However, for our present purpose 
of first orientation what we have done thus far is sufficient. Clearly, the 
nucleus is more complex than just a collection of noninteracting fermions 
forced to stay within a certain volume. The comparison of our estimate with 
experiment did show us, nevertheless, that the Pauli principle accounts 
qualitatively for some of the trends observed in nuclei. This success suggests 
that we may use, as an initial approximation, this picture of nucleons moving 
independently, that is, without any mutual interaction, in a certain potential 
well. Various effects of the interaction among the nucleons will then be included 
as corrections of various orders. To the extent that this approach turns out to 
be successful, as seems now to be the case, we would like to understand why a 
system of nucleons, which are in fact strongly interacting fermions, can be 
approximated well enough by a system of noninteracting fermions confined to 
a given volume. We shall see that this seemingly paradoxical situation can be 
anticipated for a system of nucleons in its lowest energy states, and that both 
the Pauli principle, which the nucleons have to obey, as well as some specific 
features of their interaction play an important role. 


4. THE NUCLEAR WAVE FUNCTION IN THE FERMI GAS MODEL 


Before we proceed with this program let us investigate some further conse- 
quences of the close packing of nucleons and their relation to observed nuclear 
characteristics. Formally, if we had a precise prescription for the derivation of 
nuclear wave functions, our task of understanding nuclear structure will have 
been achieved. When we claim that the Fermi degenerate gas model repro- 
duces some empirical data fairly well, we are implying that the wave function 
appropriate for the Fermi gas can approximately replace the real nuclear wave 
function. But does that mean also that the two wave functions are very similar 
to each other? Or can very different wave functions reproduce empirical data 
equally well? 

A wave function ¥(r, re, ..., 4a) of A-particles (for convenience we have 
omitted spin and isospin coordinates) gives us complete information on 
the A-nucleon system. For instance, it can tell us what is the probability of 
finding particle number 5 in a given location, if the locations of particles 
numbers 1, ..., 4 are fixed and if we average over the positions of particles 
6,7,..., A. But when (mr, ro, . . . , ra) is used to calculate nuclear properties 
we generally use only a very small part of the information contained in it. 
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For example, a typical calculation may involve the rate at which the nucleus 
radiates as it goes from an initial state to a final state. The operator, whose 
matrix elements determine this rate, is symmetric in all the nucleons and 
involves a sum of operators each concerning one nucleon at a time. Physically, 
this means that the nucleus acquires the ability to radiate through the ability 
of each one of its nucleons to do so. We can write then the operator © that 
gives rise to the radiation in the form 


A 
Q2= D> a(k) (4.1) 
and the transition amplitude becomes 


A 
Ti = (f|Q|i) = » v/*(K1, Fo, --- 5; ra) w(k) vit, Fo, -- + 5 ra) dr; ... dr, 
k=1 


(4.2) 


where y; is the initial state and y, the final state wave function. If we use the 
isospin formalism and treat all nucleons equally, then y is an antisymmetric 
function. Since 2 = >. 4_, w(k) is a symmetric operator, we can evaluate 
(4.2) for one of the particles, say particle 1, and multiply the result by A. 


Problem. Prove it using the permutation operator on y; and yy. 
Thus we obtain 

TT); = | vie, ro,...,0a) ol) vr. ro, ... 84) dm ...dra (4.3) 
In (4.3) the operator acts on the coordinates of particle 1 only; the integration 
over dr... . dr, can therefore be carried out irrespective of the form and con- 


tent of the operator w. We therefore introduce the one-particle transition 
density matrix defined by: 


ey(rr’) = | V'(F,Fo03,... 504) WA(0'o¥s,-..,04) dro... dra (4.4) 
Equation 4.3 can now be written as: 
Tj, =A / dr 8(r — r’) de’ wr’) psi(r.r’) = A trp?) (4.5) 


The tr (trace) operation can be carried out in any representation. The quantity 
w(r) dr — r) can be considered as the matrix element of an operator @. It is 
diagonal in the r representation as indicated by é6(r — r’). In general it could 
be a nonlocal operator o(r,r’), in which case 7;; will be given again by 


T;; = A / dr w(r’,r) py(r,r’) dr’ = A tr (wp) 
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Problem. Show that 
p? = or — rp or’ — r:) 5(re — fr) 6(r3 — r3) ... 64 — ra) 


Hint: Evaluate | V7(rite, ...,5TA) a WA0 1,00, as r,) dr,dr.... dra 
drjdr. . . . dr, to obtain (4.4). 


Problem. Suppose ¢(r) form an orthogonal normalized complete set of 
functions. Show directly from the integral that 


= AD) (balt)| tr’) bm(E’)) (bm) | ore e'”’) bal’) ) 


If the particles have spin intrinsic degrees of freedom the tr operation is meant 
to take a sum over the spin variables as well. An operator @ that is independent 
of the spin variables will then be understood to multiply the unit operator 1 
in spin space. The extension to isospin variables proceeds along the same lines. 


Remark. The slightly pedantic way of writing 7;; in this form has to do with 
the possibility that w(r’) involves a differential operator; in this case one has to 
make sure that it operates on the ¥; component of p,;; only, and not on both 
the y; and the ¥; components. For operators «w(r’) that are simply functions of 
r’, we can use the usual transition density p¥}(r) = p¥(r,r) and reduce (4.5) 
to the more familiar form 


Ty = Al ae e% (Fr) w(r) 

More generally, if we have any operator (, its matrix elements in the A-particle 
r-representation can be written in the form 

(ry,Fo,...,Ta|Q[ryFe,---, 0a) 
If ( is a symmetric sum of one body operators, like (4.1), then we have 

(riFo,...,4al|Qlrize,...,0a) 

= A(r,|&|r,) d(ro — re), .. . (Fa — Fa) (4.6) 
If the operator © is local, then we have also 
(ri |@|F1) = dr — a) (Fy) 


and hence the form of (4.5). 
The generalization of (4.6) to two- or more- body operators is straightforward. 


It 1s seen therefore that for the evaluation of matrix elements of operators of 
the type of Q—for a sum of single-particle operators—it is sufficient to utilize 
only a small part of the information contained in y: that included in p}?)(r,r’), as 
given by (4.4). Two sets of wave functions that differ from each other in their 
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more detailed structure, but yield similar functions for p;,(r,r’) will provide an 
equally good “explanation” for the matrix element (f|Q|i). 
Many of the measurable quantities in nuclear physics are indeed repre- 


sented by single-particle operators like 2. The operator measuring charge 
distribution, for instance, is 


p= ey) 
E 2 


that of the kinetic energy of the nucleus is 


hh 
T = = ee oe Vi 
2 
etc. There are, however, some operators of importance that cannot be written 
in this form. The one best known is the two-particle interaction v(r; — re), or 
more generally v2. In typical situations we may have to evaluate matrix 
elements of the type 


Gri= (f' >» guli) = » | ve. .. eo Ta) Sei Wr, ...,8a) dm... dra 
k<l k<l (4.7) 


Here g;,, is an operator involving the coordinates of both particles k and /ina 
way that cannot be reduced into a simple sum: g;, # w(k) + o(/). Again using 
the symmetry of G = ) > gx: with respect to interchange of particles and the 
antisymmetry of (rn, ..., ra) we can cast (4.7) into the form 


A(A — 1 
Gri = oS [vie ... 504) Sie Vit, ...,04) dr... dra (4.8) 


This expression cannot be evaluated if all we know about y is the one-particle 
density matrix p;.(r,r’). But we still need to use only a small part of the infor- 
mation contained in y to evaluate (4.8). We define now the two-particle density 
matrix 


2 tf cit 
per pesr10%2) = | V7(r pl o03,...,4) VAP e03,-.-,0%4) arg... dra (4.9) 


in terms of which G,; can be written as 


A(A a 1) , , , , , , , , 
Gy; = a | dr,dro O(t¥1 — ry) 6(f2 — Fe) | 212(8 1,82) pyr ¥2;01,¥2)dr; dre 


(4.10) 
Physically it is very easy to understand results (4.5) and (4.10). If we have a 
single-particle operator, to which each particle contributes independently of 


the others, all we want to know from the wave function ¥(m, ..., ra) is the 
average one-particle behavior that it represents. Similarly, if we have a two- 
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particle operator, to which each pair of particles contributes independently of 
all other particles, all we need to know is the average behavior of a pair in 


V(riFe,... , Fa); correlations among three or more particles are of no sig- 
nificance to the evaluation of the matrix elements of G= > gu. 
k<l 


When the potential between the nucleons ts of the two-body type 


V= >» WE x r;) = »~ Vil 
k<l k<l 
it becomes possible to write the expectation value of the nuclear Hamiltonian 
(H) in terms of the one- and two-particle density matrix p“ and p® 


2 
icat (- x v8) + AA Yer ve ID 
In this form the Hamiltonian is independent of representation so that one can 
directly consider it in either momentum or coordinate space. Returning to the 
original point made in opening this section, we see that the nuclear binding 
energies depend only upon certain weighted averages of one- and two-body 
densities. It is thus possible for a wave function whose three-body and higher 
order densities are in considerable error to still yield reasonable values for the 
expectation value of H, that is, for the energy. It is even possible for the one- 
and two-body densities to be incorrect if the potential in (4.11) emphasizes 
those regions where they are correct or if errors in the potential compensate 
for errors in the densities. The latter is presumably true for the Fermi gas 
model! 


5. ONE- AND TWO-PARTICLE DENSITIES 


To obtain a more complete picture of the usefulness of the Fermi gas model 
we want, therefore, to compute the one- and two-particle density matrices 
that go with it. For simplicity let us first deal with the special case i = f. To 
avoid dealing with surface effects it is convenient to replace the boundary 
conditions (2.2) by periodic boundary conditions ¢(—a) = ¢(a), ¢(—a) = 
¢’(a) and write the normalized wave function for a single particle in the form: 


1. 
ga(Fi) = i eta Fay (mm) (5.1) 


where k, = (17/@) (NazsMaysMaz), the na’s being both positive and negative integers. 
x(m,©,m,™) is the spin and isospin wave function that goes with the state a, so 
that_x(1/2,1/2) stands for a proton with spin up, x(—1/2,1/2) a proton with 
spin down, etc. The x’s, which can be considered as four-rowed columns, 
satisfy the orthogonality relations 


x'(m,,m,) x(m,,m;) = (m,,m;) 6(m,,m,). (5.2) 
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The complete ¢’s satisfy the orthogonality relation 
| $4 (F) da(t) dr = 5(Kaska) 6(m§,m§) 6(m%,m*) (5.3) 


when the integration is limited to the cube of volume ©. The set k, is a discrete 
set under these conditions (of a finite box Q) and 


6(k.,kg) = 5(KazsKpz)* (Kay Key) 5(KazsKpz) 


is then an ordinary Kronecker delta function. 
A normalized antisymmetric state of A noninteracting particles in the box 
is obtained by forming the Slater determinant 


da (F i) has(¥i), oe 8 9 Pa,(1) 
Pa,(F2) ha2(F2), ee ey Pa,(K2) 


1 
UB a] Peseseiaa Pots et ANS Te (5.4) 


Pa(TA) Pa(FA)s ce 89 Pa,(0A) 


If a1, a2,..., a4 are the A lowest states in the box, then (5.4) gives the wave 
function yo of the ground state of the degenerate Fermi gas. 

It is a simple matter to calculate pi) if A = 4n, and each state is fully 
occupied by two protons and two neutrons. Then following the definition 


(4.4), 


od = (mm, | Poo | m,m;) 


where 
a(1) er) pes Oa L ik, ¢ (r’-r) 
p(r,027350'02T3) = —- >, em (5.5) 
AQ j=; 
where k,/ = 1, ...,m = A/4) runs over all occupied states, and the unit 


4 x 4 matrix Lin spin and isospin variables implies that in (4.5) the trace of 
w(r’dé’s’) has to be taken also with respect to the spin and isospin variables. 
The diagonal elements of poo (that is, r’. = r), after taking the trace with 
respect to spin and isospin variables (tr fl = 4), are given simply by 

a l 

pt) =O (5.6) 
Thus the Fermi degenerate gas model represents a constant single-particle 
density, independent of r. 


Remark. Inthe Fermi gas model as defined by the boundary conditions (2.2), 
which implied the vanishing of y on the walls of the box, the density in the box 
does not come out to be constant. Near the walls all the single-particle wave 
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functions vanish, and since the highest wave number associated with a single- 
particle wave function is ky, the single-particle density will not rise to its 
constant average value in the middle of the box until we go a distarice ~1/kKp 
away from the walls. Our result (5.6) of a constant density all through the 
nucleus is a direct consequence of the periodic boundary conditions. Since 
these boundary conditions represent a nucleus that can be “repeated”’ in all 
directions an infinite number of times, surface effects are washed out. The 
present treatment of the Fermi gas is meant to be just for first orientation and 
we shall disregard these details. Later we shall treat the more realistic situation 
of independent particles in a spherical “box” with greater detail and rigor. 


There are many wave functions, even quite complex ones, that lead to an 
essentially constant nuclear density, expecially if we do not come too close to 
the nuclear surface. If an Q-type operator derives the important contribution 
to its matrix elements from the interior of the nucleus, a Fermi gas model and 
more sophisticated and realistic wave functions will then give an equally good 
description of . It is important to bear this result in mind in order to dis- 
tinguish later whether an agreement between theory and experiment is, or is 
not, meaningful. 

The two-particle density matrix for the Fermi gas is equally easy to obtain. 
For simplicity we drop for a moment the spin and isospin dependence and 
assume that the indices a; in (5.4) refer just to momentum states. With ¢,(r) = 
(1/+~/2) e™'* we then get for the diagonal (r: = rj, ro = re) part of the two- 
particle density matrix, by expanding the determinant (5.4), 


poo(Kile,tife) = p(t1,Fe) 


I I i(kg+ri+kj+re—Kiere—Kj i(kj-r1—k jer —ky-r2tk; 
sy > [2 = ef oo Tit+Kj°F2—Kye F2— jo) =a ent sori—K j-r1—Kk;°re+ rt) 
A(A — 1) 20° 4% 


i = dy [1 — cos 2k;;-r] (5.7) 
where 

k;; = 3(k: — k;) and r=r;-—T,; (5.8) 
and the sums are over occupied states only (A/4 of them). Equation 5.7 
determines the pair correlation in the Fermi gas. Since both k; and k; are 


limited in their magnitude by the Fermi momentum k,, we see from (6.8) that 
the relative momentum k;; satisfies 


[ki;| = |a(k: — k,)| < kr 


Thus if we look at separations r that are small compared with 1/kr, p(r,r2) 
tends to zero. 
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We can evaluate >) ;,; (l-cos 2ki;-r) in (5.7) directly, but since we are 
interested in that part of the sum which is independent of the size of the box, 
we can replace summation by integration over all allowed momenta: 


Q 2 
>) (l—cos 2k;;-r) > (*) [ ex tx (1—c0s 2k;;-r) 


= (2) [aw dk ,[1—cos (k;-r — k;-r)] 


8a? 


= (=)/ dk; dk [1 —cos (k;-r) (cos k;-r)] 


because sin k;-r leads to a vanishing integral. 


Now taking r as the z-axis in polar coordinates in k-space: 


| dk cos (k-r) = 27 / k? dk d(cos @) cos (kr cos @) 


F k l d kp 
oe / Ries al | cos kr ak | 
0 r ar 0 
Se lid E ad _ An = ker ee ker 
r ar r r2 r 


We therefore obtain 


- (4/3) rk §, [3 (sinker | 2 
ot) = Borde = Dt" [deme ke ek) If 69 


1 
mz ge 8) x = kpr 
where 
3 fsin x ; 
g(x)=1- = — cos x) (5.10) 
x x 


This function vanishes for x = 0, and for small values of x acts like g(x) ~ 
(1/5) x?; for large values of x, g(x) — 1. The effects of the Pauli principle on 
the correlations between two fermions in a degenerate Fermi gas are clearly 
exhibited by (5.9). There is a “‘repulsion”’ of two identical particles expressed by 
the vanishing of the probability of finding them both at the same place, and it 
gradually disappears as the distance between the particles becomes big com- 
pared with 1/ky [note that already for r = (2/2) (1/kp), g(x) = 0.77]. This 
**Pauli repulsion” has nothing to do with the forces between the nucleons and 
does not result from any dynamical considerations. It is merely a manifestation 
of the Pauli principle, and exists in any system of fermions irrespective of 
whether the real forces between them are attractive or repulsive. 
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In deriving (5.7) we have disregarded the spin and isospin coordinates of the 
nucleons, and assumed the nuclear wave function to be antisymmetric with 
respect to the exchange of spatial coordinates only. According to the Pauli 
principle this is true only if the two particles we have been considering have a 
symmetric spin and isospin wave function. If the spin and isospin wave func- 
tion is antisymmetric, the spatial wave function has to be symmetric with 
respect to the exchange of the two particles to satisfy the Pauli principle. 
Equation 5.7 is then replaced by 


a ] 
Psym (11,02) = AA — 1) 0 Xu [1 + cos 2k;;-r] (5.11) 


This, then leads to a symmetric correlation 


1 
Psym (11,02) ~ QP 8+(Krr) (5.12) 
where 
3 [si : 
g(x)= 1+ (= ~ — cos x) (5.13) 
x x 
Unlike g_(x), g.(x) remains finite for small values of x and in fact 
lim g.(x) = 2 
z 0 


The particles are thus ‘‘attracted’’ to each other if they are in a spatially 
symmetric state. 
It is no accident that 


21g_(x) + g+(x)] = 1 


A situation in which two particles have equal chance of being found in a 
spatially symmetric state and spatially antisymmetric state leads neither to 
‘Pauli repulsion” nor to “Pauli attraction.” 

The spin wave function x,(s,) and x2(s,) of two particles can be combined 
to form three symmetric combinaitons 


2 (+) (2) sof (do) oo(-2m(e)] 


and one antisymmetric combination 


vale (+3) «(= 3) - (= 3) (+3) } 
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These will be recognized as the three states of the triplet and the one singlet 
state. For isospin we have similarly three symmetric states of the isotriplet and 
one antisymmetric state for the isosinglet. For the combined spin and isospin 
wave function there are therefore 10 symmetric wave functions (the nine formed 
from the triplet and isotriplet plus the one formed from the singlet and the 
isosinglet) and six antisymmetric wave functions. When we average the 
correlation function between two nucleons over their spins and isospins g_(x) 
gets a weight of 10/16 and g, a weight of 6/16. We thus obtain for pr(r,r2) in 
a degenerate Fermi gas of nucleons, averaged over spin and isospin, 


‘Al 1 sin Kr 


pr(ti,Fe) = constant} 5 Gaye te 


— cos ker |t (5.14) 


where 


r= [fi — Fe| 


Remark. In the Fermi gas model the diagonal two-particle density matrix is 
the same for the symmetric isospin-spin state formed from triplet isospin, 
triplet spin, and from the singlet isospin, singlet spin states. A similar result 
holds for the singlet isospin, triplet spin and triplet isospin, singlet spin 
combinations. For more general wave functions (e.g., when N ~ Z) than 
that of the Fermi gas model, four two-particle density matrices are required 


The preponderance of spatially antisymmetric pairs over spatially symmetric 
ones in a system of fermions in its ground state has very important conse- 
quences. Physically it tells us that spin-1/2 fermions, even when they possess 
an additional intrinsic degree of freedom (charge, in our case), have a ten- 
dency, on the whole, to stay apart. There is a net repulsion. This tendency is 
there before the consideration of any dynamical effects. Since attractive short 
range forces should be particularly effective in spatially symmetric states of the 
pair of interacting nucleons, the preponderance of spatially antisymmetric 
pairs in an ensemble of fermions can help prevent a collapse of this system. 
The extent to which it can do so is the subject of Section 7 of this chapter. 


6. COULOMB ENERGY (C.E.) IN THE FERMI GAS MODEL 


The effect of the “Pauli repulsion” and “‘Pauli attraction”’ is illustrated by the 
simple but important example of the Coulomb energy for the nuclear ground 
state. According to (4.11) this 1s given by 


A(A — 1 
C.E. = AA Luke V12(F1,F2) dr, dr» (6.1) 


COULOMB ENERGY IN FERMI GAS 14] 


where We is given by (1.6.13). 


Re iis 2 2 


ro = Lal a re | 


The isospin factors guarantee that the interaction takes place only between 
protons. Since a pair of protons are in a symmetric isospin state, the spatial 
wave function is symmetric when they are in a singlet spin state and anti- 
symmetric when the protons are in a triplet spin state. Hence the spatially 
antisymmetric foo has a weight of 3/4, the symmetric a weight of 1/4. Thus 


Z(Z — 1 3g + 
CBS an i dr, dre vattary( =F £*) 


OT 


CE, = eed bat dr» rears) = 1 +(= — COs x) | (6.2) 
2? x 


where x = Kprfhio. 


The first term is just the classical Coulomb energy of a sphere (we assume a 
spherical nucleus) and so yields 3/5 Z?/R when Z > 1. The second term gives 
the effects of the Pauli principle. They can be traced back to the exchange 
Coulomb integrals if the wave function (5.4) is directly used in (6.1) for joo. 
It (omitting the minus sign) is therefore referred to as the exchange Coulomb 
energy [= (C.E.).x]. Changing variables from r; and r2 tor, and r (= r; — re) 
it becomes 


Z(Z — 3 /si sail 
(CLE) eec= aera) e? / ae) (2 — cos x) ; 
40 RON x 


WrZ(Z — 1) =[s (= x ) 
= —~__—__~— | ——{ — — cosx 
0 


Q x? 


_ ZZ — 1) =f kp? dx (= re x) 
Ok p? 0 XxX 


The integral can be evaluated exactly yielding 


(C.EJex = 


97 (Z\(Z — 1) e? 
a Qa. [1 — jo2(krR) — frr(kpR)] (6.3) 


Ok pr? 


where j) and j; are the spherical Bessel function [Morse and Feshbach (53), 
Chapter 11]. These spherical Bessel function terms can be dropped as krR be- 
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comes large. The square bracket is 0.88 for kr R of 3, that is, for a nucleus with 
2 fm radius! Hence to a very good approximation 


Or Ze? 


CE). = — 6.4 
(CEJee = 5 (6.4) 
where again Z(Z — 1) has been replaced by Z?. 
The total Coulomb energy is then 
3 Z7e? 
C E = — C.E ex 
or 
ZL? 1.0 
C.E. = .77 2(1 — “ad MeV (6.5) 


The exchange energy subtracts simply because of the fact that on the average 
the exclusion principle keeps the protons apart. For protons the net effect of 
the “‘Pauli attraction’ and “‘Pauli repulsion” is repulsion. We note that the 
exchange effect decreases with increasing A. This is because the “‘range”’ of the 
Pauli repulsion is (1/ky) and this involves a smaller fraction of the nuclear 
volume as A and therefore the nuclear volume increases. 

Formula (6.5) should be compared with the semiempirical result of Myers 


and Swiatecki (66): 
117 2? 1.69 
EE. = al — ) (6.6) 


Again the Fermi gas model is surprisingly close. The coefficient of the A-?/3 
term is considerably larger than the Fermi gas model value. It has been pointed 
out that the reason for this discrepancy is in part a consequence of the diffuse 
nature of the nuclear surface. The calculation leading to (6.5) assumed that the 
nucleus had a sharp radius whereas a more reasonable assumption, as we know 
from electron scattering, is that the proton density falls from 0.9 of its value at 
the center of the nucleus to 0.1 of that value in about 2.4 fm. The charge 
density has the shape shown in Fig. I.1.2. This effect [Seeger (67)] and others 
are reviewed by J. Janecke (69) to whom the reader is referred for further 
details. It should also be remarked that the calculation also neglects the finite 
size of the protons and neutrons (see Chapter VIII). This and other electro- 
magnetic effects are discussed by Auerbach, Hufner, Kerman, and Shakin (72). 
The effect of the finite neutron size is discussed by Bertozzi et al. (72). 


7. THE NUCLEON-NUCLEON FORCE AND NUCLEAR STABILITY— 


QUALITATIVE 


It has become evident from our discussions up to this point that although 
some properties of nuclei do not require a detailed knowledge of the nuclear 
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force for their qualitative elucidation, we have to analyze the effects of the 
nuclear forces if we want a more thorough understanding of nuclear structure. 
In the Fermi gas model the equilibrium density of nuclei is taken as a parame- 
ter, but if we want to understand why the density is roughly constant and 
predict its experimental value, we must make use of the properties of the 
nuclear force. In order to obtain a more quantitative determination of nuclear 
parameters, like those of the Weizsacker formula, than that provided by the 
Fermi gas model, we must take into account in a more detailed way the 
interactions among the nucleons. 

In the introduction to this chapter we have already referred to some of the 
difficulties connected with the formulation of a dynamical Schr6édinger 
equation for the nucleus. For the sake of our present discussion we shall make 
the very plausible postulate that the nucleus is governed by the nonrelativistic 
Schrédinger equation (see Chapter I): 


(S+ Y vs) vA = BML A) (7.1) 


i< j=l 


with boundary conditions on y that are appropriate to the problem we are 
dealing with. Furthermore, we assume that the interaction v,; is independent 
of A; in other words the same basic interaction 1s to be taken for the analysis 
of ?°Pb, say, as is taken for the analysis of two-nucleon scattering. Of course, 
inside a large nucleus collisions between nucleons occur over a range of 
relative momenta, and in the presence of the rest of the nucleus. Therefore, 
among other things, the calculation of the dynamics of a large nucleus at a 
given total energy involves a knowledge of two-nucleon system over a wide 
range of energies and momenta. 

Let us first try to estimate the range of relative momenta in collisions 
between two nucleons in a nucleus. The probability density of finding in a 
degenerate Fermi gas two particles each with momentum of magnitude k 
relative to the motion of their center of mass is proportional to the integral 


| dk; dk» 6(3|(k, — ks)| — 2 


since each particle is uniformly spread over the various space elements in 
momentum space. The evaluation of this integral yields for the desired proba- 
bility [see Gomes et al. (58)]: 


rat se tae) k<k 7.2 
wk p? 2 Kr 2 Kr _ = wo 


The distribution of relative momenta corresponding to (7.2) is shown in 
Fig. 7.1. 
The most probable relative momentum is approximately ky ~ 0.6 kp. At 


P(k) dk = 


144 FERMI GAS 


the observed nuclear density this corresponds to a relative kinetic energy of 
(note the use of reduced mass M/2) 


— 92(0.6-kr)? 
“°  "2(M/2) 


In other words, the most probable collisions between nucleons in the nucleus 
correspond to nucleon-nucleon scattering at 30 MeV in the center-of-mass 
system, or 60 MeV in the laboratory system, that is, the system in which one 
nucleon is initially at rest. 

The maximum relative momentum is kp (that is, when the two nucleons have 
equal and opposite momenta, both equal tok); because of the reduced mass in 
the relative motion this corresponds to a relative kinetic energy that is twice 
the Fermi energy of a nucleon, that is, about 80 MeV in the center-of-mass 
system. It takes 160 MeV incident protons to reproduce these conditions in 
nucleon-nucleon scattering when the target nucleon is at rest (laboratory 
system). | 

We see therefore that in the description of nuclear dynamics we shall depend 
primarily on the nucleon-nucleon interaction up to energies of ~200 MeV in 
the laboratory system. In other words, potentials v;; that can be made to fit 
the nucleon-nucleon data up to laboratory energies of 200 MeV should be 
sufficient for the description of the dynamics of complex nuclei as well. This 
conclusion relies heavily on the picture of independent-particle motion in the 
nucleus with no correlations beyond those implied by the Pauli principle. To 
the extent that we shall find later that additional important correlations exist 
between nucleons in the nucleus, we shall have to review this conclusion. In 
particular, if, as seems to be the case, there are significant short range correla- 
tions, that is, if the nuclear two-body density p(r,re) 1s significantly different 
from the Fermi gas model density pr(r,,re) for small values of r = |r — rel, 
then higher relative momenta will be involved in the collisions between 
nucleons in the nucleus. In that event the potentials used for the study of the 


= 27 MeV 


f(x) 
0.! 


x 
O 2 4 6 8 1.0 


FIG. 7.1. The function f(x) = x2(1 — 3x-+ 3x°]x < 1 that describes the distribution of rela- 
tive momenta in the Fermi gas model. 
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dynamics of nuclei should be made to fit the nucleon-nucleon scattering data 
at higher energies as well. 

In principle, even this may not be sufficient. There is another refinement, 
whose effects thus far have not been extensively studied, and which should be 
mentioned at this stage. To solve the Schrodinger equation (7.1) for the bound 
states we can proceed by choosing an arbitrary orthonormal set of anti- 
symmetric function ®, of the A-nucleons satisfying the proper boundary 
conditions, and then diagonalize the matrix (®.| >) Ti + Doic; viz|®e). In 
computing these matrix elements we shall encounter matrix elements of, say 
Vi2 taken between two states of the particles 1 and 2. The statement that v,, is 
independent of A means that these matrix elements could be taken from the 
two nucleon scattering data. However, because of conservation of energy, 
the two-nucleon scattering can supply, in principle, only a special subset of the 
matrix elements (a| 12/6): those in which the two-particle states |a) and | 8) 
correspond to the same total energy, that 1s, these matrix elements are on the 
energy shell. In the A-particle problem, energy is conserved of course for the 
complete A-particle system, but in computing 


A 
(Ba| Do visl Pp) 
i<j=l 
there is no guarantee that matrix elements of vy. will occur only between 
states having the same total energy for particle 1 and 2 alone. Quite the con- 
trary, the Hamiltonian for particles 1 and 2 alone does not commute generally 
with v2, We are therefore sure to encounter in the A-particle problem matrix 
elements of vj. between states of different energies for these two particles. 
Thus, whereas the nucleon-nucleon scattering determines only matrix elements 
on the “‘energy shell’’* of the two particles, the A-nucleon problem also re- 
quires the knowledge of the interaction “‘off the energy shell.” 

Notice that whenever we write the interaction vy. in a certain functional 
form we are actually giving a prescription for the connection of matrix ele- 
ments off the energy shell with those on the energy shell. For example, suppose 
we were to assume that vj. = vw(|ri — re|). For the sake of illustration we dis- 
regard the spin and isospin dependence. What we say is: look for a function 
v(|r; — re|) that reproduces the data on nucleon-nucleon scattering, and use 
the same function for the evaluation of off-energy shell matrix elements. Im- 
plicit in this prescription is the assumption that a potential of the functional 
form v(|ri; — re|), is really adequate to describe the nucleon-nucleon inter- 
action both on and off the energy shell. This need not be the case. The inter- 
action may, for instance, depend on the relative momenta of the two particles; 
or there may be other complications. A more fundamental theory of the inter- 


*"Energy shell” refers to the subspace, in momentum space for which E, + E, 
= constant. 
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actions among particles will eventually give us a unique prescription for all 
matrix elements of v,; or its equivalent, both on and off the energy shell. Until 
such a theory becomes available we shall satisfy ourselves with some simple 
forms of v;;, guided by whatever other information we may have, and keeping 
in mind the above limitations (see Section VII.17). 

Let us now come back to the evaluation of nuclear binding energies and 
their equilibrium density. We have already seen, (2.12), that the average 
kinetic energy in a Fermi gas is given by 


(T) = te == 


Using (2.9) to express ky in terms of the nuclear density p, we obtain 


3 (30?\2/3 h? 
T) = —(— 
©) = o(5) 


The increase of the kinetic energy with density is easy to understand if we 
recall the “Pauli repulsion” among nucleons. Because of this repulsion an 
increase jn density is accompanied by an increase in the density of nodes in 
the wave function and therefore an increase in its curvature; thus the average 
curvature is of the order of magnitude of the distance between the nucleons, 
that is, p~!/3. The kinetic energy is quadratic in the inverse curvature of the 
wave function and, hence, the factor p?/?. 

To obtain an estimate of the equilibrium density of nuclei we have to know 
also the density dependence of the potential energy. We can estimate this in 
the following way: take the interaction between two nucleons to be repre- 
sented by an attractive square well of range b and depth —V,(V» > 0). Ata 
given density there is a probability p for a nucleon to be within the range of 
forces of another prescribed nucleon. The total contribution to the potential 
energy will therefore be 


p?!8 (7.3) 


—A(A — 1 
(vy = Ey, 7.4) 
The probability p can be easily estimated for large nuclei; indeed to the ex- 
tent that we can neglect surface effects it is just the ratio of the interaction 


volume to the total volume, that is, 
4/3)mb3 4 1 
Pee lt = =Sr- bp for o> (7.5) 


For finite nuclei p can be expressed in terms of the 6 function defined by: 
l if x>0 


(x) = (7.6) 
0 if x <0 
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Then 
l 
p(b, R) = oe | He — |r; — re|)dr, dre (7.7) 


Note that d@/dx = 6(x), so that (7.7) can be obtained by integrating (7.2), 
after proper transformations. Upon integration we obtain 


b \8 9 b 1 /b\3 : 
(G) l'- zeta) | ee 


1 if R< 


7. 
p(b, R) = = 


b 
2 
b 
2 
where R is the nuclear radius—that is, Q = (4/3)7R*. For R > &, (7.8) goes 


over to (7.5) as expected. 
Introducing first the approximate form of p, (7.5), into (7.4) we find that 


(V) = —32-Ab*'Vop for = =R>b (7.9) 


where we have taken A > 1. The total energy, in this approximation, takes 
the form 


2\ 2/3 2 
(E) = “4 (2) tl — 27Ab*Vop (7.10) 
where the total average kinetic energy was taken to be A times the average 
kinetic energy (7.3). We see that (EZ) in (7.10) has no minimum as a function 
of p. Thus, in this approximation the lowest energy is (FE) = — ©; the nu- 
cleus has an infinite density and would collapse to a point. This is inconsistent 
with the approximation (7.5) that assumed R> b. We therefore employ the 
exact expression (7.8) for p(b, R). Notice that it deviates from the approximate 
form (7.5) as soon as 6 is smaller than 2R. Using (7.5) in this region shows 
(FE) increasing with large R to a maximum. For R < b/2 and using (7.8) to 
calculate (E) we find that (E) increases with decreasing R. (E£) will thus 
have a minimum at R = b/2. See Fig. 7.2. As can be seen from the approxi- 
mate form of E, (7.10), it also has a maximum at some large value of R. 

We reach the following conclusion: if the density dependence of (V) is 
given by (7.4), where the density dependence of p is given by (7.8), then nuclei 
will fall apart if their density is below a certain critical low density, and once 
they are compressed beyond this critical density they will collapse into a 
sphere of radius ~b/2, b being the range of the nuclear attractive interaction. 


The density will then become p ~ and the total energy (E), 


A 
(4/3)m(b/2)° 
(7.10) will be proportional to A?. 

This conclusion is in violent disagreement with experiment. Nuclei are ex- 
perimentally known to have more or less a constant density, but certainly not 


T 


Energy in 10''eV ——> 


—6 —0.010 


FIG. 7.2. A schematic picture of the average potential energy V = (V), kinetic energy 
T = (T) and total energy E = (E) as a function of nuclear radius R. R, is the point in 
which E attains its maximum value [taken from Blatt and Weisskopf (52)]. 


a constant radius. Also, their binding energy is roughly proportional to A, 
but certainly not proportional to A?. Something must be wrong with our 
arguments, and it is not too difficult to see where it went wrong. Indeed, as 
long as we assume that the nucleon-nucleon interaction is purely attractive 
within a range b, we are bound to have a collapsed nucleus of this radius. The 
Pauli repulsion does tend to keep nucleons apart, but having only a p?/* de- 
pendence it is not sufficient to overcome the gain in potential energy, which is 
proportional to p, if all the nucleons are within the range of their forces. It is 
also clear why such nuclei will not collapse to sizes smaller than b; a decrease 
in size beyond b is accompanied by a further increase in kinetic energy with- 
out a compensating gain in potential energy. 

It is clear that the attractive square well adopted for the nucleon-nucleon 
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interaction is at fault. We must take into account the repulsive parts of the 
nuclear interaction. The equilibrium density observed in nuclei must be the 
combined effect of the Pauli repulsion, the dominant nucleon-nucleon attrac- 
tion, and the particular features of the nucleon—nucleon repulsion. In fact, 
the analysis of nucleon-nucleon scattering does show (see Section (/.3)) the 
presence of a strong repulsion when the nucleons are sufficiently close. Its 
clearest manifestation is the vanishing of the 1S-phase shift at a laboratory 
energy of about 200 MeV. As we shall show below, this leads to equilibrium 
density that is independent of A. Indeed, we saw that as the density increases, 
Kr increases as well. The distribution of relative momenta in a Fermi gas ex- 
tends up to k,, so that an increase in density leads to the introduction of higher 
components of relative momenta into the wave function. If a part of the nu- 
clear force becomes repulsive at certain high relative momenta, it will not pay 
energy-wise for the nucleus to increase its density further, and we can therefore 
expect that the nucleus will stop collapsing at a corresponding density. At any 
rate, since the two-particle relative momentum distribution in a system of A- 
fermions depends on the density, rather than the size, of the nucleus, we see 
why the onset of nuclear repulsion at a given relative momentum would lead 
to stable nuclei of a given density rather than of a given size. 

Let us try to estimate this density somewhat more quantitatively. The 
main effect of a repulsive core on the many-nucleon system is the introduction 
of a further correlation between the nucleons. The Pauli repulsion gave two 
identical nucleons a zero probability of being at exactly the same place, but a 
repulsive core extends this absolutely “forbidden zone’’ to a finite sphere 
around the center of each nucleon. The nucleus now looks in a way, like a 
Swiss cheese with “‘holes’”’ around each of the nucleons. For a given density, 
the nuclear wave function has got now less space to spread itself over, and it 
is therefore forced into a bigger curvature. This increases the kinetic energy 
counteracting the tendency of the attractive interaction to make the nucleus 
collapse. 

We have already noticed that the kinetic energy is proportional to p?/%, or 
inversely proportional to 72, where 27, is the average spacing between nu- 
cleons [(47/3)ro® is the volume per particle]. If r. is the radius of the repulsive 
core then the kinetic energy should go to infinity as the spacing between the 
nucleons becomes equal to r.. 

We thus take for the kinetic energy of the A-particles the approximate form 
that reduces to (7.3) when r, is zero! 

aA 3 h? (= 


2/3 
A(T ) Ga ey where = SoM =) 30 MeV (fm) 
(7.11)* 


*A more careful analysis shows that T = a A/(rp — 0.8r-)2; we shall, however, 
disregard it here. [See Huang and Yang (57)]. 
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For the average potential energy we take again (7.4) with p given by (7.8). 
Noting that R = roA'? we obtain the expression for the average potential 
energy (we put A — 1 = A): 


A [{b \8 9 b 1 { b\? 
YD BEE] om 


To obtain now the equilibrium density, we want to minimize (JT) + (V) 
with respect to ro. This leads to the equation: 


3V ob? (6 3b l b \3 re\ ir 
4a (*.) [ 7 4 ryAlls T 16 (—,) |p 3 (“)] = 1 (7.13) 


The product Vb? is known from the low-energy scattering data, and to good 
approximation 


V ob? = 100 MeV (fm)? 


With the value of a given by (7.11) we can proceed to solve (7.13) numerically 
for ro in terms of r,, b, and A. With b = 1.8 fm andr, = 0.4 fm one then ob- 
tains values of rp that range between 0.9 fm and 1.5 fm as A changes from 4 
to 216. The experimental value of ro is around 1.2 fm. We see therefore that 
even this crude model for the average kinetic-potential energies is sufficient to 
establish a “‘scale’’ for nuclear sizes based on the radius of the hard core, and 
the interaction radius. The average spacing between nucleons or more pre- 
cisely the constant 7, that relates the nuclear radius to its atomic number 
R = r,A?/3, turns out to be about three times the hard core radius. 

A close inspection of (7.13) allows us also to establish various limits on Vo, 
b, and r, that determine whether a bound state exists at all. If there is a (real) 
solution to (7.13), then there are generally two solutions: the smaller solution 
ro< corresponds to the equilibrium density and the bigger solution represents 
that value of ro, beyond which the nucleons will not form a bound state. In 
other words, if we were to bring nucleons together‘with an average separation 
bigger than 75 and leave them there, they will fall apart so as to reduce their 
kinetic energy; if, however, we were to compress them so that their average 
spacing became smaller than /os, the attractive forces between them will over- 
come the repulsive effects of the kinetic energy, and the nucleons will eventu- 
ally settle at a density determined by oc. 

Extensive numerical calculations [see Bethe (71) for a survey of this work] 
have shown that the effects of the repulsive core and the exclusion principle 
do not suffice to establish the correct value of equilibrium density. The effect 
of the tensor force and the exchange potential turns out to be the required 
additional critical elements. As a function of the density, the contribution of 
the tensor force to the binding energy decreases with increasing density. This 
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phenomenon 1s well known from early calculations comparing 7H and *H 
binding [Inglis (39), Pease and Feshbach (52)]. In the absence of tensor forces 
the ground state of 2H is 35,. The tensor force coupled the *S; with a 3D, state. 
A very similar situation prevails for 7H. The ground state is principally 71/2 
that by virtue of the tensor force couples with *D,;. states. This coupling is, 
however, much less effective in *H because it is a system much smaller than 
2H. As a consequence the unperturbed D state is located at a much greater 
energy in °H than in ?H, the angular momentum barrier being much more 
effective in 3H. Thus the contribution of the tensor force to the binding energy 
of the denser system °H is relatively smaller. 

Much the same effect occurs in nuclear matter with the Pauli exclusion 
principle playing a role similar to that of the angular momentum barrier. In 
this case the tensor forces can couple the 3S states in nuclear matter, only to 
unfilled *D levels lying above kr. As the density increases so does kp and, 
therefore, the energy denominator of the second-order perturbation theory 
increases with increasing density. Hence the tensor force becomes less effec- 
tive as the density of nuclear matter increases. 

This effect is illustrated .in Fig. 7.3. The 1S contribution to the binding energy 
of nuclear matter does not involve the tensor force. As kp and the density in- 
crease, its contribution increases in magnitude. It does not saturate: Contrast 
this behavior with that of the 3S whose growth with kr parallels that of the }S 
for low ky but as kr grows the rate of increase decreases and finally the *S 
contribution turns around and begins to decrease. This is the effect of the 
tensor forces. 


FIG. 7.3. Contribution to the binding energy per particle in nuclear matter of the !S and 
3S states as a function of the Fermi momentum kp according to Sprung (quoted by 
Bethe (71)]. 
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The effect of the two-body exchange potential can be illustrated by choosing 
the appropriate terms from OPEP (Eq. I. 3.5): 
1 g? 
or = 5 >, MxC7(6)- 62)(t1-42) Y(uri2) (7.14) 
3 he 
where 
Y(x) = e-*/x 


For spin singlets (6,-é2) = —3, spin triplets = 1. Therefore for the two-body 
state (T = 1, S = 0) such as the 185 (Table I.6.1) 
1 
Veg = —3 (; z mac*) Y(urie) (T= 1,8 = 0) 


an attractive force. The other 7, S combinations are shown in Table 7.1. 


TABLE 7.1 Value of 6;-62 t1-t2 for Various Values of the Total Spin S and 


Ilsospin T 
Value of Nature of 
(S,T) State 6, - Go Ty +b Potential 
S=0,T=1 15, 1De, etc. —3 Attractive 
S=1,T=1 3Po,1,2, etc. 1 Repulsive 
S = 0,7 =0 1P,, IF, etc. 9 Repulsive 


S = 1, T=0 3$1, 3D)\.2,3,5 etc. —3 Attractive 


From Table 7.1 it is clear that the 1P, state is strongly repulsive. This feature 
remains when the full nuclear force is considered, and is borne out by the ex- 
perimental nucleon—nucleon scattering. These terms thus contribute an addi- 
tional repulsive energy that is required for saturation at the observed value of 
the density. The contribution of both the S and P states to the potential energy 
per particle is shown in Fig. 7.4, where the repulsive nature of the latter is 
clearly seen. 

In conclusion, we see that saturation and the particular value of the density 
realized in nuclei is the consequence of many effects, that of the Pauli exclu- 
sion principle, the repulsive core, the behavior of the tensor force contribution 
as a function of density, and the repulsive nature of the potential acting be- 
tween particles in relative P states. These compensate for the attractive forces 
such as those in the S states that by themselves would lead to a collapse of 
the nucleus to very small radii. 
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FIG. 7.4. Contribution of the S and P states to the binding energy per particle in nuclear 
matter as a function of the Fermi momentum kp according to Sprung [quoted by Bethe 


(71)). 
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CHAPTER Ill 


THE PROPERTIES 
OF NUCLEAR 
MATTER 


It is most remarkable that, in spite of the relatively strong nucleon-nucleon 
interaction, a description of the nucleus as consisting of noninteracting nu- 
cleons moving in a common potential provides a rough but reasonable ap- 
proximation to nuclear properties. In the preceding chapter the simplest 
possible potential, that of a box with infinitely repulsive walls was used. Even 
in that case we found that, by choosing the radius of the box so as to obtain 
the observed density, the prediction of various nuclear properties were at 
most a factor of two away from their observed values. In later chapters a 
more sophisticated common potential will be used but the surprising conclu- 
sion remains: that the major effect of the strong nuclear force is to fix the 
density. The nuclear forces and the Pauli principle act so as to provide the 
common potential well that with the action of the Pauli principle determines 
the nuclear density. The residual interaction, the difference between the 
nucleon-nucleon interaction and the common potential, may be treated as a 
perturbation. Although the perturbation is not always “‘small,”’ the underlying 
picture of the nucleons moving independently remains. To be sure these “small 
effects are responsible for many of the striking features of nuclear structure 
and their analysis forms the subject matter of a greater part of this book. In 
this chapter our primary concern will be with the question: 

Why is it that the nucleons in a nucleus exhibit such a high degree of inde- 
pendence? 

The discussion in this chapter will emphasize the physical concepts involved; 
many of the arguments used will be intuitive. A more precise and more 
rigorous analysis is presented in Chapter VII. 

The independent-particle picture and the saturation exhibited by the 
Weizsacker semiempirical formula (II.3.1) are closely connected. If a nucleus 
consists of A noninteracting nucleons moving’ in a common potential, its 
binding energy will in the first approximation be proportional to A. It is 
the nucleon-nucleon interaction acting between all the particles which would 
give rise to a binding energy proportional to A(A — 1). In Section II.7 we 
gave an intuitive explanation of this phenomenon. In this chapter it 1s neces- 
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sary to deepen our understanding and to establish a connection and thereby 
the reason for the validity of the independent particle picture for nuclei. 

The term in the semiempirical mass formula of interest is the one with the 
a, coefficient. It is the one proportional to A. The other terms, the surface 
energy (a2), the Coulomb energy (a3), the symmetry energy (a,) have been 
discussed in Chapter II and the origin of their A and Z dependence is reason- 
ably well understood. It would therefore be useful to discuss a physical situa- 
tion in which the a, term is isolated. If the semiempirical mass formula is valid 
for all A, this will occur for A infinite. In this limit the binding energy per 
particle equals ay. 

Of course it is possible to question this extrapolation. The extrapolation 
does seem reasonable in virtue of the excellent fit to the known binding en- 
ergies of the whole known periodic table obtained with the semiempirical 
mass formula. 

The reason for the finite limit on the charge of stable nuclei is believed to 
be known: it concerns the competition between the repulsive Coulomb forces 
and the attractive nuclear forces; since the former have an infinite range wheres 
the range of nuclear forces is finite, it is obvious that when the nucleus radius 
gets to be several times the range of nuclear forces, the Coulomb force will 
overcome the nuclear attraction and the nucleus will split. Nuclei thus become 
unstable against fission into smaller components and a natural limit to sizes 
of stable nuclei is set. It is interesting to estimate roughly when nucle} become 
unstable against fission. We know from the mass formula (Eq. II.3.1, the a 
term ) that the nuclear binding energy per particle is about 16 MeV. It is ob- 
vious that once the repulsive Coulomb energy per particle becomes of the 
same order of magnitude, nuclei will certainly become unstable. The Coulomb 
energy of a uniformly charged sphere of radius R is (3/5 )(Ze?/R) = (3/5): 
(Z2e2/r,A'/8). Hence we expect the limit of stability to satisfy 


3 Ze? 
5 7A‘ < 16 MeV 
where 7) = 1.2 fm, that is, 
ZZ 
A4i3 < 25 


Actually we shall see later that considerably lower limits can be put on the 
size of the biggest nuclei that are stable against fission; but we note that for 
the heaviest known stable nucleus—?28U—we have Z?/A+4/? ~ 6, well within 
the limit derived above. | 

From the above considerations it is apparent that if we are willing to dis- 
regard Coulomb effects we are probably justified in supposing the possible 
existence of very large nuclei. One should, however, bear in mind the pos- 
sibility that a “correct”? mass formula may include additional and more com- 
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plicated functions of A with very small coefficients. Such terms will not affect 
the masses of known nuclei but may be important in infinite nuclei. The 
possible existence of neutron stars makes such considerations not too aca- 
demic, but we shall not enter into them here. 

To stress that we are dealing with a somewhat hypothetical system, a special 
name has been given to it: nuclear matter refers to an infinite system of nu- 
cleons—neutrons and protons—interacting with the full nuclear interaction, 
but with their electromagnetic interaction switched off. To be even more 
specific, the masses of the neutron and the proton are assumed to be equal, so 
that in nuclear matter there is no way of telling the difference between a-neu- 
tron and a proton: they are just the two possible states of a nucleon. The 
particles in nuclear matter are thus nucleons, which have two internal degrees 
of freedom—spin 6 and isospin +; each nucleon can be found in one of four 
internal states (spin up—isospin up, spin up—isospin down, etc.), and the 
total wave function is required to be antisymmetric with respect to the ex- 
change of all the nucleons. 


1. THE INDEPENDENT-PARTICLE APPROXIMATION 


Formally the problem is best defined as that of N-nucleons in a box of volume 
Q, satisfying the Schrédinger equation 


(x Ts + 5 » VU) aC. -5) = EW,(1,...,N) (1.1) 
i=1 Hj 


where VW, (1, ..., N) is required to satisfy periodic boundary conditions, and 
is taken to be normalized in the box: 


[ua ..., NW (l,..., N)d(1)...d(N) = 6(a, a’) (1.2) 


The integral in (1.2) stands for integration over space coordinates and sum- 
mation over spin and isospin variables. The results for whatever quantity is 
calculated are then evaluated in the limit N — © and 2 — o taken so that 
the density remains unchanged 


: N 7 
lim (= 4 = po. (1.3) 
N- 00 2 


Q- co 


It is in this limit that we shall discuss the various properties of nuclear matter. 

In more refined treatments of infinite quantum mechanical systems in their 
ground states there is another limit to worry about, that of 7 — 0 where T 
the temperature of the system. Our physical systems are all studied at finite 
temperatures, and are therefore to be found distributed among various states 
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according to the Boltzmann distribution.. Due, however, to the smallness of 
the Boltzmann constant 


= 8.6 X 10-5 eV (deg K)"} 


we see that even_at room temperature the probability of a state 1 eV above 
the ground state to be occupied as a result of thermal equilibrium is about 
e—*° and thus negligibly small. Therefore in calculating various properties of 
real nuclei, it is perfectly legitimate to go to the limit JT — 0 at any stage. For 
large nuclei, however, the excited states lie at lower energies the larger the 
system is. For a system of linear dimensions of 1 cm, the characteristic excita- 
tions lie at an energy of AE = (1/M)(h/1 cm)? ~ 10-"" eV. Since now kT > AE 
even for temperatures of 10-* °K, the proper procedure really is to evaluate 
the various properties of the system at finite temperature, go first to the limit 
Q — o, and only then to the limit T — O. In our discussions in this chapter 
we shall disregard the temperature and calculate nuclear matter properties 
in the ground state of (1.1) for finite 2; this actually means that we take the 
limit 7 — 0 first. To the extent that the two limiting processes are interchangeable 
that really does not matter, but one must watch out for strange effects that may 
be due to the noninterchangeability of the limits 2 — o and T — 0. 

Returning to (1.1) we begin by asking for its solution in the independent- 
particle approximation. When the interaction v(ij) = 0 this solution con- 
sists of independent particles; the spatial dependence of each is described by 
a plane wave. To simplify notation we shall refer to the different quantized 
states allowed in the box by greek letters a, 8, . .. where each letter stands for 
both the momentum associated with that state as well as the z-component of 
the spin and third component of the isospin: 


a = (Kea, Msa, Mra ) (1.4) 


In the Fermi gas approximation a single-particle wave function is then given 
by 


1 
a(kK) = —=x(Mse, Mra) eXp (ik -¥ 1.5 
$ba(k) = Tex (Meas Mra) EXD (iKa-F er) (1.5) 
where x (sa; Mra) 1S the spin-isospin wave function. These functions form a 
complete orthonormal set. The N-particle wave function is given, still in this 
approximation, by the Slater determinant 


[P.(1,.-.,N)] = det |ga:(1), bas(2),.--- Gav(N)| (1.6) 


] 
/N! 
where qi,..., ay are the occupied states (the N-lowest states if [@,]1is to be 
the ground state of the system). The bracket will be used to indicate anti- 
symmetrization. 

We consider now the independent-particle approximation in the presence 
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of the interaction. The independent-particle wave function is still of the form 
(1.6). Because we are considering an “infinite” nucleus, it follows immediately 
that the single particle wave functions ¢,(k ) are given, even in the presence of 
an interaction, by (1.5). This is a major simplification, one which 1s character- 
istic for nuclear matter. The reason lies in the translational invariance of the 
nuclear Hamiltonian in this case. This means that the Hamiltonian does not 
change when the origin of the coordinate system is shifted. It is thus possible 
to find a solution of (1.1) that upon shifting the origin remains unchanged 
except for a change in phase that does not depend upon the particle coordi- 
nates. This condition for a product wave function can be satisfied only by a 
product of exponentials. The Pauli principle then immediately leads to the 
antisymmetrized wave function (1.6). Under the transformation 


ro = la t+ 82 
this wave function is multiplied by the factor 


exp (i >, ka: 8a) 


Thus the independent-particle wave function 1s unchanged even in the 
presence of an interaction. What does change is the relation between the 
single-particle energy and the momentum k, (see Eq. 1.10 below) and of 
course the energy of the system as a whole. (See (1.13 ) below.) In the following 
discussion we shall describe the nature of these changes. 

In the no interaction case, ¢, is a solution of 


Tha = € aba (1.7) 
where T is the kinetic energy operator and 
h2 
ie a a 1.8 
** "2M eo 


In the presence of an interaction, ¢, will satisfy a single particle Schrodinger 
equation with a translationally invariant single particle Hamiltonian. This 
equation must be of the form 


co 


Téa + | U(r — vr’ )ba(r’ dr’ = €aba (1.9) 


It is easy to verify that the plane wave (1.5) is a solution of this equation and 
Ex = €a + U(a) (1.10) 


where 


U(a) = [ exp (—ik,:r)U(r) ar 
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Obviously U depends upon k, so that the relation between the energy «, and 
k, is no longer necessarily quadratic as in (1.8). 

It remains to determine U(a). This is done by inserting the wave function 
(1.6) into the Schrodinger equation for the system (1.1), multiplying from 
the left by 


&*(2,3,..., A) = daz (2)bas(3) - - - bas(A) 


and integrating over coordinates (2) to (A): 
[aera ...d(A)®* (2, 3,..., A)[LZT: + 320i; 21, 2,..., A) 
= E, | d2)d@) ..., (A )&* (2, 3,..., AW.(1, 2,..., A) 


Note that © is not antisymmetrized and that the normalization of VY, is chosen 
to be: 


| d(2)d(3)...d(A)®*W. = ¢2,(1) 


It is now simple to recover (1.10) and determine the potential energy term. 
It is 
N 
U (a1 )be,(1) = [eae ... a(A)&* ( >» vii, 1)) wv, (1.11) 
1=2 
The factor 1/2 no longer appears because both v;; and v,;; are included in the 
original sum. 

For local interactions v(ij), U(a,) cannot depend on the coordinate r, be- 
cause we are dealing with an infinite nucleus, and the potential felt by a par- 
ticle in the state a; is the same irrespective of where it is. But U(a;) may, and 
generally does, depend on the momentum k,, and the quantum numbers 
Msa, aNd M,,. More precisely, it depends on the remaining quantum numbers 
a2,..., ay Of all the other N — 1 states, but since we assumed that we were 
dealing with a given set of occupied states, this is the same as specifying a1. 
Returning to (1.10) k, is still determined by the periodic boundary conditions 
of the box, and its allowed values are the same in both (1.8) and (1.10). Thus 
U(a) is determined once the nucleon density is given. However the energy 
associated with this state is changed as a result of the interaction. Since the 
energy e, determines the frequency of the time oscillations of the single- 
particle wave function and 1/k, determines its wavelength, we see that (1.10) 
is a dispersion formula for a particle moving in a medium in which it interacts 
with other particles. 

The total energy of a Fermi gas is given by 


N 
E,=>) (1.12) 
i=1 
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where e, is given by (1.8). If we take now the interactions into account in the 
way outlined in (1.9) we should be more careful. The potential U(a) is that 
felt by particle in the state a due to all the other particles. If we sum it over 
all states each particle will appear once as a “source”’ of the interaction and 
once as the particle acted upon, and we shall be counting these interactions 
twice. We therefore find that in the approximation represented by (1.9) 


N 1 N 
En = yi, e,4+ pe U (ai) (1.13) 
i=1 =1 


This energy E, for the wave function (1.6) is just the expectation value of the 
Hamiltonian in (1.1) with respect to W, as can be ascertained by a direct 
evaluation. 

Equation 1.13 is the best we can do with an independent-particle wave 
function. We have not really proved here that it is the best approximation to 
the energy (this will be shown in the next chapter when we discuss the Hartree— 
Fock approximation), but the physical arguments that led us to (1.13) 
support this conjecture. 


2. THE INDEPENDENT PAIR APPROXIMATION; THE BETHE- 
GOLDSTONE EQUATION 


To improve on (1.13) we have to go beyond the independent-particle model. 
In terms of the formal treatment it means that we cannot any longer define a 
unique set of states as being fully occupied and the others completely empty. 
Rather we would like to consider a number of Slater determinants [4%, ], 
[Ss], .. . constructed out of different sets of MN _ single-particle states 
(a1,...,an), (B1,...,8n) etc; we can then produce an improved wave func- 
tion by taking linear combinations of [®, ], [®¢ ], etc. 

The physics behind this step is also quite obvious: the N-particles moving 
in their orbits collide with each other from time to time [that is the meaning 
of the existence of an interaction v(ij)]. If we confine ourselves from the out- 
set to just one Slater determinant we give the particles no possibility of coi- 
liding and being scattered from one state to another, since we put at the dis- 
posal of the N-particles exactly N-states. The inclusion of other wave func- 
tions #g, . . . in our description of the system is equivalent to opening up the 
possibility for the particles to collide and scatter into.states different from their 
original ones. 

In determining which additional Slater determinants ought to be included, 
and with what amplitudes, lies the essence of the various approximations to 
nuclear structure. We shall deal in later chapters with a number of different 
approximations and discuss their justification. In this chapter we want to 
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concentrate on a specific approximation known as the Independent Pair 
Approximation. This approximation is motivated by two considerations: 


(a) The success of the independent-particle model in explaining some of 
the nuclear data (see Chapter II) suggests that the next important correction 
has to do with two-particle correlations, ignoring the effects of higher-particle 
correlations. 


(b) The possible existence of a hard core in the nucleon-nucleon potential 
requires a better determination of the two body part of the N-particle wave 
function. Indeed for this case, U(a) of (1.11 ) is infinite. In particular we would 
like the better N-particle wave function (1, ..., NM) to vanish whenever 
any two particles come within a distance r < r, of each other, where r, is the 
radius of the hard core. Otherwise, some of the matrix elements involving 
v(ij) will diverge. We saw in Section II.7 that a wave function that has this 
restriction built into it may give rise to a nuclear density of a reasonable order 
of magnitude. 


As a bonus, this approximation should also indicate why the independent- 
particle model turns out to be as successful as it is. 

The independent-pair approximation focuses its attention on the motion of 
a pair. It asserts that except for restrictions originating in the Pauli principle 
and to be described below, the remainder of the nucleus acts as a “‘spectator.”’ 
There are two limiting situations to bear in mind. First, there is the inde- 
pendent-particle wave function for the pair that holds in the absence of the 
interaction viz. The un-antisymmetrized form is 


|oB) = da(1 os (2) 


The antisymmetrized form is 


V2| [a8 ]) = [ba(] )oe(2)] = [ba (1 bp (2) — 61 Joa (2)] 


The interaction will modify ¢.(1)d¢s(2) by a correlation function, that is 

a function of (1) and (2) and also of a-and 8. The determination of this 

modification is the objective of the discussion that follows. Second, in the 

absence of the rest of the nucleus, that is, under “free field’? conditions, 

the two-particle wave function satisfies the two-body Schrodinger equation. 
Consider the two-particle Schrédinger equation 


(i + Te + vie W2) = Ey (12) (2.1) 


We ask how is this equation modified by the fact that the two particles are 
inside nuclear matter. We want to find a solution of that modified equation* 


*In (2.1) ¥(12) is assumed not to be antisymmetrized. If we look for antisym- 
metrized solutions denoted by [y¥i2] then we ask for the modification of 
[Ga(1)¢e(2)] part of [®,]. For further discussion see problem on p. 165. 
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that could replace a given two-particle part ¢.(1 )¢s(2 ) in the Fermi-gas wave 
function [®,] and represent an improvement over [®, ] in the sense referred 
to at the end of last section. This is essential if there is a hard core in the nu- 
cleon-nucleon potential. The Fermi gas wave function [®, ] does not vanish 
when |r; — r;| <r. and, hence, for interactions with a hard core, vi2V, is 
infinite whenever |r, — re| < r.. We may think of accounting properly for 
the two-particle correlations by utilizing somehow the exact scattering solu- 
tion of (2.1). This solution, being exact, will make sure that v2 (12 ) does not 
diverge for any value of |r; — r2|. However, a two-particle scattering solution 
is not appropriate: if we expand it in terms of the independent-particle wave 
functions we find that it generally contains components in all states, including 
states that are occupied by particles other than the two particles 1 and 2 con- 
sidered. In other words, in the presence of other nucleons, we cannot consider 
the interaction between 1 and 2, as just giving rise to a scattering identical 
with that which would result if the other nucleons were not present. This will 
violate the Pauli principle and will be of no use for us in our present problem. 
Actually what we want is to solve (2.1) with the additional restriction that 
whatever scattering states it leads to will be outside of the occupied states. We 
can even relax this condition somewhat: since we want to replace a two- 
particle part of ®, by a solution of (2.1), we can allow scattering also into 
the two occupied states in ®, that are to be replaced. 

Let us concentrate on two occupied states a and 6. We define a projection 
operator Q.g(12) so that if f(12) is any two particle function, then 


Oaa(12)f(12) = |aB){aBlf) + QE [ru)- Oulf) (2.2) 
An 
where \u run over all unoccupied states and 


(px|f) = | saei@ya2da ae) 


Q.g(12) 1s a projection operator that projects on to the unoccupied states 
and on to the specific state ¢.(1 )¢s(2). It is a hermitian operator as can be 
seen from the equality 


(Oflg) = <f| Qs) (2.3) 


and 
OQ.” — OF 


It also commutes with 7; + J». and when written in coordinate space it is a 
nonlocal operator. 
It follows from (2.2) that 


Q.s = |aB)(aB| + Or 
Or =D) |) (Au (2.4) 
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We now modify (2.1) so that only the states allowed by the Pauli principle 
can become involved in the scattering. The resulting equation is known as 
the Bethe—Goldstone equation [Bethe and Goldstone (57 )]: 


[Ti + T2 + Qap(12 )v(12) Wap (12) = Eappap (12 ) (2.5) 


It is an equation designed for the description of the motion of two interacting 
fermions, in the presence of other fermions that affect particles 1 and 2 only 
via the Pauli principle. In the independent pair approximation this is the only 
way the spectator nucleons affect the two-particle wave function. The insertion 
of the operator Q.,(12) to the left of v(12) is meant to prevent v(12 Wag (12 ) 
from leading to any of the occupied states. Thus if ¢,5(12) is a two-particle 
Slater determinant involving occupied states different from (a6) (either 
both y and 6 are occupied or just one of them is), then it follows from (2.2) 
that 


(,5(12)| Qaav(12 Wap (12)) = 0 (76) occupied and ¥ (a6) (2.6) 
The potential in (2.5) is not hermitian since 


[Qusv(12)]' = v(12) Qos Qaev (12) 


This difficulty is only apparent. To see this note first that Y.,(12 ) may be de- 
composed into two components 


Wop = Qaphap + (1 — Qas ap (2.7) 


The equations satisfied by the two components of as in (2.7) can be obtained 
by inserting (2.7) into (2.5) and operating on both sides of that equation by 
Qs yielding the equation 


(Ti + T2 + Qapvi2Qap )QapWas + Qapvi2(l — Qap Wap = EapQaphap (2.8) 


Note that the commutativity of 7, and 72 with Q.s has been used. If we mul- 
tiply (2.5) from the left by (1 — Q.g) we obtain [note (1 — Q.ig)Qag = 0] 


(Ti + T2)(1 — Qap Wop = Eap(l — Qas Wap (2.9) 


We see that (1 — Qas)Was. satisfies the zero potential equation. Hence its 
solution is one of the many levels |é) that have the energy E.,. However the 
essential point is that the amplitude of the (1 — Qcag)vag component is not 
determined by (2.9). Choosing that amplitude is thus one of the conditions 
needed to make the solution of the Bethe-Goldstone equation unique as can 
be directly seen from (2.9). The choice is made by requiring 


(1 — Qap Wap = 0 (2.10a ) 


A consequence of (2.10a) is that in the filled states in ya can contain only 
|a8). In- that event (2.8) becomes 


(Ti + Te + Qapv(12 )Qap as = Eaphag (2.10b ) 


INDEPENDENT PAIR APPROXIMATION 165 


and now the potential is hermitian. 
The solution of (2.5) is not antisymmetrized since Q,, is not symmetric. 
However it does satisfy the condition 


Wap (12) = Wea(21) (2.10c ) 


Problem. Prove that the antisymmetric combination 


[Yap] = Yap (12) — Yee(12 ) 


satisfies 
(Ti + Tz) [pop] + [Qap Wie [Pos] = Eas [Pas J (2.10d ) 
where 
[Qa] = | [28 ])(fo6] + 2] Ded) (De) 
where 
1 1 
[[e8]) = Wp [$a (1 )os(2) — $61 ba (2)] = V3 [dade ] 
Prove that the condition replacing (2.10a) becomes 
(1—[Qag]) [Yas] = 9 (2.10e) 


We have of course not derived (2.5). A derivation will be given in Section 
4 and also in Chapter VII. 

To summarize, then, we shall be looking for solutions of the Bethe—Gold- 
stone equation (2.5), or its equivalent form (2.10b ) that satisfy (2.10a ). These 
solutions will then consist of ¢.(1 )¢s(2 ) plus a “correction” that has compo- 
nents only outside of the occupied states. It will thus represent a sort of a 
scattering state for the pair in the Fermi gas, which takes into account the 
effects of the Pauli principle by excluding scattering into the occupied states. 
Note that the antisymmetric solution [yag ] can be obtained either by solving 
(2.10d) or by combining two solutions of (2.5), Yag(12), and Wg. (12). 

Since we shall consider (2.5) primarily for potentials v(12) with a hard 
core, it may be worthwhile to look more closely into the behavior of (12 ) 
for |r, — r2| < r.. For such short separations, v(12) on the left-hand side of 
(2.5) becomes infinite; since the right-hand side is proportional to y¥., (12), 
which must remain finite, it follows that on the left-hand side of (2.5) Wag 
must satisfy 


Vas (12 ) = 0 for [ry = r| < Pre (2.11) 
If (2.11) is now substituted on the right-hand side of (2.5 ) it follows also that 
QO. (12 )v(12 vag (12) = 0 for lri — fe] < re (2.12) 


The product Qag (12 )v(12 vas(12) becomes finite for |r; — re] > 7. It is 
possible to show that at [r, — re| = r, the product v(12)Wo.g(12) has a 6- 
function discontinuity (see Bethe and Goldstone (57)). Its origin is in the 
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fact that for |r; — re| < r. both Wog(ti, re) and Oas (M1, F2)/O(|ri — rel ) 
must vanish. In order to obtain a nontrivial solution to (2.5) it is then 
necessary for the derivative of y.g to be discontinuous at |r; — re| = re. 
(T,; + T2)~i2 consequently involves a 6-function singularity, leading via (2.5) 
to the singularity in v(12 )Wag (12 ). 

The reader is referred to the paper of Bethe and Goldstone (57) for the 
detailed study of the solutions to (2.5). For more recent discussions see 
Bethe (71), Sprung (72) and Day (67). We shall also return to this question 
in Section 6. Here we shall satisfy ourselves with just a few comments on these 
solutions. 

The solution ¥.g(12) to (2.5) or (2.10b ) can be expanded in a series of the 
functions ¢,(1 )¢,(2). Because of (2.10a) it will include just one function 
from the occupied states: ¢.2(1 )¢g(2), so that we obtain 


Wap (12) = a(1)bs(2) + DY Ci dr(1 on (2) (2.13) 
Au 


Looked upon as a two-body Schrodinger equation, (2.10b ) gives the scattering 
of particles 1 and 2 off each other under the influence of the mutilated inter- 
action Qasv(12)Qag. In (2.13), >> x, Chex (1)¢,(2) then represents the 
“scattered wave.’ Since the unoccupied states lie, by assumption, higher in 
energy than the occupied ones, the “‘scattered wave’’ consists of no part that 
has the same unperturbed energy as ¢.(1 )¢s(2 ). Since at large separations of 
1 and 2 all components of (12) must have the same energy it follows that the 
scattered wave can have no amplitude at infinity. 

This is a very important result, due entirely to the Pauli principle that blocks, 
for particles 1 and 2, all states that are energetically degenerate with ¢,(1)- 
os(2). As a result of this blocking the interaction between two particles in 
occupied states can modify their wave function at relatively short mutual dis- 
tances, but cannot affect it at large relative separations. We shall return to 
this point later. 

Notice that the innocent looking operator Q.ag causes in reality a very ap- 
preciable change in vy. If we neglect for a moment the spin and isospin vari- 
ables we obtain from (2.4) 


w(t, fo) = Qepv(t1, Fe) = balls yonces) | ball Joe (Fo )¥( [ry a r2| )dr dr. 


i Gaui) | CRTC eB Merc 
TaN 


Note that w(ri, re) is an operator. The integrations on the right-hand side of 
(2.14) are to be performed only after multiplication by a function of r; and ro. 
Thus even if v(|ri1 — re| ) has a short range and vanishes for |r, — re| > ro, 
w(r1, 2) = Qasv(|r1 — Fe| ) will generally have a range as large as that of a 
typical ¢, (r1 )¢s(r2) and will not vanish for |r; — re| > ro. The physical reason 
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for this result is obvious: Q.g has to see to it that all the components of 
v(12 )Wag(12) in the occupied states should vanish. It should therefore be 
effective wherever an occupied state is to be found, and thus leads to a range 
comparable with that of a typical ¢, (r1 )ds (rz ). 

Intuitively we would expect Wag (12) to be a better description of a pair than 
da(1 )bs (2), since, as we have stressed, ¥.g(12) includes also corrections re- 
sulting from the virtual scattering of the pair into unoccupied states. A formal 
treatment of this problem, which would also point out which terms in the per- 
turbation series are included by replacing ¢. (1 )¢g (2 ) by Wag (12 ), will be given 
in Chapter VII. Here we would just like to make some additional observations 
on the solutions of the Bethe-—Goldstone equation and their relation to the 
N-fermion wave function. 


3. THE TWO-PARTICLE HEALING DISTANCE 


Let us consider again an exact solution V,(1,..., N) of the N-particle prob- 
lem (1.1), and define ®,(1,..., N) to be a non-antisymmetrized independent 
N-particle wave function of the N-lowest states in the box: 


Da = ba; (1 Jha, (2)~.- - day(N) ay < a2... < ay (3.1) 


where the notation a, < az... < ay implies that we order the particles ac- 
cording to the order of the states in the box, so that all a,;’s are different. 

We note that a function @,(1,..., N) in which any two states are identical, 
Say a, = ae, Satisfies: 


foca, 2,..., N)Wa(1, 2,..., N)d(1)... d(N) 

= | #0, 1,3,...,N)¥(1,2,..., N)d(1)... d(N) 

— | xe, 1,3,...,N)¥.(2,1,..., N)d(1)...d(N) (3.2) 
where in the last step we used the antisymmetry of ¥.(1,..., N) (note that 


@, is not antisymmetrized ). Since integration variables are dummy variables 
it follows from (3.2) that 


[22.2.2 NDC 2,.+ DAC). -d(W) = 0 fora; = a2 (3.3) 


In order to separate out from the exact solution a characteristic one-particle 
or two-particle behavior, we define the following auxiliary functions 


— Da 
Pak (k ) 


(3.4) 


Dak 


Pa 

Oe ev een 
Note that in ®, particle i occupies the state a;, and that ®,,, is an (NV — 1) 
independent-particle wave function formed from ®, by taking away the k- 
particle; in ®.,4; two particles have been taken away, etc. The roman sub- 
scripts, k,/..., will denote the single particle quantum numbers to be omitted 
from the set {a}. 

The one-particle structure of ¥,(1,..., N) can be given by 


War(k) = / $,,.Va(l,...,N)d’r (3.6) 


where d’r stands for integration over all the variables except k. W.;, actually 
describes the behavior of a single particle in ¥,(1, .. . , N): that particle 
which, in the Fermi-gas approximation, is assigned to the state a,. Because of 
(3.3) we see that y.,(k ) has no component among the occupied states except 
oa; (k). Indeed, if ¢,(k) is an occupied state with y ~ a;, then 


[ $10 vaL0)a&) = / $,*(1,...,N)Wa(l,...,N)d(1)...d(N) = 0 


since @,(1,..., NM) is a function of the type (3.1) but with two particles 
occupying the same state. 
We can define similarly the two-particle part of ¥.(1, ..., N) by 


[Warar (kl) ] = / ,,4Wa(1,..., N)d’r (3.7) 


where ad’; now means integration over all variables but k and /. We use the 
same notation for the two-particle part of Y, and the Bethe—Goldstone solu- 
tion; this is done in anticipation of the result that the two are the same within 
a certain approximation (see Sec. 4). It should be borne in mind that over- 
lap (3.7) can be quite small. It can be seen easily that [y.,2,] has no com- 
ponents in the occupied states except for [a:60:]- [Waxe,] thus satisfies 
(2.10e ): 


[Qarer] [Warr ] = [Warar] (3.8) 
Problem. Prove that [Weye,(kl)] = — Wara;(lk )] 


We can proceed and define the three-particle part of ¥.(1,..., N), etc. It 
can now be shown [Brenig (57) ] that in the approximation 


V(12 Waratam(123) = v12) [Warar(12 )oam(3) — Param (2 )bar(3 ) 
—Wamat(12 )bax(3)] (3-9) 
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Vara, Satisfies the Bethe-Goldstone equation (2.5 ) with the projection operator 
Qaya; The approximation (3.9) implies that the three-particle structure is 
dominated by the two-particle correlation in the following sense: 


The regions of configurations space in which v(12) is appreciable are those 
for which |r; — r2| < b where b is the range of v(12); (3.9) asserts that there 
is only a small probability also for particle 3 to be then close enough to 1 and 
2 to affect their relative wave function. Actually we could have started with 
(3.9) and derive from it the Bethe—Goldstone equation for y.g(12) (see 
Brenig 57 ). See also discussion 1n Section 4. 


We noticed before, following (2.13), that at large relative separations of 
the two particles, the Bethe—Goldstone solution satisfies 


Wap (12) — ba(1 Jos (2) (3.10) 


| 12 | — © 


Because of the projection operator Qag(12), wag (12) can differ from ¢,.(1)- 
¢g(2) only at short relative separations. The whole validity of the Bethe— 
Goldstone approximation can now be examined in terms of the magnitude 
of ri2 for which y.8(12) effectively goes over into ¢.(1 )¢s(2). This distance 
has been called the healing-distance h.g, picturing the interaction v(12) as 
producing a “wound” in ¢,(1 )¢g(2) by converting it into ~ag(12). [Gomes 
et al (58) ]. For two free particles scattering off each other the healing distance 
is infinite; the existence of a phase shift in the relative function at m1, — © 
indicates that the wound inflicted on ¢,(1 )¢s(2) by the interaction does not 
heal even at infinity. However, when the pair scatters inside a Fermi gas where 
other states of the same energy are blocked by the Pauli principle, no phase 
shifts are possible and yW.¢(12) heals at a finite relative separation hag. 

The two-particle part Woza,;(kl) of the exact solution WV, satisfies the Bethe- 
Goldstone equation only if the approximation (3.9) is valid. This condition 
is automatically satisfied if the distances between particles k, /, and mare large 
enough so that even Waza;(kl) ~ dba; (K bai (1). In order for (3.9) to be valid 
also for smaller distances it is required that Yaxe,(k!) differs appreciably from 
dara, Only for such small separations that there is a very small probability 
of finding particle m within the same region as well. Thus we see that the 
Bethe-Goldstone solution y.g(12) can serve as a valid description of the be- 
havior of a pair only if the healing distance turns out to be smaller than the 
average spacing between particles. Under these conditions the presence of 
particle 3 will not affect Yog(12 ) in those regions in which yog (12 ) reflects the 
the effects of the interaction v(12 ). The effects of this interaction can therefore 
be evaluated ignoring the position of all other particles. This is saying, in 
other words, that an independent pair approximation 1s valid. 

The magnitude of the healing distance 44g, depends on the nature of the 
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nucleon-nucleon force, and ultimately so does the average equilibrium inter- 
particle distance ro. Can a situation be realized in which hyg < ro? Does the 
actual nuclear force lead to a realization of this condition? 

To answer these questions we shall need to carry out more detailed calcu- 
lations, but we may note here some qualitative aspects of this question. We 
saw in the previous chapter that a purely attractive nuclear force of range b 
would have lead to a collapse of the N-nucleon system into a sphere of radius 
~b. An N-independent density was obtained when we took into account the 
hard core, the tensor and the exchange potential components of the nucleon- 
nucleon force. It is the joint effect of all of these elements in the nucleon- 
nucleon force that determined the equilibrium density. The healing distance 
depends, of course, on the hard core radius r,. In fact 


Was (Fie ) = 0 for Vie < Ve (3.11) 
and since ¢a(/1 ds (42) ¥ O for n2 < r, it is obvious that 
hap > Ve (3.12) 


How much /,g is bigger than r, depends on the remaining, that is, the attrac- 
tive, part of the nuclear interaction. If that interaction is strong, the ““wounds”’ 
it inflicts on dag will be felt over large distances; if, on the other hand, that 
attractive part is weak we can expect yg to heal from the wound inflicted by 
the hard core over short distances. The nuclear equilibrium density and the 
healing distance are therefore particularly sensitive to different parts of the 
nucleon-nucleon force. For nuclear forces the healing distance does seem to 
be shorter than the average interparticle equilibrium distance. It 1s due to these 
circumstances that the independent particle approximation, or its slightly im- 
proved version—the independent pair approximation—is valid. 


4. ENERGIES AND WAVE FUNCTIONS IN THE INDEPENDENT 
PAIR APPROXIMATION 


Having discussed the possible validity of the independent pair approximation 
for nuclei, we should proceed to solve the Bethe-Goldstone equation with 
realistic nucleon-nucleon forces and show that it does lead to a short enough 
healing distance. Prior to this, however, we want to see what is the relation 
between the Bethe—Goldstone energies E.g (2.5) and the total nuclear energy. 
This relation will be required for our subsequent discussions. 

We start again from the exact N-particle Hamiltonian (1.1) and assume 
that the set of independent-particle states states ¢.,, (1.5), can serve to con- 
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struct a zeroth-order approximation wave function. Multiplying (1.1) to the 
left with ®, defined in (3.1), and integrating we obtain: 
E, | €.Vd(1)...d(N) = | @,(2T; + D> viz Wad(1)... d(N) 


i<j 


= 2) (ailTar) + Le (oxa;|¥Waraj]) (4-1) 


ay<aj 


where W.,; and Yaja; are the one-particle, (3.6), and the two-particle, (3.7), 
parts of the exact wave function WY, and |a:) = ¢a;(i), |aia;) = ba; (iba; (J). 
The quantum numbers a; denote occupied states. The matrix elements in (4.1) 
are: 


(ai|TPa;) = | gas (i)T as (id (i) (4.2) 
(aia3| V [Yasa; 1) =| dai (i bas (J )¥ (ij Wain; (ij )d (i)d (J) (4.3) 
We notice that 

| Orda a} @,V.d(1)...d(N) (4.4) 
We shall further assume that Y, is normalized in the following fashion 
| @,Vi.d(1)...d(N) = 1 (4.5) 
Observing that 
Tibai(i) = €ahai(i) (4.6) 
we obtain then from (4.1) and (4.2) 
Eq = Leas + Dd, (aia;|¥ [Yaia;]) (4.7) 
ai<aj 


Equation (4.7) is still an exact expression for the total energy of the N- 
nucleon system in terms of its two-particle part [Weja; J. 
If we adopt now for [Yaja;] the solution of the Bethe—Goldstone equation, 
then it follows from (2.10d ) that 
(aia; | Vv Wasa; }) = (aia; | [ Qa ie; ]v [Wasa )) 
~ (ar; | (Baia; cote 8 Vas T2) [Waia; ]) 
= Eaias (ia; | [Woia; ]) (4.8) 
Here 
€ap = Eup — (€a + 6) (4.9) 
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is the change in the zeroth-order energy (e. + e) induced by the Bethe- 
Goldstone interaction [Q.g ]v. The normalization (4.5) of Y, implies also 


(aia; [Yeia; ]) =] (4.10) 
It therefore follows from (4.7) that 
Ea aa Dee; = >a €ajaj (4.11) 
at<az 


where a summation over all occupied states is implied. Equation 4.11 provides 
the connection between the energy change for the two-particle system obeying 
the Bethe—Goldstone equation, and the corresponding correction to the 
zeroth-order energy of the N-particle system. Note that in (4.11) it is eeja; 
that is summed upon, and not £,,.;. The independent pair approximation 
should not be taken to imply the existence of N(N — 1)/2 independent pairs 
in the nucleus. It is only in the correction to the total energy that each pair 
makes its contribution independently. 

The task of constructing the N-particle wave function once the Bethe-— 
Goldstone wave function is known remains. This has been carried out by 
deShalit and Weisskopf (58 ) in the independent pair approximation. Follow- 
ing their procedure define a two-particle correlation factor fig through 


Wap (12) = (1 + fap (12) )ba (1 Jos (2 ) (4.12) 


where wag (12) is the un-antisymmetrized Bethe—Goldstone wave function and 
fap (12) = fea (21). 

We note (2.11) that if the interaction v(12) has a hard core of radius r,, 
the correlation factor satisfies 


fop(12) = —1 for lr: —Te| < re (4.13) 
Also, since Weg (12) — dap (12) for |r; — re| — ©, we conclude that 
fep(12)—- 0 for [ri — r2| — © (4.14) 


Comparing (4.12) with the Bethe-Goldstone wave function (2.13) yields 
fap (12 )ba(1 )bp(2) = Oras (12) = BCLS (1 ou (2) 


Thus fag(12) operating on the Fermi gas wave function leads to unoccupied 
states. It follows that 


| e800 yfas(12 600.40) =O (4.15 ) 


if ms; is an occupied level. Although the properties (4.13 ) to (4.15 ) are common 
to all factors fog, yet for different values of (a8) we generally obtain different 
factors fog(12). In some approximations [Jastrow (55)] the dependence of 
fagp(12) on (a@B) is neglected. 
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We can now write down an N-particle wave function that takes account of 
the independent pair approximation, by using the two-particle correlation 
factor f.g(12). To this end we define 


W122.) = @{[L + farer(12) [1 + fores(13) J. - [1 + fagas(23)].. - 
“LL +P fen-ren(N¥ — 1, N)] barCl )bar(2)--- bay(N)} (4.16) 


where @ is the antisymmetrization operator. The structure of W, is quite 
transparent. It starts with the independent-particle wave function ¢,.,(1).... 
day (NV ) and through the use of the N(N — 1)/2 correlation factors guarantees 
that each pair is properly correlated. 

We shall show that if 


Wap (12) = [l + fares (12 ) Iarbas (2) 


satisfies the Bethe-Goldstone equation (2.5), YW, is an approximate solution 
of the many-body Schrédinger equation (1.1). We shall also show that in the 
same approximation W,, has a two-particle part equal to the antisymmetrized 
[Yop (12) ]. The essential approximation can be described upon expansion of 
the product of the correlation factors in (4.16). 


The leading term is 1; then comes a term 


Ds Saja; (i; J); 

aj<aj 
the next term contains products of two f’s, and of these there are two types: 
“linked”? products in which one of the particles appears twice like fi,e,(12)- 
Forse; (23), and “unlinked” products like fo,e, (12 )fasa, (34), etc. The approxima- 
tion we shall adopt is that of neglecting all linked products of /’s; that is, we 
assume that 


farar (12 )faras(23.) K farar (12) (4.17) 


The physical argument behind this approximation is identical to the one 
behind (3.9); the product foe. (12 )fasa; (23) can only be significantly different 
from zero if all three particles are found simultaneously within a volume of 
order h® where A is the healing distance; if the healing distance is short com- 
pared with the average internucleon distance the probability for this to happen 
is small. 

To determine the extent to which W’, satisfies the many-body Schrédinger 
equation, let us begin by evaluating 
VY. = Di via = @ DL, vl + faiaj (i) Pe 

it j i+ j 


+ @ >> vif) [1 + faiejs() IFS (4.18) 


t+ j 
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where 
Foty = (1 + ferex(12) 101 + fares(13)]. ~~ (1 + faxtey(N — 1, N)] 


— [lL + faias(7)] (4.19) 
For example 


FOr. = De Sevie; Ba 2 pai Sa iaj fore +... 


w<Jj t<j,R<L 
where the prime on the first sum requires the omission of the term fi,a,. The 
double prime in the second sum requires the omission not only of the term 
fase, but also of terms for which (a;, a;) equals (a;,, a;). The important point 
is that Fete depends at least linearly on the correlation amplitude fi j4;. 


We turn to the first term of (4.18) to be designed (VW, );. Because of the 
antisymmetrization operator it follows that in the evaluation of 
VUY)(1 + faia; (7) |Pa 
one can drop all terms that lead to filled states except for the state in which 


particles i, j are in states ¢1,¢.;. Therefore 


(Va): = @ 2D) QaiaiV GU + faiaj (i) Be 


We now replace the potential energy term using the Bethe—Goldstone equation 
(VY Jos = @ Ss (Ea ie; — T; re T; )®, [1 + faiaji)] 
i<j 
= (Eo _ T )@ » (1 + faja; (ij Pa 
i<j 


+ @ De €aiaj (1 + faia; (ij) |Pa 


i<j 
where JT = XT7;, Eo = Leg; and we have used (4.9). Inserting this value of 
(V¥,): into (4.18) one obtains 


VY = (Eo —- Ta + DS lara Va — (Eo — T)QF,®, 
<j 
+@D) WG) = €aiag ]ba + foiaj FOR 
i<j 
where 
F? = [1 + forr(12) [1] + fores(13)].-- El + fant (N - 1, N)] 


—1— DO fries (4.20) 


i<j 
Finally using (4.11) 
(E, — T — VyW. = (Eo — T)@F, 
— @ 2; [v(i/) a Exia; Pa (1 + fai; Farry (4.21) 
ig 
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Now the remarkable result of de Shalit and Weisskopf (58) obtained is that 
the error term on the right involves only linked products of f;2; as in (4.17). 
Let us take an example, a particular unlinked term in F®, say the fare, (12): 
Susa,(34) term (see Eq. 3.5): 


(Eo — T )faya (12 )fasas (34 Pa 
= (Fa, + Ea, — Ti — T2 Wasarfasa4Pa;12 
+ (Eas + Eas — Ts — Ts Waser feyarPa;34 
= (Qara2Vi2 — €aia2 WararfasasPa;12 
i (OnsagV sa = €aaey Wats) gas Pass 


or 
(Eo _ T fea: (12 )fasas (34 )Pa = (Vi2 = Eaya2 ) (1 J aie J aseuPe 
(V34 a xcs CN + Sass )faiasPe 


It is clear that this term is cancelled by the unlinked components of the second 
term on the right-hand side of (4.21 ). If therefore we, in the spirit of the inde- 
pendent pair approximation, neglect all linked fi;.;, the right-hand side of 
(4.21) is zero so that (E, — T — V)¥, = Oif linked f,;2; terms are neglected. 
Hence in the independent pair approximation W. satisfies the Schrodinger 
equation. The question now arises as to the relation between W, and the 
Bethe-—Goldstone solutions. Toward this end we now compute the two- 
particle part Weza,(kl), (3.7), of Ya term by term. The leading term y with 
no f’s at all will give rise to 


1v®.,(k1)] = / Br 110. [ber(1 beg(2)--- bay(N)M'r = [barber] (4.22) 
The terms linear in f.g will give rise to 


[Wepe1(kK1)] = [ suet fia; (ij) ar (1 bag (2) » » » bay (N)} d's 
= fora (kl) [barber] (4.23) 


Use has been made of (4.15) from which one can obtain the result that fog, 
when operating on a Fermi-gas wave function #g,, can lead only to nonoccupied 
states; since in ®,,,,; only the pair state (k/) is unoccupied, only the corre- 
sponding term in fa; gives rise to a nonvanishing contribution. 

Higher terms, ignoring linked products of f’s, will all give vanishing con- 
tributions to a,a,(kl). Indeed, due to (4.15) 


| eat dD, Saiaj ii faman (mn oa (1).. - day(N)Jd(1)... d(N) = 0 
(17) (m,n) 


since for any two different pairs a;a; and aman, at least one of them is occupied 
in Dy kl 
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To summarize in the approximation of neglecting linked products of the 
f’s, if the Bethe—Goldstone wavefunction y.¢ is related to fag by 


Wop = [1 + fiz (a8) Iba (1 be (2) 
then 


(1) W.’ given by (4.16) is a solution of the many-body problem and 
(2) the antisymmetrized Ys, [Was], is the two-particle part of W’,. 


When two particles are relatively close the dependence of the N-body wave 
function upon their coordinates is given by the Bethe—Goldstone two-particle 
wave function Wag multiplied into ,..4, and antisymmetrized. In these circum- 
stances the pair can be thought of as interacting in the presence of the other 
N—2 particles, as one might expect in an independent pair approximation. 
The validity of the independent pair approximation hinges very critically 
on the properties of the three-particle correlations. These should show a 
small probability for three particles to be found simultaneously within a 
volume of order h®. If the average volume per particle is 73 (see Section II.2) 
then, for the independent pair approximation to be valid we must have 


he 
(=) <K | (4.24) 
ro 

Since ro and / are of the same order of magnitude, it is important to estimate 
the healing distance h/ fairly well, to ascertain the validity of this approxima- 
tion. We note that even for h = (1/2)ro, (4.24) still holds. The independent 
pair approximation is therefore a low-density approximation. 


5. INDEPENDENT PAIR AND THE INDEPENDENT-PARTICLE 
MODEL 


In the preceding sections, the independent pair approximation has been de- 

scribed. The relation of the solutions of the Bethe—Goldstone equation to the 

many-body nuclear wave function was established and the corresponding 

nuclear energy determined. Solving the nuclear many-body problem is ac- 

cordingly reduced to solving the Bethe—Goldstone equation. In this section 

we shall sketch a simple but important improvement on this procedure. 
Recall that asymptotically ¥.8 approaches ¢.¢g where 


da = a, (ik,-r) (5.1) 


The energy corresponding to ¢, 1s taken to be 
nr’, 


Ca = a 
“Im 
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However this expression for the energy does not take into account the effect 
of the interaction of the particle in level a with all the other particles in the 
nucleus. It seems reasonable that if this interaction is taken into account in 
the definition of ¢ a better approximation to the nuclear wave function will 
result. This additional energy can be, as we shall shortly see, related to the 
Bethe—Goldstone solutions whose asymptotic behavior is expressed in terms 
of ¢., which as we have just proposed depends upon the Bethe—Goldstone 
solutions. An iterative procedure suggests itself. 
Let ¢, be a solution of the equation 


(T a U. Pa ae €aPa 


where U,, is a single-particle potential that takes into account the interaction 
with the other particles. [Note that ¢, will still be given by (5.1). Why? ] We 
shall shortly show how this potential is related to the Bethe-Goldstone wave 
function. The Bethe—Goldstone equation is modified as follows: 


[Ti + Tz + Ua(1) + Us(2) + Qapri2 [Yop] = Eos [Yas ] (5.2 ) 


As a first step U.,, and Ug could be placed equal to zero, [Yas ] determined, and 
a first approximation to U, and Ug, obtained. These would then be inserted 
into (5.2), a new [y.s] obtained, and the second approximation to U, and 
Us obtained. 

Let us now obtain the relation between U,, and the Bethe—Goldstone solu- 
tion. Toward this end we introduce the G operator by the equation 


(a’B’| G(12)| [aB]) = (a’B’| 12 [Was J) (5.3) 


where |a’B’) = da (1 pp (2), and | [oB]) = ¢a(1 )bp(2) — o6(1 ba (2). In 
terms of G the energy correction (4.9) eéag 1s 


€ap — (aB | Vie [Was ]) = (a | G(12)| [a6 ]) 
The total energy of the N-particle system is then 
h?k,2 


E= sy teeing = (Pa [ZT + > G(i/)]| [&.]) (5.4) 


a tJ 


where [®, ] is the product wave function ©, antisymmetrized and satisfying 
the normalization condition (®,| [®.]) = 1. It is tempting to think of G(i/) 
as an effective interaction. However it should be remembered that G(i/) gives 
this energy only when its expectation value with respect to antisymmetrized 
plane wave state [®, ] 1s taken. 

The one-particle energy is defined as in (1.11) 


U(ar)bar(1) = (asaa-.- aw] D2 G,5l [a]) (5.5) 
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This is the U, to be inserted in (5.2). In terms of U(a;) the energy (5.4) is 


i 
2m 


E= 


l 
)= ae 5 LU (a) (5.6) 


Equation 5.5 relates the effective interaction energy and, therefore, the single- 
particle energy ¢., and the Bethe-Goldstone wave function. The latter being 
a solution of (5.2) depends upon U(a; ). 

These relationships are often expressed in terms of an integral equation for 
G. To obtain this let us first write (5.2) as an integral equation 


[Yop ] ae [bade] oP QapV12 [Yo ] 


_ i 
| Oe — A 
where Hyp = 7, + Tz + U(a1) + U(az2). Multiplying both sides of this equa- 
tion by Qusvi2, we then get 


l 
G = Qasvie i = S| (5.7) 


In terms of this equation, the iterative procedure consists of solving (5.7) for 
a given choice of U(a) and U(8), then determining a new value of U(a) from 
(5.5 ), which is inserted into (5.7 ) and a new iterative cycle begun. 

We shall show later (Chapter VII) how this self-consistency procedure is 
carried out for nuclear matter. The method is greatly simplified by the fact 
that the single-particle wave function in nuclear matter (1/+/2) exp (ik.:Tr) 
is independent of the single-particle potential U(a;). The former is completely 
determined by the periodic boundary conditions, and the latter affects only 
the energies. For finite nuclei the analogous single particle potential has both 
coordinate and momentum dependence, so that both the wave functions and 
the energies change when the single-particle potential is modified. This makes 
it extremely complicated to carry out in finite nuclei such self-consistent 
calculations taking into account the independent pair approximation. 

The relation between G and y, as given by (5.7) depends on the single- 
particle energy spectrum, that is, on e, and ¢g. The latter, in addition to being 
dependent on U(a) as discussed above, depends also on the density of the 
system, since it is this density that determines the value of the Fermi mo- 
mentum ky and therefore also which are occupied states and which are 
unoccupied. To see this more explicitly we solve (5.7) formally by iterations, 
and obtain 


G = (Quav) + (Quav) = i, (QuaY ) 


I 
+ (Qasv) ar H, (208) By, H, (28) F--- OS) 
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The nonlocal character of G is now manifest. For example the second term in 
(5.8), in the coordinate representation, is: 


l 
>. 12) (12| Quay Ear FH, Lear b2") 1/2! | 


where the summation extends over all two-particle states. The occurrence of 
Q.g means that in taking matrix elements of G the intermediate states could 
involve only states above the Fermi momentum in addition to |a@). For 
instance, up to second order in v, (a8|G|a@) is given by 


(a8|GlaB) = (a8|»|a8) + (aB|»|a8) ———— (af |»|a8) 
o> (a8 VIM) ¢— Ol ¥ a8) 


where the summation over \u > kr indicates that both states should be un- 
occupied. It is obvious that (a8|G|a8) depends on kr and therefore on the 
density p of the system. It follows that U(a;), the single-particle potential, 
will also depend on the density, and we shall indicate it explicitly by writing 
U(a;) = U(a;; p). The dependence of the average kinetic energy per particle 
on the density was given in (II. 7.3). We obtain therefore for the p-dependence 
of the total energy E: 


3 (3n2\2 he 
E = N pls + U (a:, 5.9 
(p) (= | mu? Pe (ai, p) (5.9) 


where the p-dependence of the potential energy comes both through the ex- 
plicit dependence of U(a;) on p, and through limiting the summation to oc- 
cupied states only a; < kr. 

The total energy E(p) as a function of p may have a minimum for certain 
p = po. If it does, py will correspond to the equilibrium density, and E(p))/N 
will be the binding energy per particle. Both will include pair interaction effects 
in the approximation of the independent pair model. 

In Chapter II we obtained the equilibrium density for interactions with a 
repulsive core through the effects on the kinetic energy. In (5.9) it looks as if 
the whole effect is in the potential energy. This is really just a matter of con- 
venience since it will be recalled that U(a;) was obtained from a solution of 
the Bethe-Goldstone equation. The latter includes the effects of a repulsive 
core in its eigenvalues E,,, and it makes no difference whether this is ascribed 
to a modification in the kinetic energy or to a change in the potential energy. 

In the next section we shall discuss the actual solution of the Bethe—Gold- 
stone equation and the nuclear matter parameters derived therefrom. 


180 PROPERTIES OF NUCLEAR MATTER 


6. THE SOLUTION OF THE BETHE-GOLDSTONE EQUATION 


The solution of the Bethe—Goldstone equation (2.5) 
[Ti + T2 + Qap (12 v2) Wap (12) = Enppap (12) (2.5) 


is made complicated by several factors. First, the operator Q.s(12) is a non- 
local operator as seen from (2.4). In fact, 


OPT (ri, ro; rTo) — Pap (ri, Te bas (r1, ro) = » dy (11, )P rp (r,, ro) (6.1 ) 
AGH 


where the summation (\, 1) is carried over all unoccupied states (A, ») > Kr. 
The solution of differential equations with nonlocal potentials involves dealing 
with integro-differential equations, and these, as a rule, are more complicated 
than differential equations. 

Comparing the Bethe—Goldstone equation with the ordinary Schrédinger 
equation for two particle scattering it looks like the Bethe—Goldstone equation 
has an additional complication, since unlike the free two particle equation, it 
involves also an eigenvalue problem; a solution of (2.5 ) satisfying the proper 
boundary conditions exists only for a specific value of E.s. Fortunately this 
particular difficulty is easy to remove in practice. We notice that the order of 
magnitude of (aB|v|y.s) is given by: 


1 
(aB| v| Yap) ~ oe | xP [—i(Ka-ti + Kg-re) Jv exp [i(Ka-ti + Ke-re)] 
b3 
= 1 6: (6.2) 


where the integration is limited to |r, — re| outside the hard core, b is the 
range of v, and v) its depth. Thus for 2 — © the matrix element in (6.2) tends 
to zero. Comparing (6.2) with (4.8) we conclude that 


1 
64,0 (;) (6.3) 


€ap — 0 as Q— (6.4) 


and thus 


This result need not mean that the corrections to the N-particle energy vanish, 
since there we have a sum Yaj<a; €aza; (See Eq. (4.11)] and the number of 
terms in this sum being of order N’, it follows that 


l 
du €aiaj~ N?— = Np (6.5) 


For N — @ and 2 — o with a constant density N/Q, (6.5) shows that the 
correction to the energy per particle: 1/N >) ai<a; €aie;, Temains finite. For 
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the solution of the Bethe—Goldstone equation that deals with an isolated pair 
at a time, the relation (6.3) can be of great help. We can write (2.5) in the 
form 


[Ti + T2 — (ea + 68) Was = —Qrvbap + apap — (aB| Was babs 
— Orvbap Ss Cap (Wap a Pas ) (6.6) 


Here the projection operator Qr includes just the projection on the unoccupied 
Fermi states, so that 


Q.g = |oB)(oB| + Or (6.7) 


The term proportional to (ag — ¢a¢s) in (6.6) vanishes for |r; — re| >A 
where / is the healing distance; for smaller values of |r; — re| it is of order 
1/Q compared to the other terms. We can therefore neglect it in solving for 
Yas, and are thus left with the approximate Bethe—Goldstone equation 


[Ti + Te — (€2 + 6) Wes = — Orwas (6.8) 


In view of the condition Yas — dads for |r; — re| — © and since (e, + ¢) 
is also the energy in the state ¢, (6.8) is equivalent to a scattering problem 
with a potential Q;v. The eigenvalue problem of the original Bethe—Goldstone 
equation thus causes no difficulties; we can solve the simple approximate 
(6.8), and to a very good approximation we obtain then e.g by evaluating 


éap ~ ( [bade ]¥| Pas ) 


There is, however, another feature of (6.8) that causes serious difficulties 
for its solution. Usually a two-particle equation is solved by transforming 
into center-of-mass coordinate and relative coordinate; in these coordinates 
the equation separates because the interaction depends on the relative co- 
ordinate only. Furthermore, since the interaction is a scalar and depends only 
on the magnitude of the relative coordinate, the relative angular momentum 
is a constant of motion and it is possible to write down separate equations for 
each partial wave. This is no longer true for the Bethe—Goldstone equation, 
as can be seen from the following argument: 

Let us define for each pair af its relative momentum and center of mass 
momentum: 


Kap = 2(Ka — kg) (6.9 ) 
Pips = k. + Kg 
and similarly 


r=f; — fe R = 407, + rz) (6.10) 
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We can then write a typical product in [Q.¢] (6.1), in the following form: 
the eee | 
2 [ba (11 os (Fo) [a (81 be (Fo) ] = 92 {exp [i(Ka:r, + ke-r2)] 


— exp [i(kg-r, + kare) J} 
x {exp [—i(ke‘T; + kg-To)] — exp [—i(kg-r, + ka) J} 


I ei 
= exp [iPro (R — R’)] 


- [cos kag: (r — r’) — coSkag:(r + r’)] (6.11) 


When we now substitute (6.11) into (6.1), or into the equivalent. expression 
for [Qr], a complication is involved in specifying the limits of >> ,,. In the 
single-particle representation \ and yp are limited by the requirement that they 
be unoccupied, that is, 


k2>kpe and  k2> kp’ 


but when we go over to relative momenta, the lower limit on the magnitude 
of k,, depends on its angle with P),. 

This can be most easily seen by plotting the allowed regions for k, and k, 
(see Fig. 6.1). The allowed region for ky, is from 0 to points outside the inter- 
section of the two spheres of radius ky centered at 0’ and 0”. We see that ky, 
attains its lowest magnitude ./kr? — [(1/2)Py, when k,:Py, = 0. If, 
however, k,, X Py, = 0 the lowest allowed magnitude of ky, equals its maxi- 
mum value, kr + (1/2)P,,. Thus when the sum of k) and k, is replaced by a 


FIG. 6.1. The area outside the two spheres of radius kp is the allowed region for ky,, 
since both k, and k, have to satisfy |k,| > kr, |k,| > kr. The point 0 bisects the line 
00” = P\,. 
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sum over k), and P,,, the sum over k, will depend upon P), in virtue of the 
lower limit of that sum. It follows therefore that Qe (Fro, fifo) is a function 
not only of the magnitude |r — r’| but also of its orientation relative to P,,. 
It is then impossible to separate the Schrédinger equation for the relative co- 
ordinate into partial waves of definite angular momenta, and the equation 
has to be solved for all partial waves simultaneously. One might think that 
the whole advantage of going over to relative coordinates is thereby lost, and 
that the problem can be solved just as well in the space of r, and re. This, 
however, is not true if v(12) contains a repulsive core, since the need to ex- 
press this particular v(|r; — re| ) in terms of r; and r, will then make the calcu- 
lation even more complicated. 

In practice the approximation used to avoid this difficulty has been to aver- 
age Qr over the angle between k), and Py,. For our purpose here, which is 
simply to illustrate the nature of the solutions of the Bethe—Goldstone equa- 
tion, it will suffice to consider the simplest case: Pzg = 0. Since the Hamil- 
tonian commutes with the total linear momentum, it follows that all the un- 
occupied two-particle states ¢,, into which v(12) can scatter must also have 
P,, = 0; it follows that for such states k, = —k, and hence the states into 
which scattering can take place are characterized by |k,| = (1/2)|k, — k,| > 
ky. We can therefore use (6.11) to write the projection operator for Pag = 0 
in the form of the nonlocal operator 


>> [cosk,-(r — r’) —cosky-(r +r’)] (6.12) 


l 
[Or] = = 
O? ley yl>ke 
The approximate Bethe—Goldstone equation (6.8 ) for the relative coordinate 
r = |r, — re| then takes the form 
( h? h?K ap? 


ye 
M M 


1 
) (Yop(r)] = — xf ae 2 [cos ky, (Fr — r’) 
; kKyy!>kPp 


— cos ky: (t + 9’) (7) Was’) ] (6.13) 
In (6.13) we have made the transformation to the relative coordinate, noting 


that for Pag = 0 only the relative coordinate remains and therefore 


eye 
[Wop (v1, 1) ) ] = JQ Wap (r ) 


The reduced mass M/2 has been introduced, and we have used the fact that 
P.s = 0. We find 


h? h? 
cat = 5 (Kk. + kg?) = ay kot kos = (Ka — ks) (6.14) 
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Only 1/Q is left in front of the projection operator in (6.13); when the dr’ 
integration is carried out it will give just this factor 2. The summation over 
ky, in (6.13) can be replaced by integration using the relation (II. 2.6) 


0? 
2d, Fk) aad (k) (6.15) 


Equation 6.13 then takes on the form 


a [V2 + Kas? [Wag (r)] = im = | | 4’te0s k-(r — r’) 
— cosk-(r + r’)]v(7") [pas (t’)] (6.16) 


with the asymptotic boundary condition 


—_ [exp (ikag-r) — exp (—ikag-r)] 


The hard core potential can be introduced into (6.16) rather simply by 
putting 


[vas(r’)] =O for |r’| < +, (6.18) 


and solving (6.16) for |r| > r, only. 

Having reduced the problem of solving the Bethe—Goldstone equation to 
that of an explicit integro-differential equation, we shall not go into the details 
of the various mathematical methods used for its solution, but rather examine 
some of the results. 

Figures 6.2 to 6.5 taken from Gomes, Walecka, and Weisskopf (58) show 
the radial s-wave solution to the Bethe—Goldstone equation for pairs with 
total momentum P.s = 0 and relative momentum k,», as indicated. u(r) is 
related to the wave function ys (r) through 


oo(t) = X Ql + 1)APr(cos 0) (6.19) 
where @ is the angle between k.g and r. All solutions are for kr = 1.48 X 10” 
cm-! andr, = 0.4 X 10-8 cm. 

Figures 6.2 and 6.3 describe the effect of a hard core all by itself. The broken 
line (- - -) is the s-wave with no hard core (i.e., no interaction at all)—the 
unperturbed solution. The line (- - - ) indicates the solution corresponding to 
the same energy for the free-particle scattering. The full line ( ) corre- 
sponds to the Bethe—Goldstone solution. We see in these figures very clearly 


FIG. 6.2. The wave functions of the relative motion in the s-state of two particles for the 
case of na interaction [u,(r)], for the case of a repulsive core interaction for an isolated 
pair [ui(r)], and for a pair embedded in a Fermi distribution with kp = 1.48 fm“, [u(r)]. The 
relative momentum k = 0 [taken from Gomes, Walecka, and Weisskopf (58)]. 


R u(r) me 
2 k/kp for k = 0.5 kp 
R 4olr) 


2 k/kp 


for k = 0.5 kp 


u; (r) 
k/kp 


for k = 0.5 kp 


FIG. 6.3. The wave functions of the relative motion in the s-state of two particles for the 
case of no interaction [uo(r)], for the case of a repulsive core interaction for an isolated 
pair [u,(r)], and for a pair embedded in a Fermi distribution with kp = 1.48 fm~, [u(r]. 
The relative momentum k = 0.5kp [taken from Gomes, Walecka, and Weisskopf (58)]. 
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how this solution starts at r = r, like the free-particle solution and goes over 
to the unperturbed solution, and stays with it as r increases. The healing effects 
of the Pauli principle are clearly recognizable. , 

Figures 6.4 and 6.5 show the unperturbed solution and the Bethe—Goldstone 
solution for a square well potential that reproduces correctly the low energy 
singlet scattering 


00 for r<r = 0.4 X 10-8 cm 
sopie8 
ams = —1 
V(r) AME for reo<r<rt+ob b= 1.9 * 10-8 cm 
0 for r<r+b (6.20 ) 


The average separation between nucleons, d, as indicated in these figures was 
taken to be 1.66 fm [d = (Q/A)*]. We see that for all practical purposes 
we can consider the Bethe—Goldstone solution as healed at a distance h such 
that h/d ~ 0.75. It is remarkable that the wave function is nearly healed at a 
distance considerably smaller than 6. Since the corrections to the Bethe— 


u 
k/Rp for k = 0.0 


UO for k = 0.0 
kikp 


FIG. 6.4. The wave function of the relative motion in the s-state of two particles for the 
case of no interaction [u (r)] and for the case of the nuclear interaction [u(r)], for a pair 
embedded in a Fermi distribution ky = 1.48 fm~. The relative momentum is k = 0. The 
heavy line indicates the nuclear potential as a function of r. The average distance d 
of the next neighbor is also indicated [taken from Gomes, Walecka, and Weisskopf (58)]. 


SOLUTION OF BETHE-GOLDSTONE EQUATION 187 


Rult) fork =0.3k 
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Veo k=0.3k 
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FIG. 6.5. The wave function of the relative motion in the s-state of two particles for the 
case of no interaction [uo(r)] and for the case of the nuclear interaction [u(r)] for a pair 
embedded in a Fermi distribution kz = 1.48 fm. The relative momentum is k = 0.3kp. 
The heavy line indicates the nuclear potential as a function of r. The average distance 
d of the next neighbor is also indicated [taken from Gomes, Walecka, and Weisskopf 


(58)]. 


Goldstone energy are proportional to (h/d)® [see discussion leading to 
(4.21)], the independent pair approximation can be expected to yield the 
nuclear potential energy with an accuracy of about 10 to 15%. 

The binding energy per particle includes the contributions of both the kinetic 
and the potential energies. The average kinetic energy per particle in nuclear 
matter is ~23 MeV (Eq. II.2.12). To obtain the observed average binding 
energy per particle of ~16 MeV, the average potential energy should be 
~39 MeV. We see that a 15% uncertainty in the calculated average potential 
energy may lead to nearly 40% uncertainty in the binding energy per particle. 
We should not be surprised, therefore, if calculations based on the Bethe- 
Goldstone equation miss the binding energy per nucleon by that much. 

An uncertainty in the average potential energy per nucleon reflects itself 
also in an uncertainty in the equilibrium density; we would expect then 
equilibrium densities to be given by the Bethe—Goldstone equations to an 
accuracy of about 10 to 15%. Even simplified realistic calculations [Gomes, 
Walecka, and Weisskopf, (58)] bear this out, giving an equilibrium Fermi 
momentum that is within 10% or less of the Fermi momentum deduced from 
the observed density. 
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Improving the calculations will require going beyond the independent. pair 
approximation, that is, the inclusion of the effects of triple and higher order 
correlations. It will take us too far afield to discuss these effects here. The 
reader is referred to the review paper by Bethe (71). 

Another effect that should be mentioned here is the dependence of the 
results on the assumed form of the nucleon-nucleon potential. This at the 
present writing js a matter of some controversy. Some authors [Lomon (72), 
Haftel and Tabakin (71), Coester et al. (70) ] have found a moderately strong 
dependence. The point at issue is that there are infinitely many potentials 
that can fit the nucleon-nucleon data. But this agreement does not mean 
that the matrix elements of these differing potentials agree, and thus one would 
expect differing Bethe-Goldstone solutions and energies and thus different 
values for the binding energy per particle in nuclear matter. The authors men- 
tioned above have found it possible to change the value of the binding energy 
by several MeV, by varying the nucleon-nucleon potentials. However it is 
not clear how the triple and higher correlations would be affected. It may be 
that these would tend to reduce the net dependence on the potential. However 
some discrimination among potentials should remain and will help eventually 
to choose between proposed potentials. Additional discussion of this point 
will be found in Chapter VII. 


TABLE 6.1. Contributions to Nuclear-Matter Energy (MeV per Particle [taken 
from Bethe (71)]| 


Contribution kep=1.2 fm-} 1.36 fm-! 1.6 fm! 
2-body correlations —9.79 — 11.05 — 10.20 
3-body correlations (— 1.6) — 1.76 (— 2.6) 
4-body correlations (— 0.9) — 1.09 (— 1.5) 
3-body forces (— 0.8) — ] (— 1.0) 
Minimal relativity (— 0.35) — 0.5 (— 0.7) 


Total —13.4 —15.4 — 16.0 


With these caveats in mind, the “‘best’’ results according to Bethe (71) are 
given in the table 6.1 for the soft core Reid nucleon-nucleon potential. 
The numbers in parentheses are estimates. The three body forces and “‘minimal 
relativity’’ will be discussed in Volume II. For the present it will suffice to say 
that current theories of nuclear forces predict three-body potentials, that is, 
potentials that depend upon the coordinates of three particles, v(1, 2, 3) that 
cannot be written as a sum of two-body interactions. The “minimal relativity” 
correction arises when the relativistic description of the nucleon-nucleon 
interaction is replaced by a nonrelativistic potential [H. Partovi and Lomon 
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(70 )]. Returning to the table note that the corrections to the result cbtained 
with the independent pair approximation are considerable. The three- and 
four-body correlation contributions are (1/4) of the two-body value. The 
total for the experimental kr(=1.36 fm—!) is remarkably close to the experi- 
mental binding energy per particle of 15.68 MeV. 


7. CONCLUSION 


The discussion of the two-body interactions in nuclear matter have enabled 
us to determine the essential factors that determine both the nuclear stability 
and its independent-particle nature. 

The repulsive core, the tensor force, the exchange terms, and the repulsive 
force in the !P, state in the nucleon-nucleon interaction combined with the 
Pauli principle are the dominant factors preventing the nucleus from collapsing 
under the action of the attractive part of the interaction. This latter part, 
although rather weak, would have led to a nuclear collapse because its effect 
increases with increasing density faster than the opposing effect of the kinetic 
energy. As it stands the attractive part of the nuclear interaction holds the 
nucleons together against the repulsive effects of both their kinetic energy and 
the repulsive components of the nuclear force. But due to the relative weak- 
ness of the attractive forces, the equilibrium density established thereby, cor- 
responds to a rather high dilution of the hard cores; the equilibrium relative 
separation d is four times the radius of the hard core: d/r, ~ 4. The hard 
cores occupy, therefore, only ~2% of the total nuclear volume. 

We have also seen how the Pauli principle induces a certain “‘rigidity”’ in 
the nuclear wave function. Two nucleons colliding with each other inside 
nuclear matter must have high enough momentum components in their in- 
teraction in order for the collision to affect their motion. In fact this interaction 
should be able to lift the two nucleons virtually above the Fermi energy to 
unoccupied states, and this requires v(12) to have momentum components 
of order kr or bigger. Thus in nuclear matter small momenta are prevented 
from affecting the two-particle wave function. The attractive part of nucleon— 
nucleon potential does not have big momentum components in it; in fact it 
cannot “bend” the free two-nucleon wave function to produce more than 
one bound state, and even that one is barely bound. It follows that in nuclear 
matter the attractive part of the nucleon-nucleon interaction is prevented 
from affecting the two-particle correlations. The repulsive part by itself does 
create “‘holes’”’ in the nuclear wave function, but their effect is “propagated”’ 
only over a distance 1/kp~ 2r, because of the Pauli principle. Since equilib- 
rium density is obtained only at d ~ 4r,, these holes in the nuclear wave func- 
tion are hardly felt by nucleons other than the pair involved, and we are led 
to the approximate validity of the independent particle picture. 
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The independent motion of the nucleons in the nucleus is therefore ac- 
cidental in a certain sense. It is due to a fortunate combination of circum- 
stances in which the weakness of the nuclear long range attraction, as indi- 
cated by the existence of just one bound state in the two-nucleon problem, 
results in a rather low nuclear density. This relative weakness combines with 
the Pauli principle to reduce drastically the effect of nuclear forces on two- 
body correlations in the nucleus. The major correlations in the resulting wave 
function are those imposed by antisymmetry. 


CHAPTER IV 


INDEPENDENT- 
PARTICLE 
MODELS FOR 
FINITE NUCLEI 


1. SINGLE-PARTICLE POTENTIALS AND CENTER-OF-MASS 
MOTIONS 


Thus far we have considered such nuclear properties that could be understood 
in terms of very idealized models for the nucleus. We have seen how the par- 
ticular nature of the nuclear interaction can account for an important part 
of nuclear characteristics if attention is paid to the Pauli principle. The fact 
that nuclear forces become repulsive at large relative momenta was shown to 
be instrumental in determining the equilibrium density of nuclei, and in making 
this density essentially A-independent. On the other hand the Pauli principle, 
coupled with the fact that the attractive part of the nuclear interaction barely 
gives rise to one bound state in the two-nucleon system, was shown to lead 
to a nearly independent-particle motion of the nucleons in an infinite nucleus 
(nuclear matter ). More precisely, it was shown how and why an independent 
pair approximation can give such a good approximation to the energy of 
nuclear matter. Moreover, when in the independent pair approximation we 
replaced the interaction v;; by the corresponding G (ij) matrix we got, formally 
at least, a very simple structure for nuclear matter: its energy could be calcu- 
lated by considering a Fermi gas with just “first order corrections’’ induced 
by G (Section III.5). 

When we consider finite nuclei we naturally try to treat them in a similar 
way. The most naive approach would tell us to put all the nucleons in a spheri- 
cal box—that is, in a potential U(r) of some form—and to generate in this 
way the zeroth-order wave function of a degenerate Fermi gas with a finite 
number of particles. Then, to include in the nuclear energy the effects of the 
nuclear interaction, we may attempt to introduce again a G-matrix and con- 
sider only its diagonal elements. This should give us the ladder approximation 
in v;; (see Chapter VII), and thus corresponds to the independent pair 
approximation. 

However here we encounter the first difficulty in carrying out such a pro- 
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gram in practice. The equation connecting the G-matrix to the interaction ,; 
depends on the density of the Fermi gas, as was pointed out in Section II.5. 
For nuclear matter the density is uniform and there is no problem. For a 
finite nucleus there is a gradient of the density at the nuclear surface, and 
since for all real nuclei the “surface” includes a good part of the nuclear mass, 
this gradient cannot be overlooked. It is possible to write down formally an 
equation for the G-matrix also for finite nuclei, but without some assumption 
of the effects of the density variation on G it is technically very hard to solve 
these equations. 

Various approaches have been suggested to overcome this difficulty. For 
two body forces without infinitely repulsive cores a Hartree-Fock self-con- 
sistent field approach promises to be of great value (see Sections IV.19-21 ). 
For forces with repulsive cores a G-matrix has been used which, for every 
point r, coincides with the nuclear matter G-matter derived for a constant 
density p = p(r) (For a more complete discussion see ch. VII.). 

The nuclear shell model is a model that escaped the problem of the relation 
between G and v in finite nuclei, by asserting that the nucleus can be described 
to some approximation in the following way: 

The nucleons are assumed to move in a single-particle potential U(i), 
which depends on the nucleon’s spatial, spin, and charge coordinates; in 
addition, one takes into account an effective residual interaction v;;, limiting 
oneself to first, or sometimes second, order perturbation theory only. This 
very radical assumption was not of course immediately made by nuclear 
physicists but was proposed by Mayer and Jensen only after a sufficient ac- 
cumulation of experimental facts [See Mayer (48); Haxel, Jensen and Suess, 
(49 )]. Indeed it is the development of these connections to which we shall 
devote much of this chapter. 

The physical idea behind this model is rather simple: since we are dealing 
with fermions whose mutual interaction leads to a short healing distance (see 
Section III.3 ), it is plausible to assume that in the lowest states collisions be- 
tween nucleons in the nucleus rarely lead to scattering outside of the forward 
direction. In a finite nucleus this is equivalent to saying that the probability 
of an excitation being induced by a nucleon collision is small. The residual 
effective interaction is thus ““weak”’ and can be treated as a small perturbation. 
We shall later deal with the question of the plausibility of this argument. In 
particular we must ask what is the best U(i) and what then is the correspond- 
ing effective residual interaction v;;. But before discussing these points we 
must deal with another connected problem raised by the shell model: an 
arbitrary single-particle potential, when filled with A-fermions leads to a wave 
function—say a Slater determinant, which does not separate into a product 
of wave functions describing the center-of-mass motion and an internal mo- 
tion. By taking such a wave function for the description of a given nucleus 
we mix two things that in nature are clearly separated. Our energies, for in- 
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stance, instead of reflecting purely the internal forces, have, mixed in a gen- 
erally complicated manner, both the physical internal energies and the center- 
of-mass energy. This center-of-mass energy is a reflection of the motion of the 
center of mass in some external field. The determination of this energy and 
this field for a given shell-model wave function is a very difficult problem. 

This difficulty is connected in an essential way with the fact that we now 
consider a finite system. In the infinite nuclear matter we can use a plane wave 
for the wave function of a single nucleon, since this is the appropriate wave 
function for a translationally invariant system. For the same reason mo- 
mentum is conserved in each collision of the pair, even though we are not 
dealing with pairs of particles in free space. A finite nucleus is invariant with 
respect to the translation of its center-of-mass only, and all this teaches us is 
that a plane wave exp [i(P-R/h)] gives the proper dependence of a correct 
nuclear wave function on the center-of-mass coordinate. (Here P is the center- 
of-mass momentum and R = (1/A) >. r; is the center-of-mass coordinate ). 
This, however, is generally not interesting in the present context since it is the 
intrinsic motion of the nucleons within the nucleus that we are after. 

Physically it is desirable to formulate the finite-nucleus problem in terms 
of the coordinates of the nucleons with respect to their center of mass. 
W(r¥, f2,.-.,¥a ) describes then the intrinsic motion of the nucleons. However, 
in this case the A-vectors rm, ...,¥F4 are not independent, since they satisfy the 
relation >, r; = 0. Unfortunately the handling of the Schrédinger equation 
with nonindependent variables becomes quite complicated. 

Another possible way of dealing with intrinsic motion only is that of intro- 
ducing A — 1 independent vectors ¢;,i = 2,..., A to describe the intrinsic 
coordinates. A possible set of such vectors that is often used in the treatment 
of three body systems, is defined in the following way: 


é = fe — 11, 


%,=r _ mths 
3 — #3 y) 9 
rm +fet Ps 
Bie ee 
3 
eet m+9re+..-Fa-i 
A — IA A—1 


Thus, ~, is the vector from the mth particle to the center of mass of the first 
n — 1 particles. This set of variables has one very serious drawback: it is not 
symmetric in all the nucleons, and the handling of antisymmetrization with 
these coordinates becomes quite involved. 

The nature of the difficulty is quite simple to understand: a free nucleus 
occupies, strictly speaking, all of space, because its center of gravity is de- 
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scribed by a plane wave: There are, of course, important correlations in this 
nuclear wave function, in that although its center of mass fills space uniformly, 
the probability of finding two nucleons separated by a distance larger than the 
nuclear diameter approaches zero. But our way of handling systems of many 
degrees of freedom always calls for their description in terms of independent, 
or nearly independent, degrees of freedom. The transformation of a system of 
coupled oscillators into new coordinates that lead to the noninteracting 
normal mode oscillations is such an example. In addition, to be able to carry 
out antisymmetrization in a transparent way, it is desirable to visualize the 
A-particle system as composed of A single-particle systems. The latter have to 
fill space uniformly in order to match the behavior of the free nucleus, and 
we are back to the description of nuclei in terms of plane waves. In other 
words the requirements of antisymmetrization and the available methods for 
handling many-body problems lead to the obviously inadequate plane-wave 
function for each nucleon. 


2. THE SHELL MODEL WITH HARMONIC-OSCILLATOR 
POTENTIAL 


These remarks hint at a possible way out of this dilemma: In order to be able 
to approximate the nuclear wave functions by some combination of bound- 
state, single-nucleon wave functions, we have to bind the whole nucleus to a 
point in space, but without affecting its intrinsic structure. This can be achieved 
if instead of studying a system obeying the Schrodinger equation 


HY. = (0 T: + dS visa, ...,A) = EoWa(l,...,A) (2.1) 
i<j 
we choose to study a system of A-particles obeying a modified Schrodinger 
equation 


AY. = [>> 7:+ > vi; + U(R)N.,...,A) = EaWa(l,..., A) 
i<5 (2.2) 


Equation 2.2 differs from (2.1) through the introduction of a potential U(R) 
acting on the center-of-mass coordinate only. The energy FE, in (2.1) is com- 
posed of two parts: one part originates in the kinetic energy of the center-of- 
mass motion; it is totally independent cf the nuclear interactions and is given 
by P,?/2A M, where P, is the center-of-mass momentum. The rest of the energy, 
€iz, has to do with the effects of the interaction v;; and is called the “internal 
energy in the state a’’. €;. is the part we are generally interested in; unlike the 
center-of-mass energy, which always assumes a continuous set of values, ¢i. 
has generally a spectrum that in part consists of discrete energy levels. These 
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are the discrete bound states observed in nuclei. The corresponding spectrum 
of E, shows a continuous “‘band”’ of different center-of-mass energies super- 
imposed on each internal state: 


Po 


E. = iat 
“eT 5AM 


(2.3) 


Turning to (2.2) the center of mass (c.m.) is bound by the potential U(R) 
(more precisely, if U(R) is chosen to be attractive and strong enough, there 
are states VY, that correspond to bound states of the center of mass). E, is 
therefore given by 


En = €ia + Eq?™: (2.4) 


Since U(R) is a known potential, E,°™- is in principle known, like P,?/2AM 
in (2.3), and we can therefore extract the interesting internal energies from 
(2.4), just as well as from (2.3). The advantage of the modified equation (2.2) 
is, however, obvious: ¥,(1, ..., A) is now a localized wave function. Its 
extension depends on the actual size of the nucleus as determined by its in- 
ternal wave function. To be more precise this situation can be achieved if the 
potential U(R) ties the center of mass strongly enough. In fact the strength 
of U(R) can be considered as a free parameter at our disposal, and it can be 
chosen to fit best the particular approximation that is used to solve (2.2). 
Such localized wave functions can be approximated by a combination of 
single-particle wave functions tied to the same point in space. We are thus 
led to the description of the nuclear wave function in terms of independent 
particles moving in a single-particle potential, that is, in a finite spherical box, 
or in other words we are led to the shell model. 

The single-particle potential in which the nucleons are considered to be 
bound is often compared to the central potential in the atom that binds the 
electrons in their orbits. However, in the latter case there is physically a heavy 
central body—the nucleus—whose separate motion can be handled to a good 
approximation, and that serves as the source for the binding potential. Such 
a physical central source does not exist in the nuclear case, and yet we were 
able to introduce it in a rigorous way. The price to be paid is the necessity of 
separating from the total energy that part which corresponds to the center-of- 
mass motion. The introduction of an attractive U(R) makes this task simpler 
because E,°'™: has a discrete spectrum. The separation can easily be done if 
we can evaluate the exact energy E.; but if, due to our approximations, we 
have only an approximate value for E,, the separation of the center-of-mass 
energy from the total energy is not always straightforward. 

The choice of U(R) in (2.2) has been left arbitrary thus far, and everything 
we have said holds true for a wide variety of attractive potentials U(R). There 
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is, however, one choice of U that is particularly simple to handle: that of the 
harmonic oscillator 
A 
U(R) = 4AMe*R? =R=— Dor; (2.5) 
1 
The usefulness of this particular choice for U(R) becomes evident if we note 
the identity 


A 
1 
AR? = DO r2—-—)> wi — 1; (2.6) 
1 A ig; 
Using (2.6), we can write the modified Schrodinger equation (2.2) for this 
particular choice of U(R): 


HY, = [>> (T+ 4Mer’r?) + DS v;%.0,...,4) = EWi(l,..., A) 


i=1 t<j 
(2.7) 
where the new two body interaction v;; is given by 


Mo 


7A (r; — r;)’ (2.8) 


Vij a Veg = 
Formally (2.7) reads like the Schrodinger equation for A-particles moving in 
a central harmonic potential with an additional interaction v;; among them. 
This already looks like a shell model: a description of the nucleus in terms of 
particles moving independently in a central potential, except that we do not 
know whether the residual interaction in (2.8) is small enough to be treated 
consistently as a perturbation. 

Equation 2.7 is still an exact formulation of the nuclear problem and its 
exact solution for any value of w will yield the same spectrum of internal 
energies €;. independent of w. Taking different values of w will lead to different 
energies E,, but after correction for the center-of-mass energy, which in this 
case is just (n. + 3/2 )hw, the same internal energies must emerge. 

Although the choice of w in (2.5) or (2.7) is therefore immaterial, yet, 
when we consider that the exact solution of (2.7) 1s beyond our means today, 
and that we have to be satisfied with approximations to (2.7 ), there is a “best” 
choice of w. This can be seen as follows. We want our approximate wave 
function to be as close as possible to that of an independent-particle model, 
because the latter can be written down immediately. Suppose then that we 
disregard 0 ;<; Vij in (2.7). We are left with the problem of A-fermions 
moving in a central field. To obtain the lowest state, we just calculate the 
energy levels in the three-dimensional harmonic-oscillator potential and fill 
the lowest 4/4 states. A Slater determinant ®(1,..., 4) of the corresponding 
wave functions will yield the desired antisymmetric independent-particle 
wave function. This will not, of course, be the exact eigenfunction of the com- 
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plete Hamiltonian (2.7), there being three main differences between the ap- 
proximate Slater determinant ® and the exact wave function of the ground 
state W: 


(1) ®contains only the Pauli correlations between the nucleons, that is, 
those that are producéd by antisymmetrization, whereas W has dynamical 
correlations as well. 


(2) The spatial extension of ® is characterized by w—the steepness of 
the harmonic-oscillator potential, whereas that of VW is determined by the size 
of the nucleus A. 


(3) The behavior of & at large distances from the origin is dictated by the 
fact that the harmonic oscillator potential keeps increasing to infinity. Thus 
the nucleon density in @ falls off as exp (—ar’). The exact solution corre- 
sponds to a situation where there is no force acting between the nucleons at 
large relative separations from each other. The nucleon density in W falls off as 
exp (—8r). Thus there is an important difference in the asymptotic behavior 
of @ and W. 

As we proceed from the approximate wave function ®, trying to improve it 
by taking into account the residual interaction in various approximations, 
we shall gradually correct for these “defects” in ®. It will, therefore, be wise 
to choose w right from the beginning so that the spatial extension of ® is 
similar to that of WY. In this case the “burden’’ put on the successive approxi- 
mations will be the lightest; all they will have to do is to introduce dynamical 
correlations into the wave function, and correct the asymptotic behavior 
without having to change the extension of the wave function. Qualitatively it 
would seem advisable to choose w so that the average of some power of 7, 
say the rms radius, calculated with ® coincides with its measured value. Thus 
w 1s chosen so that 


xc Dire ere a)| 4 » re] @,(1,2,:.., A)d(1)d(2)... d(A) 


= (R*) = (mA) (2.9) 


Here ®, is a Slater determinant obtained by filling the lowest 4/4 states in a 
harmonic-oscillator potential (1/2 )Mw’r’, putting four particles in each state. 

For harmonic-oscillator functions the integral on the left of (2.9) is easy 
to calculate. From the virial theorem one knows that for a single particle in a 
given harmonic-oscillator orbit n/ 


1Mo(nl|r?|nl) = BE(nl) = 3(2n +1 — 1/2)ho (2.10) 


where / stands for the orbital angular momentum of the specific orbit and x 
the number of nodes in the radial wave function (excluding the one at the 
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origin and including the one at infinity ). Filling the lowest 4/4 orbits we find 
then the following relation between w and A for large values of A: 


5m (3\"8 AL 
ne epelaes, | 2.11 
° = 4 Mre mals) = mn) 


Remark. To obtain (2.11) we note that the Ath shell in the harmonic oscillator 
can accommodate 
N(k) = $(k*? + k) particles 


Therefore, if we fill all shells up to, and including k = K, the total number 
of particles that can be accommodated is 


K 


K K3 
Evkw=5owe+H=% pw oe ed 


k=1 


Ke «K A 
7 +5 = KK +1IK+2)=7 


(2.12) 
The energy of the kth shell is 
E(k) = (k + 1/2)hw 
and therefore each particle there contributes to < r? > the amount of 


E(k) 
Ma Mg e+ 2) (2.13) 


Pe = 
For K-filled shells the mean square radius is therefore 


I 


(7 )k = ZN Me™ (k + 1/2)N(k) = awh (ki + 3k2 + 1k) 
k=1 
2h [Kt 
Sel 4 ae ar ana. K| 
- ZK + (Ee +o + «| 
h 3 
my he oe a 2) = (K+ 1) (2.14) 


where we have used (2.12) to make the last step. From (2.12) 
(K+ 1) =3A+K+1 
Hence, for large values of A (1.e., A > K) we can put 
(K+ 1) = GA)’ (2.15) 
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[we notice that already for K = 3 A = 40, so that (2.15) is already good to 
about 2% ]. In terms of the nuclear radius R = r,A!/? we have 


ees 3 | 
dk = | rode | | ocrrar = sf (2.16) 
where p(r) is assumed to be a step function. Hence 
5 h 
R2 = S (7?) y = 4 Mo (3A )18 _ r2A2/3 


and therefore 


3. THE HARMONIC-OSCILLATOR WAVE FUNCTION 


The usefulness of the introduction of harmonic-oscillator function for U(R) 
depends on the extent to which the solutions of the modified Hamiltonian 
(2.7) can be approximated by solutions of the single-particle harmonic- 
oscillator Hamiltonian 


Hy = >, (7; + 4 Mer?) (3.1) 


We do not expect the eigenfunctions of H, themselves to provide a good 
description of the nucleus; but if they can constitute a good zeroth-order ap- 
proximation to the solution of the complete modified Hamiltonian (2.2) 
then we have made real progress. This depends largely on the particular part 
of the nuclear wave function we need to know. To demonstrate this let us 
assume that we require the knowledge of the nuclear wave function at rela- 
tively large distances from the nuclear center of mass. We know that the effec- 
tive nuclear potential is a finite one (it requires about 8 MeV to ionize a 
nucleus ) and therefore we expect a quantum mechanical “‘leakage’’ of the 
wave function “‘outside” the nucleus (i.e., outside the sphere of radius R = 
r,A}'3), Particles that interact strongly with the nuclear constituents feel the 
presence of nucleons already at relatively large distances from the nuclear 
surface, and the knowledge of the nuclear wave function there may therefore 
be of real interest. For example, the probability of finding just a single nucleon 
outside the nucleus is of particular importance in the (p, d) pickup reaction. 
In that case we need to know the behavior of W.(ri,re,...,1a) when 
Ira — r;| > R fori = 1,2,..., A — 1. Let us examine this behavior in 
more detail. 
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To obtain this behavior of the exact W we note that it satisfies the Schrodinger 
equation (2.1), in the absence of U(R): 


(1+ >> ry $Ts + my) Valls ., A) 


2 w>2,j>r j=2 


= E,4,(1,...,A) (3.2) 


Recalling the discussion of Section 1, only 3(4A — 1) spatial variables are 
independent. We introduce now the exact (A — 1) particle wave function 
@,(2,..., A) satisfying 


A A 

(& T;+ » vs) @,(2,...,A) = Ee 4A-D (2, ..., A) (3.3) 
i=2 i>2,j>i 

Multiplying (3.2) by 4g and integrating over all independent variables except 

the first we obtain, taking into account (3.3) 


TWpa(1) +/%Q...4D Vijve(1, 2,..., A)d(2)... 


jr2 


= [EX — Ef We. (1) (3.4) 


where Wg. (1 ) describes the motion of a particle in Y, when the other (A — 1) 
particles are known to be in the state ,, that is, 


Wea(1) = | se. ...,A)We(1, 2,..., A)d(2)... (3.5) 


In (3.4) we now take W, to be the ground state of the A-particle system. The 
bulk of the contribution to the integral in (3.4) comes then from that part of 
configuration space for which |r; — r;| < 2R; i,j = 2,..., A. If we are 
interested in the large distance behavior of yg. (1 ), that is, r; — ©, then, due 
to the finite range of v,;, and the finite radii of the (A — 1) and A-particle wave 
functions the contributions to the integral in (3.4) will be small and we can 
neglect it in comparison with (E,{4) — Eg4-))Wg.(1 ). With our choice of the 
states a and B, E,‘4) — E,‘4— is just the ionization energy of the Ath particle. 
If the ground state of the nucleus A is stable against the emission of the Ath 
particle then E,‘4) — E,4-» < 0, and, defining 


x= af — 2M cet — Bm) — — (E.4) — Eg4-Y) (3.6) 


(3.4) leads to the result 
WVe2(1) — constant exp (—xn) (3.7) 


where 7; is measured from the center of mass of (4 — 1). 
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Remark. Strictly speaking we should be more careful in our definition of Y, 
and ®,; since these are supposed to be exact solutions of their respective 
Hamiltonians, the center-of-mass motion has to be specified. However it is 
possible to overcome this difficulty if we define Y, and 4, to be just the in- 
trinsic part of the nuclear wave function, so that the complete solution of 
(3.2) is not VW, but exp [(i/h)P- >, r:]¥, and similarly for ,. Only relative 
coordinates should then appear in ,, and that is why we are able to say that 
in (3.7) 7, is measured relative to the center of mass (A — 1). More precisely, 
it could be measured relative to any of the A — 1 particles, but in the asymp- 
totic region in which we are interested this makes no difference. 


Equation 3.7 is nothing but the well-known result that quantum mechanical 
leakage through a potential dies off exponentially, with a characteristic inverse 
length determined by the height of the potential. In our case this height is re- 
placed, of course, by the binding energy of the particle we are considering. 

If we now look back at the wave functions generated by the harmonic oscil- 
lator, we see a different asymptotic behavior. In fact the wave function of a 
particle bound by a harmonic oscillator potential dies off at large distances 
exp (—ar?) (a being simply related to w ). This is due to the fact that here we 
have to do with a potential that grows steadily so that the binding energy of 
any particle in this potential is infinite. There is nothing strange in this result, 
since by going over to the modified Hamiltonian and putting the nucleus in a 
harmonic oscillator potential U(R) we deliberately caused its internal wave 
function to be multiplied by a harmonic-oscillator eigenfunction that involves 
a factor exp (—aR?). We can recover the correct internal wave function from 
an exact solution of (2.7 ) by just multiplying the latter by the inverse harmonic 
oscillator eigenfunction, which would involve a factor exp (+aR?). Thus if 
we proceed to solve (2.7) by first putting independent particles in a harmonic 
oscillator potential and then figuring out exactly the effects of v;;, we shall 
indeed get a solution in which each particle dies off at large distances as 
exp (—ar,?). But after multiplying this solution by the inverse wave function 
for the center-of-mass motion, all these exp (—ar,?) factors will be cancelled 
out, and we shall be left with the expected exponential decay exp (—x/r1) for 
the single-particle function ¥(71). The trouble, however, is that cancellation 
to yield the correct exponential behavior depends critically on our having an 
exact solution to (2.7). If, as usually is the case, we have only approximate 
solutions to (2.7) we cannot expect that a cancellation of the exp (—ar;?) 
asymptotic behavior will result from its multiplication by the inverse of the 
center-of-mass wave function. Thus the method of the harmonic oscillator 
potential we have outlined will generally lead to unreliable results for such 
processes in which the tail of the nuclear wave function plays the dominant 
role. For processes in which the interior part of the nucleus makes the most 
significant contributions, the harmonic oscillator wave functions will be more 
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adequate particularly for matrix elements of single-particle operators. The 
question of the validity of a shell model with a harmonic-oscillator potential 
depends on the application we have in mind for that model. This situation 
will repeat itself in the future again and again.»Ihe simplifying assumptions 
that make a model soluble necessarily limit its range of validity. We should be 
prepared to meet with only a partial validity of our models, and as we shall see 
one can gain important information about nuclear structure also from the 
search for phenomena that “contradict” the model. 

The harmonic-oscillator center-of-mass potential can really simplify the 
handling of the nuclear structure problem if it is possible to consider v,; in 
(2.7) as a perturbation. Otherwise we are back to the exact problem and we 
have not gained anything. On the basis of what we have seen thus far we may 
feel some justification in expecting this to be really the case. First, by choosing 
w SO as to reproduce in zeroth order the observed size of the nucleus A, we 
automatically obtain, even before we take oe into account, all the Pauli cor- 
relations at the pertinent density. This, in itself, as we saw in the case of the 
Fermi gas, is sufficient to give us a semiquantitative understanding of a num- 
ber of nuclear properties. Then, from the study of nuclear matter, we expect 
that by limiting ourselves to the independent pair approximation we shall not 
be ignoring important factors that determine the details of nuclear structure. 
Furthermore, as long as we limit ourselves to independent pair descriptions 
we can make use of the G-matrix formalism and work with the zeroth-order 
wave functions with an even greater reliability. 


4. THE GENERALIZED SHELL MODEL 


At this stage it might be proper to go back to our results on the two nucleon 
system, work out the G-matrix appropriate for the modified two-body inter- 
action v;;, and carry out with it the computation of nuclear properties. 

This, however, turns out not to be the best way for the understanding of 
nuclear structure. There are some additional important restrictions on the 
nuclear wave function, which are independent of some, or even all, of the 
details of the residual interaction v,;. These restrictions are connected with the 
conservation laws of angular momentum, of isospin and of parity, and we 
gain much insight by studying their effects first. Normally there is relatively 
little information that can be gotten about an A-particle system from the fact 
that its total angular momentum is conserved. But if the system can be de- 
scribed in zeroeth order as a system of A-independent fermions in a spherical 
box the situation changes drastically. For now the angular momentum of each 
of the fermions separately is conserved, and this fact together with the con- 
servation of the total angular momentum leaves very little freedom in the 
A-fermion wave function. Moreover, if v;; is to be treated as a first-order 
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perturbation only, then, as we shall see, it again is possible to make many 
general statements about the properties of nuclear levels without invoking 
the detailed features of y;;. 

Instead of proceeding with the various approximations to (2.7) we there- 
fore propose to study the following model for the nucleus: 

The nuclear wave functions V(1,..., A) and the nuclear energies E are 
to be the eigenfunctions and the eigenvalues of the Hamiltonian 


A A 
H=)) + U@1+ DL vH) (4.1) 


i=1 i<j=1 
where it is understood that: 


(a) WV is to be antisymmetrized with respect to all its particles (protons 
and neutrons are considered to be different internal states of the nucleon ). 


(b) U(i) is an overall attractive potential that is a scalar function of the 
variables of the ith particle [i.e., it can be only a function of the magnitude 
of r; and of (1;-6;) ]. 


(c) v(ij) is a scalar function of the variables of particles i and j, sym- 
metric in i and j [i.e., it could be a function of |r; — r;|, or even a function 
of (6;-r;)(6;-F;), etc. ]. 


(d) v(ij) is a “‘weak potential,”’ in the sense that it can be treated as a 
small perturbation. The unperturbed Hamiltonian is 


A 
Hy = z= (T; + U;) (4.2) 


The modified Hamiltonian (2.7) is seen to be a special case of (4.1), but 
thus far we have not shown to what extent v,; can in fact be treated as a per- 
turbation [see (d)]. For simplicity the prime on v,; has been dropped in (4.1). 

The physical picture behind (4.1) is that of nucleons moving in a spherical 
box nearly independently, and it is motivated by the success of the Fermi-gas 
model in explaining some general characteristics of nuclei, and by the results 
we found on the “healing”? of the nuclear wave function in nuclear matter. 
There it was shown that the effects of the interaction of two particles in nu- 
clear matter are felt only when they are close to each other, and that the wave 
function is “‘healed’’ as soon as the separation between the particles increases 
beyond “1/k,. A third particle colliding with one of these particles therefore 
does not feel the effects of their previous interaction. 

The scalar property of U(i) and of v(i) is required in order that the total 
angular momentum of the system is conserved both for the zeroth-order wave 
function [when v(ij) is ignored ] as well as for the exact wave functions. In 
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fact, if J = >> (1; + s,) is the total angular momentum operator (1; and s; 
being the orbital and spin angular momenta of the ith particle), then 


[d+ u@ya}=0 
implies 


[[7; + UG@)], Gi + s:)] = 0 


Since the kinetic energy 7; commutes with both I, and s;, it follows that we 
must have 


[U(i), di + s:)] = 0 (4.3) 


Equation 4.3 is equivalent to the statement that U(Z) is invariant under rota- 
tions, and hence point (b). In a similar way the requirement [H, J] = 0 
leads to 


[v@), di + si + 1) + 8;)] = 0 (4.4) 


which is again equivalent to point (c). 

The exact functional form of U(i) and v(ij) and their dependence on 
r;, r; and the intrinsic variables of the particles i and j will, of course, reflect 
itself in the eigenfunctions and eigenvalues of (4.1). The interesting thing, 
however, is that many conclusions can be drawn without having a very de- 
tailed knowledge of U(i) and v(ij), and we shall now proceed to derive some 
of them. 

Since v(ij) is to be considered as a perturbaticn, the zeroth-order wave 
function is determined by U(i). For any given number A of particles such a 
wave function can be formed by taking a Slater determinant of appropriate 
single-particle wave functions. If there is more than one Slater determinant 
of A-particles that has the same zeroth-order energy, linear combinations of 
these Slater determinants may be more convenient to work with. 


5. THE SINGLE-PARTICLE POTENTIAL 


The potential U(i) can depend on r;,, p;, 6;, and 7,3. The only scalars that can 
be constructed out of these operators and that also conserve parity (1.e., are 
invariant under reflections ) are: 


r;’, pi and 6;° (r; x Dp: ) 


Therefore U(i) will generally consist of two parts: one that is independent 
of 6 (but may depend on p,?, and we shall come to that later), and one that is 
proportional to 6;-1,; (since r; X p; = #1). The former is often referred to as 
the “central potential.” In addition, since we allow a dependence of U(i) also 
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on 7:3, We can have different central potentials for neutrons and for protons. 
Indeed, the central potential will include a term (1/2)(1 + 7:3)V.(r:), giving 
rise to a Coulomb potential V..(r;) when the ith particle is a proton and vanish- 
ing when it is a neutron. 

The radial dependence of the central potential and the spin-orbit potential 
need not be related to each other, but we can expect some simple general 
features for both. If U(i) is to give rise to a reasonable zeroth-order wave 
function, then it should represent the average potential that the nucleon i 
feels as it traverses the nucleus. Later we shall make this statement more 
precise, but a few things can be said already at this stage. Since the range b 
of the nucleon-nucleon interaction is smaller than the nuclear radius R for 
A & 10, we can expect that if the nucleon 7 is inside the nucleus and removed 
more than a distance b from the nuclear surface there will be equal number 
of nucleons of all spin orientations on all its sides and it will experience no 
net force. Thus 


U(i) = constant if R-r,>b (5.1) 


At the vicinity of the nuclear surface there will be a net force on the nucleon 
attracting it back into the nucleus. Thus, for the central part 


d 

Ps Ucent(i) > 0 for |JR—ril <b (5.2) 
; 

Outside the nucleus, a distance b and more from its surface, there is again 
no nuclear force on the ith particle (there will be a Coulomb force if the 
particle is charged ), so that for that part of U(i) we have 


U(li)=0 for r—-R>b (5.3) 


[Actually we could have put U(i) = constant in (5.3), and the choice 
U(i) = 0 is just a convenient normalization of the energy. ] 

Equation 5.1 holds for both the central part and the spin-orbit part; how- 
ever, in the latter case we can even determine the value of the constant. In- 
deed, according to (5.1) the spin-orbit potential at the nuclear interior would 
be 


U,(i) = constant 6,1; (5.4) 


Depending on the sign of this constant, (5.4) would tell us that a situation 
in which 6; is, say, parallel to 1; has a lower energy than the one in which it is 
antiparallel to 1;. But that means that the spin of the ith nucleon experiences a 
force at the interior of the nucleus tending to make it parallel to the particle’s 
orbital angular momentum. This contradicts our assertion that at the interior 
of the nucleus the ith nucleon sees equal density of nucleons with spin-up and 
spin-down on all sides and therefore should experience no net force whatso- 
ever. We conclude therefore that the constant in (5.4) must be zero, and 
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therefore the spin-orbit potential must vanish inside the nucleus. Since it 
obviously vanishes at large distances from the nucleus it follows that the spin- 
orbit potential is a nuclear-surface phenomenon. 

We have remarked before that real nuclei consist mostly of a surface. This 
does not invalidate our conclusions about the central potential U(i) and the 
spin-orbit potential. There is a region of radius —(R — 5b) around the center 
of the nucleus in which U(i) is constant. The volume of that region may in- 
deed be a small part of the total nuclear volume, and this is reflected in volume 
elements in integrations; but in determining a radial wave function the “‘flat”’ 
part of U(i) is very important. 

The effectiveness of a potential on a particle is proportional to the time it 
spends in the potential. The fact that the spin-orbit potential is concentrated 
at the surface therefore means that its effectiveness relative to the central po- 
tential will be roughly proportional to the surface to volume ratio, that is, to 
A—'/3, We shall see later how this effectiveness is determined quantitatively. 

Our qualitative considerations therefore call for a central potential of the 
type shown in Fig. 5.1. 

The magnitude of the spin-orbit potential, on the other hand, will have 
a radial dependence of the type shown in Fig. 5.2. 

Due to the fact that U,(r) has a shape similar to (d/dr)Uceni(r) and since 
the spin-orbit interaction for an electron in an electric field has the form 
U.(r) = (g/r)(dV./dr)l-s, (V. = Coulomb potential) it is often assumed 
in nuclear structure calculations that U,(r) = y(1/r)(d/dr)U cent (r)I-s. We 
shall not make this assumption at this stage. 

The central potential shown in. Fig. 5.1 does not greatly resemble the har- 
monic-oscillator potential. Although the harmonic-oscillator potential does 
have the important feature that the force it exerts on a particle is weak at the 
center and gets stronger as the particle moves closer to the surface, it becomes 
much too strong outside the nuclear radius, unlike the potential Ucent(r). In 
this respect Ucent(r) may be a more realistic potential with which to form 
zeroth-order wave functions. It does have, however, an important disadvantage 
over the harmonic-oscillator potential: a Slater determinant of single-particle 
orbits computed with U.ent(i) cannot be decomposed into a product of a 
center-of-mass wave function and an internal wave function. It can be shown 


U(r) R —— 
cent 


FIG. 5.1. Qualitative features of the central potential. 
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FIG. 5.2. Qualitative features of the radial dependence of the spin-orbit potential. 


that this latter property exists only for harmonic-oscillator wave functions. 
Thus the wave functions generated from U ent (i) will not have a simple center- 
of-mass motion and, generally, it will not be possible to isolate from them, 
cleanly various center-of-mass effects. The final decision as to which potential 
to prefer must depend on the nature of the problem one is dealing with. This 
is again a reflection of the fact that we are dealing with a model and not with 
an exact theory. 


6. WAVE FUNCTIONS IN THE SINGLE-PARTICLE POTENTIAL 


The bound states of a single particle moving in a potential U(i) are, of course, 
quantized. They are characterized by four quantum numbers: n—the number 
of nodes in the radial wave function, /—the orbital angular momentum of the 
particle, 7(=/ + 1/2 )—the total angular momentum of the particle, and m— 
the z-projection of 7 where the z-axis can be chosen arbitrarily. These results 
follow immediately if we notice that the equation 


[T + Ucent(r) + Us(r)o-IW(, 6,¢) = AVY, 6, o) (6.1) 
reduces to 
WW PRiu() wd + 1) _ 
aM dy? + LE — U cent (7) as A170, (7) = IM 7? [Ras 7 0 
(6.2 ) 
if we put 
l 
Vaim(r, 9, 6) = 7 Rats (1 )Y rim (8, ¢) (6.3 ) 


Here Yijm(8, ¢ ) includes also the spin coordinates and is constructed by vector 
coupling the spin s to the orbital angular momentum | to form the total single- 
particle angular momentum j: 

Yrim(9, 6) = Dy (1/2mglmi| jm )xaj2 (ms) Yim (6, ) (6.4) 


Ms mi 
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Here x1/2(m,) are the spin eigenfunctions and Yim,(6, ¢) are spherical har- 
monics. The coefficient \,; reflects the fact that the spin-orbit potential is differ- 
ent forj = /+ 1/2 andj = / — 1/2. It can be obtained by operating directly 
OD Yrjm With é-1. Noting that 


él=2-l=~—-P-—s (6.5) 


and that Yi;n, by its construction, is a simultaneous eigenfunction of I? and 
jy, we obtain: 


(6-1)Yrim(O, 6) = [407 + 1) —1 © + 1) — 3/4) rim, ¢) (6.6) 


Hence : 
2 


l iff j=/1+1/2 
hig = (6.7) 
—(7+1) it ~get—172 
The radial function R, 7; has to satisfy the boundary conditions 


Riw(r) 2 0 for r— © (6.8 ) 


and R,1;(0) = O (or more rigorously R,1;/r ~ M < ©). Rai; may, or may 
r—0 

not, have additional zeros between r = 0 andr = o. The quantum number 

nis related to the number of these zeros (nodes ), and in nuclear physics litera- 

ture it is customary to put it equal to their number (excluding the one at zero 


and including the one at infinity). R,1; is furthermore normalized so that 
| |Rnig(r) |? dr =] (6.9) 
0 


Two radial functions with the same I[j-quantum numbers but different radial 
quantum numbers are orthogonal as can be easily verified from (6.2). To- 
gether with (6.9) we therefore obtain 


[ RuORewe ar = §(n,n’) (6.10) 


The orthogonality relation (6.10) does not necessarily hold between radial 
functions with different values of / and/or j. The total wave function Wrtjm 
does satisfy such orthogonality relation that, however, results from the orthog- 
onality of the angular spin functions Yjjm: 


| [Yism(B, $), Yrrjrm’ (Ob) 1 d(cos 8) dp = 511155jbmm’ (6.11) 


where we have used the orthogonality of the spin wave functions [x“1/2(mz; ), 
X1/2 (Ms: )] = Omgms'« 
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The remarkable thing about the structure (6.3) of the single-particle wave 
function for a single-particle potential is that its angular and spin-variable 
dependence is completely independent of the single-particle potential. 


Problem. Show that the separation (6.3) holds also when U(i) is a function 
of p?; uSe a power expansion of U(Z) in p? to obtain the new radial equation 
for R, lj (r ). 


The eigenvalues E,,;;, which are determined by (6.2) through the require- 
ment that R,7;(7) — 0 as r— o~, do not depend on the quantum number m. 
The states of a single particle in a three-dimensional scalar potential U(i) are 
(27 + 1)-fold degenerate. Occasionally the degeneracy may be even higher 
fit is 2(2/ + 1) if U, = 0, for instance ], but the (27 + 1)-fold degeneracy 
of the eigenvalue E,,;; is a fundamental property of any scalar U(i). Physically 
it is due to the fact that a scalar potential does not determine any preferred 
direction in space, and the energy of a particle bound in it cannot, therefore, 
depend along which axis we chose to quantize our angular momenta. 


7. GROUPING OF LEVELS IN SINGLE-PARTICLE POTENTIALS 


Although R,7;(7) and E,,; depend on the detailed features of U(i) there are 
some general statements that can be made about them. We shall confine our- 
selves now to central potentials U(r), and assume, furthermore, that U(r) 
is an attractive potential, monotonically nonincreasing in its absolute value. 


U(r) < 0, |U(n)| => |U(@re)| if n< re (7.1) 


and also U(r) — 0 for r— o, and U(r) — 0 for r— 0. (The last require- 
ment is to assure the existence of a lowest bound state). Under these condi- 
tions we can show that of two bound states with the same orbital angular 
momenta, the one with more nodes is less bound. Or formally: 


Enel > Enyt if Nog > ny (7.2) 


Similarly, of two orbits with the same number of nodes, the one with smaller 
lis more bound: 


Ex,>En, if L>h, (7.3) 


Both results become very plausible if we remember that the nodes of the 
radial wave function are all contained within the range of the potential, and 
that a big number of nodes implies more curvature of the radial wave func- 
tion and, hence, more kinetic energy associated with that part of the wave 
function. If / is the same for the two orbits, (7.2) then follows. On the other 
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hand, if nm remains unchanged, increasing / leads to an increase in the angular 
kinetic energy and, hence, the relation (7.3). The formal proof of (7.2) and 
(7.3) is given in deShalit and Talmi (63), pp. 34-36. 

: : ; ») : : 

The interplay between radial and orbital quantum numbers in affecting 
energies as indicated in (7.2) and (7.3) leads to the general phenomenon of 
the grouping of levels in central potentials. Roughly speaking an increase in 
/ can be compensated by a decrease in n and vice versa. It is then possible to 
have Eni ~ Eni, when (h — 2) = —p(m — ne), p being a positive number 
whose value depends on the form of the central potential (9 = 1 for Coulomb 
potentials; » = 2 for harmonic oscillator and square well potentials). This 
grouping of levels is responsible for the formation of “‘shells” of particles in 
central potentials. 

We shall now proceed to study some of the manifestations of this “shell 
structure” in nuclei. It will be instructive to mention also some aspects of the 
shell structure in atoms since in both cases there are additional effects that 
tend to enhance some phenomena associated with shell structure. 

The most dramatic effects of shell structure are seen in the study of the 
variation of ionization energy with particle number. In Fig. 7.1 we show three 
Shells, or clusters of levels in a central potential the lowest includes just one 
orbit, the next one two orbits and the third, three orbits. Each orbit is associ- 
ated with a possible set of values for the independent quantum numbers. 
Assume that each orbit can accommodate just two particles. If there is no 
interaction among these particles, the ionization energy as a function of A 
will look like Fig. 7.2. Every time a new shell starts to fill there is a sharp de- 
crease in the ionization energy of the last particle. 

In real cases we encounter a different behavior. Thus in the atomic case, 
the transition from an atom with Z-electrons to one with Z + 1 electrons is 
connected also with an increase of the charge on the nucleus. The ionization 
energy, instead of staying constant, like in Fig. 7.2, as the shells fill, becomes 
larger because of the increase in the central potential. When a new shell 
starts to fill, the last electron not only occupies a higher, less bound, level in 
the Coulomb field but it is also screened from the attractive nuclear charge 
by the shell of electrons just filled; its binding energy is thus reduced even 


FIG. 7.1. Schematic clustering of levels in central potentials. 
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A 
FIG. 7.2. Variation of ionization energy with size of system occupying the schematic 
potential shown in Fig. 7.1. 


further. The ionization energy then shows large jumps at the closure of shells 
as shown in Fig. 7.3. 

In nuclei the central potential does not get deeper as we keep increasing 
the mass number, since the nuclear density remains constant. Its dimensions 
change instead [compare, for instance, (2.11 )]. This again makes each orbit 
more tightly bound as the nucleus increases in size although the effect is not 
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FIG. 7.3. Dependence of the ionization potential of the neutral atom on atomic number 
[taken from Herzberg (44)]. 


212 INDEPENDENT-PARTICLE MODELS FOR FINITE NUCLEI 


as dramatic as with the electrons in an atom. In addition, as we shall see later, 
the residual interaction and the possible momentum dependence of the central 
potential somewhat mask this effect. The jumps in the ionization energies 
everytime a new shell starts to fill are consequently less spectacular and 
amount to only 2 MeV, that is, ~25% of the ionization energy itself. They 
reflect predominantly the reduced binding of the new orbit more than the 
increase in binding of the particles in the filled shell. This can be seen in Figs. 
1.4.1 to 1.4.3. 

Discontinuities in the ionization energies are not the only indication for 
the existence of shells. Various other nuclear properties seem to undergo 
abrupt variations around the same region in the periodic table where discon- 
tinuities in ionization energies are observed. This was discussed in Chapter I. 

Unlike the atomic case where all shells are filled by just one type of particle— 
the electron—the nuclear shells are simultaneously filled by two types of 
particles—neutrons and protons. Furthermore the basic two-body interac- 
tions U(pp), U(nn), and U(pn) are all of the same order of magnitude. This 
provides us with an interesting possibility of testing the validity of the inde- 
pendent-particle approximation. We note that stable nuclei beyond *°Ca have 
an increasing tendency toward an excess of neutrons over protons, thus indi- 
cating a somewhat different average potential for neutrons and protons. This 
is, of course, well understood in terms of the extra Coulomb potential that is 
effective for protons and not for neutrons. If the independent-particle picture 
is a valid zeroth-order approximation, the effects of the filling of shells should 
be recognized by the independent filling of proton shells and neutrons shells. 
In the absence of Coulomb effects, protons and neutrons will fill the same levels 
to produce stable nuclei, and we shall not be able to tell the filling of a neutron— 
proton shell from that of protons alone and neutrons alone. Since, however, 
the potential that the protons sense is slightly “elevated’’ by the Coulomb 
repulsion, stable heavy nuclei have appreciably more neutrons than protons 
(Fig. 7.4). We can then have a stable nucleus with a number of neutrons 
that corresponds to a filled shell without at the same time filling a proton 
shell. Whatever effects show up as the result of filling shells should show up 
independently for neutrons and for protons in the independent-particle picture. 
Furthermore, if the dominant features of nuclei are determined by the nuclear 
force rather than the Coulomb force, we should expect these shell effects to 
occur at the same numerical values for neutrons and protons, since the shapes 
of their potentials should be similar. Thus, if it is found that the 51st neutron 
and the 83rd neutron are particularly weakly bound, for various values of Z, 
and if we suspect that this is due to the closure of shells with 50 and 82 neu- 
trons, then we should also find that the 51st proton and the 83rd proton are 
weakly bound for various values of N. This, indeed, is found to be the case, 
as was discussed in Chapter I. 

The numbers at which neutrons or protons seem to fill a shell have been 
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FIG. 7.4. Nuclear potentials for protons (right) and neutrons (left) for heavy nucleus. 
Because of the Coulomb repulsion, the average potential for a proton is less deep than 
that for neutron and exhibits the well-known Coulomb barrier outside the nucleus. This 
barrier is formed as a result of the concellation of the repulsive Coulomb force inside 
the nucleus by the stronger attractive nuclear potential. To obtain the lowest stable 
state of A-nucleons one has to fill the lowest A available states. For instance if A = 26 
(in the unrealistic potential shown in this figure), the lowest state will be obtained by 
filling the 10 lowest neutron states with two neutrons each and the three lowest proton 
states with two protons each. If, instead, we were to put seven protons and 19 neutrons 
into this potential, then one of the protons will be in the state a (or higher) and there 
will be a neutron missing in the state b (or lower). This situation is unstable against B- 
decay, since by emitting a positron the proton in a could be converted into a neutron b 
and thereby reduce the energy of the A-nucleon system. Once this state is achieved the 
nucleus is stable; although the occupied proton orbit c is still higher than the neutron 
orbit b, no B-decay can take place since the neutron orbits b are all occupied. 


called “magic numbers’’; the fact that the same empirical magic numbers: 
2, 8, 20, 28, 50, 82, and 126 have been found to be “magic’”’ for neutrons and 
protons separately (except for 126; the heaviest nuclei known have Z = 103) 
is probably one of the strongest evidences in favor of the validity of the inde- 
pendent-particle picture as a zeroth-order approximation. 

By now there are many unrelated phenomena that reflect the existence of 
shell structure in nuclei. In fact, we can even determine empirically the /, /, 
and m quantum numbers of the various single-particle orbits and their order- 
ing. How exactly this is done we shall only learn later; at present we may 
satisfy ourselves with just the following observation that indicates the prin- 
ciple involved. 

If the order of the various single-particle levels is fixed, then, given a number 
of nucleons the zeroth-order wave function is also fixed. All nuclear properties 
are thereby determined in zeroth order; to the extent that we concentrate on 
properties that are not too sensitive to further corrections in the wave function, 
the order of single-particle levels can be determined by associating the meas- 
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ured properties of the actual wave function with those of the model zeroth- 
order wave function. 

Two remarks should, however, be made: a given number of nucleons for a 
given sequence of single-particle levels fixes the wave function uniquely only 
if there are no degenerate states at the same energy. In addition the order of 
single-particle levels in the nucleus may depend, at least slightly, on the num- 
ber of nucleons in the nucleus. We should not forget that, like in the degen- 
erate Fermi gas, the potential U(i) in which the nucleons move nearly inde- 
pendently is formed by these same nucleons themselves, and a priori all we 
can Say is that A-nucleons should give rise to a potential whose A lowest states 
would reproduce, roughly, the ground state of the A-nucleon system. In prin- 
ciple, therefore, the potential U(Z) is a function of A. From considerations of 
contmuity we can expect no drastic changes in the order of single-particle 
levels as we go from one nucleus to its neighbor, but levels that are found to 
be close to each other in one nucleus may turn out to be in the reverse order 
in a neighboring nucleus. 


8. THE NUCLEAR-SHELL STRUCTURE 


The radial quantum numbers of the single-particle levels cannot be measured 
directly, but they can be inferred from (7.2) if we have good reasons to believe 
that we have not missed levels in between; if we concentrate on all the levels 
with the same values of / and j, the lowest one will have n = 1, the next one 
n= 27 2tc, 

Figure 8.1 shows the nuclear single-particle levels as determined experti- 
mentally. The absolute spacing between the levels in this figure is arbitrary 
since it anyhow decreases as the nucleus becomes larger. The relative spacing 
is also qualitative only, but it is meant to show which states lie closer to each 
other. 

The notation we are using is the standard (nuclear ) spectroscopic notation 
(nlj), where n stands for the radial quantum number, s, p, d, f, g, h, i stand 
for] = 0, 1, 2, 3, 4,5, 6; andj = 7+ 1/2. (Note that in atomic spectroscopy 
another notation is used for the radial number 7; the relation between , and 
our 2 is: n = n, — 1). The m quantum number is generally not shown because 
all states with the same value of nJj but different values of m(m = —j, —j + 
l,...,j — 1,/) are degenerate. We shall refer to the set of the degenerate 
27 + 1 states Wnijm as the level (nij). 

In Fig. 8.1 we have also indicated the degeneracy N(k) of each of the 
levels and the number of particles required to fill a shell, the magic numbers 
>> N(k). Although the clustering of levels into shells is obvious for the first 
four shells, it becomes less obvious for the higher shells. It 1s customary to 
talk of major shells that fill at the magic numbers 2, 8, 20, 28, 50, 82, and 126, 
and of subshells that fill at the submagic numbers 16, 38, and 40. 
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FIG. 8.1. Approximate lfevel pattern for protons. The spin-orbit splitting is adjusted in 
such a way that the empirical level sequence is represented. For convenience the oscil- 
lator level grouping and the particles of these groups are indicated at the left side of Fig. 
7.2. Round brackets (2), (4), etc. and square brackets [2], [6], etc. indicate the level de- 
generacies and the total occupation numbers. In the 6/w oscillator group the splittings 
are not drawn ina proper scale, the 3d splitting is too large. For neutrons the level pattern 
is the same as that for protons up to N = 50. Beyond this value it is found that the 2d5;. 
level is below the 1g7/2, 3S:;2 below the 2d3/2, and the 2f7;2 close to the 1go,2 level. [From 
Mayer and Jensen (55)]. 
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The empirical grouping of the levels into clusters is dominated by two 
factors. One is the effect referred to in Section IV.7, whereby an increase in n 
can be compensated energywise by a decrease in /. This effect is responsible 
for the clustering of the 2s and 1d states in the 3rd shell, the 2p and If in the 
5th shell, the 1g, 2d, and 3s in the 6th shell, and the 1A, 2f, and 3p in the 7th 
shell. This clustering in itself, which is characteristic of potentials of a finite 
range (square well, etc.) or their equivalents (harmonic oscillator, etc. ), is not 
sufficient to explain some of the data: indeed, the empirical fact that in the 
second shell the p3/2 and pi;2 levels are separated by about 30% of the separa- 
tion between the two shells, shows that there must be an important spin- 
orbit component in the potential U(i). The realization of this fact by Mayer 
and Jensen in 1949 was an important turning point in the study of nuclei. 

The magnitude of the spin-orbit potential turns out to lead to spin-orbit 
splittings that are comparable to the energy differences between major shells. 
This empirical fact is, as far as we can tell now, accidental, although some of 
its trends can be understood. The distance in energy between major shells is 
roughly speaking tw, where w 1s the frequency of the harmonic oscillator 
potential that leads to the correct rms radius for the nucleus. In deriving 
(2.11) we showed that hw ~ 41 MeV/A!’. In discussing (5.4) we concluded 
that the spin-orbit potential was a nuclear-surface effect; the splitting between 
the levels with j = / + 1/2 andj = / — 1/2 should therefore be proportional 
to A-'/3 (the relative probability to find a nucleon at the surface). On the 
other hand this same splitting is proportional to 


[Ar jeray2 — Arjetaye| = 22+ 1 (8.1) 


where the \’s were evaluated in (6.7). Thus the magnitude of the spin-orbit 
splitting, relative to hw, is independent: of A and proportional to 2/ 
+ 1 and can exceed for large / the distance between major shells. This 
is why the two members of the spin-orbit doublets for / = 1 and / = 2 (.e., 
P3/2 — P12 and ds/2 — d3/2) belong to the same shell. For / = 3 the situation 
is intermediate and we have the “anomaly” of a shell composed of a single 
level (the fourth, often called “‘the f7. shell”); and for / = 4,5... the 
two members of the spin-orbit doublet are split so much that one of them 
has become a member of the lower shell. Since fiw decreases with increasing 
A there will be some value for which hw and the spin-orbit splitting are 
comparable. For large values of A, the spin-orbit splitting will dominate. 


9. PARITY AND ANGULAR MOMENTA OF NUCLEAR LEVELS 


Given the empirical ordering of levels as in Fig. 8.1 we can go a long way 
in constructing nuclear wave functions and determining their properties. 
Such wave functions are referred to as shell-model wave functions; they are 
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A-particle wave functions constructed out of single-particle wave functions 
characterized by the scheme shown in Fig. 8.1. As has already been men- 
tioned before, the angular and spin dependence of a single-particle wave 
function is completely determined by the quantum numbers J, j, and m. 
Physical quantities that are insensitive to details of the radial wave functions 
or better still, physical quantities that are rigorously independent of the radial 
wave functions, can already be computed at this stage and compared with 
experiment. 

The simplest quantity of this type is the parity of an A-particle state. For a 
Slater determinant the parity is just the product of the parities of the single- 
particle wave functions that go into it. These are very simple to derive since 
the radial wave function R,;;(r) does not change under reflection, and the 
parity of Yin(8, ¢) is (—1)*. Thus the parity of a Slater determinant con- 
structed out of states n,l; jim;i = 1,..., Ais just (—1)7". We shall come to 
its experimental verification later. 


Remark. We have disregarded the parity of the nucleon itself, that is, what 
happens to the spin and isospin functions under reflection. Since the baryonic 
quantum number is conserved in all known processes, the total intrinsic parity 
of the nucleons will remain the same in any process that does not change a 
nucleon into another baryon. For such processes the intrinsic parity of the 
nucleon is therefore irrelevant. 


The next simplest physical quantity about which we shall be able to draw 
interesting conclusions, valid for any interaction v(ij), is the total angular 
momentum 


J = PD (i; + s;) (9.1) 


that commutes with a scalar Hamiltonian like (4.1) (with or without >> ;;). 
It is clear that if eigenstates of H are not already simultaneous eigenstates of 
J? and of J,, then they must be degenerate. It is then always possible to take 
a linear combination of these degenerate eigenstates of H in such a way as to 
produce a wave function that is also an eigenstate of J? and J,. 


Problem. Prove it. 


Let us examine the relation between the shell-model wave functions and 
the operator J. We notice first that if the number of nucleons corresponds to 
a closed shell there is no degeneracy in the ground state and, therefore, such 
states must be automatically eigenstates also of J? and J,. We characterize 
the single-particle states by nJjm and construct a Slater determinant £o(1,.., Zo) 
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out of the states niJijwni; i = 1,... , Zo (we consider for simplicity the 
filling of the proton states only; the generalization to protons and neutrons 
is Straightforward ). We see immediately that 


20 
JeBo(1,...5 20) = Dd, fezPo(l, ... 5 Zo) 
k=1 


= > [m:.®o(1,..., 20) ] = M.®(1,..., 20) (9.2) 


where 


M) = >. m: (9.3) 


Physically this result is very simple; it says that if we quantize the single- 
particle angular momenta and the total angular momentum along the same 
axis, then the projection of the angular momentum of the state ® on this axis 
is the sum of the projections of each of the particle’s angular momentum on 
the same axis. It is a trivial thing to convince ourselves that 


+5 
m= >, m = 0 


miF=—J 


All states 
of one level 


Hence, if in (9.3) we have particles filling the various levels completely, there 
being no level that is partially filled, it follows that 


M, = (9.4) 


We shall now show that the value of J is also zero. We know that J com- 
mutes with H (see eqs. 4.2 and 4.3); we also know that because of the Pauli 
principle there is no other state degenerate with the state ®, that has all lowest 
levels filled; it follows that 


where 2 = (Az, A,, Az) are three numbers. J, + iJ, are the raising and lowering 
operators for M; since ©o has a well-determined value of M, it follows from 
(9.5), by operating on ©, with J, + iJ,, that A, + iA, = 0; from (9.4) we 
conclude that \, = My = 0; hence 2 = 0 or 


J®, = 0 andalso J? = 0 (9.6) 


®y is thus completely spherically symmetric state with no preferred direction. 

We can also determine the parity of this state. Since each single-particle 
level njj can accommodate (27 + 1) particles, and since 27 + 1 is always an 
even number, the parity of a filled level is (—1)°7-! = +1. Thus © has 
positive parity too. Hence, a Slater determinant constructed out of com- 
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pletely filled levels is an eigenstate of J? and J, corresponding to J = 0+ and 
J, = 0. (The notation J = 0+ implies J = 0 and positive parity. ) 

Let us now add one particle to ©y putting it in the level n’/’j’ that has hitherto 
had no particles in it, and let us put it there in the state m’. The corresponding 
Slater determinant ®, has z) +-1 particles (where z) corresponds to a closed 
shell) and it can be shown immediately that 


zo+1 
JOi(l,...,2+1)= >> m& = m'4, (9.7) 


t=1 


®, has states degenerate with it that are obtained by putting the last particle 
in a different m-state of the same level. However, there are generally no states 
degenerate with ®, that also have the same eigenvalue of J,. Since J? commutes 
with J,, it follows that , is also an eigenfunction of J? and it is easy to see 
that: 


PO(1,...,2¢1)=/'(/ + 1Hl,...,2 +1) (9.8) 


Problem. Prove (9.8) by breaking J into a part that operates on the filled 
levels and a part that operates on the added particle. Use (9.6) for the first 
part. 


We can also convince ourselves that the parity of ©; is (—1)”. Thus, a Slater 
determinant constructed out of a filled level plus one particle in an unfilled 
level, is an eigenstate of the parity operator, of J? and J, with eigenvalues 
equal to the parity, j, and m quantum numbers of the odd particle in the un- 
filled level. 

Physically what happens is the following: the different m-states in a given 
single-particle level nlj correspond to different directions around which the 
nucleon rotates. Nucleons in states m and —™m rotate in opposite directions. 
It is generally not true that if we put one nucleon in a state m and another one 
in —m their total angular momentum vanishes, because j,, and je, do not 
commute separately with (j, + Je )*; however, by the time we fill all the possible 
m-states of a given level, all possible directions of rotation are equally present; 
there is thus no preferred direction in space, and the total angular momentum 
must vanish (otherwise its own direction will be a “‘preferred’’ direction ). If 
we have one particle outside filled levels the total angular momentum is just 
due to this particle and, hence, the results (9.7) and (9.8). 

It can be similarly shown that if we have z. — 1 particles, the resulting 


Slater determinant ®_,(1,..., Zo — 1) 1n which the level n’l’j’ has just one 
state m’ empty, satisfies 
J,bi(1,...,; 20 — 1) = —m’'®_\(1,...,20 — 1) (9.9) 


Po (1,...,2-1) =/'( + 1)O40,...,2—1) (9.10) 
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It is instructive to derive (9.6) to (9.10) again in a slightly different way: 
We noted that H commutes with J, and also J? commutes with J. We may thus 
choose ®(/) to be a simultaneous eigenfunction of H and J?. It follows that 
(J, + iJ, )®V) and VJ, — iJ,)®(/) are also eigenstates of H and of J?. More- 
over they belong to the same eigenvalues of H and J? as the original function 
®(/). Operating again with (VJ/, + iJ,) will produce still another degenerate 
eigenfunction of H with the same eigenvalue JV + 1) of J?. It is well known 
that in this way we can produce exactly 2J + 1 independent functions. Thus, 
if it is known that there is no degeneracy for a given eigenstate ®)(J)) of H, 
it follows that it should satisfy 2J) + 1 = 1, that is, 1ts angular momentum 
must vanish. The closed-shell nuclei are, of course, a special case of this 
general theorem. 

Similarly, if it is known that a state ®,(J,) is one out of 27’ + 1 degenerate 
states that can be obtained from each other through the use of some power of 
(J, + iJ, ), then it follows that J; should satisfy the relation 2, + 1 = 2j’+ 1 
or J; = j’. The important thing to note is that, given a level of degeneracy D, 
none of its states can have a total angular momentum bigger than Jp where 
2Jp + 1 = D. We also note that if we can construct an eigenstate of H that 
is a simultaneous eigenstate of J,, with an eigenvalue M, then by repeated 
applications of J, — iJ, we can produce at least 2M additional degenerate 
states of H. It follows that the lowest total angular momentum J associated 
with our original state satisfies 2/7 + 1>2M+1o0rJ > M. Physically this 
result says that an angular momentum is always larger than, or equal to, its 
projection on an arbitrary axis. 


10. SYSTEMS WITH SEVERAL PARTICLES OUTSIDE FILLED 
LEVELS 


If we pass now to systems that have more than one particle added to, or missing 
from, filled levels, the situation becomes more complicated. Let us consider a 
system in which there are k > 1 particles, occupying states outside of a closed 
shell. Let these states be n®JOjJOmM, n@]OjOme, 2.2. 5 nelHOjom, 
Forming again a Slater determinant ®,(1,...,2Z0 + k) for the z) + k particles 
we find that 


J,®.(11,...,20 +k) = M,®,(01,...,2 +k) (10.1 ) 
where 
k 
M, = >, m‘ (10.2) 
i=1 


Thus again, the Slater determinant is an eigenstate of J, as well as of Ho, and 
only the particles outside the filled levels contribute to the eigenvalue M;, of 
J,. Unlike the previous cases, however, we can have now other (zo) + k) 
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particle states, which are degenerate with ®,, and have the same eigenvalue 
M,,. In fact, if we leave the filled levels untouched but move the k-particles to 
other states in their levels, we have a new situation defined by 


nDIDjIDmen, ..., nHI{Hj;HOmow 


If we form a Slater determinant ®,; out of these new states (plus the previous 
untouched filled levels ) we obtain: 


JP, = MiP, (10.3 ) 
where 
k 
My. = >> me? (10.4) 
i=1 


®,, is obviously degenerate with ®, since we have left all the particles in the 
same levels; we can also make it correspond to the same eigenvalue of J, if we 
require that 


k k 
YS mea = Do ma (10.5 ) 
i=1 i=1 


Unlike the previous cases, we cannot argue any longer that #, should also 
be an eigenfunction of J?, and in fact this is generally not the case. In order to 
produce an eigenfunction of J?, we now have to take linear combinations of 
different ®,; that satisfy the condition (10.5). 

The set of Slater determinants of z = Zz, + k particles obtained from the 
single-particle states nVIjOmM, ..., n 17m ™, forms a complete set 
of antisymmetric z-particle wave functions. It is referred to as the m-scheme, 
because, in addition to being characterized by the level quantum numbers 
n)]()7(), it is characterized by the m-quantum number of the corresponding 
states. The Hamiltonian AH is diagonal in the m-scheme and there are gen- 
erally quite high degeneracies in its spectrum. All the independent states ob- 
tained by keeping the quantum numbers n(PJMjO, p@JQj@) nolo j 
fixed and letting m“, m@,..., m‘ take any permissible set of values, are 
said to form a configuration. That is, in specifying a configuration we need 
only give the (n, /, 7) values involved. In My = >) [T; + U(i)] all the states 
of the same configuration are degenerate. This is obvious since for each one 
of the particles, keeping n‘?/(®7( fixed and changing m‘® does not change 
its energy. Since in Hy the particles do not interact with each other, it follows 
that all the states of the same configuration, obtained by taking all possible 
sets of m‘, are also degenerate. 

In general, different configurations will not be degenerate with each other 
even in A), for if we choose to empty one of the occupied levels of whatever 
particles it has, and fill another level instead, this will generally lead to a 
different energy for Hy. An exception can occur if the two levels considered 
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were accidentally degenerate (such as the ld and 2s levels in the harmonic 
oscillator potential ). ) 

The importance of the concept of a configuration stems from the results 
we have just found. Indeed, we know from perturbation theory that if the 
zeroth-order Hamiltonian has degenerate eigenstates, the first-order effects of 
the perturbation are obtained by the diagonalization of the perturbation 
within the Hilbert subspace of the degenerate states. Thus, to the extent that 
in the shell-model Hamiltonian (4.1) the interaction v(ij) can be considered 
as a perturbation, our first task will be to diagonalize v(ij) within each set of 
degenerate states and, therefore, to consider just one configuration at a time. 
This drastically reduces the complexity of the problem. 

A configuration is denoted by its occupied levels: n©V]OjJVn@1@ji@, . . ., 
n‘)[()7(, A shorthand notation is very often used: if the same level n(?](0j( 
is occupied by k particles, one writes (n{]‘j( )* instead of repeating k 
times the same set of three quantum numbers. Very often the completely 
filled levels are not mentioned at all, since in many cases their effect can be 
disregarded. If it is clear which shell one is concerned with, a configuration is 
often denoted just by the j-values of the relevant unfilled levels. Thus, when 
we say that the lowest proton configuration of 33V2g is (7/2), what we really 
mean is the configuration 


(1s1/2)? 1p3y2)* A piy2 )? Ads a (2812 )? 1ds/2 )* Uf 7/2 )? 


Similarly if one says that certain levels in 39Cag9 belong to the proton con- 
figuration (d3/2—'f7/2), what one really means is the configuration 


(1812)? Aps/2 )* Apia ? ds 72 )° (251/2 )? Ads 2)? Ufr/2) 


(we have underlined that part which is referred to in the shorthand notation ). 
Note the use of negative powers to denote “‘missing”’ particles in a would-be 
filled level, and also the use of (/;)" rather than j” when the latter may be 
confusing. Indeed, referring to some of the levels in *°Ca as levels of the con- 
figuration [(3/2)—}, (7/2)] is not clear enough, since the missing particle 
may then be in the 1p3/2 level or the 1d3/2 level. 

Before proceeding with the analysis of several particles outside close shells, 
let us summarize our findings thus far. 

In an attempt to analyze the structure of a system described by the shell- 
model Hamiltonian 
A A A 
H= 2) T, + Ui) + DL vi) = Ho t+ DS vii) 
i=1 i<j=l i<j=l 
we derive first the single-particle spectrum of Ho. 

This is schematically shown in Fig. 10.1 stressing the difference between 
the proton and neutron single-particle spectra. Each level in this spectrum is 
characterized by the quantum numbers nJjm and is (27 + 1)-fold degenerate 
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Protons Neutrons 


FIG. 10.1. Schematic diagram of energy levels of Ho. 


(its energy is independent of m). If we wish we can add a fifth quantum num- 
ber m,(= +1 ) to tell us whether we are dealing with a proton state (m, = +1) 
or a neutron state (m, = —1). In the absence of Coulomb forces, and neglect- 
ing possible small charge dependence of nuclear forces, the levels will then 
be degenerate also with respect to m,. 

To produce a state of Z-protons and N-neutrons we distribute these particles 
among the different levels of Fig. 10.1. For any given distribution of the par- 
ticles among the levels—that is, a given configuration—we can have many 
states depending on the m-states in each level into which the particles go. The 
A-particle spectrum, still considering only Ho, will then look like Fig. 10.2. 
Each A-particle level will generally be highly degenerate; there will be group- 


FIG. 10.2. Schematic diagrams of energy levels of a nucleus governed by Hp. 
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ings of such highly degenerate levels corresponding to different configurations 
that stay within the same major shell. Thus the levels a1, ae, a3, . . . in Fig. 
10.2 all result from configurations that are approximately degenerate with 
the lowest configuration to the same major shell. In '3$Xegp, for instance, 
these a-type configurations may include g7/5, g7/ods/0, 8% jod2/2, &7/2ds/05 
ds 287/281 /2, etc. The levels b,, bo, . . . result when a particle in one of the a- 
configurations is removed from its level and put in a level one shell higher. 
The levels c result from the same process involving two particles, or moving 
one particle to a level two major shells higher, etc. 

It is easy to convince oneself that as one goes higher in energy the possible 
variations become so numerous that the b-type and c-type configurations will 
begin to overlap each other. Only in the harmonic oscillator do we find a 
clean separation between different types of configurations and, indeed, each 
type is then completely degenerate in itself. The spacing between different 
types of configurations in the harmonic oscillator is hw, as can be easily verified. 

If we now want to take into account also the interaction v(ij) in the shell- 
model Hamiltonian, the first thing is to diagonalize it within the subspace of 
degenerate states, that 1s, within each configuration. As a result of this diag- 
onalization some of the degeneracy will be removed and the configurations of 
type a in Fig. 10.2 will look qualitatively as shown in Fig. 10.3. Each of the 
levels obtained from the diagonalization of >» v(i/) will still be degenerate; 
however, this particular degeneracy is simple. In fact, since we know that J’, 
the square of the total angular momentum, commutes with the shell-model 
Hamiltonian even when v(i/) is included, J is a good quantum number, and 
each level characterized by J is (2J + 1)-fold degenerate. Apart from ac- 
cidental degeneracies this is the only degeneracy that remains after the di- 
agonalization of v(ij) within each configuration, except of course for the de- 


FIG. 10.3. Splitting of degenerate levels in Hy» under the influence of a perturbation 


v(is). 
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generacy with respect to m, the isospin “magnetic”? quantum number that is 
removed only if v(ij) includes the Coulomb potential. 

We shall come later to the quantitative evaluation of the splittings between 
different levels after the diagonalization of the residual interaction >| v(i/), 
but it is immediately clear that this splitting reflects the strength of the residual 
interaction. If we look back at Fig. 10.3 we see that, provided the residual 
interaction is weak enough, the first few levels in a nucleus described by the 
shell model will be the levels of the lowest configuration. We cannot tell where 
these levels lie without knowing v(ij), but we can still tell which are their pos- 
sible values of J. Since these levels are obtained by the diagonalization of a 
matrix within a certain configuration, the new eigenfunctions are linear com- 
binations of the various states of this configuration. To tell which values of 
the total angular momentum will be encountered, we have to determine which 
J-values can be obtained from that configuration. 


11. EXAMPLES 


The simplest examples are those of nuclei corresponding to closed shells or 
closed shells plus or minus one particle. In these cases, as we saw in (9.6) to 
(9.10), the lowest configurations have just one level with J = 0* for the closed 
shells and J = j’ for a closed-shell +-one particle, where j’ is the angular mo- 
mentum of the additional or missing particle. Experimentally one finds indeed 
that all closed-shell nuclei have J = 0+ for their ground state. As far as closed 
shells +1 nuclei are concerned, the angular momenta of their ground and low- 
lying states were used, as we shall see later, to determine the shell-model se- 
quence of single-particle levels as shown in Fig. 8.1. We should not use them 
therefore as an “‘evidence”’ for the validity of our arguments. 

There are, however, other simple cases that could illustrate the results ob- 
tained thus far. Consider, for instance, the nucleus j9K2;. From the sequence 
of levels in the shell model (Fig. 8.1) we would expect its lowest proton con- 
figuration to be d3/2, and its lowest neutron configuration to be f7/2. The 
lowest configuration of 4°K is thus (wd3/0, vfzj2) (where w stand for protons 
and v for neutrons ). In more detail, the proton configuration is 


1s721p3/21p 4/21 dé 2254 21 d3/2 
and the neutron configuration 1s 
8213/21) 4/21 d8 228% /21d3 /21f7 2 


The proton configuration by itself means one particle is missing at the top of 
the third major shell; the proton configuration therefore leads to a level of a 
definite angular momentum J, = 3/2+*. Similarly the neutron configuration 
by itself corresponds to one particle at the beginning of the fourth major 


226 INDEPENDENT—PARTICLE MODELS FOR FINITE NUCLEI 


shell. This shell contains just one level — 1f;;.—hence the neutron configura- 
tion has J, = 7/2-. The total angular momentum J of the (d3’2, f7/2.) configura- 
tion can now be obtained by the simple rule of adding two angular momenta: 


PENT = Jaleo ld, = Jal lee pox eds (11.1) 
y) 


Since the neutron and the proton configurations have opposite parity, we ex- 
pect all the lowest levels in *°K to have negative parities. 

The experimental levels of #°K are shown in Fig. (11.1). The lowest levels 
have negative parities and total angular momenta 4, 3, 2, and 5 that just cor- 
respond to all possible integers between [3/2 — 7/2| and 3/2 + 7/2 as re- 
quired by (11.1). We therefore feel rather certain that we observe here just 
all the levels of the configuration (ad3/2, vf7/2). As one goes higher in energy 
no excited states are encountered until an excitation of about 2 MeV. By that 
time we probably encounter the next configuration that by inspection of Fig. 
8.1 should involve the lowest neutron level in the fifth major shell that is, 
(rd3/2, vPs/2). Four new levels are indeed found here, all of negative parity, 
and with angular momenta 3, 2, 1, and 0, which is again exactly what we would 
expect from the application of (11.1) to this configuration. The group of 
levels at 0, 29, 799, and 885 KeV form what we called a configuration of type 
a (Fig. 10.2). Those at 2.04 to 2.56 MeV are levels of a configuration type b. 
The fact that they do not lie at a considerably higher energy is probably due 
to the special nature of the f7/. shell. The splitting between the fourth and the 
fifth major shells is a “halfway” splitting: for the lower /-values the spin- 
orbit splitting is not sufficient to overcome the distance between shells, and 
for the higher /-values it does it completely. The spin-orbit splitting for the /- 
nucleon does not push the 1If7/2 level all the way down to the top of the third 
shell, but pushes it enough to split it from the bottom of the 2p — 1f group of 
levels. This is the reason for the occurrence of this f7/2. shell with just one level 
in it. 

There is also some indication of levels in *°K, at about 2 MeV or even less, 
which may be the levels of the configuration (5j/2, vf7/2). This would be 
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FIG. 11.1. Energy levels of °K. 
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another “‘type a’ configuration. Since the evidence is, however, rather poor 
we shall not discuss it here. 

The preceding discussion and the example of the levels in *°K demonstrate 
how we can obtain specific information on levels of nuclei without a detailed 
knowledge of v(ij). The fact that agreement between experimental findings 
and these simple-minded expectations is found over a wide range of nuclei 
gives further support to the basic assumptions underlying the independent- 
particle picture of the nucleus. 


12. THE J-SCHEME 


We can go further and deduce other important results, still having to do with 
the total angular momentum of the system, but demonstrating in a very con- 
vincing way the effects of antisymmetrization. We mentioned above that in 
order to obtain the possible angular momenta for the low-lying states of nuclei, 
all we have to do is to see which are the angular momenta that the lowest 
configurations can give rise to. These angular momenta were very simply 
determined when the number of particles was such that the lowest configura- 
tions produced exactly filled levels, or filled levels plus one particle in an un- 
filled level. In the case of #°K we have one particle in an unfilled neutron level 
and one particle was missing in an otherwise full proton level; the angular 
momenta of this configuration could be still rather trivially deduced. But what 
if we have two or more particles in an unfilled level? 

The wave functions in these cases can still be written rather easily in the 
m-scheme, where we specify the m-values of the states occupied by the various 
particles. Such wave functions are eigenfunctions of j;,,i = 1,..., A, and there- 
fore also of 


A 


J, <r > Vie 


i=1 


What we are after, however, are wave functions, in the same configuration, 
which are still eigenfunctions of J,, but are simultaneously eigenfunctions of 
J*?. Since [j:., J?] # 0, the m-scheme wave functions do not generally satisfy 
this requirement. For an A-nucleon system there exist generally several wave 
functions that belong to the same value of J,. By combining these wave func- 
tions with properly chosen coefficients, a wave function that is simultaneously 
an eigenfunction of J? and J, can be obtained. This amounts to using a unitary 
transformation (JM|m, ..., ma) such that the A-particle functions 


6JM)= >) VUM|m, m,...,ma)®(m, m,...,ma) (12.1) 
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are Simultaneous eigenfunction of J? with the eigenvalues JJ + 1), and of 
J, with the eigenvalues M. 

The coefficients of the transformation (12.1), written in full, actually should 
look as follows: 


(Jas Jas ++ + 5 fas SM | jum, jaa, . . . , jama) (12.2) 


They depend, of course, only on the quantum: numbers of the states involved 
and not on the coordinates of the particles. The additional quantum number 
a is introduced to distinguish between orthogonal states with the same value 
of J and M, since for states with three or more particles it is generally possible 
to obtain a given total angular momentum in more than one way. 

For A = 2, the coefficients (12.2) reduce to the well known Clebsch- 
Gordan coefficients (see Appendix A, A. 2.57). Also for A > 2 they effectively 
transform from the m-scheme to what is called the J-scheme, and can therefore 
be called generalized Clebsch-Gordan coefficients. They can be determined, 
like the Clebsch-Gordan coefficients, by operation on both sides of (12.1) 
with 


Je = Dd) jnes Je + Dy = DS Chee + iiey) and Jz — Jy = D5 (See — ity) 
k k 


These operators affect only the m-quantum numbers and leave the quantum 
numbers 7 and j the same, thus not modifying the configuration. One obtains 
then the set of equations: 


(JIM|m,...,ms)=0 if m+m....ma#M (12.3) 
J/J—-M)\J+M+1)U,M + I|m, m,..., ms) 
= /M|m — 1, m,..., may/ (i — m $+ 1)(A + om) 
+ (IM|m, mz — 1,..., may (jz — m2 + 1) (je + me) 
+...+ UM|m, mo, ...,ma — 1) (ja — ma + 1)Cja + ma). (12.4) 
and 
VU + M)\J— M+1)U,M— I|m, m, ..., ms) 
= JM|m + 1,m2...,may/ (A +m + 1)CA — m) 
+ (IM|m, m2 + 1,..., may (jo + m2 + 1)(j2 — mz) 
+... 4+ VM|m, mo, ...,ma + 1)0/ Ua + ma + 1)Cia — ma )(12.5) 


We shall not investigate the question of the existence of solutions to these 
equations, but use them to derive some properties of the solutions assuming 
that they exist (see below for a method of actual construction of a solution ). 
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(a) Since the coefficients of these equations are all real and the equations 


are homogeneous in (JM|m, .. . , ma), we can choose the solutions to be 
real as well, and normalize them so that 
> |UM|m,...,ma)|? = 1 (12.6) 
My,---MA 


(b) As was mentioned above (12.3) to (12.5) connect states of the same 
configuration only. The matrix (JM|m, . . . ma) therefore produces a state of 
angular momentum J in the configuration (ji, . . . ja). This state is denoted by 


iis Jes oss sJA5 JM) 


(c) If a solution to (12.3) to (12.5) exists for a given value of J and M, 
then the way we constructed our equations guarantees that solutions will also 
exist for the same J and all other possible values of M. Physically it means 
that if a certain configuration can give rise to a state of a given angular mo- 
mentum J, and a given z-projection M, it will also give rise to all the other 
M-states of this level J. This conclusion follows basically from the fact that a 
configuration in which all the m-states are degenerate has no specific orienta- 
tion in space, and this property should remain valid irrespective of how we 
choose to look at it: through the m-scheme, the J-scheme, or any other scheme. 


(d) Equations 12.3 to 12.5 do not involve the wave functions 
®(m, ..., ma ) although we used these functions to derive the equations. We 
notice however, that all that has been used was the “response” of 
©(m, ..., ma) to the operators j., and j, + ij,. These operators affect only 
the spin and angular variables of @; the matrix (JM|m, ..., ma) is thus in- 
dependent of the radial wave functions, and therefore also of the r? and p? 
dependence of the potential U(i) that generates the radial wave functions. 
This result is also of great importance. It tells us that if we believe that a 
group of levels originates from one pure configuration, the possible angular 
momenta of these levels are independent of the rest of the dynamics of the 
system. 


(ec) The symmetry properties of ®(m,, mo, ..., ms) do not reflect them- 
selves in (12.3) to (12.5). The matrix that transforms from the m-scheme to 
the J-scheme is independent of whether we transform symmetric states or anti- 
symmetric states, or states of no definite symmetry at all. Of course, since 
P( firm, joe, .. . , Jama ) 1S antisymmetric with respect to the exchange of the 
coordinates of its particles, the same will hold true for ®( ji, jo, ... , ja; JM); 
similarly a symmetric wave function in the m-scheme will give rise to a sym- 
metric wave function also in the J-scheme. 


In concrete cases the solution of (12.3) to (12.5) may not be the best way 
to obtain the coefficients (JM|m, ..., ma). A more practical way of doing 
it, which has broader applications as we shall see later, is the following. 
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We observe that the m-scheme state 
Bim, = fi, Me = Jos. .- 5 MA = ja) (12.7) 


is already an eigenstate of J? and J, with the eigenvalue Jinax(Jmax + 1) 


Problem. Prove it by noting that 
PH je +ie +... +4 + 2 ede then dee + Yiejee) 


1<k 
where 
jis = jee ee Vig 


and J, = Jmax, respectively, where 


Imax = /i + Jet... +/Ja (12.8) 


Jinax Will be recognized as the maximum possible angular momentum in 
the configuration (ji,...,j4), and the fact that (12.7) is simultaneously an 
eigenfunction in both the m-scheme and the J-scheme is because there are no 
other degenerate states in the m-scheme with the same value of M = >> m,. 
Thus we can write 


® Jinaxs M= ae) re & (mM, == ne 2225 MA = Ja) (12.9) 


and we conclude that there is only one level with J = J,,.x in the configuration 
Ch cee , JA). 
We now operate on (12.9) with J, — iJ, and obtain 


_ | 
® Uinaxs M= ds = 1) = a/ Wren [V/ 2,8 (m, = fl l, 
Mz = jo... ,Ma = ja) + V2jo2B(M = fi, me = fe — 1,..., ma = ja) 


tole bt V2 (m = fh, me = joy. ..,mMa = ja — 1] (12.10) 


There are other independent m-scheme states with M = Jnax — 1. By choosing 
linear combinations that are orthogonal to (12.10) we obtain states with 
angular momenta J = Jmax — 1. Their total angular momentum J must 
satisfy J > Jmax — 1 (a vector cannot be shorter than its projection ); but we 
said there was just one level with J = Jmax; our states, by construction, are 
orthogonal to the states with J = Jnax; hence J = Jmax — 1. Operating now 
with J, — iJ, or ®VUimnax, M = Jmax — 1) and on all the states @VUnax — 1, 
M = Jmax — 1) we reach the states with M = Jnax — 2, and continue with 
the same procedure there. Thus, step by step, one can construct all the /-scheme 
states from those in the m-scheme and effectively solve (12.3) to (12.5). 
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13. CONFIGURATION WITH EQUIVALENT PARTICLES 


Thus far we did not specify whether the levels of the A-particles mliji, Neolojo,..., 
Nalaja are all different. Our considerations remain valid even if some of the 
levels are identical. However, additional new features then appear and we 
shall now proceed to discuss them, since they are of great importance in the 
study of many nuclear properties. The most general case would be the one 
characterized by the configuration 


(Maly jr )3 (Male jz), 2.2 (idee )*, Ni 2+1, DO M=A 


For our purpose it will be sufficient to consider just N-particles forming the 
configuration (nlj)”. We shall find later that, in spite of the process of anti- 
symmetrization, completely filled levels do not affect many nuclear properties; 
such properties depend then only on the particles in partially filled levels. In 
the extreme independent-particle picture there will be, for the ground state, 
at most two partially filled levels at a time: one for the protons and one for 
the neutrons. Protons and neutrons fill the same levels only for light nuclei; 
for heavier nuclei proton levels are pushed up by the Coulomb force and are 
consequently filled more slowly than neutron levels (see Section IV.10). We 
shall therefore find a good number of nuclei that can be described well enough 
by the configuration 7”. 

Nucleons that occupy the same level are said to be equivalent to each other. 
This name derives from the property of the 27 +- 1 states of a level (n/j) that 
makes them transform among themselves under a rotation of the frame of 
reference. Since the radial and the orbital quantum numbers are often omitted, 
it is customary to denote by /?, for example, a configuration of two equivalent 
nucleons, and by (/, /) one of two nonequivalent nucleons. Thus /? is short 
for (nlj)*?, whereas jj is short for (nlJj, n’l’j) where (n, 1) # (n’, I’). 

The two configurations j? and (j, 7) have different permissible values of J, 
although both are formed from two particles in states with the same /. In fact, 
in the m-scheme the wave functions of the different antisymmetric states of 
(j, 7) have the form 


i ®, (nijm )®, (n'l'jm’ ) 
(jj; mm’) = G(nljm, n'I'jm’) = Va (13.1) 
Po (nlim )®2(n'l'jm’ ) 
m and m’ can take independently any of the 27 + 1 values m, m’ = —j, —j + 


1,...,jand there are therefore (27 + 1) different wave functions ®( jj; mm’ ). 
In the corresponding J-scheme, J can assume all integral values from J = 0 
to J = 2j, so that the total number of independent states in the J-scheme is 


3 Q/+1)= Qj+ 1) (13.2) 


J=0 
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equal to that of the original number of independent states in the m-scheme. 

When we pass now to the configuration 7? we notice that the number of in- 
dependent states in the m-scheme is reduced. Whereas ®(nlJjm, n'I’/jm'’) and 
®(nljm’, n'I'jm) are independent states, we have for /?: 


@(/?, mm’) = &(nljm, nljm') = —&(nljm’, nlm) = —&(7,m'm) (13.3) 


Of course, as can be readily seen from (13.3), when m = m’, ® = O. There 
are therefore only j(2j + 1) independent antisymmetric m-scheme states in 
j*. There should consequently be only j(2j + 1) independent states also in the 
J-scheme. 

This reduction in the number of J-scheme states of j? as compared to those 
of jj, comes out formally through the symmetry properties of the matrix for 
two particles, which transforms from the m-scheme to the J-scheme. This 
matrix is nothing but the matrix of the Clebsch-Gordan coefficients 
(JM |jmjm’). This matrix, as we have stressed already, depends only on j and 
m (and not on the radial and orbital quantum numbers ) so that it is the same 
matrix for both the j j-configuration and the j? configuration. With the phase 
conventions adopted previously, it can be shown that the following symmetry 
of the Clebsch—Gordan coefficients holds (see Appendix A, A.2.65 ) 


(JM | jum jome) = (—1)41+2-4 JM | jeme jum ) (13.4) 


We now see that for j;,; = j2 = j, and j half-integer (1.c., (—1)?7 = —1) the 
Clebsch-—Gordan coefficient (JM|jmjm’) is symmetric or antisymmetric with 
respect to the exchange of m and m’ if J is odd or even, respectively. Since by 
(13.3) &(j?, mm’ ) is antisymmetric with respect to the exchange of m and m’, 
it follows‘ that 


&(PIM) = >; WIM | jmjm’)b(j?, mm’) = 0 (13.5) 


mm! 


for j half-integer and odd J. 

The configuration j? of equivalent particles can therefore give rise only to 
levels with even total angular momenta. The total number of independent states 
is therefore 

VY Q+iy=1t+5+...+ P@-W+1)=/A+1) (3.6) 

J even 
in agreement with the number of independent states in the m-scheme for the 
same configuration. 


14. EXAMPLES 


We shall now apply these results to the study of a specific spectrum. There. 
are many examples of nuclear spectra that are believed to be associated with 
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a j?-configuration; one that may be particularly instructive is that of 23Zrs0 
As was pointed out before, 38 is a semimagic number. Since the neutron num- 
ber 50 is just magic, we expect the lowest states of 32Zrs9 to be determined by 
the proton configurations (2pi;2)?, (1g9/2)? and (2pi/elgo/2) (or in more 
detail Istj2 1p3/2 \piye 1d8/2 2st2 1d3/2 UF UfS/2 2p3/2 2pi/2 etc., our short- 
hand notation specifies only the orbits occupied by the last two protons). 
In the p%/. configuration the total angular momentum J can take on just one 
value J = Ot (since it must be even, and since for the /? configuration J <2j — 
1); in the gé/o configuration we can have states with total angular momentum 
J = 0t, 2+, 4, 6*, and 8+. Finally, the configuration (p4/2 89/2) can lead to 
states with J = 4- and 5~ (note that p and g have opposite parities ). Figure14.1 
shows the observed spectrum of Zr®? with the assignment of spin and parity 
for the various levels [omitted is an uncertain level between 3.081 MeV and 
3.455 MeV; the assignment 4— to the level at 2.745 MeV 1s not certain—see 
Dickens et. al. (67) ]. Between the ground state and up to an excitation of 4.5 
MeV all one sees are just the levels expected on the basis of our discussion 
above and no others. There are no levels with even parity and odd values of 
J, and the only levels of odd parity are the ones that can be gotten from the 
(P1/22 9/2) configuration. 


4.0 Experimental Calculated 
3.595 a 
3.445 - wi 950 og? 
— a i) es 
3.2 3.081 4t 3.04 4+ 
2.74 = 
4 
2.66 qe 
+ 
2.182 > se 2 
1.752 ot 1.75 ot 
1.6 
0.8 
0.0 :, ot —0.02 ot 


FIG. 14.1. Experimental and calculated energy levels of °°Zr (in MeV). The total energies 
rather than energy differences, are plotted [taken from Auerbach and Talmi (65)]. 
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Remark. Later on we shall see that in the region of 3 MeV excitation one 
finds systematically, in all even—even nuclei, a 3— level whose nature is more 
complex. There is an indication that Zr®° has such a level as well, but we shall 
not discuss it here. Experimentally it is possible to distinguish these “‘collective 
3-” levels from other levels by their excitation cross section in some inelastic 
processes. 


We notice in passing that the levels of the g¢/. configuration are ordered 
according to J, and that they are more closely packed as J increases. This will 
turn out to be a rather general property of the levels of the j” configuration, 
which will be discussed later (Section V.1 ). 


15. THE ALLOWED J’S 


The effects of antisymmetrization, which is responsible for the elimination 
of odd values of J from the permissible states of j?, are felt also in the more 
complex configurations 7% with N > 2. The number of states in the configura- 
tion (7/2, 7/2, 7/2), for instance, is 83 = 512; that of the three equivalent 
particles (7/2)? turns out to have only 56 states. 

To be able to tell which are the permissible J’s in a configuration j* it is 
convenient to proceed in the following way. 

It is easy to count how many permissible states of a given value of M there 
are in the m-scheme for the configuration /” ; this is determined by all the pos- 
sible sets of N half-integers my, m2,..., my such that no two m’s are equal, 


and provided two sets that can be obtained from each other by permutations 
are considered to be identical. For instance, if we take the configuration 
(7/2), the maximum possible M that satisfies these requirements is M = 15/2 
and it can be obtained in just one independent way; >), m; = 15/2 if 
(m, M2, m3) = (7/2, 5/2, 3/2). Also M = 13/2 can be obtained from just 
one set: 


> m = 13/2 if (mm, ma, ms) = (7/2, 5/2, 1/2) 
M = 11/2 can be obtained in two nonequivalent ways: 


(7/2, 5/2, —1/2) 
>> om; = 11/2: (mmm) = 
hf 2:3) 2,192) 
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M = 3/2 and M = 1/2 can be obtained with the following independent sets: 
>) m; = 3/2: (7/2, 3/2, —7/2), (7/2, 1/2, —5/2), (7/2, —1/2, —3/2) 
(5/2, 3/2, —5/2), (5/2, 1/2, —3/2), (3/2, 1/2, —1/2) 
(15.1) 
ym = 1/2: (7/2, 1/2, —7/2), (7/2, —1/2, —5/2), (5/2, 3/2, —7/2) 
(5/2, 1/2, —5/2), (5/2, —1/2, —3/2), (3/2, 1/2, —3/2) 
(15.2) 


Now that we have counted the number y(/) of antisymmetric m-scheme 
states in 7”, with a definite value of M, we remark that this must equal the 
number of J-levels in the J-scheme of j% with J > M. Indeed, every level with 
a given J in j% gives rise to one state |JM> for each value of M satisfying 
—J < M < J. Thus if y(/) is the number of levels in j* with a given value of 
J, we have 


Jmax 


y(M) = 2 we (15.3) 
and therefore 
y¥J) = v(M| =J)—-—y(M| =J+4+1) (13.4) 


Applying (15.4) to our example of (7/2 )* we find that this configuration con- 
tains: no level with J > 15/2, one level with J = 15/2, no level with J = 13/2, 
one level each with J = 11/2, 9/2, 7/2, 5/2, and 3/2, and no level with J = 1/2 
[y(M = 1/2) = y(M = 3/2) = 6; see (15.1) and (15.2) ]. 

An example pertinent to this situation is *!V where the analysis of levels up 
to nearly 3 MeV shows the spectrum shown in Fig. 15.1. With 28 neutrons 
just filling the fourth shell, we expect the low-energy spectrum to be dominated 
by the protons in the unfilled shell, that is, the (7/2)* configuration. The 
ground state of 33Vo, has a measured spin 7/2- and spins 5/2-, 3/2-, 11/2-, 
9/2-, and 15/2- have been assigned to levels at 0.320 MeV, 0.930 MeV, 
1,601 MeV, 1.813 MeV, and 2.699 MeV, respectively. 

The fact that the spins and parities of these levels coincide with those ex- 
pected of an f?/. configuration lends great support to the identification of these 
levels as belonging to this configuration. It should, however, be mentioned 
that spins and parities alone are not sufficient for such an identification. As 
we shall see below, all the levels of a given configuration of particles of the 
same type (protons or neutrons ) must also have the same gyromagnetic ratio; 
magnetic moments of the levels considered would therefore help considerably 
in ascertaining their identification as the levels of f 32. Other properties of 
these levels are also rather uniquely determined if they are identified as be- 
longing to a definite configuration. 
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FIG. 15.1. Gamma-ray decay in ®!V.2. [taken from Schwager (61)]. 
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Two more levels in *!V have been identified at 2.409 MeV (3/2-) and 
2.545 MeV (5/2-). These are probably the lowest states of the proton con- 
figurations (1f?/., 2p3/2) and (1f?/s, Ifs/2). It is to be noted that no level with 
J = 13/2- or with J = 1/27 has been observed in this nucleus below 2.7 MeV. 
Such levels are absent also in the f?/. configuration! 

In our discussions and examples thus far we have deliberately excluded 
cases in which neutrons and protons are simultaneously in the same level, 
and referred only to the cases in which either the protons or the neutrons were 
just of the right number to fill completely a major shell. We shall tackle the 
more general problem later when we shall introduce the full use of isospin 
formalism in complex nuclei. But already with the cases studied thus far we 
see how and why it is possible to explain some features of low-lying nuclear 
levels without looking at the detailed dynamical affects of the interaction. Im- 
plicitly we do say something about the interaction, because our considerations 
were only valid if we were justified in describing these levels in terms of iso- 
lated configurations. This is probably not true for arbitrary interactions 
v(ij). But once we accept the conjecture of the shell model that v(ij) can be 
treated as a perturbation in lowest order, the rest of our discussion above 
follows without further dynamical specifications of v (ij). 


16. MAGNETIC MOMENTS IN THE NUCLEAR SHELL MODEL 


The success we have encountered in explaining angular momenta of low-lying 
states in terms of simple configurations may be misleading. The total angular 
momentum operator is a rigorous constant of motion. Furthermore its eigen- 
values are quantized so that its possible values are limited. How would our 
results have been affected, then, if the description of low-lying states in terms 
of simple configurations were not really as good an approximation as we have 
assumed it to be? Let us consider an idealized situation in which only two con- 
figurations are involved, (5/2)? and (9/2). For the complete independent- 
particle picture each configuration is completely degenerate, as shown on the 
extreme left of Fig. 16.1. Then, to take v(ij) into account in first order, we 
have to first diagonalize it separately within the subspaces of degenerate 
states. This gives rise to two groups of levels, as shown in the middle of Fig. 
16.1, one originating from (9/2)? with J = 0, 2, 4, 6, and 8, and one originating 
from (5/2)? with J = 0, 2, and 4. 

If >. v(ij) is not a small interaction, then, within our idealized situation, 
we have to diagonalize >> v(ij) in the complete Hilbert space of the configura- 
tions considered. Since v(i/) is a scalar, and therefore conserves total angular 
momentum, it can have nonvanishing matrix elements only between states 
with the same J and M. The complete diagonalization of >) v(ij) can there- 
fore be reduced to the diagonalization of considerably smaller matrices, each 
characterized by referring only to states of given J and M. States with J = 6 
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2 
(5/2) 4 : 


(9/2) 


A 8B Cc 
FIG. 16.1. Levels in the two-particle configuration which can populate either (9/2)? or 
(5/2)2. A-v(ij) is switched off; configurations completely degenerate. B—v(ij) is on, but 
very weak; it is diagonalized only within each configuration separately. Levels split off 
but can still be assigned to well defined configurations. C—v(i/) is included in the com- 
plete diagonalization within these two configurations. The level ordering in B and C 
remain the same although in C the configurations are no longer pure. 


and J = 8, in our example, appear only in the configuration (9/2 )*; they will 
therefore remain unaffected by taking into account the effects of the con- 
figuration (5/2). For the states with J = 0, 2, and 4 we shall have to diag- 
onalize a matrix of the form 


E?()  aV) | 
(16.1) 


aJ) EDV) 


where £,‘ (J) is the energy of the level Jin the (9/2 )* configuration taken by 
itself, and FE,‘ (J)—the corresponding quantity for the (5/2 )? configuration. 
a(J) is the matrix element of >) v,; between the (9/2)? and (5/2)? con- 
figurations. This is the term that is neglected in first-order perturbation theory. 
Thus 


a(VJ) = ((9/2)JM| >) v(ij)| (5/2)IM) (16.2) 
It is well known that the eigenvalues £,(J) and E2(/) of (16.1) satisfy 


4a? (J) 


EPO) — EVP O°”? 


E,J) — ExJ) = [E?V) — EPV)] \/: a 

The net result of including all the effects of v(ij) in our case is therefore to 
push the lowest states with J = 0, 2, and 4 even lower, leave J = 6andJ = 8 
in their first-order position, and push the higher states with J = 0, 2, and 4 
even higher. The exact solution therefore “magnifies” the first-order predic- 
tion: that of finding among the lowest levels just the J’s allowed by the lowest 
configuration. This result can be shown to be valid also when more than two 
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configurations are included. We therefore conclude that the prediction of spin 
values may not provide a very strong test of the shell-model picture. 

For this reason, and for the reasons mentioned in our discussion of 5°'V, 
we shall now look for additional physical quantities, which still depend only, 
or mostly, on the spin and angular coordinates, and try to explain them with 
shell-model wave functions. This way we shall have a more severe test for these 
wave functions. One such quantity is the magnetic moment of nuclel. 

Formally, the magnetic moment operator for a given system is that operator 
that determines the response of the system to an outside homogeneous mag- 
netic field. Given the Hamiltonian of the system H(p., x:) we know that its 
modification in the presence of an outside electromagnetic field characterized 
by a vector potential A is obtained by replacing p; by p; — (e/c)A,, provided 
the Hamiltonian gives a complete description of the system, including the 
intrinsic structure of whatever particles it may have. Here we shall assume 
this to be the case. 

Taking A to be the vector potential for a magnetic field H, we can expand 
the Hamiltonian in the presence of A in powers of H, to obtain 


A(p; — ~ As Xi, G:, =i) = A(p;, X;,6;, “;) — u(p:, X;, G;, “;)H ft ox (16.4) 


The operator w is, then, by definition, the magnetic moment operator of the 
system. 

We see from (16.4) that to derive an expression for u in terms of X;, p:, 6;, 
and «; we must have an explicit expression for the Hamiltonian H. However, 
if the only p-dependence of the Hamiltonian 4H is in the kinetic energy, that 
is, if the interaction v(ij) in (16.4) is independent of the momenta of the 
particles, we can deduce wu without this knowledge of the complete Hamil- 
tonian. As can be seen from (16.4), in this case the interaction >) v(ij) drops 
out and @ is determined solely by the kinetic energy. 

It should be stressed that this conclusion applies only to the functional de- 
pendence of 4, as an operator, on the operators p;, x:, 6;, and +;. The measured 
values of 4, which are expectation values of the operator u, involve the eigen- 
functions of H and therefore depend on v(ij), even in the absence of mo- 
mentum dependence for v(i/). 

The actual expression for the magnetic moment operator when only the 
kinetic energy is considered is derived in texts on quantum mechanics [see for 
example Gottfried (66) ] with the result: 


a=Dw (16.5) 


BOL + g.\S; (16.6 ) 


Ui 


Equation 16.5 says that u is a single-particle operator (Section I.8). Equation 
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16.6 identifies the two sources of magnetism. One is the current created by the 
orbital motion; this part of the magnetic moment is characterized by an orbital 
g-factor (or gyromagnetic ratio ) 


Luo for protons 
gi = (16.7 ) 


0 for neutrons 


The second term represents the magnetic contributions of the spin char- 
acterized by a g-factor 


5.58455 for protons 
g,\ = (16.8 ) 
— 3.82630 for neutrons 
where 
h 
yo = 1 nuclear magneton = . — 5.049 x gape (16.9) 


It will be recognized immediately that (16.6) does not involve the radial 
coordinates at all (1, can be expressed in terms of angular coordinates only ). 
The expectation value of uw can therefore be calculated if the angular and spin 
dependence of V(1,..., A) 1s known. 

The number referred to as “the magnetic moment’’ of a system in a state 
of total angular momentum J is defined by 


uw = JM \i.|IM) ues (16.10) 


that is, it is the expectation value of the z-component of the operator wu in 
the substate of maximum z-projection of J. 

Since yp, is the z-component of a vector, we can use the Wigner—Eckart 
theorem (see Appendix A) to obtain 


»=( 2 ’) yiléll7) = 


Se cg. SF Gléll7) (16.11) 


J 
Ja + 1)Q/J + 1) 
For closed shells we have already found that J = 0; therefore the magnetic 
moment of nuclei composed of closed shells vanishes. 
For the state &,(J/M) (see Eq. 9.7) of a configuration that includes just one 
particle in a level (n’l’j’) outside closed shells, we can use the fact that u is a 
single-particle operator, (16.5), to obtain: 


(610M )|a|&iJM)) = (i'M als’ M) (16.12) 


where < j’M| is a single-particle wave function. 

We have already seen, (9.8), that for such configurations J = j’. Equation 
16.12 can therefore be interpreted in the following way: the magnetic moment 
of a configuration with one particle outside closed shells is equal to the mag- 
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netic moment of the odd nucleon taken by itself. The particles in the closed 
shells do not contribute to the magnetic moment of the system. 

Physically this result is rather easy to understand. When a level is completely 
filled, then for every particle in that level going one way there is a particle, in 
the same level, going in the opposite way, and for every particle with its spin 
pointing up there is a particle, in the same level, with its spin pointing down. 
Thus the contributions of all the orbital currents to the magnetic moment 
cancel each other, and so do the spin contributions. We are left therefore with 
the contribution of the odd nucleon alone. 

The magnetic moment of a single nucleon is easy to evaluate. From the 
Wigner—Eckart theorem we know that the matrix elements ( jm’ |v|jm) for all 
vectors v and a given fixed j are proportional to each other, the proportionality 
factor being independent of m and m’. We can therefore define g,; through 


(lim'|@| lim) = gi; lim’ |j| lim) (16.13) 


and g.; will be independent of m and m’; gi; is, of course, nothing but the 
gyromagnetic ratio for the particle in the level (n/j). To evaluate gi; note 
that sthce the operator j cannot change the quantum numbers j, 7, /, it follows 
from (16.13) that 


(jm|e-j)lim) = gi;{ jm|j-ij|jm) (16.14) 
with the same g7;. 


We now introduce for u the expression u = g/l + g,s and use the operator 
identities, derived from squaring j = 1+ s: 


2(l-j) = G-j) + GI) — (-s) 


2(s-j) = G-j) + (s-s) — G1) (16.15) 
Noticing that in the state |ljm> 
(jm|j-j|m) = (i+ 1) (16.16) 


and 
(jjm|1-1|[im) = 10+ 1) 
and that s-s = 3/4, we obtain finally 


52. J Ii +1) — 3/4 
= gj == : ee — g, 16.17 
w= 8) = 5 (Bi t+ 8s) + IgG +1) (g:— gs) (¢ ) 
It is customary to write (16.17) separately for 7 = 1+ 1/2 andj = 1 — 1/2 
Igi + 38s for j=l+1/2 


n= 
I—1/2 (16.18) 


fs 
I 


= [0 + 1)g: —4gs] for 
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Equation 16.17 and 16.18 are known as the Schmidt moments or the single- 
particle moments. Although they are defined only for half integral values of j 
it is common to refer to the diagram of u versus j as the “Schmidt diagram.” 
Figure 16.2a shows the Schmidt diagram for protons (g; = uo, gs = 5.580) 
and Fig. 16.2b shows the same diagram for neutrons (g; = 0, g, = —3.83u0). 
Each diagram has two lines in it—one corresponding to j = / + 1/2 and the 
other toj = / — 1/2. The dots in the diagram are measured moments of ground 
and excited states of odd-A nuclei (odd Z-even N-nuclei are plotted in the 
proton diagram and even Z-odd N are plotted in the neutron diagram ). Many 
measured moments are shown, not just those corresponding to one particle 
outside closed shells. If the shell-model wave function were an exact wave 
function we would expect the moments of nuclei with one nucleon added to a 


1/2 3/2 5/2 7/2 9/2 
Spin 
(a) 


FIG. 16.2. (a) Schmidt diagram for odd-proton nuclei. The magnetic moment in nuclear 
magnetons is plotted against the spin [from R. J. Blin-Stoyle (56)]. 
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FIG, 16.2. (b) Schmidt diagram for odd-neutron nuclei. The magnetic moment in nuclear 
magnetons is plotted against the spin [from R. J. Blin-Stoyle, (56)]. 
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closed shell to lie on the Schmidt lines. This 1s actually the content of (16.18) 
for a single particle outside closed shells. 


Problem. Prove that the magnetic moment of a nucleus in a state with one 
particle missing from a closed shell [the function ®_, of (9.9) and (9.10) ] is 
equal to the magnetic moment of the missing particle. 


We see from Fig. 16.2 that the magnetic moment of '{Og lies indeed fairly 
close to the Schmidt line, and so do those of 3H», 2He,, and 88Ys9. However 
other moments for nuclei containing one nucleon plus closed shells, notably 
those of *28Bi,., and $5Cae, lie rather far from the Schmidt line, or at least do 
not come any closer to it than many of the other nuclei. 


17. MAGNETIC MOMENTS—SEVERAL NUCLEONS 


The empirical data on magnetic moments of nuclei shows a very striking regu- 
larity. It is remarkable that the magnetic moments of all nuclei fall between 
the Schmidt lines. The moments of the various nuclei seem to fall distinctly 
into two groups when plotted on a Schmidt diagram: one group lies closer to 
the “7 = ] + 1/2” line and the other lies closer to the ““j = 7 — 1/2’ line. This 
regularity has been used to determine parities semiempirically. If the nuclear 
angular momentum j and the magnetic moment y of a level are known it is 
possible to determine by inspection to which Schmidt line this belongs and. 
thereby assign to it the corresponding /(/ = j + 1/2). The parity of the level 
is then taken to be positive or negative according to whether / thus determined 
is even or odd. Independent studies of the parities of nuclear levels using nu- 
clear reactions, or the emission of B- and y-rays, confirm this empirical rule 
in most cases. It is interesting therefore to see whether the shell model can 
explain the observed regularities also for these more complex configurations. 
To this end we shall try now to obtain an estimate of these moments. 

First, we shall calculate the magnetic moment in a configuration of N- 
protons or N-neutrons in unfilled shells. The contributions of the filled levels 
to the magnetic moment all vanish, 


Problem. Prove it. 


so that we need to take care only of the N-equivalent particles in the level nj. 
In other words we want to evaluate 


(jXIM| 2! u@i)|7IM) (17.1) 
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where the N-particles are either all protons or all neutrons. Transforming 
into the m-scheme we obtain 
(iXIM| Di u@|FIM) = 2, JM |m, ... , mw) 


CA 4 
™My-- “MyM -+-My° 


X (jm, jm2,...,jmn| 2, asm jms, . . . 5 jmy) 
xX (mymg,...,m,|JM) (17.2) 
Since u = >> u(i) is a one-particle operator the matrix element 


(jm, jmo,...,jmn| >> w(i)| jm, jms, .. . ,jm,,) (17.3) 


will reduce to sum of matrix elements of the type (jm|yu(1)|jm’). From 
(16.13 ) we know that 


( jm|y|jm’) = g1;( jm|j|jm’) 
where g7;, the single-particle (Schmidt ) g-factor, is independent of m and m’. 


We conclude, therefore, that as long as all the N-particles are of the same type 
(proton or neutron ), so that g; is the same: 


(jm, je, ...,jmn| Do wi) jm), jms, . . . , jmy) 
= 1; (jm, jms, ..., jmn| 2) §@)| jm, jm, ..., jm,) (17.4) 
Introducing (17.4) into (17.3) and noting that >> j(i) = J we obtain finally: 
(7XIM| DO a) PIM) = gr5(FXIM|I|jNIM) (17.5) 


The magnetic moment is obtained by putting M = J and taking the z-compo- 
nent of (17.5): 


uCI*, SJ) = 813d (17.6) 


Note the absence of any dependence of the final result on N: the magnetic 
moment of any number of particles in the level (n/j) is proportional to the 
total angular momentum of the level involved, with a proportionality factor— 
the gyromagnetic factor g,;—which is independent of N. In other words 
particles that do not contribute to the angular momentum do not contribute 
to the magnetic moment. 

At first glance these results seem to be of little relevance to real nuclei since 
most nuclei involve unfilled proton as well as neutron levels. But later when 
we Shall discuss the energies of the different states of a given configuration, 
we Shall find that very often, for odd values of N, the spin J of the lowest level 
of the configuration j* of particles of the same type is J = j (see Section V.11). 
Furthermore, if the lowest configuration involves an even number JN, of 
particles of one type, say neutrons in the level j;, and an odd number JN, of 
particles of the other type in the level je ¥ j,, then the ground state of the con- 
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figuration /,*1j.%2 has again the total angular momentum determined by the 
odd configuration J = je. We shall also find that the group of even number of 
particles in the level j,; is most of the time so correlated that its own total 
angular momentum vanishes. The even group does not contribute, therefore, 
to the magnetic moment. Thus the ground state of a configuration of the 
type ji¥j2"2 with Ny even and Nz odd looks like a single particle in the level 
jz both from the point of view of its total angular momentum and also from 
that of its magnetic moment. This is probably the reason why the measured 
moments of the ground states of odd-A nuclei group themselves into two dis- 
tinct groups that form “bands”’ parallel, more or less, to the Schmidt single- 
particle lines, but not lying on them. | 

For the physics of magnetic moments, it is important to note that when the 
angular momenta of similar particles add up so as to cancel each other, their 
magnetic moment also vanishes; the whole resultant moment is due to the 
group of particles that cooperate in producing the finite total angular mo- 
mentum. Since these are equivalent particles, all occupying the same level, 
their combined gyromagnetic ratio is the same as that of each one of them by 
itself. 

Our discussion of magnetic moments has enabled us to obtain some general 
understanding of their basic features, still without considering the details of 
neither the single-particle field U(i) nor the residual interaction v(ij). How- 
ever, at best we obtained only a qualitative understanding of the experimental 
data. At this present stage of our discussion we have not explained the fact 
that practically all the observed moments fall between the Schmidt lines 
rather than being scattered around them, as could have been expected. We 
also cannot, at this stage, explain why a nucleus such as 783Bi,2,, which has one 
proton outside of both proton and neutron closed shells, deviates from its 
expected Schmidt single-particle moment more than most other observed 
nuclei. It seems that a more detailed study of nuclear structure is required to 
understand these, and other, phenomena. From the qualitative success we 
have had thus far, we can feel encouraged to adopt the shell-model wave func- 
tions as our starting point, but further refinements are required. Fortunately 
these refinements will turn out to have striking regularities; we shall therefore 
be able to obtain a considerably more detailed picture of the nucleus before 
resorting to elaborate numerical computations. The following sections will 
be devoted to the study of these further refinements. 


18. THE SINGLE-PARTICLE POTENTIAL 


The discussion of the magnetic moments of nuclei was based entirely on the 
l and j assignments to the single-particle levels, and did not involve the radial 
shape of the single-particle potential. Also the relative strength of the spin- 
dependent part did not enter into our considerations except when it affects the 
order of the single-particle levels. Although qualitatively we were able to 
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account for some of the observed features of magnetic moments of nuclei, 
the fact that we failed to account for the more quantitative features may mean 
one (or both) of two things: either the wave function is too crude, or the 
operators (16.5) and (16.6) are not the appropriate operators for complex 
nuclei. There is some evidence, to which we shall come later (Chapter VIII), 
that to a good approximation the magnetic moment operator for nuclei is 
indeed of the form (16.5) and (16.6): 


w= >> (oP; + g%s;) 
i=l 


We therefore conclude that it is the shell-model wave function that requires 
the refinement. It is obvious that this refinement should come about through 
the inclusion of the effects of the interaction v(ij) that have thus far been 
neglected and that we shall now consider. This is no surprise. There are many 
phenomena that point to the importance of v(i). Historically the magnetic 
moment problem was among the first where it was most clearly indicated. 

One way to procede is the following: we consider the single-particle Hamil- 
tonian 


A A 
Hy = >) Ti+ dD UG) (18.1) 
w=1 =1 
as an operator that generates a complete orthonormal set of independent- 
particle antisymmetrized wave functions @,(1,..., A) for the system of A- 
nucleons. Using these wave function we now construct the matrix 
(a|H|B) = (| [20 Ti + DS vii) 1s) (18.2) 


1<Jj 
and diagonalize it. Here v(ij) is the full nucleon-nucleon potential. If we 
manage to diagonalize the complete, infinite, matrix (a|H|8) we have solved 
the problem exactly, and the eigenvectors and eigenfunctions of H are then 
independent of the choice of Ho. Ho in this case serves only as a convenient 
prescription for generating antisymmetrized A-particle wave functions. Gen- 
erally, however, we shall have to satisfy ourselves with a partial diagonalization 
of H. Starting with a given state ©, we shall pick on a small set of states z,, 
which connect with ©, via H particularly strongly, and diagonalize the matrix 


(| H| a) (o| H|B1) (a| H|B2)... 


(Bi || aw) (B1| | B81) (Bi| 7| Be)... 
(18.3) 


(Ba| H|a) (Bs| H|6:) (Bal 182) - - 


The validity of the diagonalization of (18.3) as an approximation to the 
complete diagonalization of (18.2) depends, obviously, on the choice of Ao. 
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The closer the eigenfunctions ®,(1, ..., A) of Ho come to the description of 
the real nucleus, the better is the approximation represented by (18.3). It is 
obvious that if we want to take into account the effects of v(ij) on the inde- 
pendent-particle wave function, and involve only a few selected configura- 
tions, we shall do best by starting from the “‘best Ho” in the sense just dis- 
cussed. 

Let us make this statement more quantitative by using the variational 
principle. In other words let us look for the independent-particle wave func- 
tion ®,(1,..., A) that satisfies 


6(@./[ >> T: + > v(ij)}®#.) = 0 subject to (@,|/Po) = 1 (18.4) 
i<j 
If the variation in ®,(1, ..., A) is produced through a variation of the 
single-particle potential U(Z) in (18.1), the solution of (18.4) will give us the 
““best’’ single-particle potential U(i). 
Let us first solve (18.4) for the simpler case in which anti-symmetry 1s 


ignored. If aj, a2,..., a4 are the A-lowest single-particle states of (18.1) then 
®, will take the form 
®.(1, 2,...,A) = ba,(1 ba. (2)... ba, (A) (18.5 ) 


A variation 69 of the single-particle potential U(i) can be chosen so as to vary 
arbitrarily just one of the single-particle wave functions (see Remark below ) 
say ¢.,(r). Hence in determining the best ®, using (18.4) we shall auto- 
matically obtain the best U. 


Remark. Formally this can be seen in the following way: let ¢,(r) be the 
eigenstates in the potential U(r), where for simplicity we ignore spin and iso- 
spin variables: 

[T + Uo) ]oa(F) = «aba ) (18.6) 


Define now a new potential U(r, r’) = Up» + 6U that will generally be a non- 
local potential (see Section III.5): 


2 


Ui(r,r’) = Uo(r )é(r — rv’) + (<. + ce 


TT Uate)) sdutt) [ O20) 


(18.7) 
where ¢, is one of the eigenstates ¢, of (18.6) and / ¢,(r’) means that this 
is the operator of integration with ¢,(r’ ). Because of the orthogonality of the 


$.’s, 65U has been chosen so that 6U@, is proportional to ¢, while 6Uq), 
\ ¥ wis zero. As a consequence 


Fe 
[T+ Uli) = T+ Vo)dr) + (<. ee 


aM" Uate)) Soy (F ) 


xX | du(t’ )or(r’ dr’ = eadr(r) for \+u 
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To first order in 5¢, we also have 


[T+ Ur]lo.@) + dei )] = C+ Uo)dut) + [P+ Uo) ]69,(F) 


h? P 
ae . + 54g VO ~ vote) | Sdule) | OC Ya i = aldu.@) + 5 (F)] 


Hence 6U = U(r, r’) — Uo(r)é(r — r’) is the change in the potential U(r) 
required to change just one of the eigenfunctions ¢,(r) by 6¢,(r). 


The normalization of ¢.,;(r ) can be taken care of through the addition of ap- 


propriate Lagrange multipliers \, in the well-known way. Equation 18.4 then 
reduces, for the simpler functions (18.5) to: 


5 | #.y0@) ee s(4)| D Ti+ > ri) | 


t<j 


X da; (1 )ba2(2)..- baa(AMM(L)...d(A) — 0 Nas | 206) bac(€ = 


(18.8) 


We vary the real and imaginary parts of ¢,, independently, or as is more 
convenient, we can consider the variations of ¢,, and of ¢,, as independent 
[see, for instance, Morse and Feshbach (53), p. 315 ]. Taking 5 to be 6¢,, (A), 
we then obtain: 


* * * - ] oe 
[econ ... 86%, (A) | > Te t+ ; > ri) | 
i=1 +7 
X dai (1 )bap (2)... Gay(A) — Nag : Sba,(t4 )ba,(¥4) =O (18.9) 


For (18.9) to be valid for any variation 5¢2,(A ), the expression multiplying 
5,,(A) must vanish, that is, 


lr at | (1)... ¢a,,(A — DI > ad) 


FEA 
x ha, (1 ) 08 59 Pay. (A oo 1) = = ga, (A ) = 0 (18.10) 
where 
: : A-l l A-—l 
fa, = Nas = [ona cee Pos-1 (A oe b| x | Poe > rw | 
i=1 tj 


x ba, (1) Ba $a,.1(A — 1) (18.11) 
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The integral on the left-hand side of (18.10) is a function of the variables of 
the Ath particle. Putting 


Ua,(A) = [eee . ++ barr (A — D| x r¢Ai)| 


iA 
X bal). -- Gai(A — 1) (18.12) 


we can write (18.10) in the more familiar form: 
[Ta + Ua,(A) Iba (Pa) = lag hag (Fa ) (18.13) 


Similar equations can be obtained for the other particles by using the varia- 
tions 5¢2,(r,), With k = 1,2,...,A—1. 

The potential U,,(A) in (18.13) has a very simple physical meaning: it is 
the potential felt by the particle A due to its interaction with all the rest of the 
particles when the latter are found in the orbits a1, a2, ..., a4—1. What (18.13) 
tells us, then, is that within the set of functions (18.5) the best Ath particle 
wave function is obtained when we choose the single-particle potential oper- 
ating on particle k equal to the average potential created by all the rest of the 
A — 1 particles. 

A potential U(A) satisfying (18.12) is known as a Hartree potential; it 
was first suggested by Hartree for the handling of problems in atomic spectra. 
Implied in its application is a self-consistency procedure: one starts with an 
intelligent guess for U(i) and obtains from it the single-particle wave functions 
¢a,(i) corresponding to the A-lowest states. With these wave functions and 
the known two-body interactions, one then produces an improved U (7) using 
(18.12). The new improved single-particle potential is used to generate new 
single-particle wave functions, which are in turn put into (18.12) to produce 
yet better U(i), and so on. Since the process converges, one then winds up 
with a self-consistent Hartree potential U(i); this potential has the unique 
property that its single-particle eigenfunctions reproduce the potential U(Z) 
when used in (18.12). 

‘It will be recognized that the potential U.,(A) depends on the states oc- 
cupied by the other A — 1 particles. Therefore the self-consistent potential will 
generally be different for each of the A-particles. This will generally destroy 
the orthogonality of some of the single-particle states. More precisely, two 
single-particle states (nljm) and (n’'l'j’m’ ), derived from a spherically symmetric 
potential will always be orthogonal to each other if (jm) ¥ (I'j’m’ ). But if 
(lim) = (I'j'm’) and n # n’, the two states will be orthogonal to each other 
only if they &re both states derived from the same potential U(Z). 

We shall not discuss the handling of this difficulty here, since we are inter- 
ested in deriving a Hartree potential when antisymmetric functions are used. 
In such cases, as we shall see, this problem takes care of itself. 
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19. THE HARTREE-FOCK SELF-CONSISTENT FIELD. 
NONDEGENERATE CASE 


Hartree’s method for the derivation of a best single particle potential in a 
system of interacting particles has been extended by Fock to systems of 
identical particles. The basic idea is again the same: the mutual interaction of 
the nucleons (or any set of identical particles for that matter) leads to an 
average potential felt by each one of the nucleon. It is conceivable that a good 
starting point for an approximate description of this system just takes into 
account this average potential and ignores all other effects. We form therefore 
a set of trial functions out of single-particle wave functions in an appropriate 
average single-particle potential, and ask for the best function within this set 
of trial functions. However, now the set of trial functions will consist of Slater 
determinants rather than simple products of the type (18.5). 

To simplify notation we shall designate the A-lowest states in the potential 


U(i) by the greek letters a, B,..., 9; \ and yw will stand for any of the states 
a, B8,..., p, so that 
dX fA) = fla) +f) +... + fle), ete. (19.1) 
A 


£, 7, and ¢ will stand for states in U(i) other than the lowest A-states (i.e., 
states unoccupied in the A-particle ground state ). Each of the quantum num- 
bersa,...,p,..., ¢ stands, of course, for the complex of quantum numbers 
of a particle in a single-particle potential; for spherically symmetric potentials 
we have 


a = (n*, It, j*, m*, m*,) (19.2) 

We shall further assume that the number of particles Ais such that the 

ground state in the single-particle potential consists of completely filled 

shells. The more general case leads to a number of degenerate “lowest” 
states, and will be treated later. 


The variational wave function for the A-particle ground state in the Har- 
tree—Fock self-consistent field approximation, is taken to be 


da(1) da(2). ~~. ba(A) 
1 |¢8C1) e(2).. . b6(A) 
VA! | 


&(1,...,A) = (19.3) 
do(1) (2)... (A) 


The variation of ) will now be carried out by assuming independent varia- 
tions for the 2A functions ¢, and ¢,, where ¢, is understood to be the wave 
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function describing the state \ irrespective of which particle is in that state. 
In other words a variation 6¢, will change all the elements in the first row in 
(19.3 ) etc. dy (r, o, 7) satisfies, of course, the equations 


(T + U)dr = adr (19.4) 


and 


(pr| Gu) = 5A, #) (19.5) 


We notice first that there is a complete class of variations of ¢, that leaves 
®, essentially unchanged. These are all the variations that carry a ¢, into 


another state within the same Hilbert space spanned by ¢., ... , ¢,. Indeed, 
since the set da,.--, bp,---, d¢ 1S a complete set of functions, we can expand 
Sd. = >, Cth + DS Of: (19.6) 

Ke g 


where we use the convention (19.1) that w runs over the A occupied states 
a,...,p and éruns over all unoccupied states. If in (19.6) all the C,é vanish, 
then the Slater determinant taken with ¢, or with ¢, + 6d is the same. This 
follows from the well-known theorem that the addition of any row to another 
row in a determinant does not change the value of the determinant. We may 
therefore conclude that those variations of the ¢)’s that amount to a linear 
transformation within the Hilbert space of occupied states do not change ®>p. 

This result has the important consequence that one can disregard the or- 
thogonality requirement (19.5) when determining the best ¢, by means of 
the variational principle. Suppose that one obtained ¢)’s that were not orthog- 
onal. Then by taking an appropriate linear combination of them a new set 
of single-particle wave functions could be obtained that were mutually or- 
thogonal. These new functions could then be used in (19.3) for 9; by the 
theorem derived in the preceding paragraph ©» would not thereby be changed. 

This result also follows directly from the symmetry of the determinant 
(19.3 ) for ®o. Since one can exchange any of the two rows in the determinant 
and only change the sign of ®o, it follows that the order @ to pis arbitrary. It 
follows from this remark that the variational equations for ¢, must be inde- 
pendent of d so that the potential U will be independent of \. Hence all the 
¢)’s are eigenfunctions of the same effective Hamiltonian, T + U, and are 
mutually orthogonal. This will be shown explicitly below. 

Thus the orthogonality problem, which is so vexing for the Hartree method, 
is not present in the Hartree-Fock method. The antisymmetrization results 
in a reduction in complexity although, as we shall see, there is an added 
difficulty in the more complicated U that is obtained. 


HARTREE-FOCK SELF-CONSISTENT FIELD 253 


Using again Lagrange multipliers to insure the normalization of ¢,, we can 
carry out, as in the Hartree case, the variation 


i} fasa...,a] x ri+5D rej], AD 
#j 
_ » Cu [aot =0 (19.7) 


A straightforward calculation then leads to the following equations that have 
to be satisfied by ¢) to satisfy (19.7): 


Tid (1) + | pS [sea2).2.40)| oa (1) 


=). | [ee yr (12)0(2)42) du(1) = ad(1) (19.8) 


where the summation on yp is over all occupied states. Equation 19.8 replaces 
(18.10) for the non-antisymmetrized Hartree method. We see that the single- 
particle potential has now two parts. The first is referred to as the direct po- 
tential and the second as the exchange potential. This exchange potential re- 
sults directly from the use of antisymmetrized wave functions. We can define 
a nonlocal potential that will exhibit the fact that now the potential is indeed 
the same one for all occupied states. We put 


U(1, 1’) = 2 | [ s@a2y0.@4@ | a =) 


Bb 


— Do | [on (2 v2) gu (2) d(2) Ibu (1G (1) (19.9) 


Bp! 


Since 
[eannayaa) = 3(u’,d) 


it is readily seen that with U(1, 1’) defined by (19.9), (19.8) can be written 
in the form: 


Ti¢) (1 ) + [va l’)¢, 1’) dl’) = add (1) (19.10) 
Equation 19.10 is the Schrodinger equation for a single particle moving in a 


nonlocal single-particle potential, U(1, 1’). The potential U(1, 1’) in (19.9) 
is independent of the particular state \ since it involves summations over all 
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occupied states yu. It is thus the same for all states of the system and, as we 
mentioned earlier, implies the mutual orthogonality of the set ¢). 

We notice that in (19.8) the interaction v(12) appears without the factor 
1/2 that had to be used in the Hamiltonian in (19.7) to avoid double counting 
of the mutual interactions. This has the following important consequences: 

From (19.8) we find that 


Qa = [ &armayaa) +2 [ sareewar) 


X [orl )bu(2) — rou Idd) d(2) (19.11) 


On the other hand the expectation value of the Hamiltonian 
l 
H= DT +5 Du 
i+j 


taken with the wave function ®)(1,..., 4) defined by (19.3 ) leads to 


Ey = | eH, = >) [sarecaay ae >> [ sayereaa) 
N HA 


X [oC Jou (2) — AZ) )J dd) d(2) (19.12) 
Therefore 


B= Da-5d | &eewa2) 
r Nu 


X [orl ou(2) — dr (2d) ] dd) d2) (19.13) 


Since «, according to (19.10), is the single-particle energy associated with 
the state 4, >| « is the energy of &) taken as a wave function of A-particles 
in the potential U(1, 1’). In fact it follows immediately from (19.10) that 


A 


YT; + UG) ]@o0,...,4) = (Dd a)®o(l,...,4) (19.14) 


z=1 


where 


U(i)b) = [ve i’)®o(1,2,...,7,..., A) d(i’) 


Thus, although the Hartree-Fock self-consistent potential leads to the best 
wave function of the type (19.3 ) for the A-nucleon system, the nuclear energy 
that corresponds to this wave function is not the sum of the single-particle 
energies, the energy of ®, in the self-consistent potential. This reflects once 
again the important point that if U(1, 1’) is determined in a self-consistent 
way, then it should be understood only as a prescription for the generation of a 
“best”? nuclear wave function. Although %, is an eigenfunction of the self- 
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consistent potential it will be erroneous to conclude that the eigenvalue that 
goes with it also gives the nuclear energy. 

It is quite easy to understand the origin of this difference between E> and 
>> &. When we look for the best potential U(i) to determine the behavior 
of a single particle in @,(1,..., A) we find that in some sense this potential 
is the average potential felt by the single particle due to its interaction with 
all the others. Since e is an eigenvalue of (19.10) that involves the potential 
U(i), it too reflects this interaction. If we now add up all the «’s we take into 
account each interaction v;; twice. The Hartree-Fock energies >) « there- 
fore overestimate the nuclear binding and hence the difference between Eo 
and >) e« in (19.13). 

The nature of the nonlocality in U(i) is also of some interest. As we see 
from (19.9) it is due entirely to the exchange term. This is even more clearly 
seen if we introduce an index o that takes on all values—both of occupied 
and of nonoccupied states. Since the completeness of the set ¢, implies: 


> ¢(1’)e (1) = 61 — 1’) 


and if we limit ourselves to U(1, 1’) operating on occupied states, then we see 
that (19.9) can be written in the form 


vl, 1’) = 22 [ sa e02)16.0)6,.2) — g(2 oul )] d(2) 
- (19.15) 


The exchange integral 
| sa #2 )2)62 4) a2) (19.16) 


involves an integration over the coordinate (2) of a product of two different 
functions ¢, and 4,. If the two states » and o are very different from each other 
the product ¢:¢, will have many changes of sign within the range of v(12) and 
(19.16) will be very small. This is to be contrasted with the direct integral 
that involves the product ¢,(2)¢,(2) and thus weighs all parts of v(12) with 
the same phase. 

We shall not solve the Hartree-Fock equations here but just describe how 
it is done. Equations 19.9 and 19.10 can form the basis for an iteration pro- 
cedure to derive the best ground state nuclear wave function. Again one 
starts from an intelligent guess of U(i), local or nonlocal, and derives its 
single-particle eigenfunctions ¢,; these are then used to derive an improved 
single-particle potential according to (19.9), which in its turn is used in 
(19.10) to produce the next iteration of single-particle wave functions. The 
iterations are continued until they converge, thereby determining a self- 
consistent Hartree-Fock potential U(i) with its eigenfunctions ¢,(i), and 
Hartree-Fock single-particle energies ». The energy of the nuclear ground 
state can then be determined using (19.13). 
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It should be mentioned that this procedure works only if v(ij) does not 
contain an infinite repulsive (or attractive) core. Since the trial functions 
®o(1,..., A) do not include in them any two-particle correlation beyond the 
one implied by the Pauli principle, integrals such as those appearing in (19.15) 
will diverge if v(12 ) has a repulsive core. In Chapter VII we shall present some 
results of calculations using the Hartree-Fock method. 


20. SYMMETRY OF THE HARTREE-FOCK POTENTIALS. CLOSED 
SHELLS* 


Thus far we have only considered cases in which the number of particles 4 
produced completely filled levels in U(i). As soon as the number 4 of particles 
leaves some shells only partially filled, new problems come up. The origin of 
these problems lies in the fact that for a spherically symmetric potential it is 
then possible to form several wave functions ®(1,..., 4), which are orthog- 
onal to each other but correspond to the same energy. As we shall see, the 
Hartree-Fock self-consistent field approach then breaks down, unless we are 
prepared to introduce nonspherically symmetric single-particle potentials. 

To see this jet us first examine, in more detail, spherically symmetric poten- 
tials. For simplicity we shall assume that the interaction v(12) depends on 
|r: — re| only and does not involve the spin and isospin coordinate of the 
particles. In this case the single-particle potential will also be a function of r 
andr’ only, and from (19.15) we obtain 


U(1,1) = > | [eseamcin — T2| )by (2 re” dre ao, | d(r; — r1) 


B 


—> | [eseamcin — Fa| by (Pe re? drs dO gu 1)o.(t1) (20.1) 


Bp! 


Consider the direct integral first. Since |r) — re]? = 1? + re? — 2nre cos M12, 
where 6, is the angle between r; and rz, we can expand v(|r, — re| ) in a series 
of Legendre polynomials of 412 


y(|ri a re| ) = y(n; re )P1 (cos O12) (20.2 ) 
l 


where v:(71, 72) depends only on the magnitude of r, and re. 
Using the addition theorem for spherical harmonics we can write 
Ar 
21+ 1 


> Yim (6141) Yim (8262) (20.3) 


m 


Pi (cos 02.) = 


*(See also Appendix p. 274). 
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The z-axis, which is required in order to define the angular coordinates of r, 
and re can be chosen arbitrarily; from (20.2) we see that v(|ri1 — re| ) is inde- 
pendent of the choice of this axis, and this is reflected in (20.3) through the 
summation over all values of m. 

Introducing (20.3) into (20.2), the direct integral Uz in (20.1) takes the 
form 


An * 
Us) = Yim (0141) 
d\il 21+ 1 l 191 


xX | Ds [« (re v1 (1, r2) Yim (O2¢2 )bu (Fe re? dro ao, | (20.4) 


Our aim is to check whether in the nondegenerate case a spherically sym- 
metric Hartree-Fock potential is self-consistent. We assume, therefore, that 
$, are eigenfunctions in such a potential and we shall check whether they give 
rise again to a spherically symmetric potential. ¢, can be written in the form 
(spin is ignored ): 


1 
o.(r) = ; Ragiy (1) Yinmy (9 ) (20.5 ) 


Introducing (20.5) into (20.4) we obtain for the direct potential 


An % 
Ua(ti) = oe, ape Pt ales 11) Vim (6191 ) 


xX | >, | Yinmp (9262) Yim (O2¢2) ¥ ln my (9202 ) ao (20.6 ) 


where 
F, (nla ri) == / | Rayt, (72) |? (71, ro) drs (20.7 ) 


depends only on the magnitude of r;. 
The angular integration dQ. can be carried out very easily. We notice, using 
the addition theorem for spherical harmonics, that 


2, +1 2,+1 
P — 
= PS = 


De Yigmy (0262) Yipm, (Oob_) = (20.8) 
my 
Introducing (20.8) into (20.6) we are left with an integral 


| Vin (82b2) dO = +/4x3(I, 0)8(m, 0) (20.9) 
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Hence 
Ua(ti1) = D, (2h + 1)Fo(tulas 71) (20.10) 
Ny ly 
> 
For future use we want, however, to derive the same result in a more com- 
plicated way, whose intermediate steps will turn out to be useful. Thus, using 


Appendix A, A.2.36 for the integral over a product of three spherical har- 
monics, we obtain 


| Y iump (06) Yim (8D) Vigmu (8b) dO 


lL 1 | ——_/} 7 1, 
: -o( Jen +0 PE (20.11) 
—m, m mM, ™ \0 0 O 
‘ I, J 
mM Me M3 


is a three-j symbol. Our assumption that ®o is nondegenerate implies that all 
levels are completely occupied. For every value of /, the summation over m, 
in (20.6) therefore extends over all values of m,: —l, < m, < +/,. Using 


the identity 
LZ, OL 
(—1)eom = V2, + 1 


where 


we can then use the orthogonality of the 3 — j symbols (see Appendix A, 
A.2.70) to obtain 


» | Yim, (9; }) Yim (9, }) Yism, (9, ¢) dQ 
a 
Apoe fle a L oO dL, 
(—1)%(21, + 1)3? y2==( » ( 
4r \o 0 0/ ™\-m, 0 m, 
i 2d 
x 
—m, m mM, 


—/i, 1 I, 
(—1)#Qh + 1)? y2( 5(/, 0)d(m, 0) 
4r\o 0 0 


2, +1 
\/ 4a 


5(1, 0)8(m, 0) (20.12) 
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Recalling that Yoo(6@, ¢) = 1/+/4m we obtain finally from (20.6), by intro- 
ducing (20.12) into it: 


Ualt1) = >, Fo(tly3 1) (2, + 1) (20.13) 


nylp 


The dependence on 6; and ¢, has thus disappeared and we see that the direct 
part of the potential U(r,) is a function only of the magnitude of 7. As far 
as this part is concerned, and for nondegenerate states, a spherically sym- 
metric potential can be self-consistent. 

Our result (20.13) that U.z(r,) is spherically symmetric and depends only 
on |r,| could be obtained even without the detailed calculation given above: 
we recall (see Appendix A, A.2.26) that under an arbitrary rotation R of the 
frame of reference, a spherical harmonic Y;,,(0, ¢) transforms into a linear 
combination of spherical harmonics of the same order: 


Yim(0'6') =D, Deem(R) Yim (0, ¢) (20.14) 


where (6’, ¢’) are the angular coordinates of the direction (6, ¢) with respect 
to the new axes, and D‘?,,,(R) is Wigner’s D-matrix. Since U(r) in our case 
involves a sum over all the magnetic substates of an occupied level, each of 
them taken with the same weight, we can conclude from (20.14) that with 
respect to the rotated frame we shall also obtain the same structure for Ua(r). 
Hence, U.(r) remains invariant under rotations, that is, for a given value of 
Ir| the dependence of Uz(r) on the angular variables of r is independent of 
the particular frame of reference. It follows that U.z(r) is a scalar that does 
not depend on the angular variables, and is therefore a function of |r| only. 

The detailed derivation of this result gives us additional interesting informa- 
tion. The expansion (20.2) of the interaction v(|r, — r2| ) is a generalization 
of the familiar multipole expansion of the Coulomb interaction. Substituting 
(20.3) into (20.2) we obtain: 


v(jr — re|) = a “ 9] = 1 v1(r1, 12) Y im( 0161) Yim (8262) (20.15) 
and for the special case v(|r1 — re| ) = 1/|ri — re|, (20.15) reduces to 
1 An l ‘ 
———S — VY im (61; Vim (8 f 
ir, — Tal Li Fe “| aa 1m (81 6) | [72’ Yim (O22 ) | Or ry 01) 


Equation (20.16) is the familiar result giving the interaction between two 
charge distributions in terms of their multipole moments. Although for a 
general interaction v;,(71, 72) does not separate into a product of functions of 
r; and re, we still refer to (20.15) as the multipole expansion of the interaction 
v(|ti1 — re| ), the term with / = 0 being the monopole—monopole part of the 
interaction, that with / = 1 being the dipole-dipole part, etc. These multi- 
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poles of the interaction should not be confused with the electromagnetic 
multipoles, which are generally unrelated to the nuclear interaction multi- 
poles. 

Our result (20.13) now tells us that the direct part of the self-consistent 
potential for closed-shell nuclei depends only on the monopole—-monopole 
part of the interaction v(|r; — re| ). Two interactions v and v’ that have the 
same monopole—-monopole part but differ in the higher multipoles will lead 
to the same direct self-consistent potential. In a pictorial way we visualize 
the single-particle potential as taking care of some of the effects of the two- 
body interaction; (20.13 ) then tells us that the direct potential takes care only 
of the monopole part of v(|ri — re! ). 

Our derivation of the spherical symmetry of U.(r ) using the transformation 
properties of the spherical harmonics, suggests that this result is more general 
and will be valid for any self-consistent potential of closed-shell nuclei. Fur- 
thermore, it is valid for both the direct and the exchange part of the potential. 
It is merely a reflection of the fact that when all the magnetic substates of a 
level are occupied with equal probability, the system is truly spherical sym- 
metric. We shall not go here into a detailed proof of the spherical symmetry 
of the general (spin-dependent) self-consistent potential of closed-shell 
nuclei, but only indicate the proof for the exchange part for spin-independent 
interactions. 

Turning to the exchange energy from (20.1), using (20.2) and (20.3), we 
obtain for the exchange potential: 


—Uex(i,n)= » 


An 
TLL +] Y tm (O19 Jour (r; )o,(r1) 
wel l,m 


x | bu (Fr2)¥2 (M1, F2) Vim (O2p2 dy: (Fe ro” dre dQe 


- 


nip! l,m 


An 
W+d1 + 1 Gi (nulls, Ny dass Ti; ri )Y im(%)Y iy my! (21) Yani (Q, ) 


x | Y tym, (Q2) Yim (Qe) Yiy'my’(Q2) dQ (20.17) 
where 


Row 'o (ry ) , Stele) (71) 
rt 


Gi(Mulus Nyrlu 3 11, ry )= Riyly (ro Rry'ty' (72) 


X w(n; re) dre 
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We now use (20.8) and the identity (Appendix A, A.2.35) 


Lh 2 I 
Y im (%) Yizm,(%) = D> (—1)™ 


l/m!? —mM, m m’ 


manasa eal | Pew oii 
An 


0 0 0 
to obtain 
, 4 Z 1L)Ql 1 
—U.x(t1, 01) = > = ik g, Me IE. / (Ql ,r + 1)! +1) 
hl eEe i 


lo kb Tete tL . 
x Y iytmy? (24) Ym’ (M1) 
0 0 0/7 \0 0 O 
| a oe Pc I ft 
<( )( 0.19) 
—m m mm] \—-m, m m’ 


We notice again that our assumption that we are dealing with closed-shell 
nuclei implies that the summation in (20.19) extends over all the magnetic 
quantum numbers m, and m,, in the occupied levels. We can therefore carry 
out the summation over m, and m, which appear now only in the 3 — j sym- 
bols, and obtain, using the orthogonality of those symbols, a factor 6(J,/l') X 
5(m,m’). We recall also the addition theorem for spherical harmonics 
(20.3 ), and introducing the angle 0, as the angle between the directions of r, 
and r,, we obtain finally: 


| Pn i PAY 

P 21, + 1)(QL, 1 e ° ; 

— Uex(t1, 1) = ys sce Ga Gi(Myl,, Myla; Mr) 
mat 00 0 


< Pi, (cos 6) (20.20) 


Thus the nonlocal, exchange part of the self-consistent potential of closed- 
shell nuclei depends only on the magnitude of r, and r, and the angle 641, 
between them. It does not depend on the specific orientations of r, or r, sepa- 
rately. Such a potential is spherically symmetric, since the angle between two 
vectors is obviously independent of the frame of reference. We see therefore 
that the spherical symmetry of a nonlocal exchange potential is slightly more 
complicated than that of the direct part, but at any rate, for closed-shell 
nuclei, the total self-consistent field is spherically symmetric. 
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21. HARTREE-FOCK POTENTIAL. NONCLOSED SHELLS 


In obtaining the results (20.13) and (20.20) we used in an essential way the 
assumption that we were dealing with closed-shell nuclei. The sum over all 
occupied states that is prescribed in the self-consistent field equations (19.15) 
or (20.1) involves, among other things, a sum over the magnetic quantum 
numbers m of the occupied states. A closed-shell nucleus has all the m-states 
of a given level equally populated. This enabled us to carry out the m-sum- 
mation explicitly and obtain the spherical symmetry of the potential. 


Remark. Formally all we used was the requirement that there will be no 
partially filled levels. The closure of major shells has never been used in de- 
riving (20.13) and (20.20). As we shall see later the residual interaction has 
the tendency to mix up the order of filling of close-lying levels. In practice, 
therefore, one rarely meets with filled levels in situations that do not involve 
also closed major shells. We shall thus continue to talk about ‘‘closed shells”’ 
etc., although formally we are referring to filled levels only. 


When we have particles outside closed shells the situation is changed. To 
see how, let us consider the case in which there is just one particle outside 
closed shells, and assume U(r) is spherically symmetric. The odd particle will 
then be in a state wo = Molomo (ignoring spin ). The direct part of the new self- 
consistent potential U,’ (r, ) will again satisfy (20.4 ), except that the summation 
over the states » should now include also the state uo. We obtain therefore 


Ug (ri) = U.(n) + 4G 7] = , 


Yin (Orbs) | ts) re) 
X. Yim (O2¢2 Pup (Fo re? dredQ, §=(21.1) 


where U,(7r, ) is the spherically symmetric self-consistent potential of the closed 
Shells as given by (20.13). Application of (20.11) to the angular integral in 
(21.1) yields: 


. hy, ! bi a 
Ua(ti) = Ualri) + DY (2h + 1)(—1)™™ 
1 —m, 9 m,/ \0 0 0 
X Fi(Mygluys 11)Pi(cos ) (21.2) 


where use has been made of that fact that 


(' l, Ls 
mM, Mo Ms 
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vanishes if m, + m2 + m; ~ QO, and also of the identity 


An 


P,(cos 6) = w+ 


Yi0(6, o) (21.3) 


We see that Uz(ri) is not any longer a function of the magnitude of r, only, 
as it involves a dependence on the direction of r,; as well. More precisely, 
Ua(r1) in (21.2), has a cylindrical rather than a spherical symmetry (it is still 
independent of ¢,). A spherically symmetric potential cannot, therefore, be a 
self-consistent potential, because starting from wave functions ¢zim(r) in a 
spherically symmetric potential, the self-consistency equations lead to an 
axially symmetric potential. 

The next natural question is whether an axially symmetric potential can 
be a self-consistent potential for nonclosed-shell nuclei. To answer this ques- 
tion we have to calculate the single-particle wave functions ¢, in an axial po- 
tential, put them into (19.15 ), and see whether they give rise again to an axially 
symmetric potential. This problem is best treated in cylindrical coordinates 
(p, ¢,Z), (Fig. 21.1), since an axially symmetric potential in these coordinates 
is a potential that is independent of ¢. An axial potential that is very commonly 
used is the antisotropic harmonic oscillator that in Cartesian coordinates is 
given by 


V(r) = 4M [wo2(x? + y®) + w22?] (21.4) 


where w, ¥ wo. In cylindrical coordinates and, more generally, an axially 
symmetric potential is given by: 


V(oe,z) = =M[f(e) + g(Z)] (21.5) 


The single-particle Schrédinger equation in an axially symmetric potential 
separates if we put [Morse and Feshbach (53), p. 1259] 


o(r) = V(o, z)®(¢) (21.6) 


P $ 
x 


FIG. 21.1. Cylindrical coordinates for axially symmetric potentials. 
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leading to the equations: 


DO(o) 
doz 


—m8(¢) (21.7) 
and 


h? }10 fe) O? hem? 
ag To-(. =) 5 | V(p, Zz) + Vo, Z) = is | XO, z) 


= EW(p,z) (21.8) 


Equation 21.7 can be solved immediately: 


Pn(e) = exp (im¢ ) (21.9) 


In order for (¢) to be single valued, m must be an integer giving rise to the 
well-known quantization of the z-component of angular momentum for a 
particle moving in a cylindrical potential. Furthermore, since m appears 
squared in the eigenvalue equation (21.8), it is obvious that the states with 
m = +m, and m’ = —my are degenerate. 

The single-particle energy levels in a cylindrical potential can be best 
visualized by considering small deviations from spherical symmetry. If in 
the spherical cases we have a grouping of levels, this grouping will remain 
also when we introduce small deviations from sphericity. Whereas in the 
spherical case each level with a given value of / was 2/ + 1-fold degenerate— 
in the cylindrical potential a good deal of this degeneracy is removed and each 
level is now at most doubly degenerate (it is nondegenerate for m = O and 
exactly doubly degenerate for m + 0). 

The complete characterization of the single-particle eigenfunction in a 
cylindrical potential requires an explicit knowledge of V(p, z) in (21.8). In 
the spherical-potential case, / and m are valid quantum numbers independent 


a 

? m 22 

m3 
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FIG. 21.2. Single-particle levels in spherical and cylindrical potentials. 
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of the shape of the potential. For the cylindrical potential only m is such 
a quantum number. Since, however, the spherical-potential wave functions 
form a complete set, we can expand the cylindrical-potential wave functions 
gam’ (F) in them: 


Pam! (r) = > ann 


ni’ tl 


nent) Yim (8, &) (21.10) 
Here a@ are the additional quantum numbers for the cylindrical potential. 
Note that in (21.10) the summation extends over n and / only since m’ is a 
good quantum number for both sets of wave functions. (For further discus- 
sion of single-particle wave functions in a cylindrical potential see Chapter 
VI). 

The expression (21.10) for @am(r) can be used to give us an answer as to 
the self-consistency of cylindrical potentials. Limiting ourselves again to spin- 
independent interactions v(|r1 — re| ), and considering for the moment the 
direct part of the self-consistent potential only, we introduce ¢amn(r) for 
¢o,(r) in (20.4) to obtain 


Ui(tri) = dL Yim(Oi¢.) Dy (ani yeagti Fy(n'l’, nl’, 11) 
L,myp 21 oF nll nll lls 
x | Y ving! (G22) Yim (O2b2) Yirmy (G22) AQe (21.11) 
where 
Fi(a'l!, nl’, 11) = | Rw (2) Rav (r2)¥i (11, re) dre (21.12) 


Note that in the angular integral in (21.11) we have now different values of 
I’ and /’’, but the magnetic quantum numbers m, that go with them are all 
the same. This just reflects the fact that in the cylindrical potential ] is no 
longer a good quantum number, whereas m still is. 

The angular integration can again be carried out explicitly and the only 
contribution to (21.11) come from terms with m = 0. We notice that the de- 
pendence of U.(r,) on the direction of r; comes entirely from Yin(6:¢1); if 
the summation includes only terms with m = 0 this reduces to Yj0(01¢1) = 
V/ (21 + 1/47 )Pi(cos 6,). Thus Ua(r,) will not depend on the angle ¢,, and 
an axially symmetric potential can be a self-consistent potential for any num- 
ber of particles, in the sense that starting from such a potential and using 
the self-consistent field equations (19.15), we generate again a potential of 
the same symmetry. 

To be precise we have demonstrated this result only for the direct part of 
the Hartree-Fock potential, and even this only for spin-independent inter- 
actions. It can be shown to be true also for the exchange part and for any 
scalar interaction v(ij), but we shall not go into it here. 
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The emergence of an axially symmetric “deformed” potential as the more 
general self-consistent potential, rather than the intuitively expected spherical 
potential, raises a number of questions, two of which we shall proceed now 
to analyze: 


(a) Would a cylindrical potential be a befter potential also for closed- 
shell nuclei? 


(b) What is the physics behind this deformation of the potential and 
how is a preferred direction determined by the nucleus? 


22. CLOSED-SHELL NUCLEI WITH CYLINDRICAL POTENTIALS 


Our treatment of the deformed (i.e., nonspherical ) Hartree-Fock potential 
can be used for closed-shell nuclei as well, and an interesting question then 
arises: would such use automatically lead to a spherical potential as a,special 
case of the deformed potential? And if not, which potential is better? 

To obtain. an answer to these questions we consider again the expansion 
(21.10) of the eigenfunction ¢a(r) in the cylindrical potential V(r) in terms 
of the spherical-potential wave functions ¢jim(F ): 


Gam(K) = Dy ant brim (F) (22.1) 


In principle the summation in (22.1) includes an infinite number of terms, 
and the value of the coefficients agj" depends on the particular nondeformed 
potential U(r) we choose to generate the functions ¢,1:,(rF). We can expect 
that if U(r) is pretty close to the cylindrical potential V(r ) then the expansion 
Of dam(r) will involve mostly wave functions ¢,1m(r ) of more or less the same 
energy. This follows if we consider V(r) — U(r) as a perturbation on U(r), 
and use the general results of perturbation theory. 

A closed-shell nucleus is characterized by the special circumstance that all 
levels that are close to each other are filled completely, whereas the next 
available levels lie fairly far away and are empty. Thus in the potentials de- 
scribed by the levels in Fig. 22.1, if we put A-particles into the deformed po- 
tential we shall form a closed shell; similarly A’-particles in the nondeformed 
potential will form a closed shell for that case. If the difference between U(r) 
and V(r) is not too large we can expect to have A’ = A, that is, the gaps in 
the single-particle energy level spectrum corresponding to the formation of 
major shells can be expected to lead to the same magic numbers for the po- 
tentials U and V. In addition we can expect that if |am> is one of these A- 
states in V(r), then the states |nJm> that contribute most to its expansion 
(22.1) will all be included among the lowest A’ = A states of U(r). The 
amplitude of other |nJm> states lie considerably higher in energy and their 
amplitude in (22.1) is expected to be small. 
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FIG. 22.1. The filling of levels in closed shell nuclei in deformed and nondeformed 
potentials. 


If these expectations are valid, then for magic numbers A, (22.1) gives rise 
to a linear transformation between two sets of A-independent functions. An 
A-particle Slater determinant constructed out of the ¢.,’s is then identical 
to that constructed out of the ¢,;,,’s. The latter has been shown to lead to a 
spherically symmetric potential; we conclude therefore that to the extent that 
the A-lowest dam's are expressible in terms of the A-lowest nim of a certain 
spherical potential, the self-consistent field will be spherically symmetric. If 
this condition is not satisfied, the self-consistent field will be deformed. Or, 
to state it differently: if the A-occupied states of a deformed potential are 
expressible in terms of exactly A-states in a spherical potential, and if the 
latter form a closed shell, then the self-consistent deformed potential has a 
special shape: a spherically symmetric one. 

We understand now also why we confined our considerations of spherical 
potentials to closed-shell nuclei rather than to nuclei with any number of 
completely filled levels. In the latter case, the presence of empty levels close 
to the filled ones will generally make the deformed potential a better self- 
consistent potential than the spherical one. 

The self-consistent potentials are derived from wave functions composed 
of a single Slater determinant. We see from (22.1) that a single determinant 
Of dam’S will generally be expressed in terms of a sum of Slater determinants 
Of dnim’S. Thus, in a certain sense, the use of deformed potentials is a particular 
way of using a sum of Slater determinants of spherical-potential wave func- 
tions, rather than limiting ourselves to just one such determinant. One should 
thus consider using single-particle deformed-potential wave functions as 
basis wave functions in the Slater determinant as a procedure for including 
the effects of other configurations that mix with the initial Slater determinant 
formed from spherical-potential single-particle wave functions. It is obvious 
that from the viewpoint of a variational principle this extra freedom can only 
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improve the wave function. One can think of other, even more general, classes 
of potentials that will produce an even broader class of Slater determinants. 
For instance the condition on axial symmetry may be relaxed and potentials 
of any shape can be admitted. Furthermore the single-particle potential may 
include parity violating terms, etc. As one proceeds to more and more com- 
plicated potentials the self-consistent potential approximation becomes less 
and less practical. It is therefore preferable to limit ourself to potentials that 
follow more or less the shape of the nucleus. 

In view of the fact that nuclear states are eigenstates of J’, the square of the 
total angular momentum, we can ask ourselves whether a linear combination 
of Slater determinants that has this property is not preferable to the one de- 
rived from a deformed potential. This will generally be a different combination 
than the one obtained from the deformed potential, since the latter does not 
lead to states of well-defined angular momentum. To answer this question we 
have to look deeper into the physical meaning of our results thus far. 


23. THE VIOLATION OF CONSERVATION LAWS IN 
MANY-PARTICLE SYSTEMS 


A deformed potential fixes a preferred direction in space; it is not invariant 
with respect to rotations of the frame of reference and, hence, leads to viola- 
tion of the conservation of total angular momentum. If the potential has an 
axial symmetry around the z-axis then only J, commutes with the single- 
particle Hamiltonian H,, but [J., H;,] ¥ 0 and [J,, H;,,] ¥ O and, hence, 
[J?, Hop] ¥ 0. 

How is it that starting from a Hamiltonian AH, which is perfectly invariant 
under rotations and commutes with J?, we find that the best description of its 
ground state is generated by a Hamiltonian that violates this conservation 
law? 

This paradoxical situation is very similar to that of the description of the 
center-of-mass motion. In that case too, the exact nuclear Hamiltonian com- 
mutes with the total linear momentum, yet we found it more appropriate to 
describe the system in terms of a shell-model Hamiltonian that does not con- 
serve the total linear momentum. 

Behind these paradoxes lies a fundamental conflict between two incom- 
patible aims [see Lipkin (60) ]. Our intuitive understanding of many particle 
systems is made possible only if we can visualize the motion of each particle 
as almost independent of the motion of all others. Conservation laws, on the 
other hand, tell us just the opposite: if one particle changes its momentum, 
then, to conserve total linear momentum, another particle must do so as well; 
or if the angular momentum of one particle in the system changes then, to 
conserve total angular momentum, the angular momentum of another particle 
has to change as well. The picture of a nearly independent-particle motion 
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can only be compatible with conservation theorems if the quantity in question 
is exactly conserved for each particle separately. It is however not possible to 
conserve simultaneously for each particle both its linear momentum and its 
angular momentum and, hence, the conflict mentioned above. 

To resolve this conflict we have to give up something. If we insist that our 
wave functions represent well-defined values of the conserved quantities, we 
have to give up the independent-particle picture and use wave functions that 
clearly manifest the correlations among the nucleons. Some useful results 
have been thus far obtained following this line and we shall discuss them later. 
The other possibility is to give up the conservation laws and buy in this way 
a simple wave function for the system. This approach has been found to be 
most fruitful, provided one is led by sound physical arguments as to which 
conservation laws to give up and under what circumstances. We discussed at 
length (Section IV.2) the reasons for sacrificing the conservation of total 
linear momentum. Let us now look into the question of sacrificing the con- 
servation of angular momentum in favor of a simple Slater determinant gen- 
erated from a deformed potential. 

The nuclear shape is determined by several opposing tendencies. The domi- 
nant one is that of the Pauli principle, which by itself would lead to a spherical 
shape whenever the number of particles can exactly fill the lowest A-levels, 
leaving no particles in partially filled levels. On the other hand the mutual 
interaction among the nucleons favors maximum overlap between their mass 
distributions. We shall discuss this effect in more detail later, but a qualitative 
picture of it is appropriate here. 

Consider a particle in a given spherical-potential state n/m. The angular 
dependence of its wave function is determined by / and m. For m = I the 
wave function is concentrated in the plane perpendicular to I (i.e., to the z- 
axis ), giving rise to a pancake like mass distribution. For m = 0 the distribu- 
tion is concentrated along the direction of the z-axis giving rise to a cigar- 
shaped mass distribution. Although both distributions give rise to the same 
orbital angular momentum /, they are very different in shape. The fact that 
they correspond to the same energy in the central potential is just another 
manifestation of the symmetry of such potentials that can accommodate dis- 
tributions of different shapes at the same average energy. 

Suppose the central potential has a g-state and a d-state that lie very close 
to each other and are just beginning a new shell. Suppose, further, that the 
d-state is lower, and we start filling this level. The first nucleon will go to any 
of the d-states; if we include two, they will prefer to go to the m = +2 
and m = —2 states of the d-level, since in this way their distributions will 
have the best overlap (see Fig. 23.1). The third particle, in the absence of the 
residual interaction would have gone again to the d-level; the Pauli principle 
prevents it from going into an m = +2 state and it will therefore go, say to the 
m = | state. But the existence of the nearby g-level can make it energetically 
more favorable for the third particle to go into the m = 4 state of the g-level, 
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FIG. 23.1. Mass distributions of d-nucleons in states with m = + 2. 


thereby having a better overlap with the two d-particles, since the ] = 4m = 4 
state also has a pancake shape. The filling of this “‘shell,’’ with its d- and 
g-levels, will therefore lead to pancake-shaped nuclei if the attractive in- 
teraction among the nucleons is large enough, and the distance in energy 
between the d- and g-levels is not too great. 

Although the actual evaluation of nuclear shapes must be done much more 
carefully than the qualitative picture we have just given, we can see from it 
that under suitable conditions the nucleons in the nucleus may find it ener- 
getically more advantageous to be correlated in angle, thereby giving the 
nucleus a deformed rather than a spherical shape. 

When we come now to describe such correlations in terms of a simple wave 
function we are led into difficulties similar to those involved in the motion of 
the center of mass. If we force the wave function into the simplest form—a 
single Slater determinant—it responds by making the self-consistent potential 
deformed. If we prefer to describe the nucleus in terms of wave functions in a 
spherical potential, we shall have to include a sum of several Slater determi- 
nants to produce the necessary intrinsic correlations among the particles. 

Which particular approach to use depends greatly on the nature of the 
problem. Sometimes there are physical reasons to believe that only very few 
Slater determinants can be involved in the description of the state, or set of 
states considered. Such is the case, for instance, when the number of nucleons 
is close to a magic number so that only very few states are available at nearby 
energies. In these cases it may be preferable to work with wave functions gen- 
erated from a spherical potential, with well-defined angular momenta, and 
produce the necessary correlations through the use of several Slater determi- 
nants, belonging even to different, but close enough, configurations. We shall 
see examples later on. 

In other cases there may be physical evidence for a large deformation of the 
nucleus. This evidence may come for instance from measured electric quad- 
rupole moments. The latter are proportional to 


[owes — r*)dr (23.1) 
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where p(r) is the charge distribution in the nucleus. Assuming a uniform 
density, the contributions to (23.1) that come from spherically symmetric 
parts, such as the shaded part in Fig. 23.2, vanish. The size and sign of the 
quadrupole moment is therefore a direct measure of the deviation of the 
nuclear shape from sphericity. If the measured quadrupole moment indicates 
large deformations, it is more appropriate to use a nonspherical potential as 
the starting point for the construction of the nuclear wave function. 

Although we have stressed the similarity between the center-of-mass prob- 
lem and that of deformed potentials, there is one important aspect in which 
they differ. The center-of-mass motion of a free nucleus is well understood 
and it has nothing to do with the dynamics of the interaction among the nu- 
cleons. When in Section IV.2 we chose to tie the center of mass to a point 
in space, we could prove that this did not affect the internal structure of the 
nucleus. 

On the other hand a specific shape of the nucleus is already a dynamical 
consequence of the interactions among the nucleons. If we can describe a 
nucleus as a cigar rotating perpendicular to its symmetry axis, it is because of 
some complicated dynamical correlations between the nucleons. Such a de- 
scription might lose its validity if nuclear forces were of a different character. 
Any attempt to fix the orientation of a nucleus in space, in a way similar to 
the fixing of its center-of-mass, will interfere with the internal dynamics of the 
nucleus and would therefore distort the resulting internal structure. 

Mathematically the difference between the two cases stems from the follow- 
ing: it is possible to transform the coordinates of the A-particle system into a 
center-of-mass coordinate R = (1/A) >> r; and intrinsic coordinates, which 
are functions of r; — r; only; since the kinetic energy separates in these co- 
ordinates and the forces are also functions only of r; — rj, the dynamics of 
the system is separable from that of the center of mass. 

We can similarly define an orientation of the nucleus by introducing the 
Eulerian angles 6 = (6;, 62, 03) describing the orientation of an intrinsic frame 
of reference; this frame can be defined to coincide with the principal axes of 
the system, for example, by requiring that the coordinates r, (6) referred to it 
satisfy 


A A 


Dd, x:(9)y;(0) = D> y:(0)z;(0) = Do 2;(0)x;(0) = 0 (23.2) 


=1 i=1 i=1 


FIG. 23.2. The region that contributes to the quadrupole moment. 
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Equation 23.2 can be solved in principle to give the Euler angles (6;, 02, 43) 
in terms of the Cartesian coordinates r; of the particles. However, unlike the 
case of the center-of-mass coordinate, the kinetic energy does not separate 
into a part depending on @; and a part that depends on the remaining inde- 
pendent coordinates. 

In the shell model a motion of the potential as a whole sets, of course, the 
whole nucleus into a motion. This, however, will not concern us because it is 
essentially the motion of the center of mass of the nucleus. In a deformed 
potential, the rotation of the potential sets the whole nucleus into rotation. 
Since, as we have seen, the effect of such rotations cannot be separated from 
the internal dynamics of the system, they will be connected with possible in- 
trinsic excitations and will concern us very greatly. Indeed these excitations 
can form the well-known rotational bands observed in highly deformed 
nuclei. 


24. SUMMARY 


Encouraged by the fair success of the independent-particle model in describing 
nuclear matter, and by our understanding of this success on the basis of the 
independent pair approximation, we discussed in this chapter independent- 
particle models for finite nuclei. We saw how a single-particle potential, for 
finite systems, may give rise to grouping of levels thereby producing the phe- 
nomenon of closed shells. The striking features associated with closed shells 
then enabled us to pin down some of the properties of the single-particle po- 
tential such as the existence of an important spin-orbit interaction. 

Equipped with a sequence of single-particle levels determined essentially 
from experiment, we were then able to understand the parities and angular 
momenta of low-lying states of various nuclei. Both the presence of levels 
with some values of J and the absence of levels with other values of J could 
be accounted for if proper attention was paid to the Pauli principle. 

A quick glance at another simple nuclear property—magnetic moments— 
revealed that their order of magnitude and general pattern was again nicely 
explained with the finite system independent-particle picture. However more 
detailed features of the observed moments seemed to show that one should 
go beyond the independent-particle approximation. In some way effects of 
the two-body interactions should be included, although the independent- 
particle wave function may serve as a good starting point. 

We were thus led to ask ourselves which would be the “‘best’’ single-particle 
potential to start with. Using the variational approach we derived the Hartree— 
Fock self-consistent potential and discovered that, except for closed-shell 
nuclei, this potential is deformed and has an axial symmetry. (More precisely, 
we found that generally an axial-symmetric potential can serve as a self-con- 
sistent potential, whereas a spherically symmetric one generally cannot). 
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This naturally raised the question of the role of conservation laws in model 
wave functions and we have discussed the interplay between the simplicity 
of a wave function and the violation of conservation laws. 

Now that we have clarified some aspects of the independent-particle wave 
function we are prepared to study the effects of introducing the residual inter- 
action. There are different possibilities open before us: we may choose to 
work with the “best” independent-particle wave functions ignoring initially 
the conservation laws; or we may choose to work with “‘next-to-best’”’ wave 
functions, giving more weight to some of the conservation laws. Moreover 
we may introduce into the Hartree-Fock approximation more flexibility by 
allowing the single-particle potential to vary in time—oscillate and change its 
shape slowly. If the characteristic frequencies of the potential oscillations are 
much smaller than those of the particles moving in it, we may use an adiabatic 
approximation to derive further interesting nuclear properties. 

The richness of the possibilities before us is a mixed blessing. While pro- 
viding alternative approaches it also requires that we study the particular 
features of each one of them on more general grounds, so that we shall be 
able to select the proper approach for each concrete case. We shall therefore 
start with a spherically symmetric single-particle potential, and study the 
effects of the residual interaction irrespective of whether the single-particle 
potential is self-consistent or not. We shall then see what further can be said 
if it is in fact self consistent. Subsequently we shall discuss deformed potentials 
in general, again irrespective of their being self-consistent or not. Finally we 
shall consider adiabatic oscillations of the single-particle potential and see 
what can be gained this way. 


APPENDIX 


SPHERICAL SYMMETRY OF SELF-CONSISTENT POTENTIALS 
FOR CLOSED-SHELL NUCLEI 


A general interaction v(12) can be decomposed into a sum of products of 
irreducible tensor operators (see Appendix A, 924) 


yv(12) = > w(t, r2)T® (1)-T® (2) (A.1) 
The direct potential is now given by (see Eq. 20.4): 
Usli) = DY Tn) DU [ semen r2 Tm (2)ou(2) d(2) (A.2) 
L,m,p B 


By the Wigner—Eckart theorem the integral in (A.2) is proportional to 


jn 1 Jn OS Jn FO Su 
(—1 #7 ™ = f/2j. + 1 
—m, m mM, —m 0 m,/\-m m m, 


(A.3) 


where j, is the angular momentum of the single-particle state ». Summation 
over m, of (A.3) leads to a factor 6(/, 0)6(m, 0), so that finally Uz(1) is 


proportional to T)°” (1), which is by definition a scalar and hence spherically 
symmetric. 


For the exchange integral one uses an obvious generalization of (20.17) 
to obtain 
—U..(1, 1’) = DY TL") 4) | RIOD ro Tm (2 dur (2)d(2) 
(A.4) 


The integral, again using Wigner—Eckart theorem, can be written as 


Iu l Iu 
ly Gin dul; 11) (A.5 ) 


mM mM My 
so that 


—Uex (1, 1 = DT * (1) ber (1 bw (1) (= 1) 
Ju l Ju’ 
x ( Jeti 1) (A6) 
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The combination 


er Ju Iu : 

em (dl’) = Dd) (—1)™ dur (1’ eu.) = (A.7) 
my my! —m, mM My 

behaves, under rotations, like the mth component of an irreducible tensor of 

degree /. Therefore 


OM", 1) = dS TH" ed, 1) (A.8) 


is a scalar. 

Since 

—Uex(1, 1’) = Qe OM (A, WG iu jul 11) 
Liu du! 

it follows that U,, is also a scalar and hence spherically symmetric. 

The fact that we were dealing with closed-shell nuclei entered through the 
summation over all m, and m,: in (A.7 ), which is essential to deduce the trans- 
formation properties of ¢7"”" (1, 1’). 


CHAPTER V 


THE NUCLEAR 
SHELL MODEL 


In the previous chapters we saw how a system of interacting fermions, close 
to its ground state, can show features of a system of independent, noninter- 
acting, fermions with an appropriate density. The nuclear shell model starts 
from this description and attempts to refine it by taking into account, to some 
approximation, the fact that the motion of a nucleon in the nucleus is not 
entirely independent of the motions of the other nucleons. Even if the bulk of 
the interaction among the nucleons reflects itself in setting a certain equilib- 
tium density, this is by no means the complete effect of the interaction and 
further important correlations are established among the nucleons by their 
mutual interaction. 

The shell model limits itself to nuclei whose independent-particle approxima- 
tion is spherically symmetric, that is, to nuclei, which in this approximation 
can be described by filling in the lowest levels of a spherically symmetric po- 
tential. We saw in Chapter IV that self-consistent potentials are very often 
not spherically symmetric, and we shall see later that important nuclear 
properties stem from these deviations from sphericity and their variation 
with time. Despite this, however, it turns out that the spherically symmetric 
approximation, even when it does not represent a self-consistent potential, 
produces a very good approximation for the lowest nuclear states. This is 
because the nucleus, as an isolated system, has a well-defined total angular 
momentum, a property that is nearly automatically incorporated into wave 
functions derived from spherically symmetric potentials. In many cases the 
correlations established among the nucleons by the requirement that the total 
angular momentum has a certain value are the crucial ones for the specific 
property we may be interested in. Wave functions derived from spherically 
symmetric potentials then become especially useful, as we shall see below. 

The spherically symmetric potentials we are referring to are meant to be of 
the most general type; they include all potentials that remain invariant when- 
ever a rotation is performed on the coordinates of any single nucleon at a 
time. Thus potentials of the type >) ¢(r;)l:-S:, or nonlocal* potentials 


*Recall that a nonlocal potential acts on the wave function as follows: 


E Sde; Ulery, v7) Y 
7 
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>, U(r;, r;) that depend only on the angle between r,; and r, (in addition, of 
course, to |r;| and |r;| ), are included along with the more obvious potentials 
of the type >) U(|r,| ). All we shall be using in formulating the shell model 
is the fact that the single-particle wave functions have well-defined single- 
particle angular momentum. 

The central problems considered in the shell model can be formulated as 
follows: 

An A-particle system composed of Z-protons and N = A — Z neutrons 
is put in a spherically symmetric (scalar ) single-particle potential U(i). U(i). 
involves the ith particle’s spatial, spin, and isospin coordinates, (i.e., there 
could be a different potential for protons and neutrons). The particles are 
furthermore under the influence of a two-body residual interaction v(i/), 
where again 7 and j stands for space, spin, and isospin coordinates of the two 
particles. Three-body forces may be considered as well, but we shall limit our 
considerations to two-body forces only. As yet there is no evidence for im- 
portant contributions of three-body forces to nuclear properties. The inter- 
action v(ij) is supposed to be weak in the sense of perturbation theory. Under 
these conditions: 


(a) Can we devise experiments that will test our basic assumptions even 
before we specify U(i) and v(ij)? In other words: are there experiments that 
will tell us that a certain set of nuclei can be described well enough by a model 
consisting of nucleons in a spherical potential and a weak residual interaction 
among them? 


(b) From the analysis of the empirical data, and to the extent that a 
shell model can be shown to be applicable, what can we say about the domi- 
nant features of the empirical U(i) and v(ij)? 


(c) Using realistic potentials derived from the basic nucleon-nucleon 
forces for both U(i) and v(ij), how can we calculate energies of various nu- 
clear states and the corresponding wave functions to the required approxima- 
tion? 


As we have stressed several times, we shall be able to go a long way in in- 
terpreting various nuclear phenomena before being forced to use concrete 
potentials for U(i) and v(ij). That this should happen in a shell model is of 
no surprise. Of the 5A degrees of freedom that an A-nucleon system possesses, 
4A: 0;, bi, Si, Ti, are essentially determined by specifying the configuration 
to which a state belongs, the total angular momentum of the state and its iso- 
spin. Dealing with a shell-model wave function actually means that we work 
with a nearly completely known function even before we specify U(i). The 
central potential determines only the radial wave functions, and for a wide 
class of smooth monotonic potentials, even these have similar properties 
such as those described in Section IV.7. Although in our calculations we shall 
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try to avoid writing down explicitly the shell-model wave functions, we should 
always remember that for the most part they are universal, known functions. 
It is this fact that is reflected in the generality of the results that we shall 
obtain. 

The fact that nuclei obey some of these general results does not prove their 
universal validity for any system of fermions. The neutral atom of ®Li, for 
instance, is a fermion, and a collection of these atoms does not show the vari- 
ous characteristics of a shell structure. There is a deep physical significance 
to the fact that nuclei do show evidence of shell structure, and this was dis- 
cussed at length in Chapter III. However, once the conditions for the validity 
of the shell-model approximation are there—the rest follows from the very 
specific and universal structure of shell-model wave functions. It is for this 
reason that problem (a) will occupy a good part of our discussion of the 
shell model. 

The Appendix to this chapter lists some of the more common residual 
potentials that have been used in the analysis of nuclear structure. 


1. THE CLASSIFICATION OF STATES. TWO-PARTICLE 
CONFIGURATIONS 


We consider the shell-model Hamiltonian 


. I . 
Hsu = 2) (Ti+ U@1+5 2 v@) (1.1) 
5 
In order to treat v(ij) as a perturbation we must first diagonalize it within the 
subspace of degenerate states of 


HA, = >> IT: + U@] = Dd AG) (1.2) 


Degeneracies in Ho are due to two sources: they may result from a certain 
symmetry of Ho, or they may be accidental. Among the first type we can 
count: 


(a) The degeneracy due to similar proton and neutron states if A is 
charge-independent. 


(b) The degeneracy of the states 7 = 1+ 1/2 andj’ = / — 1/2 if Ay is 
spin-independent. 
(c) The degeneracy of the various m-states of any given single-particle 


level if Ho is spherically symmetric. 


The second type of degeneracies includes for our purpose, the well-known 
degeneracies of the three-dimensional harmonic-oscillator potential or the 
Coulomb potential (strictly speaking these are due to some special sym- 
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metries of the corresponding Hamiltonians, but we shall disregard these sym- 
metries here since they are not connected with simple dynamical properties 
of the nuclear forces ). 

Whenever there are degeneracies in the zeroth-order Hamiltonian, the first- 
order corrections to the energy are obtained by the diagonalization of the 
perturbation within the subspace of degenerate states. This diagonalization 
can be greatly simplified if we use special linear combinations of the zeroth- 
order degenerate wave functions rather than an arbitrarily selected set. We 
shall illustrate this point now by studying the two identical particles system. 

Let ¢.(i) be the eigenstates of Ho: 


Hoda (i) = Eada (i) (1.3) 


The quantum numbers a stand for (n,/, j,m,), as discussed previously, and 
the (2j. + 1) states of the single-particle configuration (Hal. j.) are all de- 
generate. A two-particle configuration (“ala ja, Mle je ) will have a zeroth-order 
energy €g + eg and will be (2j. + 1)(2js + 1)-fold degenerate. A simple set 
of eigenfunctions for the two-particle configuration is the m-scheme set: 


1 |a(l) da(2) , 
b(m,, Mp) = Fe (1. 
V2) ay b6(2) 


Since the residual interaction v(12) commutes with J, we find that 
(@(m,, mg)|v(12)@(m,, mg)) =O if me+m Am, +m, (1.5) 


In setting out to diagonalize v(i2) in the subspace of the (2j. + 1)(2js + 1) 
functions ®(m,, mg) it will therefore be convenient to group together all the 
states with a given value for m. -+ mg. The matrix for »(12) will then look like 
Fig. 1.1. We have denoted the values of M = m, + mg that characterize each 
one of the rows (and columns) of the matrix. The square in the upper left-hand 
corner is of order 1 X 1 since there is just one state with M = j. + je (we 


FIG. 1.1. The matrix elements of v(12) in the M-scheme. Only matrix elements in the 
shaded areas can differ from zero. 
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assume ja ~ jg so that antisymmetry does not make this state vanish iden- 
tically ); the second square matrix is 2 X 2 since M = j, + js — 1 can be 
gotten in two independent ways: m. = ja, Me = js — 1 and m= je — 1, 
mg = js; and similarly for the other squares along the diagonal. 

We see that already by properly arranging the states ®(m,.,mg) we reduce 
the task of diagonalizing the full matrix of order [27.2 + 1)- (2s + 1)] X 
[jz + 1)- (jeg + 1)] into that of diagonalizing several, much smaller, 
matrices. However, we can carry out the diagonalization even further, without 
specifying v(12), if we note that v(12) commutes with J = ji, + je, that is, 
that the total angular momentum is conserved by the Hamiltonians (1.1) 
and (1.2). Indeed, if we make use of the transformation from the m-scheme 
to the J-scheme (see Section IV.12) using the Clebsch-Gordan coefficients, 
we arrive at another set, the J-scheme set of (27. + 1)(2js + 1) degenerate 
states of Hy belonging to the eigenvalue «, + ¢: 

Lia joJM) = D0 (jotta jatng|IM )®(ma,ms ) (1.6) 
Ma mB 
J = |ja — jal, ie — Jal + 1,--- 5 da + Je 
With this set of functions we find that: 


(ja jeJM|v(12)|jajed’M’) =0 if J#J’ and/or M+ M’ (1.7) 


Remark. In writing the wave function |j.jsJ/M> in the form (1.6) special 
attention should be paid to its normalization. If (“ele ja) # (nels je) then it 
follows from (1.4) immediately that 


(ja jadM | jx jad’M') = >> (jae jamp|JIM )( jan, jsmg|J'M’) 
1 
x | [bema(1 )bemp(2) — dame (2)bamg (1) T 


X [dama(l )bpme(2) — ama (2 )bpme(1)] dl) di) 
= 6(J, J’)5(M, M’) (1.8) 


We notice, in deriving (1.8) that the “cross integrals” like 
| fima(1)6inp(2 )oania(2 Yoana (1) 41) dQ) (1.9) 
vanish on account of the assumption (Melaja) #~ (Mglajs). If, however, 


(Halajx) = (nplgje), that is, if we have two equivalent particles, then the 
“cross integrals” (1.9) do not vanish: 


| bine el deme (2 )bam', (2 bang d ) d(1 ) d(2 ) = 6 (Ma; mM, )6 (mp,mg) 
if = (Mela ja) = (Mpleje) (1.10) 
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We then obtain for (1.8), using the symmetry properties of the Clebsch-— 
Gordan coefficients (see Appendix A, A.2.69): 


(Je jaIM | jaja I’M’) = [1 — (—1)**7 JV, J")6(M, M’) 


; y) : : 
if (Hala ja) = (Mglajs) (1.11) 


where j = j. = je. Thus for equivalent nucleons |j?JM) vanishes for odd values 
of J, while for even values of J it is properly normalized if we define 


] a a 
PIM) = Ty Dy (jit jrmg| JM )® (10, 1) (1.12) 
Equation 1.12 supplements (1.6). 


For the two-particle system, given j, and js, there is only one state with a 
given value for J and M. Thus, if we take matrix elements of v(12) with the 
wave functions (1.6), the matrix is automatically diagonal. We conclude that 
for two identical particles in the levels j, and jg, the first-order correction to 
the energy is given by 


AE(jajsJM) = (ja jeJM|v(12)| ja jeIM ) (1.13) 


Before we proceed with the study of some of the properties of AE(J/M) in 
(1.13), we would like to remark on the simplicity of the result (1.13): the 
fact that we were able to write down an explicit expression for the eigenvalues 
of v(12) in the configuration j, jg, is typical only of the simplest two-particle 
configurations. If, for instance, there were a third level jg, accidentally degen- 
erate with jg, that is, eg = eg, the situation would already be considerably more 
complex. We shall still find it useful to work in the J-scheme, but now our de- 
generate two-particle wave functions will include both |j,..jsJM) defined in 
(1.6), and the (2j. + 1)(2ja + 1) states | j.jeJM) defined by replacing js by 
Je in (1.6). The interaction v(12) is still diagonal with respect to J and M, 
but if J happens to have values that satisfy simultaneously the two conditions: 


there will be two degenerate states with such a value of J for any value of M 
satisfying —J < M < J. For these states the shifts in energy will then be given 
by the eigenvalues of the 2x2 matrices: 


ne v(12)| ja jeJM ) (Ja jeJM |v(12) ae) 
(1.15) 


(ja je IM|v(12)|jajoIM) = (ja jarIM|v(12)| jaje-IM ) 


lia — ja) <J<ja+je and ia — Jer 


Problems that involve a greater number of zeroth-order degenerate levels, or 
configurations with more particles, generally lead to still larger matrices even 
when we use the J-scheme. Nevertheless it remains, true that the matrices in 
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the J-scheme are much smaller than those in the m-scheme. The transformation 
from the m-scheme to the J-scheme already amounts to a substantial, if even 
not complete, diagonalization of the residual interaction. 

Let us come back now to (1.13). The interaction v(12) is invariant under 
rotations. It follows then from the Wigner—Eckart theorem (see Appendix A, 
A.2.44) that 


J OJ 


Jeu |v] jajeJ) (1.16) 


(jajaJM | v(12)|jajaJM ) = cay 
—-M 0 M 


where the double-barred reduced matrix element is independent of M. The 
special 3 — j symbol in (1.16) is explicitly given in Appendix A, and it follows 
from (1.16) and (1.13) that 
| 

AE(jejsJM) = (jajgJM|v(12)\jajeJM) = Sa (Ja Ip iy jgJ (1.17 

(jajoJM) = (ju jaJM|v(12)|jajedM ) Virani 11 ¥] | jaja) (1.17) 
Thus the energy shift of a state with a given J and M is independent of M; 
the interaction v(12) removes part of the degeneracy since it may shift states 
with different J’s differently. But some degeneracy still remains: levels of a 
given J remain (2J + 1)-fold degenerate. 


This leftover degeneracy is of a similar origin as the (2j. + 1)-fold degen- 
eracy of the single-particle levels in the central potential. It is due to the 
spherical symmetry of the Hamiltonian (1.1) that requires that there be no 
preferred axis in space determined by the solutions of (1.1). 

To see how the interaction v(12) removes part of the zeroth-order degen- 
eracy it is instructive to study a special hypothetical interaction, the so-called 
§-force (actually 6-potential ) 


y(12) = —Vod(r. — re) (1.18) 


where V, has the dimensions of (Energy) X (Volume). 

The matrix elements of this potential measure directly the space overlap 
between the wave functions of particles 1 and 2. If the particle wave functions 
have a small overlap—say one is close to the center of the nucleus and the 
other at the surface—the 6-potential will make a very small contribution to 
the average energy. If, on the other hand, their density distribution is similar— 
this will show up in the greater magnitude of the matrix elements (1.13), with 
v given by (1.18). Nuclear forces are predominantly attractive and, due to 
their short range, are more effective when the overlap between ¢(1) and 
(2) is largest. We have therefore chosen the negative sign in (1.18), so that 
states that come lowest with the 6-potential are states of best overlap, in ac- 
cordance with what we expect for a more realistic v(12). Although the 6- 
force does not resemble real nuclear forces, it does offer a useful approximation 
to matrix elements of real nuclear interactions. The latter depend crucially on 
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the spatial overlap of the wave functions of the two interacting nucleons, and 
the 6-force measures this overlap directly. 
To evaluate matrix elements of (1.18) (dropping V,), that is, 


(jajaJM| — 6(t1 — re)|jajaJM ) (1.19) 
we note that 


Rng a 
ga(1 ) as ye (1/2Mgalam la jae ) weal) Y tamta (415 di )x 6? (Msa ) (1.20) 
1 


where R,,1(r) is a radial function determined by the potential U(i) and x‘ 
is the spin wave function for particle i. Hence, for identical particles, using 
(1.4), we can write the m-scheme wave function in the form: 


® (MMe ) = >a (SMsalam la | JalNa ) (3msglem lp | Jag ) 
Msa™MsB,Mla MIB 
ie | RADE 2) — Fae(2)Fe Cl 
75 rar, | 3 ( a(2)Fa(1)] 


KX [x (Msa)x® (sp) + x (M6 )x (Mea) ] 
+ [Fa(l )Fe(2) + Fa(2)Fe(1)] 
X [x'? (sa x (sp) — x (Ms )x (Msa) ]} (1-21) 
where we introduced the notation 
Fi) = Rng tg i) Y 1m (9 ii) (1.22) 
It is obvious from (1.6) that 
<jajoJM| — 5(t1 — t2)/jajoJM) = 2) (Jama jama|JM )(j ang jomg|JM ) 


Ma MB,Mqs MBs 
xX (mama| — 6(t1 — F2)|mamg) (1.23) 


To evaluate the matrix elements in (1.23) we use the ¢(mamg) as given in 
(1.21) and note that, because of the 6(r1 — re) function the term proportional 
to F.(1)Fg(2) — F.(2)Fs(1) vanishes. It therefore follows that 


ar 1 
(mams| — 6(t1 — r2)|mmMg) = — E Rig ig (1 )Rnala(?) ar 


ae af Yaw (Q ) Y amis (Q ) Y ihe (Q ) Yigmie dQ, (MsqM la | Me, ) 
X (mgm ig|me) [(Msattja| Ma )(Mepmig| Mg) — (Mega | Ma) (MsalMig | Mg) ] 
(1.24) 


In deriving (1.24) we used the expression for the 6-function in polar coordi- 
nates 


1 
6(r1 = r2) = aS 6(1 = re )6 (COS 6, — COS 62)5 (dr = oD) (1.25 ) 
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We have also introduced a shorthand notation for the Clebsch—-Gordan 
coefficient: 


(mm,|m) = (4m,lm;|jm) (1.26) 
and used the orthogonality of the spin wave function 
(x (ms)|x (m.)) = 8m, ms) 
Combining (1.23) and (1.24) we obtain finally: 


AE;(J) = Vot jajsJM| — 8(t1 — r2)|jajeIM) = VoF (Nalatigls )A (ja jpJM ) 
(1.27) 


where the index 6 was added explicitly to AE to remind us that it 1s derived 
from a 6-interaction, and 


F (nglangle) = — | 2 Rial, 1 )Rngig (1) ar (1.28) 
0 


Furthermore, the A’s are universal functions defined by 


A(jajsJM) = 2) (marma|M)(mamg| M) (meat 1a | Ma) (Msp 1p| Mp ) 


allms 


X [CMsattia| Mz) (Mepmmg| mg) — (Mesrrq| Ma) (MsalMa| Mp ) ] 
x | YQ) Y{(Q)¥o(Q)¥o(@) do (1.29) 


Equation 1.27 has an interesting structure. It consists of a product of two 
factors: F® that implicitly depends on the potential U(i) through the radial 
wave functions, and A (ja jsJM ) that is a universal function of j., js,J,and M. 
Only the latter includes a dependence on J. Hence the important result that 

AE;(J) A(jajeJ) : 
REI’) ACjnjo)’) independent of U(i) (1.30) 

Equation 1.27 has to be understood as follows: the overlap of ¢. and gg, 
measured by the matrix element (1.19 ), 1s a product of two parts; one measures 
the overlap of the radial densities, [F‘ ], and is independent of the total angu- 
lar momentum; the other measures the overlap of the angular part of the wave 
functions and is entirely independent of the central potential U(i). This 
separation is made possible for the matrix elements of a 6-interaction because 
as we can see from (1.25), the 6-interaction itself separates into a product of 
a part that depends on the magnitudes of r, and re and a part that depends on 
the directions r, = m/r; and ro = Fe/Pe. 

If we recall that the mass distribution of a particle is concentrated in the 
plane perpendicular to its angular momentum, then the contribution to 
AE;(J) that depends on r, and r- can be pictured in a rather simple way: 
consider particle 1 with its angular momentum pointing in the direction ji. 
Its mass is concentrated in the cross-hatched region (Fig. 1.2); if the angular 
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FIG. 1.2. The relative mass distributions of two nucleons. 


momentum of particle 2 is pointing in the direction j. its mass will be concen- 
trated in the dotted region. Obviously the overlap between the two Is going 
to depend on the angle between j, and je; that, however, is determined once 
we fix J = ji + je. It is in this way that the overlap integral gets its dependence 
on the total angular momentum. Pictorially we can describe the situation as 
follows (Fig. 1.3): when the interaction »(12) = —é(r; — re) is taken into 
account, a part of the (27. + 1) K (2jg + 1)-fold degeneracy of the configura- 
tion (jajs) is removed since states with different values of J get pushed by 
different amounts AE(/). A spectrum of levels, all belonging to the configura- 
tion jajs, is thereby created. 

Equation 1.27 or 1.30 further tells us that if the residual nuclear interaction 
were of a very short range, then the spacings of the levels of a configuration 
(jajs), apart from a common scale factor, would be the same for different 
nuclei, irrespective of their sizes and the particular shape of the single-particle 
potential appropriate for them. The latter will reflect itself only in the radial 
wave function R,1(r7) and therefore through a multiplicative factor that can 
be absorbed in the scale factor. The ratios of spacings between the different 


AE (J) 


FIG. 1.3. Schematic description of the removal of the degeneracy in the configuration 
Ja jg through a residual interaction. 
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levels are thus independent of radial quantum numbers, and are really deter- 
mined just by the quantum numbers /,, ja, Js, and jg. 

The coefficients A (j.js/M ) can be evaluated by direct substitution of the 
numerical values for the Clebsch-Gordan coefficients and using (Eq. IV.20.8 ) 
for the evaluation of the angular integrals. Later on we shall see an even simpler 
way of deriving more compact expressions for coefficients like A (jajpJM ). 
Here we shall just quote the result, which will be derived later (see Section 
V.4): 


| Ja Js J\? 
4, “le + 1)(2je + 1) if /,, + Is — Jis even 
A (jajeJM) =("" 1/2 ~1/2 0 
0 if 1. + ls — Jis odd 


(1.31)* 


Equation (1.31) has several interesting features. It shows that for configura- 
tions of even parity (i.e., 2 + J/g even) only even values of J are affected by 
the 6-force, whereas for configurations of odd parity only odd values of J are 
affected. If we take as an example a configuration (5/2, 7/2), then if its 
parity is even its energy levels will look like Fig. 1.4a, whereas if its parity is 
odd they will look like Fig. 1.40. 

In both cases there are groups of levels that are not shifted at all and others 
that are shifted. The actual value of the energy shift depends on the numerical 
value of the 3 — j symbol in (1.31). A table of these coefficients can be found 
in various places listed by Way and Hurley (66.) See also Rotenberg et al. 
(59). 

The physics behind the phenomenon shown in Figs. 1.4a and 1.46 is of 
some interest. Take for instance the case of J = 6~ and let us consider in more 
detail how such a state can be formed. If j, = 5/2 then /, could be either 2 
or3 7@ = j + 1/2); similarly if jg = 7/2 then Jz = 3 or 4. If the parity of the 
configuration is negative we must have either the combination (J,, 13) = 
(2,3) or (LL; ls) = (3, 4). Suppose we take (1, Js) = (2,3) so that we are 
considering the configuration (ds/2, f7/2). Since the orbital angular momenta 
can provide at most 2 + 3 = 5 units of angular momentum, the state with 
J= 6- can only be obtained if the two spins are parallel and provide the extra 
unit of angular momentum missing (see Fig. 1.5). However, if the two spins 
are parallel, the two-particle wave function js symmetric with respect to the 
exchange of the spins; since it must be totally antisymmetric it follows that 
it is antisymmetric with respect to the exchange (mr, re) — (fe, r,); the wave 
function for this particular state then vanishes, when r,; = r2. But a 6-inter- 
action is effective only when r; = re. Hence the result that the 6-interaction 


*The factor 1/42 should be changed to 1/87 if (nalaja) = (nal ais); see (1.11). 
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(8/2,7/2)* oe (5/2,7/2)7 ere i a 
: J=2¢ i Jz 57 
v=0O waa v=O je ae 
JzI7 
J=6* - 2 
- 2. =-8( 1-19) 
=-5(4, -o) 
a b 


FIG. 1.4. The energy levels of the configuration (5/2, 7/2) even (a) and odd (b) parities, 
with a 6-interaction. [The scale of (b) is three times smaller than that of (a).] 


does not affect the state with J = 6-. Slightly more extensive consideration 
can be applied to the other states, and we shall return to them later. The im- 
portant thing to realize is that, for the two-particle case, the even or odd 
values of J together with the parity of the state determines whether the prob- 
ability of finding the two particles close together vanishes or not. 

It is not very common to find two identical particles in configurations of 
odd parity among the low-lying states of actual nuclei. For two identical par- 
ticles outside closed shells the lowest states are obtained when both particles 
go into the same lowest available level, and we thus obtain a configuration /? 
of two equivalent particles with even parity. For such configurations, as we 
saw in Eq. IV.13.5, the only allowed states are those with even values of J, 
so that the conclusions derived above for the 6-interaction do not lead to 
new information in this particular case. We can still use (1.31) to obtain the 
order of the different levels if we believe that the nuclear interaction is of a 
short range. An inspection of Table 1.1 shows that the state with J = Ot is 
then always the lowest, then comes J = 2+, etc. This ascending order of J’s 
for the excited states has been observed in most spectra of even—even nuclei. 
Examples taken from nuclei near closed shells are especially instructive in 
this respect since such nuclei are nearly spherical and assignment of orbits 
can be done with great reliability. Furthermore, as we shall see later on, the 
closed shells do not contribute to the splittings between the levels of the con- 
figuration of the valence nucleons; we can therefore compare empirical data 


ts, 
Sq 
l 
e B 


FIG. 1.5. The angular momenta in the state J = 6 of (d5/2, f7/2). 


CLASSIFICATION OF STATES 289 


in such nuclei with our present calculations. The case of °°Zr discussed in 
Section IV.14 is perhaps one of the nicest examples. Another one is that of 
210Po, shown in Fig. 1.6. Figure 1.7 shows the spectra of the configuration 
(9/2)? as calculated for a 6-interaction with the help of equations (1.27) and 
(1.31) on an arbitrary scale. We see that it reproduces qualitatively the 
clustering together of the levels of higher angular momenta observed both in 
210Po and 9°Zr (the configurations giving rise to the lowest excitations in these 
nuclei are, respectively, 13/2 and 1/2). Physically this means that the overlap 
between the two particles does not change appreciably as we keep decreasing 
the angle between their angular momenta beyond the angle corresponding to, 
say, J = 4. 


TABLE 1.1 Values of 827 Alj.jsJM) as Given by Equation 1.31 
(see footnote below it) for j2 = jg 


Joe is J 8 A 
2 


4 
4/5 


6 
48 /35 
4/7 


8 
40/21 
200/77 
200 /429 


10 
80 /33 
180/143 
320/429 
980 /2439 


1/2 1/2 
3/2 3/2 


5/2 5/2 


7/2 7/2 


9/2 9/2 


CON FP NO ADA NO FPNO NO SO 


As we go higher in excitation energy, we encounter configurations of the 
type (ja, ja) with j. + je even for nuclei with two particles outside the closed 
shell. Usually one then still reaches configurations with positive parities be- 
cause most of the levels in any given shell have the same parity (compare 
Fig. I.7.2). Our result (1.31 ) then tells us that the lowest states of these con- 
figuration should have even values of J. We obtain thus an explanation of the 
observed overwhelming predominance of levels with even J among the low- 
lying positive parity levels in even—even nuclei. | 

Occasionally an excitation of the two-particle system may lead also to 
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’ FIG. 1.6. Level scheme for 2!°Po. The energy of each level is given in keV [taken from 
Yamazaki and Ewan (67)]. 


states of negative parity like the 5~- and 4- states in °°Zr, or the 5~ state in 
210Po, etc. From (1.31) we can expect that the lowest negative parity state in 
an even-even nucleus will have an odd value of J. This is indeed the case in 
both examples quoted, and in most other known cases (the Talmi-—Glaubman 
rule ). 


2. THE EQUIVALENCE OF PROTONS AND NEUTRONS. 
ISOSPIN 


Our discussion in the previous section was devoted to identical particles only. 
Let us now consider nonidentical particles as well, that is, a system composed 
of a proton and a neutron in the configuration (j,j, ). If the Hamiltonian is 
charge independent, that is, if we neglect for the moment electromagnetic 
contributions to H, we have an additional degeneracy; any state of the con- 


Unperturbed degenerate stakes et 


o* 


FIG. 1.7. The configuration (9/2)? with 5-interaction. 
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figuration (j,, j,) in which particle 1 is a proton and 2 is a neutron is degen- 
erate with a state in which 1 is a neutron and 2 is a proton. Staying for the 
moment within a formalism without isospin, that is, considering the proton 
and the neutron as different particles, we conclude that the two states 


ip jnJM ) (2.1) 
and 
in JpJM ) (2.2) 
are degenerate. Here we define a convenient shorthand notation 
| ipjnJM) = D1 (jatta jarmg|JM ba (1 dp (2)p (1 n (2) (2.3) 


ma ™B 


where p(i) and n(i) are proton and neutron wave functions, respectively, for 
the ith nucleon, ¢, gives the spatial and spin dependence. Similarly 
intoIM ) = D1 (jatMajsina|IM oa (2 os (1 )p (1 )n (2) (2.4) 
Ma mg 
Note that these wave functions are not antisymmetrized: in (2.3 ) the particle 
in state a is a proton and that in state 8 is a neutron, while in (2.4), the one 
in state a is a neutron and that in state 6 is a proton. 

The two states (2.1) and (2.2), which are physically distinct, are degenerate 
in our approximation. To obtain the energy shifts of these two states it is 
therefore necessary to diagonalize a 2x2 matrix even if we are in the J-scheme. 
This matrix consists of the following elements 


Ce V(12)|jpjnT) (ip ind |v (12) uel 


(inJoJ|V12)|jojnJ) (inde |V (12) [in Jrd 


(2.5) 


where 

(ipjoJ|¥ (12) [irind) = 2 (marng|M)(mamg| M) {ba (1 oe (2p (1 n(2) 

[¥(12)dar (1 oer (2)p(L)n(2)) and = (mammg| M) = (jata jama| JM) 
(2.6) 


If v(12) is symmetric with respect to the exchange of the proton and the 
neutron then 


v(pn) = (pC )n(2)|v(12)p Cd n(2)) = (pC. )n(2)| v(21 pC n(2)) = v(np) 
(2.7) 
It then follows that 


CipjnJ|VA2)jrjnI) = (indrJ|v(12)| jnjpd ) (2.8) 
and 


(jpjrJ | V2) |indrd) = GndrI|V (12) |jpjnd) (2.9) 
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It follows now that the eigenvalues of (2.5) are 


AEH = (jp joJ|V(12)|injnd) + Cin dud|¥(12)|jn dod) (2.10) 


and 


AE = (jpjnJ| V2) |jpjnd) — Cipdnd |v (12) | jnJpJ ) (2.11) 


The corresponding normalized eigenstates are: 


1 
Jud 4. =. 4/2 [lin jnJ ) —E \inJrJ) J (2.12) 


which, in view of (2.3) and (2.4), can be written as 


l 
nin 4. = V3 De (mams|M)[ba(1)be(2) + ba(2)$p(1) pC n(2) (2.13) 


Ma 8 


The identification of the proton as particle 1 and the neutron as particle 2 
has no physical meaning. We could have equally well taken as the wave func- 
tions of the two states the expression 


linind 4. = 7: Dd (mams|M)[ba(1 )be(2) + ba(2)ds(1) (1 )p(2) (2.14) 


mame 


The two wave functions (2.13) and (2.14) are orthogonal to each other, 
since (n(1)|p(1)) = 0. Furthermore, if the two particles p and n maintain 
their identities in the sense that the interaction v(pz ) cannot convert one into 
the other, then the matrix element of v(pn) between the states (2.13) and 
(2.14) satisfies 


+ (jojud|V12)|ipjnd a = 0 (2.15) 


We can therefore take as our wave functions, corresponding to the eigenvalues 
(2.10) and (2.11), any linear combinations of (2.13) and (2.14). This freedom 
is a reflection of the equivalence degeneracy, similar to the equivalence de- 
generacy in the two-electron system, and it need not concern us if the inter- 
actions in nature could not convert a proton into a neutron. However, we 
know that the real force between a proton and a neutron can lead to a charge 
exchange between them (see Section I.3). With such an interaction (2.15) 
will no longer hold. Since |jpjnJ)4. and |jpjnJ), are degenerate in the absence 
of charge exchange potentials, the action of the charge exchange potential 
will lead to a combination of (2.13) and (2.14) that is either symmetric or 
antisymmetric with respect to the exchange of the charge quantum numbers 
(i.e., p > nand n — p). We thus obtain four states that are either symmetric 
or antisymmetric with respect to the exchange of all the quantum numbers 
of particles 1 and 2. It is an empirical fact that nature has chosen the anti- 
symmetric combination for the proton—neutron system. Since the two-proton 
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system and the two-neutron systems are also antisymmetric, we see that the 
proton—neutron system can be considered as a special case of the general 
two-nucleon system (see Section I.6). We therefore adopt for the wave func- 
tions that go with AE“ and AE@ the following two linear combinations of 
(2.13) and (2.14): 


1 
lipjndI M )o = 5 > (mamse|M)(ba(1 )be(2) + b0(2)b6(1)] 


Mems 


x [p(L)n(2) — p(2)n(1)]_ (2.16) 
1 
- >> (mamg|M)[ba(1 )ba(2) — ba (2s (1)] 


ae 
X [p(1)n(2) + p(2)n(1)]_ 2.17) 


It should be stressed that although we were led here to the totally antisym- 
metric wave function of the proton—neutron system starting from degenerate 
single-particle wave functions, this result is of a more general validity. The 
existence of an interaction that enables the neutron and the proton to exchange 
their charges makes the symmetry of their wave function with respect to the 
exchange of the two particles a meaningful quantity, and the antisymmetric 
wave function happens to be the one actually observed. The situation is very 
similar to that encountered with the electrons. As long as one neglects forces 
operating on the spins, it is possible to consider electrons with spin up as dis- 
tinct from those with spin down, and then take a wave function of any total 
symmetry for a pair with one spin up, and the other down. However, as soon 
as one introduces spin-dependent forces between the electrons the symmetry 
acquires a physical meaning, and it then remains for nature to determine 
which symmetry to adopt. The fact that the two-electron wave function is 
antisymmetric also for one spin up and one down is what enables us to talk 
of “‘the electron” with its spin being considered as an intrinsic property. 
Similarly our results (2.16) and (2.17) enable us to talk of protons and neu- 
trons as “nucleons” with their charge being an intrinsic property. 

If we introduce now the isospin operators «(1 ) and «(2 ) the assumption of 
charge independence of the Hamiltonian implies that (see Section I.6) 


[H, T] = 0 (2.18) 


IrjnJM ), = 


where 
T = 3fk(1) + +(2)] (2.19) 


With the help of the total isospin vector T we can classify now the states in 
the two-nucleon configuration j,jg in the following way: 
ljajsJMTMr) = Q) — (jatMa jams | IM ) (3123013 |T Mr) 


xX ® (MaMa, Meg ) (2.20) 
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where ®@ is the antisymmetric two-nucleon m-scheme function 


1 [de(1) $a(2) 


®(MMia, Mpmnig) = T= (2.21) 
2 
V2 el): a2) 
and the index a now stands for 


Remark on Notation. The operators +, like 6, have eigenvalues +1 (7,2 = 
Ty? = 7,2 = 1). Because the operators 7,, 7,, and 7, are 2x2 matrices, the vec- 
tors + add like spin-1/2 objects. It is convenient to introduce the notation 
t = (1/2) in analogy tos = (1/2). It is for this reason that we take for the 
*“z-projection” of t in (2.20) m:(= +1/2); we shall reserve the notation 
m,(= -1) for use in conjunction with + alone. The vector addition of two 
or more isospins always involves 7’s and not 7’s. When m; = 1/2 the particle 
is a proton, m, = —1/2, a neutron. 


Because of the assumed conservation of T by our Hamiltonian, Eq. 2.18, we 
obtain now, for two-nucleon configurations 


(ja jp) MT Mr |v(12)| ja jad’ M’T’Mr) = (ja jeJMTMz|v(12)|jajeJMTMr ) 
xX dV, J’)6(M, M’)8(T, T’)5(Mr,Mr) (2.23) 


For a given value of the set JMT Mr, the two-particle state in the configuration 
(jajg) is determined uniquely. TJ can assume just two values T = 0 and T = 1; 
for T = 1 and Mr; = 1 or Mr = —1 we are back to the case of two protons 
or two neutrons, respectively, and then J and M define the state uniquely; 
for T = 1 Mr = O wehave a state that is symmetric in isospin coordinates 
and hence antisymmetric with respect to the space-spin coordinates, that is, 
the state |jpj,JM), of (2.17); and finally for T = 0, Mr = O we obtain the 
state |jpjnJM), of (2.16), which is symmetric with respect to the space-spin 
coordinates. 

We can now generalize our result (1.13), and state that for the two-nucleon 
configuration (j.jg ) the first-order energy shifts caused by a charge-independent 
interaction v(12) are given by 


AE (ja isJMTMr) = (ja jaJMTMz\v(12)| ja joJMTMr) (2.24) 


where the state vectors are antisymmetric with respect to the exchange of the 
two nucleons. When we dealt with identical particles we showed that 
AE(j.jeaJM ) is independent of M. This is still true in the more general case 
(2.24). Furthermore, since for all calculational purposes T acts like an angu- 
lar momentum, we can conclude from the charge independence of v(12), 
that is, from [v(12), T] = 0, that v(12) is a scalar with respect to isospin 
rotations, and therefore AE is independent also of My. Indeed, using the 
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Wigner—Eckart theorem twice, we can evaluate both the M and the M7 de- 
pendence of AE and obtain from (2.24) 


J O07 T OT 
AE (jajpIMTMr) = (—1y™ a) ia 
: —-M 0 M —Mr 0 Mr 


X (jajeIT| |v(12)| |jejeJT) 


l 
~ »/ QF + 1)OT +1) 


where now the double-barred element is independent of either M or Mp. 

It is worthwhile to point out that although the interaction v(12) is charge- 
independent and may not even involve the operators +; and t2, the energy 
shift AE will in general depend on the isospin T of the state considered. This 
is because the value of T, for the two-particle system, determines whether the 
wave function is symmetric or antisymmetric in the remaining coordinates. 
Since v(12) does depend on these coordinates, it will respond differently to 
the different states. The situation is similar to that encountered with electrons: 
In the two-electron system we find that triplets, S = 1, are appreciably lower 
than the singlets, S = 0, not because the electron-electron force is so strongly 
spin dependent, but because by fixing S we determine the spatial symmetry 
of the two-electron system, and thereby their average interaction. 

In reality nuclear Hamiltonians are not charge independent. First the single- 
particle potential for protons is different from that for neutrons because of 
the presence of the average central Coulomb field. This by itself affects our 
results only slightly, as long as we ignore the Coulomb forces in v(12) and 
assume that [v(12), T] = 0. It is instructive to examine in more detail how 
this comes about. 

If (Halaja) = (ngleje), the states d.(p )og (nr) and ¢.(“)os(p) are still exactly 
degenerate even in the presence of a charge-dependent central potential, 
because in both cases we have one proton and one neutron in the same orbits. 
Here we denoted a proton in the state a by ¢.(p), etc. Since v(12 ) commutes 
with T we can again characterize the states by T and M7, and evaluate the 
eigenvalues of »(12) within the configuration j.jg by using (2.24). Also 
the transition from (2.24) to (2.25) will still be valid because we assume 
that »(12) commutes with T. However, it will no longer be correct that 
(ja2JT | |v(12)| | j.2/T) is independent of M7; the single-particle wave function 
ga 1S an eigenfunction in a central field that now includes a Coulomb field; it 
therefore implicitly depends on mia. The energy shifts AE(j.2JMT = 1Mr) 
from the unperturbed zeroth energy of j,? may then be different for two protons 
in ja(Mr = +1), two neutrons in this level (Mr = —1) or a proton and a 
neutron in this level (M7 = 0). The actual dependence of the empirical energy 
shifts on Mr is, nevertheless, not large for light nuclei. An example appropriate 


(jajsJT||v(12)| |jajsJT) (2.25) 
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for our case is that of ‘80,9, '8F5, and i83Ne, where the 0+, 2+, and 4+ T = 1 
levels of the dg/. configuration have been identified. Although in ‘*Ne the 
ground state and the 2+ and 4+ levels are due primarily to the excitation of two 
protons in the d;/. orbits and in ‘80 they result from the excitation of two 
neutrons, the excitation energies differ only by roughly 5%. The energies in 
18Ne are slightly lower than in ‘80, and this can be understood as follows: the 
centrifugal barrier for the two d-nucleons moving around '°O keeps these 
nucleons relatively far from the center of the nucleus; at the nuclear surface 
the Coulomb potential is only about half as large as the centrifugal potential; 
its effect is therefore to push the charged protons in the d-orbit further out 
compared to the uncharged neutrons. The average distance between the two 
dsj, protons in /8Ne is therefore larger than that of the two ds/. neutrons in 
18Q; the effects of the nuclear interactions are thus reduced, leading to an ex- 


J™ E(MeVv) J7 E(Mev) 
4.0 2*——__———. 3.9|9| 2°———__———- 4.957 
ee CY 
sd 3.5529 0 2.076 
4’————- 3.3762 
3.0 
2.5 
2*———_———- 3.0598 
2.0 2°——————- |,9821 
2*____—- 1.8873 
1.5 
1.0 
0.5 
O 0° fe) o’—————— 1.0419 0° 0 
I8O IBF I8Ne 


FIG. 2.1. T = 1 energy levels of A = 18 nuclei [data furnished by F. Ajzenberg-Selove 
(72)]. 
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citation of 1.8873 MeV for the 2+ state in ‘8Ne, as compared with 1.9821 MeV 
for the corresponding state in 18O. 

The Coulomb effects can become more pronounced if the two nucleons 
are not equivalent, that is, if (a) € (@). In this case the zeroth-order states 
dba(p )op(n) and oa (7 )dp(p) are, strictly speaking, not even degenerate. First- 
order perturbation theory does not require now the diagonalization of the 
matrix v(12) in (2.5). The strict first-order corrections are given by 


(j279IM | v(12)|727IGIM ) (2.26a ) 
and 

(FPILIM | v(12)|JPITIM ) (2.26b) 
Here j{” stands for a proton in the state a, etc. However, second-order cor- 


rections to the energies in (2.26a) and (2.26b) will be small only if 
AE. = [e(f2) + «1 — [ei2) + GP)] 
> (F2IGIM | v(12)|F2IPIM) (2.27) 


In most cases condition (2.27) is not satisfied. The left-hand side is entirely 
due to the difference in Coulomb energies of the proton in the levels a and 8. 
It is approximately given by 


AE. ~ | tee! ~ |be(e)[2 V(r) ae (2.28) 


where V(r) is the Coulomb central potential. Inside the nucleus V.(7) does 
not vary much, and outside the nucleus |¢.(r)|? — |¢s(r)|? is already quite 
small. The integral in (2.28) thus amounts nearly to the difference between 
two normalization integrals and is thus expected to be quite small. For Z = 
10, AE, could be ~50 KeV if both ¢, and ¢s are reasonably bound states. 
On the other hand the matrix element on the right-hand side of (2.27), since 
it involves the nuclear interaction v(12), is characteristically a couple of hun- 
dred KeV. 

Thus even though the configurations j,“?jg™ and joj are not strictly de- 
generate when we take into account the Coulomb potential, in order to ob- 
tain a reliable estimate of the energies of the levels in the two-nucleon con- 
figuration jajs, we shall still do best to diagonalize the matrix (2.5). In fact 
one does not need to have strict degeneracy in order to use “‘degenerate per- 
turbation theory”’; it is enough that the difference between diagonal elements 
in the zeroth-order Hamiltonian be small compared with the off-diagonal 
matrix element that connects them in the perturbation, in order for a diago- 
nalization to be preferable. The resulting normalized eigenstates will now no 
longer have the simple structure (2.13) and (2.14) but rather 


lipjnd) 4. = Al jpjnd) + 6 indrJ ) (2.29) 
LipjnJ ) — b ipjnJ ) — a inJpJ ) (2.30) 
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where a’ + b? = 1. The states |/), and |/)_ are consequently no longer eigen- 
states of the isospin operator T?; one talks then of isospin mixture or impurity 
in the nuclear wave function. This impurity will be small if a ~1/+/2, or 
more precisely if |a? — 1/2| « 1. This, in fact, is true for most low-lying 
nuclear levels, which turn out to be rather close to pure eigenstates of T? 
even for heavy nuclei, where the Coulomb field is much stronger. We shall 
come back to the reasons for this behavior later. 


3. SPIN-INDEPENDENT HAMILTONIANS. COUPLING SCHEMES 


Another important degeneracy occurs if in the Hamiltonian (1.1) the single- 
particle potential U(i) is spin-independent. We know that for nuclei this is 
not really true since the presence of a spin-orbit term—¢(r;)l;:S; in U() has 
been established by many experiments. Still, our discussion of the Coulomb 
effects in the previous section showed that a situation in which there is a near 
degeneracy may require diagonalization of some submatrices of v(12), so 
that we can expect that the use of degenerate perturbation theory will be 
similarly useful for relatively weak spin-orbit interactions. 

In the absence of spin-dependent forces it makes no difference how the spin 
is coupled to the orbital angular momentum; it is then obvious that the single- 
particle levels (Helaja = 1+ 1/2) and (Hnelaja = le — 1/2) are degenerate. To 
simplify notation we shall refer to the above degenerate spin doublet as com- 
posed of the levels /,+ and /,~. It is then clear that in the two-particle system 
the following four configurations are degenerate: 


(It, If )Ut, Ig) Ue, 1) and (Iz, Ia) (3.1) 


Even if we form from each of these configuration eigenstates of J?, J,, in order 
to compute the first-order shifts in the energies of various levels, we shall still 
have to diagonalize, in the general case, a 4x4 matrix. 

A great simplification occurs if in addition to U(i), the interaction v(12) 
is also spin-independent. In this case the whole Hamiltonian commutes with 
S = s, + So, and like the case of the charge-independent Hamiltonian, we 
can diagonalize the interaction by constructing eigenstates of S? from the 
configurations (3.1). We shall now show that this is possible. 

We note that the states of any of the configurations in (3.1) can be ob- 
tained from the m-scheme states 


eH) (NeleMiaMsas NglgMigMsg ) (3.2 ) 


(for convenience we have dropped the m,\dependence; it does not add any- 
thing to our present discussion ). Furthermore, the totality of all the inde- 
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pendent states in the four configurations (3.1) is given by (j = / + 1/2, 
ji =1— 1/2): 


(2ja + 1)(Qja +1) + Qje + 1) (ig +1) + (Qin + 1) Qe + 1) 
+ (2j2 + 1)Qje +1) = (Qi +1) + Qi. + 1)) 
X [ie +1) + Qe + 1)] = 42h +1)Qb +1) (3) 


But this is exactly the number of m-scheme states in (3.2). Since all the states 
in (3.1) are orthogonal to each other, and so are those of (3.2), there exists a 
unitary transformation which transforms from the set (3.1) to the set (3.2). 
The latter, however, can easily be combined into eigenstates of S? by using 
proper Clebsch—Gordan coefficients. Furthermore, since [L, S] = O and 
[J?, L?] = [J?,S?] = [J., L?] = [J., S?] = 0, we can use the set of functions 
(3.2) to construct states that will be simultaneous eigenstates of the complete 
set of commuting observables L?, S*, J?, and J,. They are given by: 


\lalgSLIM) = De (SMsLM_| MJ) (4m.a4m.8|SMs) 


MsM.Lm]1q™]pMsamMsB 
X CaMialgmnig|LM1)b(MiaMsa, MgMs) (3.4) 
Because of our previous remarks there exists also a unitary transformation 
that transforms from the set of functions (3.1), that is, |l.jalgjsJM), to the 
set (3.4). This is a special case of the change of coupling transformation dis- 


cussed in Appendix A, A.2.100 and is given by the appropriate 9 — j symbol 
through: 


1/2 1/2 § 

\lelpSLIM) = D) Vf (28+1)QL+1)Qjet1)Qet1)ih bb L 
jaig 

rE Je J 

X |lajalsjeoJM) (3.5) 


The inverse transformation, which is again a change of coupling transforma- 
tion, can be obtained, using the orthogonality properties of the 9 — j symbol. 
It reads: 


Lid Le Ja 
[la jade jaIM) = >> VW (je +1) Qis +1) QS+1)QL+1){1/2 bb jg 
SL 


S LJ 
x |LIpSLIM) (3.6) 
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The sum in (3.5) has four terms given by j, = J, + 1/2 and jg = Ig + 1/2. 
The sum in (3.6) extends over all the allowed values of L: |], — Ip| < L < 
I, + Is, and over the values S = 0, 1 compatible with |L —J| < S<L+J. 

If the interaction v(12) is spin independent then [L, v(12)] = 0. With the 
wave functions |/./sSLJM) we therefore find that 


(algSLIM | v(12)|lalgS’L'J'M’) = (glgSLIM | v(12)|lalgSLJM ) 
x 6(S, S’)8(L, L’)5(V, J’)8(M, M’) (3.7) 


By fixing the values of SLJ and M we determine the two-particle states 
uniquely, even when all the four configurations in (3.1) are involved; it 
therefore follows from (3.7) that the set of functions (3.4) diagonalizes a 
spin-independent interaction v(12) completely within the sub-Hilbert space 
of the four degenerate configurations (3.1). 

The diagonalization (3.7) is valid also under slightly more general condi- 
tions. Actually what we used was not the spin-independence of v(12), but 
rather the weaker requirement that [L, v(12)] = 0, which is equivalent to 
[S, v(12)] = 0. This requirement is satisfied also by interactions of the type 
6,-62V (|r; — re| ) which do depend on the spins of the particles involved. 

Interactions v(12) that commute with S necessarily commute also with 
L = l + kh, since every interaction v(12) commutes with J = j, + je. They 
are therefore often called central-interactions. It is really more appropriate to 
call them scalar interactions, since they involve the spin operators 6, and é- 
only in their scalar product. This will be in line with the names vector-inter- 
action and tensor-interaction for interactions which involve the spin matrices 
via their vector product 6; X 62 or their tensor combination [6 XK 6: ]®, 
respectively (see Section I.3). 

Wave functions like those in (3.4), which are eigenstates of S? and L?, in 
addition to J? and J,, are called LS-coupling wave functions. The wave func- 
tions we have been considering until now, which are eigenstates of j,? and j.’, 
in addition to J? and J, are called jj-coupling wave functions. Since the LS- 
coupling wave functions have well-defined values for the total orbital and 
total spin angular momenta separately, they are the appropriate wave func- 
tions to use whenever the dynamics of the system are such that orbital and 
spin angular momenta are separately conserved (at least approximately). A 
spin-independent single-particle potential with central two-body forces is 
such a case. In nature it is realized fairly well in atoms, where the dominant 
single-particle potential is the Coulomb potential of the nuclear charge, and 
the dominant two-body interaction is the Coulomb repulsion between the 
electrons. There is, in addition, an important spin-orbit interaction of each 
electron with its own orbit, but it is rather weak and in most atomic spectra 
it can be consistently handled as a small perturbation. 

jj-coupling wave functions are more appropriate to use if the single-particle 
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potential is strongly spin dependent; such is the case in most nuclei. However, 
even in this case it is sometimes convenient to write the jj-coupling wave 
functions in terms of LS-coupling wave functions, as we shall see later. 

More precisely the situation is as follows: in the configuration (/i/s) (note 
that we specify only /, not j) there are generally four independent states for 
any given value of the total angular momentum J and its projection M. 


Problem. Prove it. 


The first-order shifts in the energies of these states due to a residual interaction 
v(12) are obtained by the diagonalization of the matrix of T(1) + T(2) + 
U(1) + U() + v(12) within the subspace of these four states (if these four 
states are degenerate in the zeroth order, then 7(1) + T22) + U1) + UQ) 
will have the same diagonal elements for all four states and we need diagonalize 
only v(12); in general, however, this need not be the case). If we use the jj- 
coupling scheme our 4x4 matrix will have the general structure shown in Fig. 
3.1. We have explicitly shown only one off-diagonal matrix element, but there 


€( ja) + Je) + VC Ja Js) a ae sie 
ee €( ja) za e( js’) alr V( ja Je’) ae (ja Ja’ I | v | ja’ je’ J) 
ee €( ja’) + je) + V(ja’ js) ste 
€(ja’) + ie’) + VC ja’js’) 


Fig. 3.1. The 4 x 4 matrix of H in jsj-coupling for the configuration /als: ja,gp = leg + 1/2, 
ja,p’ = la,p — 1/2. VC ja jp’) = Cha fp’J|V\ja je’J) etc. Dots stand for a matrix element that 
does not necessarily vanish. 


will generally be a nonvanishing matrix element at each position in the matrix. 
The same values of (J, M), will lead to the matrix shown in Fig. 3.2 when 
written in terms of LS-coupling wave functions. 


V,(0, Ly; J) Cae 
ve Viel, Lo — 1; J/) 
+ vw, Lo —1; J) 
ela) + (lg)1 + vee Vid, Lo; J) 
+v(1, Lo; J) 
(1, Lo + 13 J | Vis . Vit, Lo + 1; /) 
+v|0, Lo; J> +v(1,Lo + 1; J) 


FIG. 3.2. The matrix Fig. 3.1, written in the LS-coupling scheme. The first quantum num- 
ber is S (=0, 1), the second the various values of L that for a fixed J, are L = J, J+ 1, 
J —— 1, Lo = de 
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Here we have explicitly noted the diagonal matrix elements that arise because 
of the single-particle spin-orbit interaction V;, = €(m)hi-Si + &(72)le-S2, as 
well as those due to v(12). Both generally have also off-diagonal matrix 
elements. This is to be contrasted with the jj-coupling scheme where only the 
residual interaction v(12) contributes to the off-diagonal elements. In jj- 
coupling V;, contributes only to the diagonal elements, and it’ vontribution 
is included in the single-particle energy E(/). 

The most appropriate wave function is the one that gives the sriallest value 
for the ratio of the off-diagonal matrix elements and the differe aces between 
the corresponding diagonal elements. Thus, in nuclei the jj-counling scheme 
predominates, since the difference between diagonal elements in Fig. 3.1 in- 
cludes the zeroth-order spin-orbit splitting for at least one of the particles. 
This makes differences between diagonal elements of the order of magnitude 
of 3 to 5 MeV (see Section I.12), whereas characteristic off-diagonal elements 
of v(12) in medium weight and heavy nuclei are a couple of hundred KeV. 
In such cases, therefore, jj-coupling wave functions effectively diagonalize 
the interaction. In light nuclei, off-diagonal elements of v(12 ) may be as large 
as 1 or 2 MeV. In such cases a complete diagonalization of the 4x4 matrix 
(Fig. 3.1 or Fig. 3.2) should be carried out for each configuration (J.J, ). One 
then speaks of intermediate coupling. It is then often more convenient to write 
down the matrix of v(12) using LS-coupling wave functions, and diagonalize 
it in this scheme. The results are, of course, independent of which way one 
chooses to write the matrix. 


4. USES OF LS-COUPLING WAVE FUNCTIONS. 5-INTERACTION 
FOR IDENTICAL PARTICLES 


Despite the fact that jj-coupling predominates in nuclei, LS-coupling wave 
functions offer a useful tool in some nuclear calculations. This is true if the 
single-particle Hamiltonian contains a strong spin-dependent force, like the 
spin-orbit potential in nuclei, but the residual interaction is spin-independent. 
To see how this comes about let us derive here some of the conclusions men- 
tioned earlier for the 6-potential. 

We assume therefore that the magnitude of the spin-orbit interaction is 
sufficient to justify the diagonalization of v(12) within the partial Hilbert 
space of the jj-coupling configuration (jajs ). The first-order shifts in the energies 
of the levels with a given value of J is then given by (1.13). 


AEs jajeJM) = Vo\ jajoJM| — 6(|t1 — re| )| ja jeJM ) (4.1) 


Since the interaction here is spin independent, we shall find it useful to express 
ljzjaJM ) in terms of |J./sSLJM) using (3.6), and obtain 
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AEs(jajoJM) = Vo dD) (2a + 1)(2jp + 1) 
SLS’L’ 


X V (2S + 1)QS’ + 1)QL + 1)QL’ + 1) 
MA? de: Jatt ld Js 


X (1/2 Ip jsp 41/2 be js 


S LL JIJ\S Lv’ J 

X (UalgSLIM| — 6(|r1 — rel )|laleS’L’JM) (4.2) 
Since 6(|r; — re| ) is spin independent and commutes with L = ], + lk, we 
can use (3.7) and reduce (4.1) to the form 
AE3(jajoJM) = VoD) (2ja + 1)(2je + 1)(2S + 1)QL + 1) 


LS 


Ve ae ee 
x 41/2 Ie js) CalpLMi| — 6(|mm — re] )|lalslLM1) (4.3) 


S LJ 


where any value of M;(|Mz| < L) can be taken since the matrix element is 
independent of M,. 


Problem. Carry out the transition from (4.2) to (4.3). 


Although the matrix element in (4.3 ) does not show an explicit dependence 
on S, there is a very important implicit dependence on it: since the total wave 
function | j, jgJM ) is assumed to be antisymmetric with respect to the exchange 
of particles 1 and 2, it follows that in (4.3) we have to take an antisymmetric 
spatial wave function |/./3LM_),. if S = 1 and a symmetric spatial wave func- 
tion |1.JsLM_), if S = 0. Because of the 6(|r; — re| ) function in the matrix 
element we must have r; = fre, and only the latter will give a nonvanishing 
contribution to (4.3). Hence we conclude that in the summation in (4.3 ) only 
the S = O term will survive and we obtain: 


L/2> le Jay 


AEs( ja jsJM) = Vod> (Qe +1)Qje + 1)QL+1)41/2 le fs 
L 


0 LJ 
>< (alg M 1 | = 6(|ri —= Te| )|lalpL ML), 


ie +1)Ce +1), f ae 
Cie + Vie + 1) 
2 le I, 1/2 
X UnleLMz| — 5(\rr — re] )|JaleaLM1).3(L, J) (4.4) 
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where we have used Appendix A A.2.106 in reducing the 9 — j symbol to a 
6 — j symbol. 

To evaluate the matrix element in (4.4) we need the wave function only 
for r; = re. Let us evaluate therefore the single-variable function ag, that is 
| lalgL My) with both variables r; and rz equated to r 


2 
Yes (r) = se Ra(7 )Rs (7) be (laMalgme | LM 1) YVigme(Q) Y igmg (Q) 


Ma mB 
—1 )la-l Ol £V\0Or 41 
= VIR ORL) , Oe 
le Ip L 
x Yim,(@) (4.5)* 
0 0 0 


where Eq. IV.20.18 has been used to reduce the product over two spherical 
harmonics into one. Note that this became possible because of the 6-function. 
We see immediately from (4.5) that because 


Cre 
0 0 0 


vanishes (see Appendix A, A.2.78) when J, + Ig + L is odd, Wag = Oif l, + 


ls + L is odd. Formally this comes about because the parity of Yi,(Q) is 
(—1)', so that the product Yigmg(Q) Yigm,(Q2) can only lead to functions 
Yzm,(Q) whose parity is (—1)'«+’8, Another way of looking at it is to notice 
that the two-particle space symmetric wave function |/.J/sLM_z), is symmetric 
separately in the radial coordinates and the angular coordinates if J, + 1s + L 
is even; for odd values of J, + Js + L it is antisymmetric with respect to the 
separate exchange of the angular coordinates 2, and Q2 or the radial coordi- 
nates 7; and 72. With a 6-potential the latter case leads to a vanishing Wag(r) 
in (4.5). 


Problem. Prove these statements by using the symmetry properties of the 
3-7 symbols. 


*The \/2 in front of (4.5) comes from the fact that in (4.4) we have to take a 
symmetric combination; for r; = r2 = r both terms are identical, and together 
with the normalization factor 1/*/ 2, they yield the factor of 1/2. 
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Using the result (4.5), (4.4) can now be reduced to 


y Qja + 1)Qje + 1)Qh + 1)Qle + 1) 
0 
An 


le. lg L 2 Je Je J 2 aa | 
x 5(L, J) / = Rngla(? )Rngig(r) dr (4.6) 
00 O/ th ls 1/2 ms 


AEs(jajJeJM) = — 


Finally we use the identity (see Appendix A, A.2.81) 


( le J\? (" js JIN? 
0 0 O 1/2 —1/2 0 
and obtain: 


7, + 1)2j+1){ Ja JN’ 
AEs( je ipJM) = —Vq 221Gb FO) 
" 1/2 -—1/2 0 


~ 1 
x | oe Rngla (1 )Rngig (vr) dr for ly + 13 — J even 
0 


le Ip J 
(22, + 1)\2b + 1) 


je ja 1/2 


= 0 for le +13 — J odd (4.7) 


Equation 4.7 will be recognized as identical to (1.27) with A( ja jpJ/M) given 
by (1.31). It constitutes thus a proof of (1.31). 

The derivation of (4.7) demonstrates the usefulness of expressing the jj- 
coupling wave functions in terms of L.S-coupling wave functions when v(12) 
does not involve the spin coordinates. Later on we shall see other exam- 
ples for which such transitions from one coupling scheme to another are 
of great convenience. In all these cases it is important to remember that the 
basic coupling scheme is determined by the dynamics of the system—like the 
jj-coupling scheme that formed the starting point for our calculations leading 
to (4.7). The transformations to other coupling schemes later in the calcula- 
tion are just a matter of convenience. 


5. NONIDENTICAL NUCLEONS IN HEAVY NUCLEI 


Our considerations thus far have involved antisymmetrized wave functions 
for the two-nucleon system. Even when we considered a system composed of a 
neutron and a proton we were led to the introduction of the isospin formalism 
that requires that we handle these two particles as two states of the nucleon, 
antisymmetrizing the wave function with respect to their complete interchange. 
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As nuclei become heavier, the symmetry between protons and neutrons 
gradually diminishes. A neutron excess builds up, and around the middle of 
the periodic table we already find nuclei in which the protons and the neutrons 
are filling different major shells. The isospin formalism is of greatest value for 
light nuclei where the roughly equal number of protons and neutrons in nuclei 
of interest makes it very natural to treat them as two states of a single “‘ele- 
mentary particle’’—the nucleon. For heavier nuclei the requirement of com- 
plete antisymmetry remains strictly valid and the isospin formalism is ap- 
plicable; we shall see later that its use even facilitates very much the under- 
standing of several important nuclear properties such as the so-called “‘analog 
states’’ (see Section I.13). However, for many purposes we can use the fact 
that protons and neutrons are in different levels in the lowest states of heavy 
nuclei, and simplify their theoretical study by treating the proton and the 
neutron as distinguishable particles. An example may clarify the situation. 

Consider the nucleus *8Cl,,. With 17 protons the shell-model proton con- 
figuration is 1d3/. (or in greater detail: 1s7/> 1p3/2 lpi/e 1d8/_ 2s%/2 1ds/2). The 
neutron configuration is 1f;/2, or in slightly greater detail, 1d$/> 1f7/2. Since 
all the levels up to the 1d3/z level are occupied by both the protons and the 
neutrons, we shall not mention these 32 neutrons and proton states in our 
subsequent discussion and shall confine our attention just to the six remaining 
nucleons in the unfilled levels. Treating protons and neutrons as different 
particles we shall therefore write the configuration of *°Cl simply as (md3/9, 
vds jo f7/2), Where + and » stand for protons and neutrons, respectively. 

We can also treat the same nucleus assuming the neutrons and protons to 
be two states of the nucleon. Let us do it in some detail and compare various 
steps with the more “naive”? approach of treating protons and neutrons as 
distinguishable. In the isospin formalism the configuration of *°Cl is denoted 
by (d2/2, fy/2). Further, in order to make sure that we deal with 22Cl,, we 
confine our consideration to states with Mp = —2[Mr = (1/2) (Z — N)]. 
The only way one can obtain this value of My, is for the nucleon in the 
Frig State to have m; = —1/2, that is, be a neutron; in fact, if we let it have 
m, = +1/2 the five nucleons in the d3/.-level will have to add up to M7 (d2/.) = 
—5/2 since Mp = Mr(d3/,) + m(fy/2). The dso level will then be occupied 
by five neutrons, violating the Pauli principle, there being only 2-(3/2) + 1 = 4 
different states for the neutron in this level. It is therefore possible to specify 
our states, within the framework of the isospin formalism, even further, 
by stating that we are dealing with the configuration (d3).(Mr = —3/2), 
Srig(m:i = -1/2)]. We also notice that the states so constructed are eigen- 
states of the square of the total isotopic spin T?. Indeed, it is not possible to 
construct a state with Mr = —3 from the configuration d3/. f1/2, since this 
will again lead to states d3/.(Mr = —5/2), which are not allowed by the 
Pauli principle. Thus T = 2 is the maximum allowed isospin for (d3/>. fy/2); 
since for a given J and M there is only one state with My = —2 in this con- 
figuration, such a state is automatically also an eigenstate of T?. A typical 
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Slater determinant in this configuration, expressed in terms of the single- 
particle wave functions ¢;(j, m, m,) 1S: 


aout 
V6! 
$1(3/2, — 3/2, —1) 2(3/2, — 3/2, -1)... 6(3/2, — 3/2, -1) 


@(m, m’) = 


61 (3/2, = 1/2, —1) 2 (3/2, ces 72, —1). eh 


x 
$1 (3/2, m, +1) $6 (3/2, mM, +1) 
d1 (7/2, m’, —1) 6 (7/2,m’, —1) { 


(5.1) 


where the quantum numbers stand for j, m, and m,, respectively, and i denotes 
the particle number. Note that since no two particles can occupy the same 
state all the d3,. neutron states (m, = —1) must be filled to obtain a nonvan- 
ishing Slater determinant. To compute energies in this configuration we have 
to take matrix elements of Dv(ik) between states ®. It is immediately seen 
that a matrix element (#|Zv(ik)®) taken with wave functions of the type 
(5.1) is reduced to a sum of diagonal matrix elements involving two-particle 
antisymmetrized wave functions. The latter will include terms of two types: 
one involves both particles in the d3/2 level and the other involves one in the 
ds ;2 level, the second in the f7/2 level. Diagonal matrix elements involving the 
first type correspond to the interaction of the d3,;.-neutrons (m, = —1), in 
the closed-neutron shell, among themselves, or to the interaction of the d3/2 
proton (m, = +1) with all the neutrons in the closed d3/2 neutron shell. Such 
interactions, because they involve a closed shell (see discussion in Section 
V.7) do not contribute to the splitting between levels with different J’s. 

Only matrix elements of the second type will generally contribute to the 
splitting between states with different total angular momenta. They are typi- 
cally of the form 


(61(3/2, m, +1 )p2(7/2, m’, —1)|v(12) [$1 (3/2, m, +1 )b2(7/2, m’, —1) 


The matrix element in (5.2 ) includes both a direct term and an exchange term. 
An important feature of this exchange term is that it involves not only the 
transformation of a proton into a neutron, but also its simultaneous transfer 
from a d3/2 to an f7/2 state. 
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To bring out the significance of this point better let us consider a two-nu- 
cleon state d3/2 f7/2 with, say, T = 0. Such a state can occur as a negative parity 
excited state in #7Cl,,. A typical m-scheme wave function in this case will be 

l 61 (3/2, mM, +1) $2 (3/2, mM, +1) 
®(mm') = 
$1(3/2,m, —1)  $2(3/2, m, — 1) 
(5.3) 
oi(7/2,m’, +1) $2(7/2,m’, + 1) 


A difference of two determinants with different m,’s was taken in (5.3) to 
assure that we are dealing here, like in (5.2) with an eigenstate of T?(T = 0) 
so that the comparison with (5.2) will be meaningful. Taking now matrix 
elements of v(12) with (mm’ ) of (5.3), a typical element will be 


($1 (3/2, m, +1 )$2(7/2, m’, —1)|v(12)[¢1(3/2, m, +1 )o2(7/2, m’, —1) 
— o1(7/2, m', — 1)$2(3/2, m, +1) — $1(3/2, m, —1)b2(7/2, m’, + 1) 
+ $1(7/2, m’, + 1)b2(3/2,m, — 1)]) (5.4) 


The first two terms yield a direct and an exchange term similar to the one in 
(5.2) but important additional terms appear as well—ones in which the 
orbits of particles 1 and 2 are unchanged and only their roles as protons and 
neutrons are interchanged. An exchange integral in which the particles change 
their orbits is usually small due to cancellations from positive and negative 
parts of the wave functions. On the other hand an exchange integral in which 
the particles just change their intrinsic charge but remain in the same orbits 
can be as large as a direct integral, if, of course, the interaction v(12 ) provides 
for the charge exchange. Thus the exchange terms for the (d3/2 f7/. ) configura- 
tion are significantly different from, and larger than, those of the (43/5 f7/2) 
configuration. 

The difference between the #8Cl,, configuration (d3/> f7/2) and that of the 
negative parity excited states in {7Cl,,—coming from the configuration (d3/9- 
frj2)—is easily understood also intuitively. In the latter case both the d3/2. and 
the f7/2 levels are occupied by just one nucleon so that exchanges of all types 
can take place as a result of the two-nucleon interaction, as shown in Fig. 5.1. 
In 72Cl.,, however, all the d3/o-neutron states are occupied and only one type 
of exchange remains possible: that in which the two particles exchange both 
their charge and their orbits simultaneously as shown in Fig. 5.2. 

In many calculations it is possible to neglect an exchange term like the one 
in °8Cl in comparison with the direct term. This is especially true in heavier 
nuclei where the radial functions of the states involved may have a number of 
nodes. The radial integrals then have positive and negative contributions can- 
celling each other to a large extent and the exchange integrals that involve 


WN | 


o1 (7/2, m, —_ 1) o2(7/2, m’, —1) 
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FIG. 5.1. The various ways for distributing two nucleons in the configuration d3;2 fz/2 
of 34Cl,, over the two levels d3;. and f7;2. x is nucleon no. 1 and 0 is nucleon no. 2. 


two different orbits are characteristically less than 10°% of the direct integrals 
involving the same orbits. If one makes the approximation of neglecting ex- 
change integrals involving different orbits, then in cases like that of #Cl,, 
one is left just with the direct integrals, as is seen in (5.4) and recalling that 
when the charge is changed the orbits must also change. This then amounts 
to treating the neutron and the proton as distinct particles and not as two 
states of the nucleon, disallowing charge exchange between them. As we see, 
in order for this approximation to be valid the protons and the neutrons, 
whose interaction is considered, must be in different levels. But this in itself 
is not sufficient; in addition the neutron states corresponding to the proton’s 
level must be completely filled so that the possibility of an exchange of a 
proton into a neutron without change of orbit will be blocked by the Pauli 
principle. (The same effect will show up if the proton states corresponding 
to the neutrons’ level were all filled; in most actual cases, however, there are 
more neutrons than protons so that this is not a common situation. ) 


6. THE 6-INTERACTION FOR NONIDENTICAL NUCLEONS 


The possibility of handling protons and neutrons in unfilled levels in heavy 
nuclei as distinct particles simplifies to some extent the theoretical analysis of 


F772 7/2 
d3/2 d3/2 
closed 
shells 
p n p n 
Basic configuration exchange 
FIG. 5.2. In ?8Clo1, the states with Mr = —2 of the configuration (d3/.f7/2) must have four 


neutrons ((_])) filling the d3;2 level. Only one possible exchange exists here. 
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such configurations. To see how it works let us calculate the energy shifts in 
a configuration (j», jn) again taking a delta potential between the two particles. 
In the case of two protons or two neutrons, the Pauli principle assured us that 
a 6-interaction could take place only if the two spins of the interacting particles 
were antiparallel (singlet state). Now, however, since we propose to treat 
the neutron and the proton as distinct particles, there could be a 6-interaction 
both in the singlet (S = 0) and the triplet (S = 1) states, and these inter- 
actions can be of different strengths. We are therefore led to introduce the 
interaction 


3 + 6:6 V, + 1 — d-de 


4 4 v, | (\ns — wl) (6.1) 


v(12) = f 
The operators 1/4(3 + 6,-6,) and 1/4(1 — 4-62) are projection operators 
on the triplet and singlet spin states, respectively, as can be easily verified. V, 
and V, measure the relative strengths of the two interactions. If we try to de- 
rive an estimate for V; and V, from the simplest p — n system, we find that 
both V;, and V, are attractive, and that V; is more attractive than V,. This 
reflects itself in the ground state of the deuteron, which 1s a 3S state. The 
analysis of many proposed interactions shows that most of them are character- 
ized by having [see Elliott and Lane (57)] 


V, = 0.6V; (6.2) 


The evaluation of the energy shifts of the different states of the configuration 
(jp, Jn) now proceeds in a straightforward way. We again work in the J-scheme, 
so that all we need calculate are expectation values of v(12): 


AE ( jp jnJ) = (Sp jrJM |v (12) [ip jnJM ) (6.3) 


We should remember however that now the states |j, j,J) are not antisym- 
metrized, that is, 


lip JnJM ) = » (jpMp jnttin| IM )dbp(jpMp Jon (jnMn) (6.4) 


As in the derivation of (4.3) we find it useful to express the jj-coupling wave 
functions (6.4) in terms of LS-coupling wave functions since the projection 
operators in (6.1) can be very simply evaluated in this scheme. In fact we have 


3 1} -G , , 

(s505'M, Ee 5152S’M.) = 6(S, 1)8(S, S’)6(M,, M;) 
(6.5) 

1 — 61° Bo , in ! , 

(s1525M, |——7-—| si825’M,) = (S, 0)3(S, S’)6(M,, Mz) 


We now use (3.6) for the transformation from the jj-coupling to the LS- 
coupling wave functions, and introduce (6.1) for v(12) into (6.3). We notice 
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that the change of coupling transformation (3.6) is independent of the mag- 
netic quantum numbers, and obtain: 


AE ( jp jnd ) 
3 61:6 1 — 6,-¢6 
= Cin JnJ M | (A= ° Le ay ee 


= 5 3(2ip + 1) + 1)QL 4 1) 


v.) 6(|ti — vel ip jnIM) 


1/2 Ip jp)? 
KX 41/2 In ind VillolnLlMr|8(\ri — rel )|lplaLM 1) 
1 L J 
1/2 lp jp)? 
+ (jp + 1)Qi + 1)QL +1) 91/2 Ln ind Vs 
0 L J 
X Upl,LM1|6(\r1 — rel )|Ll,LMi) (6.6) 


where (6.5) was used to carry out the S-summation. We can now use (4.5) 
for the evaluation of the matrix elements of the 6-interaction in (6.6). We 
need only remember that since the states in the matrix elements of (6.6) are 
not antisymmetric, the factor +/2 in (4.5) will not appear here. (See remark 


leading to Eq. 4.5). Hence: 
(2lp + 1) Qh + oC” h ‘) 


(pln My|6(\t1 — Pel )\lpfpLM1) = : 
i 00 0 


co 


| 
2 | = Ri, (r )R? 1. (r)dr (6.7) 
0 


We now use the identity (deShalit and Talmi (63) p. 517) 


1/2 Ip Jp 
Ip |, L Jpn U/2 by\ fin 1/2 tn 
en PEL, os alam 
0 0 0 m \m, Moe 0 Mz My, 0 
S L J 


JIS IA/i/2 12 S\[/p jp J 
x (6.8) 
m, me O/ \n2 ms mel \m m3 Ms 
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to obtain 
1/2 Ip jp)? 
Ip In L\? i Ae AG 
Dd QL +1) 2 ts. 9, -=( 
L 0 O 0 mimi \m, Me 0 
S LJ 


‘ 1/2 7 (' 1/2 ‘ (' 1/2 In ("" 1/2 Ss 
x 
m, m, O/\ms; m, O/\m, m, 0/ \m. m me 
1/2 1/2 S\ fin jn I \ fin jn J 
oa re (6.9) 
M, mM, Mes Mm, M3; Ms m, m, Ws, 
We notice that m... ms, m,... m, can take on only the values +1/2. We 
also recall that (see Appendix A, A.2.82): 


( J 1/2 ' ( jo 172 i (—1)-12 
= (ayer = —————_ (6.10) 
1/2 —1/2 0 ~1/2 1/2 of v2@F+ 1) 


For S = 0 one then obtains from (6.9): 


1/2 lp jp)? 
l, I, L\? 
> QL +1) Jus In jn 
0 0 QO 
0 LJ 


eT OT ss, 
4b + WCh+ U\i72 ~1/2 0 | 


For S = 1 the explicit summation of (6.9) is slightly more complex, and we 
shall not present it here [See deShalit (53 ) ]. 


Problem. Carry out the summation over m; and m; in (6.9) for S = 1 using 
the identity 


( p NE ‘) (” In s) 


as AJ +1) 
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The final result takes the form: 


1 ("1 
AE (jp ind) = (2h + 1) Qin + | Rapin (7 Rann (1) dr FS) (6.12) 


where 


Jp In J\? roo lptlintJ 
ie ( vf epee 
1/2 —1/2 0 


pay) ee De | Mee Gee 
2 47(J + 1) 


(6.13) 


Although (6.13) looks somewhat cumbersome, it is really rather simple in 
its structure. We notice first that AE (jp j,J) in (6.12) breaks up into a product 
of two factors: one that is independent of J and involves the integral of the 
radial wave functions; the other includes the whole dependence on J (see 
also Eq. 1.27). The relative spacing between the levels of the configuration 
(jp, Jn), With. a 6-interaction acting between the neutron and the proton, is 
therefore independent of the shape of the central potential and depends only 
on the values of /,, jp, Ins jn, and J. It depends, of course, also on the relative 
importance of the triplet and the singlet interactions. These results are true, 
of course, only to the extent that the interaction v(12) can be considered as a 
perturbation. This, however, is a basic assumption that underlies all shell- 
model calculations. 

Figure 6.1 shows the energy levels of the proton—neutron configuration 
(3/2+, 7/2-) computed with the aid of (6.12) with V,/V, = 2 and V; < 0. 
For comparison we also present the spectrum of the configuration (3/2-,7/27 ). 
Both have been normalized to the same width of the configuration (i.e., the 
same distance between lowest and highest states in the configuration ). We 
have also plotted the observed lowest energy levels of **Cl with their spin 
assignment. The spins of the ground states of #?Cl,g and #4Clo) with 17 protons 
and an even number of neutrons are measured to be 3/2; that of 54Cao, with 
21 neutrons and a closed proton shell is measured to be 7/2. Since *°Cl has 
17 protons and 21 neutrons we can expect the lowest states of this nucleus to 
belong to the configuration (3/2, 7/2). The shell model further tells us that 
the 3/2 state of the 17th proton is a d3/2, and the 7/2 state of the 21st neutron 
is a f7/2. Although the 6-interaction is at most a crude approximation to the 
real proton—neutron interaction we see from Fig. 6.1 that the spectrum calcu- 
lated with it for the (d3/2, f7/2) configuration is indeed very close to that ob- 
served in 22Cl,,. The same interaction in the configuration (p32, f7/2) gives 
rise to a markedly different spectrum. Thus even the crude 6-force calculations 
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FIG. 6.1. Energy levels of a proton-neutron configuration. 


can help determine whether the (3/2, 7/2) configuration of #8Cl is 
(3/2+, 7/2-) or (3/2-, 7/2-). 

Later on we shall see why a 6-interaction can be expected to simulate rather 
well the real proton—neutron interaction in nuclei. For the moment we shall 
Just point out that if the real interaction has a short range, then the 6-potential 
is its natural limit. Calculations of nuclear spectra with 6-potential therefore 
may provide a first orientation for the assignment of nuclear excited states 
to their proper configurations. 

In order for (6.12 ) to reproduce also the magnitude of the observed splitting 
between 2- and 4— levels in *8Cl we have to take for V;a value determined by: 


| 
v. | o Rid ("Ris (1) ar = —l11 MeV (6.14) 
0 


This value is in good agreement with values obtained from the study of other 
nuclei [see, for instance, Moinester, Schiffer, and Alford, (69) ]. It also agrees 
fairly well with estimates of (6.14) based on the free nucleon—nucleon inter- 
action. This is not a trivial point in view of the fact that the shell model takes 
for v(12) only a residual interaction. We shall come to this question later (see 
below Section V.14). 

Equation 6.12 was derived assuming just a two-particle configuration. There 
are very few nuclei, like 23Cl,,, where we have just one proton and one neutron 
outside relatively well-established closed shells, and for which (6.12) can be 
expected to be valid. It is therefore hard to test its general validity, and to 
make further progress we shall have to generalize (6.12) to configurations 
involving several protons and several neutrons. 

Among the few nuclei for which (6.12) can be tested, there is a particularly 
simple group—that in which either j, = 1/2 or j, = 1/2. Observing that the 
3 — j symbol in (6.13) is then given by (6.10) it is a simple matter to see, re- 
calling that V, and V, are negative and |V.| > |V,|, that if, say, j, = 1/2, 
then of the two possible states of the configuration (1/2, j,), the lowest one 
is always the one that satisfies (—1)’»t’+/ = —1. As an example we consider 
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the nucleus 78T],;. The proton in the last unfilled level is known to be in the 
3512 level, while the neutron is in the 3pi;2 level. Actually both these levels 
can accommodate just two particle each, and the ground state of 2°°T1 is indeed 
found to be J = 0-. However, there is doublet in 2°°T] with a level J = 2- at an 
energy of 262 KeV and another with J = 1- at 301 KeV. (Fig. 6.2) This doublet 
can result from the coupling of the 3s1/2 proton to the (3p3/2)? neutron configu- 
ration [we shall see later that the configuration (51/2, p3/2* ) gives rise to a struc- 
ture identical with that of (51/2 p3/2) J. Again, the parity of these states is nega- 
tive, so that the lowest member of the doublet must have an even J to satisfy 
(—1)ot1+7 = —1], 

It is worthwhile to notice that the situation described here with proton- 
neutron configurations is, in a way, the opposite to that of two identical nu- 
cleons. There we found (see Section V.1) that configurations of odd parity 
had for their lowest state an odd-value of J. This difference can be easily traced 
to the predominance of the triplet state in the p — n case (note that |V;| > 
|V,|), as against the predominance.of the singlet state for short range inter- 
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FIG. 6.2. Energy levels of 2°*TI, taken from Nuclear Data Sheet NRC-61-4-110. 
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actions of identical nucleons. In fact the total angular momentum of the lowest 
level is such as to lead to “‘parallel’’ intrinsic spins in a proton—neutron system 
and to “‘antiparallel”’ intrinsic spins in a proton—proton or a neutron-neutron 
system. 

Although the study of two-particle configurations can be very interesting 
and suggestive, the real test of the shell model, as well as the understanding 
of its limitations and breakdowns, comes from the study of several-particle 
configurations. We shall proceed to do that now. 


7. THE ROLE OF CLOSED SHELLS 


Before embarking on the analysis of more-particle configurations it is advisable 
to clarify the role played by closed shells in various shell-model calculations. 
We have often noted in the past that in the calculation of relative spacing of 
energy levels the closed-shell contribution could be disregarded. This is also 
the case in atomic and molecular studies where one usually confines one’s 
attention to the so-called valence electrons: those electrons that occupy un- 
filled levels. 

It will be sufficient for our purpose to consider two levels—j filled with 
n = (2j] + 1) nucleons, and j’ having 1 < n’ < 2j’ + 1 nucleons. We are 
interested in the general question of relating a matrix element in the n + n’ 
particle configuration j?#+1j’"’ to a corresponding matrix element in the n’ 
particle configuration j’”’. 

First let us establish a correspondence between the states of the two con- 
figurations. A state of 27 + 1 fermions in the j-level is uniquely defined and has 
definite quantum numbers: its total angular momentum vanishes (see Eq. 
IV.9.6 ) and its parity is positive (2j + 1 1s an even number, so that even if the 
parity of each one of the states in the level j is negative, that of the filled level 
is always positive ). If we consider now a state of the j’”’ configuration char- 
acterized by the quantum numbers (aJ™M), we can add to it the 27 + 1 par- 
ticles in the j-level and still characterize the state of the n + n’ by the same 
quantum numbers (aJ7M ). This holds true even if we require that the resulting 
wave function be antisymmetrized with respect to the exchange of particles 
between the j and the j’ levels. To prove this suppose that the state |j’”’aJ™M) 
is obtained from the m-scheme Slater determinants of this configuration by 


the unitary transformation (aJ™M|m,... mn’): 
|i’ aJ™M) = >> (adJ™M |my, mg, . . . 5 Myr )®! (My, Mg, . . 5 Myr) (7.1) 
mil 


The m-scheme states of the configuration j”j’”’ are given by 


@(m, Me, .. . 5 Mn, My, Mg, . ~~ 5 My’) (7.2) 
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Since the j-level is assumed to be completely filled we can specify the set 
m,...,M, explicitly and write (7.2 )1n the form 


}(—j, =) + Legis = 1, j, my, Mo,» «5 My’) (7.3) 


The number of independent m-scheme wave functions is therefore identical 
for both the (j/?#+1j’"’) and the j’” configurations and there is a one to one 
correspondence between them. We can therefore label also the m-scheme 
states of the configuration jj’"’, using the set m,, m2, ..., m, alone. Using 
now the unitary transformation (7.1) on these mcechieiie states of j7j’"’ we 
obtain a labeling of the states of the configuration j?/+1j’" which is identical 
to that of j’"’. We have thus established a one-to-one correspondence between 
the two sets of states, and can proceed to compare their energies. 

In order to see the contribution of closed shells to matrix elements, let us 
consider first a single-particle operator Q = Z2OQ(i). Let us further assume that 
Q(7) is an irreducible tensor operator of degree k (see Appendix A, A.2.42), 
since any single-particle operator can be written as a sum of such operators. 
Thus we consider 


ao = > (i) (7.4) 


Matrix elements of 0,“ in the J-scheme can be obtained from those of the 
m-scheme by using the transformation (7.1). It is sufficient therefore to con- 
sider matrix elements of 2 in the m-scheme. Using the fact that QO is a 
single-body operator, and the antisymmetry of the wave functions we have: 


(my, . +5 Mn My,» ~ 5 My | >, OY (i)| My, . . . 5 Wns My,» ~ - 5 My’) 
= (n+ n')im,...,Mn,M1,...,m sey Ming Mi, ~~ 5 My") 
= (n a n')(—j, =] - I, see ses my, seg my |a®? (1)| —J, we J = I, fe a) 
jy My, . . «5 Mn’) 
73 (m|Q, |m)6(m', m’) + > (m;|Q4" |77;)5 (m', ™’) (7.5) 
m=—j i= 1 


where the last step is, obtained by expanding the Slater determinant along the 
row containing the single-particle wave functions of particle 1 and taking 
into account the orthogonality of single-particle wave functions with different 
quantum numbers. 6(m’,7’) is a shorthand notation for 


n’ 


5(m,'m') = J] 6(m, m,) (7.6 ) 


k=1 
Similarly the symbol 6‘ (mm, 77, ) stands for the product of n’ — 1 6-functions: 


5 (m' 7m’) = Il 5(m,,™,) k=1,...,n (7.7) 
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Using the Wigner—Eckart theorem we can evaluate the first sum in (7.5): 


| 
Me 
o~ 

| 
—" 
—~ 

i 


F ? | J RK j 
dD (m|Q?|m) = m (j| [2 | [7) 
m=—j m=—Jj —m 


; j 0 j jk j 
(j] || |7) DD V2 FT 


a —m 0 m/\-m «x m 
= V2 + 1(j||2 | |J)3(k, 0)5(x, 0) (7.8) 


where we have used the relation 


j Oj 
(—)yrm = V¥ +1 


—m 0 m 


There is therefore no contribution from closed shells to matrix elements of 
irreducible tensor operators except for scalars. In the latter case we have 


CF [2 |] 7) = CO GLA) = V7 +1 OO) (7.9) 
where (2) is a number giving the expectation value of 0 in any of the j- 
states. Combining (7.9) with (7.8) we have the trivial result: 
j 
DL, {m|Q|m) = ( + 1)Q) (7.10) 
m=—Jj 
For nonscalar operators, the only terms that remain in (7.5) are those due 
to the particles in the unfilled level. We therefore conclude that for k # 0. 
270+1 +71 
(jo AMaIM| 2) A? (i) [jo AMa’I'M’) 


i=1 


= (jMaJM| > O®@|P,a’J’M’) k#0 (7.11) 
i=1 

where a slight change in notation was introduced for convenience. Closed 
shells can therefore be ignored whenever one calculates matrix elements of a 
nonscalar, single-particle, irreducible tensor operator. The total angular mo- 
mentum of a system or its magnetic moment are special examples that we have 
already discussed before. Other examples, which will be discussed later, are 
the operators of various multipole radiations, the 8-decay operators, operators 
involved in some specific reactions, etc. In all these cases we can confine our 
attention to the valence nucleons only, ignoring the nucleons filling levels 

that remain fully occupied during the whole process. 
The effects of closed shells on matrix elements of two-body operators is 
slightly more complicated. We shall treat here just two-body interactions 
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v(12), that is, scalar two-body operators. More complex operators like, say, 
>or; X r; can be handled in a similar way. 

We shall show now that the effect of a filled j-level on the matrix elements 
v (ik ) is such that the spacings between levels in the configuration j?/+1j’"’ are 
the same as those in the configuration /’”’. 

Taking matrix elements in the m-scheme, we find that 


{ee ' ’ 
= » v(ik) Thay +5 May My «5 hy ) 


2 i#k,1 


, 


(m,. ee > Mn, M4, .- ee » My’ 


_ (n+tn')n+n' —1) 
2 


XK (my, 2. 5 MnsMy, . - «5 Mgr |V(12)| My, . . . 5 Wing My, . «5 My’) 


= > (mim, |v(12)| mim, )6 (m7 ) 


i<k,l 


> (mam, |v(12)| mam, 5 (m’, ™’) 


+ >> (mm,|v(12)| mM, )6™ (m’, mM’) (7.12) 
mix ms: 


where, in analogy with (7.7) we define 
6) (m’, Mm’) = [] 80m, ™) (7.13) 


k li 
and |m,m;,) etc. are two-particle normalized Slater determinants. 

There are three sums appearing on the right-hand side of (7.12). The first 
one represents the interaction energy within the filled level 7. It is obvious 
from its structure that it is independent of the nature of the level j’ or of the 
number of particles n’ in this level. We notice that because of the factor 
6 (m’m’) this term appears only in the diagonal elements of the matrix of 
(1/2) >= (ik). Hence in diagonalizing the matrix of (1/2) >, (ik) to obtain the 
energies of the various states of a configuration, this term will represent the 
constant additional energy of the filled levels, no matter which state we 
consider. | 

The third sum in (7.12) is equally easy to handle: it involves only states in 
the unfilled levels and represents the interaction among the particles in this 
level. 

The second sum involves states from both the filled and the unfilled levels 
and requires further study. We first notice that (m;,m,|v(12)|m:m;,) vanishes 
unless m; + m, = m; + 7%,. Hence 


(mamy|v(12)| mim, ) = Gnam,| v(12)| mam, )5 (MM) (7.14) 
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Next, we would like to express the two-particle matrix element in (7.14) in 
terms of matrix elements in the J-scheme, since (7.14) is diagonal in this 
scheme. To this end we note that (see Appendix A, A.2.59) 
, aes 
|mim,) = Dd) (-1)?-/2T + 1 
JM 


Mm; mM, 


J 
\ji’JM) (7.15) 


Introducing (7.15) into (7.14) we have 
(mim,|v(12)|mim,) = 5(m,, mM) 2 (J + 1) 
JM 


js J\ a 
x (jj'JM|v(12)|j7/JM) (7.16) 


Mm; mM, 


We can now introduce (7.16) into the second sum in (7.12), carrying the 
summation over m; only, and obtain 


jj I 
(mim, | v(12)| mam )s (m'm’) = DY QI + o( 
mM; — 


mi miJ M m . 


xX (jj'IM|v(12)|jj'IM )6 (me, Mx) (m', mM’) (7.17) 


In (7.17) the matrix element (jj’JM|v(12)|jj’JM) is independent of M. 
Since the level j is filled we have to sum over all values of m;; we can therefore 
carry out explicitly the summation over m; and M using the orthogonality 
and normalization of the 3 — j symbol. We also notice that 


5 (mz, ™y,)5™ (m’, mm’) = 6(m'm’) 


Hence we find finally 


>, (mim,|v(12)| mim, (m’, Mm’) = x (27 + 1) 


a 2’ +1 c 1 
X (ji/TIMo|v(12)|jj’JMo)d(n', m) (7.18) 


where M, is any value consistent with |M)| < J. Equation 7.18 tells us two 
things: the second sum in (7.12) contributes only to the diagonal elements of 
the matrix of (1/2)Zv(ik), and the contribution is the same for each m,’. 
Note that in (7.18) we have not yet summed over m;, but the result is inde- 
pendent of mm. 

Since (7.18) is independent of m;, the contribution of this second sum to 
(7.12) will depend on the number of particles in the level j’ and, in fact, will 
be proportional to n’; for a given number of such particles it is therefore the 
same for all the diagonal elements of (1/2 )v(ik) in (7.12). Thus the inter- 
action between the particles in the unfilled level j’ and the particles in the filled 
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level 7 amounts to a change in the single-particle energy of each one of the j’ 
particles by an amount given by (7.18). 

The off-diagonal elements in the matrix of Dv(ik ), taken for the A =n +n’ 
particles, are therefore all determined by the third sum in (7.12), and are thus 
identical to those of the j’”’ configuration. The existence of additional con- 
stant terms E, in the diagonal elements of (7.12) means that each of its eigen- 
values can be obtained by adding E, to the eigenvalues of (7.12) with the 
constant terms omitted. The energy differences between states of the con- 
figuration j?/+1j’~’ are therefore identical to those in the configuration j’”’. 

We therefore conclude that closed shells can be disregarded whenever one 
computes energy differences between states of the configuration j’”’ . 

The physical picture behind this result.is rather simple to understand: the 
different levels of the configuration j’”’ are obtained by letting the orbits of 
the n’-particles have different orientations in relation to each other. Different 
states are thus characterized by different probabilities of particle 1 to have a 
z-projection m, for its angular momentum, particle 2-m, etc. The overlap 
among the wave functions and, therefore, the total interaction energy of these 
n’-particles among themselves depends on this probability distribution. This 
is the third sum in (7.12). There is, however, an additional interaction which 
the n’-particles feel: their interaction with 27 + 1 particles in the filled j-level. 
If this interaction turned out to depend on the orientation of a particle in j’ 
relative to the particles in the j-level, it could have been different for different 
states of j’”’ and thus contribute to energy differences in j’. But because the 
j-level is completely filled and the total angular momentum of the particles in 
it vanishes, the interaction of a particle in j’ with the filled j-level cannot de- 
pend on the orientation of a j’-particle with respect to the filled level. Hence 
the m;, independence of (7.18) and, as a result, the lack of any contribution 
to the splittings in the j’”’ configuration from its interaction with filled levels. 

Our results hold whenever a level, and not necessarily a whole shell, is filled. 
However in many cases, as we shall see later, several close-lying levels fill 
simultaneously, so that unless particular levels are well separated it is not safe 
to ignore them; the matrix elements connecting different close-lying levels 
may be large compared to their separation. We shall therefore ignore closed 
shells rather than filled levels. 


8. PARTICLE-HOLE CONFIGURATIONS 


We speak of a hole in a level whenever just one additional particle in it will 
make it completely filled. In 79K”, for instance, we can say that the proton 
configuration has three particles in 1d3/2 (plus filled lower levels ) or, equiva- 
lently, that it has one hole in the 1d3/3 level. The *°K ground-state configuration 
will then be written as (d3/o, f7/2), which is to be understood as completely 
equivalent to (d3/., f7/2). 


322 THE NUCLEAR SHELL MODEL 


Since a filled level can be ignored in many calculations, we can expect a 
hole to behave like a particle in the same level with some “‘opposite” proper- 
ties. We shall now derive some of the relations between a hole configuration 
and a particle configuration. 

Let us first consider a single-particle operator 0,“ = 20, (i), and let us 
evaluate its diagonal matrix elements in the m-scheme first. As we can tell 
immediately from the Wigner—Eckart theorem only « = 0 components will 
give nonzero diagonal matrix elements. We denote the configuration of 1 
holes in the m-scheme by the unoccupied m-states, so that, for instance 
|my-'m_!) is a (27 + 1 — 2) particle Slater determinant in which all states 
except m, and mz, are occupied. We obtain then 


2j+1—n 
(my me)... ma | > O87) | moms}... m7") 
1=1 


= (+1—n)(m'...m,|9%(1)|mc!...m,7') 
dD (mm; | Qo |m:) 


Mm i#-mM,,...,4 mn 
J 

= 20 (m.|2%™ |mi)-— dm |29 |mi) (8.1) 
mi=—j mMi=mM1,..., mn 


From (7.8) we know that for k # 0 the first sum on the right-hand side of 
(8.1) vanishes. We also have obviously 


(mm,...mn| >, 29 (i)|mme...m,) = >> (m;| Qo |m;) 
i=1 M=M1M2,..0, mn 
k#0 (8.2) 
Hence, combining (8.1) with (7.8) and (8.2) we obtain 
2j+1—n 
(mime) 2. ma | dS OF i) my ne)... maw?) 


i=1 


= —(mm,...m,| >, 2 (i)|myme .. . mn) kK#O- (83) 
i=1 


Equation 8.3, as expected, says that the expectation value, in the m-scheme, 
for any nonscalar single-particle tensor operator taken in a given hole con- 
figuration is minus the same quantity taken for the complementary-particle 
configuration. | 

As we mentioned earlier the « = 0 matrix elements in (8.3) are the only 
nonvanishing diagonal elements of >—0,“(i) in the m-scheme. It follows 
therefore that (8.3) holds also in any other scheme, and in particular in the 
J-scheme. We must however be a little. careful in identifying the J-scheme 
states that go into the two sides of (8.3). Later on we shall see that if the 
transformation matrix (Eq. IV.12.1) (JM|m, .. . m,) transforms the n- 
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particle m-scheme states into the J-scheme state | j"JM), then the same trans- 
formation matrix will transform the n-hole m-scheme states |m,-'m.7!. . . 
m, 1) into the state [j-"J, —M) = |j@+}-~J, —M), that is, 


SY) [mr me)... ma!) (mum, . . . m_2|JIM) = |j-J, —M) (8.4) 


mi...mn 


Intuitively (8.4) is easy to understand, since in the hole configuration, m;...m, 
specify the missing particles, so that the state |7—1...m,—1) is a state whose 
total z-projection is 


j 
ag 


mMiF-=m1...mn mij=mM1...mn 


The formal proof of (8.4) is, however, slightly more involved [deShalit and 
Talmi (63), p. 316] and we shall present it here just for the case n = 1, that 
is, a single-hole configuration. 

We first notice that the total angular momentum J of a state of a single-hole 
configuration j?7 can only have one value: J = j. This follows directly from 
the fact that a filled level can have only J = 0; taking away one of the particles 
(jm) leaves us, therefore, with a state |j?7J = jM = —m). More formally 
this result follows if we try to construct Slater determinants of 27 identical 
particles in the j-level. If we make the Slater determinant correspond to a 
given value of 


2j 
M=)>> m,, 
i=1 


the only way to do it is to fill all m-states in the j-level except the state m’ = 
—M. We then have 


27 2j+1 
> m= >), m,—m' =0-—-m'=M (8.5) 
i=1 i=1 

as required. 

Since |m’| <j it follows that j?% cannot have any state with M > j, and 
it has exactly one state for each value of M satisfying | M| <j. We have thus 
constructed in the configuration /?’ the 27 + 1 states of total angular momen- 
tum /j, and we see indeed that the hole state |77,~) is a state of the same angu- 
lar momentum as the particle state |m,), but with the opposite value for the 
z-projection of its angular momentum. 

Using (8.4) we can now take the appropriate linear combinations of (8.3) 
and obtain: 


j+l—n 


2 n 
(Pry, —M| D7 OO @|P NV, —M) = — GM] 2) IO @|iIM) 


i=1 =l1 


k#0 (8.6) 
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We prefer to have a relation between matrix elements with the same value 
of M for the particles and holes. To do this we notice, using the Wigner— 


Eckart theorem, that 
J ek J 
VJ, aa M\o% |J, ai M) (=1)* J | |) | |J) 


M 0 
Jk J 
= (1a (J 19 ||J) 
—-M 0 M 
Jk J 
= (=I (JI 19 | J) 
—-M 0 M 


(—1)* JM | 9% |JM) 
We therefore find finally from (8.6) that 


2j+1—n 
(pitt-nJM| Dd) Qo (i) |j24+1-JM ) 


=1 


= (-1)H(jJM| DOV @|i7IM) k#0 (87) 
To be complete we also require the result for k = 0. One finds the trivial 
result: 


(jad M |Q9 | j7aJM) = n{jm|QQ |,jm) 
Hence we conclude that for k = 0 


2j+1—n 
(pt—™JM | D7 Qo (i) | P?441-"JM) 


Ii=1 


- 25" nM La @M) 8) 

Equations 8.7 and 8.8 are very fundamental for many shell-model calcula- 
tions. They show a qualitative difference between odd and even irreducible 
tensor operators and, as we shall see later, this difference reflects itself in 
many features of nuclear spectra, nuclear moments, etc. Odd tensors have 
the same expectation value for a particle state | j”JM) and its conjugate hole 
state |j-"JM), whereas even operators change their sign. Magnetic moments, 
being represented by an odd operator, have, therefore the same theoretical 
value for one-particle configuration and one-hole configuration, whereas 
quadrupole moments, for instance, that are represented by an even operator, 
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change their sign at the middle of the shell. There are as yet not enough 
measurements of static moments to test these conclusions, since almost always 
one of the partners to be compared is a highly unstable nucleus. But one does 
find characteristically that quadrupole moments at the beginning of shells 
are negative [0('40,) = —0.0265 barns, Q(3?Sco,) = 0.22 barns, 
Q (Cuz,) = —0.20 barns, Q ("2iSb7)) = —0.20 barns, O (723Bijo,) = —0.24 
barns, etc. ] whereas quadrupole moments of nuclei near the end of a shell are 
positive [OQ ?2Mgi3) = +0.22 barns, QO 34Fes; ) = +0.15 barns, O (8{Gagg ) = 
+0.217 barns, O (33Sty9) = +0.36 barns, O(%Aus;3) = +0.60 barns, etc.]. 

It is sometimes more convenient to use (8.7) in a form that involves the 
reduced matrix elements only. Using the Wigner—Eckart theorem we find that 


2j+1—n 


(pittiny|| D7 2) @)| [Pt xV) 


i=1 


= (-1Gr|| OMI) kx 0 89) 


Equation 8.7 can be used to derive an interesting relation between the 
energies in a particle-hole configuration and those of a particular particle- 
particle configuration. Let us consider, indeed, two nonidentical particles p 
and n, and compare the two configurations (jp, j,) and (jp??, jn) = (Jp *5Jn) 
As an example we can consider the two nuclei #5Cl,, and {8K>;, with configura- 
tions (ds/2, f7/2) and (d3/2, fz/2), respectively. We have noted already (Eq. 
IV.20.15 ) that an interaction v(|r; — re| ) can be written as a sum of products 
of multipole moments: 


4 
v({ri a re| ) = > Le vi(n1, 72) ¥ im (9161) Yim (0262) (8.10) 
tm 2E+ 1 
For more general interactions, involving spins as well, we can still decompose 
a rotationally invariant interaction v(12) in the form (Chapter IV. App. A.1) 
y(12) = DS wry, re)T™ (1)-T@ (2) (8.11) 
U 

where 7“) (7) is an irreducible tensor operator of rank / operating on the co- 
ordinates of the ith particle only, and the scalar product T’) (1)-T@ (2) is 

defined by 


TOA)-TO(2) = DY (-1YTRC)TYQ) (8.12) 


This decomposition of v(12) will be useful in relating energies in (j,, j,) to 
those in (jp?%?, jn ). 

‘We have already noted that the configuration j,~! has just one level with 
J = jy; it follows that the configuration (j,—', j,) has as many levels as the 
configuration (j»,, j.). Furthermore the splittings between the levels of the 
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configuration (j,~%,) are determined only by the interaction between the 
protons in j, and the neutron in j,; the interactions among the protons them- 
selves give rise to the same shift in all the levels of the configuration (j,—!, jn), 
since there is only one possible level for the j,~! protons. Thus, since we are 
interested in energy differences between states of the configuration (j,~j,), 
all we need to calculate is 


2 
AE( jp inJM) = (jn tinJM| 2) v(Dis 1) |e nM) (8.13) 
i=1 
where v(p;, n) is the interaction between the ith proton and the neutron. In- 
troducing (8.11) into (8.13) we obtain 
AE (jp YnIM) = 21 Civ inIM| D1 vi(rpis tr )T (pi): T (1) |i nM ) 
L a 


(8.14) 


V1(pi, ’n) depends only on the magnitudes of r,; and 7, since the radial wave 
functions of the protons in j, are independent of the magnetic quantum num- 
bers, we see that in (8.14) the radial integral of v:(7p:, 7, ) can be factored out 
of the sum over the protons p;. Introducing the notation 


FO (GL) = | Riplp (1p )R4..1, (7n)V1(Fp, 'n) Ap Gn (8.15) 
we then find that 


2ip 
AE( jp 'inJM) = DU FO (ple) ip tad i 2 r(p.)) 
l i=1 


‘TO (n)| jp InIM) (8.16) 


We notice that in (8.16) we now have matrix elements of a scalar product of 
two tensors, >.?7, T (p;) involving the protons only and T (n) involving 
the neutron only, taken between states of a definite angular momentum /, 
for the protons and j, for the neutron. Using the relations developed in 
Appendix A we therefore obtain 

Jp Jn J 
AE( jr inIM) = DU rou) 


Ll 


| (—1 )iptinty 
Jn Jo I 
2ip 
X (jos || DE T (ps)| lin dp) (in| |T (2)| [in (8-17) 
=1 
In a similar way we obtain for the particle—particle configuration (jn jn) 
Jp Jn J 
AE( jp; Ins JM) = ye BY (lpn) 
l 


| (—1 tints 
jn Jp I 
X Cel |T ()| lio) in| |T (2) [ind (8-18) 
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With the help of (8.9) we can now relate (8.17) and (8.18), which differ, as 
we notice, only in the reduced matrix elements of the proton operators T“ (p). 
For our special case (8.9) reduces to 


Cis dol| De TPs)! ede) = (1) ol [T® (| Lip) 


=1 


1~0 (8.19) 


To obtain an explicit connection between the energies of the two configura- 
tions [Pandya (56)] we use the identity (see Appendix A, 2.2.90) 


” Jn 7 
jn Jn! 


Jpn Jn J 
AE( jp jnIM) = D2 F© (Ipln ) (—1)sptinty+i4+1 
: jn Jn I 
X (ip||T @)| lin) in| [T@ @)| lin) 
= DF FO (pln) (in| |T (p)| lin) in| |T (2)| lin) 


Jo jn J 


Jn In J 

(—1)! =>) (-1) +’ Qs’ + 1) 
Jn Jp 1 se 

and (8.19): 


Jo jn J 


LJ? 
Jp Jn ‘ Jp Jn , 
K (—1 )jrtint2+s/+1(2 J’ + 1) 
Jo Jn SJ’) Nin jp 1 
Jo jn J 


= (-1)¥41 D) Qs’ +1) | AE ( jp jns I’M ) (8.20) 


Or, since 2/ is even, 


Jp Jn J 
AE( jp jnd’M ) (8.21) 


AE( js YinIM) = — 2, (2J' + 1) 

ai Jp Jn J 
In deriving (8.21) we disregard the term with / = 0. As seen from (8.9) and 
(8.10) this term will add a constant (J-independent ) energy to both the con- 
figurations (j,~', jz) and (jp, jn). Although this constant term may be differ- 
ent for the two configurations, it does not contribute to the splittings between 
levels in any one of them (because of its J-independence ); thus it does not 
affect (8.21). We remind ourselves that (8.21) is valid only as long as we are 
interested in spacings between the levels of the configuration (j,—'/, ); if we 
want the absolute position of these levels we should add an appropriate con- 
stant (J-independent) energy to the right-hand side of (8.21). 
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Equation 8.21 can be inverted to give AE(j,j,J) in terms of AE(j, YJ) 
by using the orthogonality of the 6 — j (Racah) coefficients 
Jn In J 


AE(jpjivIM) = — Dd) (2J' + 1) AE( jr Ynd'M) (8.22) 
Jl 


Jp in SJ’ 
We thus see that the splittings in a particle-hole and a particle—particle con- 
figurations are the negative Racah-transforms of each other, independent of 
the nature of the interaction v(p, n). 

The spectra of the two configurations (jp, j,) and (jp—', jn) generally look 
very different from each other, like the spectra of K*° and #8Cl shown in Fig. 
8.1. Yet the connection between the two spectra implied by (8.21) or (8.22) 
Is quite good, as is seen from Table 8.1. 


TABLE 8.1 Energy Differences of Levels in *®Cl Calculated from the 
Observed Energies in 4°K Using (8.22). All Differences Were Computed 
Relative to the Ground State (J = 27) of 38Cl. 


J Calculated Experiment 

2 0 Mev 0 Mev 
3 0.75 0.762 

4 1.32 1.312 

5 0.70 0.672 


Relations of the type (8.21) or (8.22) are examples of the possible tests of 
the shell model for selected nuclei. The assumptions that went into the deriva- 
tions of these relations are the following: 


(a) A specific configuration assignment for the levels of the two nuclei 
to be compared and the validity of first-order perturbation theory. 


(b) A general two-body residual interaction v(p, n), which is assumed 
to be invariant under rotations. 


(c) The constancy of the radial matrix elements F (J,/, ) as we go from 
(jpjn) to (jp Yn). This assumption is implicit in the final step in (8.20), 
and can be expected to hold fairly well. 

Because of assumption (a), tests similar to the one described here are 
limited to states that are expected to be described relatively well in terms of a 
single configuration. This is generally true when the proton and the neutron 
numbers are close to magic numbers. In other cases there may be several 
close-lying levels that can be occupied by the nucleons, and our previous dis- 
cussions have shown that we may have to diagonalize the residual interaction 
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FIG. 8.1. Energy levels of *8Cl and 4°K in MeV. Also shown are the *8CI levels calculated 
from the observed levels in 4°K [from Talmi and Unna (60)]. 


in a larger sub-Hilbert space, consisting of a few configurations. The resulting 
states will then involve components in several configurations at a time, and 
the possible relations between the spectra of different nuclei will depend on the 
details of the interaction v(12 ). The limitation to one configuration determines 
the dependence of the wave function on 4A out of 5A degrees of freedom that 
it has (three coordinates, spin, and isospin for each of the nucleons ), and it is 
this very limited remaining freedom that allows us such generalities in formu- 
lating our tests. Later on we shall see how similar tests of the shell model can 
be formulated employing quantities other than energies. Similar tests will 
also be developed for other models. 


9. CONFIGURATIONS WITH MORE THAN TWO PARTICLES 


Our study of the relation between the structure of particle hole and particle- 
particle configurations has shown how a connection can be established for 
particular nuclei, between spectra that look very different. Ultimately, of 
course, we hope to obtain an even broader connection among the spectra of 
all nuclei through their common interpretation in terms of a Schroédinger 
equation with a specific nuclear interaction. This stage, however, still lies 
ahead of us, and for now we must satisfy ourselves with a partial accomplish- 
ment of this aim by establishing connections between the properties of only a 
few, more closely related, nuclei. We shall therefore proceed now to analyze 
the energy spectra of more complicated configurations to see how far such 
connections among different nuclei can lead us. 
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Let us first consider a configuration of n equivalent nucleons j”. All the 
n-nucleons are to be of the same type (all protons or all neutrons ). To obtain 
the first-order correction to the energies of this configuration we again have 
to diagonalize the matrix of (1/2( >o%.,v(ik) in the sub-Hilbert space 
spanned by the antisymmetric states of j”. The total angular momentum is a 
good quantum number, and it is therefore useful to work from the beginning 
in the J-scheme; in this scheme the matrix of (1/2) >. v(ik) will break down 
into many smaller matrices along the diagonal, each having off diagonal ele- 
ments only between states of the same total angular momentum. 

To actually construct states of a definite total angular momentum in the 
jJ”-configuration we can proceed in several ways. We shall demonstrate here a 
very convenient way, which will turn out also to have some formal uses later 
on. To simplify matters we shall discuss only configurations j* and j*; the 
generalization to j” is straightforward [see, for instance, deShalit and Talm1 
(63 )]. 

In the configuration j? the construction of a wave function in the J-scheme 
is achieved through the use of the Clebsch—Gordan coefficients: 


PIM) = 2, (jmjm'|JM )¢: (jm )o2( jm’) (9.1) 
Although the state |j?JM), when written in this form, does not look anti- 
symmetric, we know that it follows from the properties of the Clebsch-Gordan 
coefficients that (9.1) is indeed antisymmetric in particles 1 and 2 if J is even 
(it is symmetric for odd values of J; see Eq. IV.13.5). 
With three particles we can easily construct a wave function that corre- 
sponds to a given total angular momentum by defining: 


Li?Vi2)s 73 JM) = >> (SioMis jm|JM)|j2i2Mis bs (jms ) (9.2) 


M\129m3 


In (9.2) we have taken a particular antisymmetric two-particle state | j?J/i2M1e) 
and added to it a third particle using the Clebsch—Gordan coefficients for the 
addition of the vector Ji, to the vector j yielding a state of total angular 
momentum J and a z-projection M. Since the total angular operator J can be 
written as 


J=fjcthet+js = Je + Js (9.3) 


it is obvious that the state defined in (9.2) is an eigenstate of J? and of J,. 
However, unlike the case of the two-particle configuration it is not generally 
true that (9.2) will be automatically antisymmetric for some particular values 
of J. By construction, (9.2) is antisymmetric with respect to the exchange of 
particles 1 and 2, if we require that Ji, be even; it is not antisymmetric with 
respect to the exchange of particles 1 and 3 or 2 and 3. To achieve totally anti- 
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symmetric states we antisymmetrize (9.2) with respect to 1 and 3, and 2 and 
3, and define: 


7? Vie VM ) 


(123 » (Si12Mi2 jm3|JM )| j*Ji2Mie)b3 (jms ) 


m3M 19 


ae OF » (Ji2Mi2 jm3|JM )( jm, jme|JieMie ) 


mymom3M 19 


X [61(711 )b2(M2)b3(M3) — o1(Ms)bo(Me )bs(m1) — $1(71 )b2(Ms3 bs (M2 ) J 
(9.4) 


Since we want |73J/M) to be normalized we have introduced a coefficient C 
that will be evaluated later. The expression’s, (9.4), antisymmetry with re- 
spect to the exchange of 1 and 3 or 2 and 3 follows from its antisymme- 
try with respect to the exchange of 1 and 2. This follows from the relation: 


(jm, jms | Ji2Mie ) = =— (jm2 jm | Ji2Mie ) for even Jo (9.5) 


Problem. Prove the antisymmetry of (9.4) with respect to 1 and 2 by noting 
that m, and m, in (9.4) are dummy indices. 


The notation |j*[Ji2]JM) is meant to imply that we are dealing with an 
antisymmetric state of three particles that was constructed by antisymmetrizing 
a state in which particles 1 and 2 were coupled to Jz. (Compare with notation 
used in Eq. 9.2). It is to be noted that although the state (9.2) is an eigenstate 
of Jix2 = (fj: + je)’, this is no longer true of the antisymmetrized state 
|j? [Jie JM). The antisymmetrization has completely destroyed the special 
role played by particles 1 and 2 in (9.2) and in (9.4) all particles appear on 
an exactly equal footing. 

We notice further that an antisymmetrization of (9.2) may lead to a vanish- 
ing result as well. Thus we know (see Section IV.15 ) that the highest allowed 
value for J in an antisymmetric state in the configuration /? is J = 37 — 3; in 
(9.2) we can construct a state with J = 3j — 1 by taking Ji2 = 27 — 1 (we 
recall that Ji2 must be even, and, of course, Jig < 27 — 1). An antisymmetriza- 
tion of this particular state must therefore lead to an expression that vanishes 
identically. 


Problem. Show by actually working out (9.4) that 
Pie = 37 — 1, M) = 0 
The states |j?(Ji2)jJM), for different values of Ji2, are orthogonal to each 


other, even if (JM) remain the same. A straightforward calculation shows 
that 


(P?- Siz JJM |? Jie JIM) = 82, Siz) (9.6) 
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This property, too, is lost after antisymmetrization. In fact we saw in Section 
IV.15 that in the (7/2) configuration the allowed values of J (for antisym- 
metric states) were J = 15/2, 11/2, 9/2, 7/2, 5/2, and 3/2, there being one 
allowed state for each value of J and M. If we take a state | j3J = 9/2M =9/2), 
for instance, it can be obtained, through the antisymmetrization pro- 
cedure outlined above, from three different states (9.2) with Ji, = 2, 4, and 6. 
Since we know that there is just one antisymmetric state | 73J = 9/2M = 9/2), 
they are all bound to give rise to the same state after antisymmetrization. 
Indeed using (9.4) we find that 


(7? [Jie VM \;° Vie VM) = C*-C’ > (Ji2M 2 jms |JM )( jm, jme|Ji2Mi2) 
X (2M yp jmg|IM) (jm, jms | Jy2M 2) 
x | [1 (17y )b2 (Mz ha (Mz) — $1 (Mg )h2 (Me oz (M1) — 1 (IM, )h3 (3 bs (M2 ) F* 
X [41 (11 oo (ma )b3 (m3) — $13 )b2 (m2 )b3(m1) — $1 (7; obo (Mg )b3 (M2) ] 
X dr, dro drs 
= 3C*-C’ }) (Myom3|M)(myme| Miz) 
X (Migm3|M)(mymz| Myo) [6 (myn, )6 (mame )6 (mgm3) — 6 (mms )4 (MyM 2) 


X 8(mgm,) — 8 (myn, )6 (moms) (mgm) J 


= 30°C" ce Jig) + 2V (2h + 1) QJ + 1) 


JI J Sy 
| (9.7) 
IJ Jy 


where the shorthand notation (1.26) has been introduced for the Clebsch- 
Gordan coefficients, and we have made use of the explicit expression of the 
Racah 6 — j coefficients in terms of the 3j-coefficient (see Appendix A, 
A.2.94). Since 


xX 


Ig 7 
iJ hp 
does not generally vanish for Jiz ¥ Ji2, we see that the two states | j? [Jie JJM) 
and |j° [Ji2 JM) are not generally orthogonal to each other. 

By taking all possible values of Ji2. in (9.4) we generally produce a redundant 
set of antisymmetric wave functions of the configuration j*. Our proof, (9.7), 
that they need not be orthogonal to each other explains how such a situation 


may arise. In most practical cases one can produce all the allowed states of 
j®? with two or three Jj2’s. The number Jj. is sometimes referred to as the prin- 
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cipal parent of the state |j*[Ji2]JM); the same state can have, then, several 
principal parents. 

We can use (9.7) to derive the normalization constant in (9.4). In fact, 
putting Ji, = Ji. and requiring that (j? [Jie VM)? [Jie VM) = 1, we obtain 


J J 7 mae 


JJ dy 


CANE 6OIGe A) (9.8) 


To construct antisymmetric wave functions of four particles in j, that is, 
for the configuration j4, we can proceed in a similar way by constructing 


LP Vie3) JJM) = » (Ji23sMi23 jm4|JM ) | jJi2esMies)- ba( jm) (9.9) 


and antisymmetrizing it. Here | j*Ji23Mi23) is an antisymmetric three particle 
wave function. It is often more convenient, however, to start from another 
wave function: the one in which particles 1 and 2 and 3 and 4 are paired 
separately: 


i? Siz J? 34); JM) = » (Vi2Mi2J34M34|JM )|jJi2Mie) | 734M 34) (9.10) 


Again the actual construction of the wave function guarantees that it is an 
eigenfunction of J? = (Jie + Jus)? = (Gh + he + js + ju)’. It is also antisym- 
metric with respect to the exchange of particles 1 and 2 and of 3 and 4, if we 
choose Jiz and J34 to be even. We now antisymmetrize it with respect to other 
exchanges (1 and 3, 2 and 4, etc.) and obtain an antisymmetrized state of the 
configuration j” that is also an eigenstate of J? and of J,: 


i* ie, Jaa], JM) = CQ] 7? Viz) J? Js4) JM ) (9.11) 


The same considerations with respect to orthogonality, etc. hold in this case 
as well, but we shall not discuss them. It is important to notice is that an explicit 
expression for properly antisymmetrized n particle wave functions can be 
written in a rather compact form if one makes use of the Clebsch—Gordan 
coefficients. This way of writing the wave functions makes it possible to use 
the Racah algebra and greatly facilitates actual computations. 


10. COEFFICIENTS OF FRACTIONAL PARENTAGE 


There is another expression for the antisymmetrized wave functions in the 
configuration j” that, very often, is even more convenient to use than the ex- 
pression (9.4) or (9.11). To understand the motivation behind this way of 
constructing the wave functions, consider a matrix element of (1/2)-Zv(ik) 
in the configuration j”: 


‘i 
Vz = (j"aJM| pe v(ik)|j"a’ JM ) (10.1) 


tek 
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In (10.1) we have denoted by a any additional quantum numbers that are 
required to describe the particular state in question if J and M do not specify 
it uniquely. We shall see later what these quantum numbers are; for the mo- 
ment they are irrelevant. 

Because of the assumed antisymmetry of the wave functions |j"aJM) we 
have 


Vi = me (j"aJM|v(12)|j"a’JM ) (10.2 ) 
Any pair of coordinates could have been singled out, since each v(ik ) con- 
tributes an equal amount to (10.1). In the matrix element (10.2), the operator 
involves only the coordinates of particles 1 and 2; if we know the wave func- 
tions |j"aJM) we can, therefore, integrate out the coordinates of particles 
3, 4,..., n. It will therefore be very convenient to write the state |j"aJM) 
in a way that singles out particles 1 and 2 from the rest of the particles. This 
can be done in the following way. 

Consider all the antisymmetric two-particle states |j?J,.M.) for particles 1 
and 2, and all the antisymmetric (n — 2) particle states |j"-?6/,_2M,_2) for 
particles 3, 4,...,n. Any n-particle state in the j” configuration that is anti- 
symmetric in particles 1 and 2, and in particles 3, 4,..., can be expanded 
in terms of the products |j?J,.M-2)- |j"-°@Jn_2Mn_2). The states that are anti- 
symmetric in all particles, being a subclass of those antisymmetric separately 
in 1 and 2 and 3, 4,..., 7, can therefore also be expanded in these products: 
[i7oJM) = =) (ad M | J2M2, BJn—2M-2) | j°J2M2) | j”-°BJn—2Mn-2 ) 


TQM BJ n-2Mn-2 


(10.3) 


Since the right-hand side should represent a state of total (n-particle ) angular 
momentum J and z-projection M, we shall find it useful to introduce the wave 
functions: 

|i? V2 i”? (BIn-2); IM) = 2) (2MoJn_2My-2|JM) 


M2Myn-2 


: | PJ2Me) | 7" ?BJn»2, Mr-2) ~=(10.4) 


Note that (10.4) is antisymmetric separately in 1 and 2 and in 3, 4,..., 2, 
it being implied by the notation that particles 1 and 2 are coupled to total 
angular momentum J.Me, and the n — 2 particles 3,...,m are coupled to 
form the state |8J,2M,_2). The n-particle wave function |j”aJM) can now 
be expanded in terms of the wave functions in (10.4) 


ja JM ) ~ 2 (aS |? J2) i"? (BIn—2), J)|P U2) J"? (BIn2); IM) == (10.5) 


n-2 


Although each of the functions on the right-hand side of (10.5) is not com- 
pletely antisymmetric, their combination is antisymmetric in all n-particles. 
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This, in fact, is the purpose of taking a linear combination of such functions. 
The situation 1s similar to that encountered in the three-particle configuration 
as detailed in (9.4). 

In (10.5 ) the coefficients (aJ{ | j? (J2)j”°BJ,_2), J) are to be chosen so that 
|j7aJM ) is normalized to unity. We note that they are independent of M. 


Problem. Prove that the coefficients in (10.5) are independent of M by study- 
ing the behavior of both sides of the equation under rotations. 


The coefficients (aJ{ | j?(J2)j*-?(BJn-2)J) in (10.5) are called coefficients 
of fractional parentage, because they determine the extent to which each of 
the parent states |j?(J2)j"-? (BJn—2); JM) participates in building up the anti- 
symmetric state |j"aJM). They are characteristic of the configuration and the 
angular momenta involved, and do not depend on the dynamics of the system. 
The special notation ({|) is used for these coefficients to stress the fact that 
they do not form a square matrix. The states |aJM) are totally antisymmetric, 
whereas the states |j?(J2)j"-?(BJn_2); JM) are only partially antisymmetric. 
There are therefore fewer states |aJM) and the transformation is defined 
only in the one direction. Actually it is a projection of the states (10.4) onto 
a subspace of totally antisymmetric states. 

To assure the normalization of |j"aJM) in (10.5) the coefficients of frac- 
tional parentage are normalized as well, so that 

2, | ed {|P U2) *CUn-2)3 J)? = 1 (10.6) 
24 n- 

With the help of these coefficients it is now possible to achieve our objective 
of integrating out the n—2 coordinates in (10.2) that are not involved in 
the operator v(12). Substituting (10.5) into the matrix element of (10.2) we 
find that 
(jrad|v(12)|jra’'J) = Ds (a’J{ | 7? V2 )j7-? BIn-2)3 J) 


J2F n= oBT9! I" n- 98! 
X (PCa)? C'In-2); J| Jad) 
X (PU2)i"? (B'In-2); J] (12) | PF? U2)i"-? (BJn-2); J) (10.7) 
where we denote 
(aS { | 7? V2 i”? (BJn—2 J)" = (7? U2 )j7-? BIn—2)J | Joa) (10.8 ) 


and we have omitted M from the matrix elements. 

The operator v(12) commutes with Jo = ji + je; hence it connects only 
states with J; = Jo. Due to the orthonormality of the functions |j”—-?6J,_2), 
(10.7) for a = a’, reduces to 


(jad |v(12)|jtaJ) = 2) Wjrad; Jo){ P-J2|v(12)| je) (10.9) 
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where 
W(jraJ; Jo) = Dy | (a { |? U2)j" = (BJn-2), J)? (10.10) 


B,Jn-2 


A similar expression is obtained when a = a’. 


Problem. Show that in the general case 


(j"aJ|v(12)|j7e’J) = >; W ( jraa’; Jo){ jJo|v(12)| je) (10.11) 
J2 
where 
W(jran’]; Jo) = DY (a’I{ | P? Je)? (BIn-2)I) (7? Ja i? (BIn—2 | fal’) 
BJ n-2 (10.12) 


The physical interpretation of (10.9) is straightforward: W(j”aJ, Jz) is 
the probability to find, in the state |aJM) of the configuration j”, a pair whose 
total angular momentum is J2; the average interaction energy of a pair in the 
state |j"aJM) is then obtained by summing the interaction energies of that 
pair in the pair states |j?JoM2), weighing each of them with its probability 
W(jraJ; Je). 

Since the coefficients of fractional parentage are universal and independent 
of the particular dynamics of the system, it is possible to use (10.9) to test 
the configuration assignment of a group of levels when there are more than 
two particles in the configuration. In fact, for 2 <n < 27 — 1 the configura- 
tion j” always has more levels than the configuration /?. If in (10.9) we con- 
sider now all the possible n-particle states obtained by taking the different 
values of a, a’, and J, we see that they are all given in terms of the fewer 
matrix elements ( j2J2|v(12)|j%J-). Thus some linear relations, independent 
of the nature of either the central field U(i) or the residual interaction v(12) 
must exist between the energies of the various levels of the configuration /”. 
These relations can in fact be used to test the assignment of a group of levels 
to the configuration j”. We shall explore such relations in the next section, 
and shall conclude this section by establishing a relation between the repre- 
sentation (10.5) of |j"aJM) and the method proposed in the previous section 
for the construction of the wave function— (9.4) or (9.11). 

Let us consider, for simplicity, the case n = 3, so that on the one hand we 
have the representation (9.3 ) 


PF Vie JM) = Calf? (i2)j; JM) (10.13) 


and on the other hand we have the representation in terms of the coefficients 
of fractional parentage 


|\PaJIM) = >) (aJ{ |? V2); J)? U2) J; JM) (10.14) 
J2 


COEFFICIENTS OF FRACTIONAL PARENTAGE 337 


The similarity between the two expressions is quite transparent: both ex- 
press the totally antisymmetric three-particle wave function in terms of wave 
functions in which the first two particles are singled out. However one method 
does it by directly antisymmetrizing | j?(Ji2)j; JM), whereas the other achieves 
the same thing by summing over different values of Jo. 

When there is only one state of the configuration j* with a given value of 
J and M, then (10.13) and (10.14) must be identical. Thus we can write 


Piel; IM) = DY VP? C2) 7; DIP U2) i; IM) (10.15) 


Multiplying both sides of (10.15) by (/ (J2)j; JM| and integrating over the 
coordinates of the three particles we obtain 


(7? V2)i; IM| FP Viel; IM) = Jl? U2); J) (10.16) 


The scalar production the left-hand side of (10.16) can be evaluated in a 
straightforward way. However it is more conveniently evaluated if we replace 
the antisymmetric function | j* [Jie]; JM) by (4)@;|j/*? ie]; JM) where @, is 
the antisymmetrizer of (10.13) G.e., antisymmetrization only with respect 
to exchange with particle 3). Using the hermiticity of the operator @3; we 
then obtain: 


Pei 1 
(ad {| 7 V2) 55 J) 3 (@,j° Us )i; IM | 7° Viz VM) 


l 
3C (7? U2VM| i Vi2VM) 


We now use (9.7) and (9.8) to obtain finally 


5 (Jo, Ji2) + 2V (2J2 + 1) Qe + 1) 


Jj i 


| | ; - J J Sy 
(7 Vie Vfl? V2)i3 J) = JI J Siw 
3+ 6(2/i2 + 1). 
J J Sy 


for J. even 
(10.17) 
= 0 for J» odd 


In (10.17) we have denoted explicitly that the particular coefficient of frac- 
tional parentage is that of a state whose “godfather” is the even angular mo- 
mentum Jip. 
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Similar expressions can be developed for configuration with more particles. 
For the /* one finds that [Schwartz and deShalit (54) ] 
(i* ie, Sse VP G2)? V4)s J) = C Ee J) (Ssa, Js) 


H+ (—1)6 Sie, Js )6 Ys, Jo) — [1 + (—1 ey + (-1)""] 


JI J dy 
X [(Qh2 + 1)Qx + 1)Qe+1)Q44+1)P®G Ff Sse (10.18 ) 
Jo Jn J 


Here |j*[Vie, J34 JJM) is an antisymmetric four-particle state obtained by the 
antisymmetrization of the state in which particles 1 and 2 are antisymmetrically 
coupled to Ji2, and particles 3 and 4 are similarly coupled J3,. 

Coefficients of fractional parentage can be constructed in a variety of ways 
depending on the particular use one wants to put them to. In the four-particle 
configuration, for instance, we can define the coefficients (aJ{|j?V3)j; J) 
that allow the expansion of the antisymmetric state | j4aJM) in terms of the 
states |j°(/3)j; JM) defined in (9.9). Again, these states, which are antisym- 
metric with respect to the first three nucleons only, build up a Hilbert space 
that includes as a subspace that of the fully antisymmetric states |aj4JM). 
Projection operators P can then be defined that project out of the states 
|73(J3)j; JM) their antisymmetric part, and in terms of the coefficients of 
fractional parentage we have 

P= Qo |fod (ot PU is INP ODE J (10.19) 
J3J 

Further discussions of the properties of coefficients of fractional parentage 

can be found in deShalit and Talmi (63). 


11. AN EXAMPLE 


We shall see now how (10.9) can be used to test some of the assumptions of 
the nuclear shell model and obtain further features of it. 

The matrix element (j”aJ| (1/2 )Zv(ik)|j"aJ) gives the first-order shift in 
energy of the state |/M) from its unperturbed position. The energy difference 
between two levels aJ and a’J’ in the j” configuration is then given by 

n(n 


= 
E( rad) ~ E(jratd’) = "=? [¢ jrad|v(12)| jad) 


(jra’J’ | v(12)|j7a’J’) J 
_ n(n — 1) 
7 2 


> (Wired; Jz) — Wire's’; J2)] 
J2 


x (PJ2|v(12)| 2) (11.1) 
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Equations 10.2 and 10.9 were used in deriving (11.1). We note that from 
(10.6) it follows that 


Dd, W(jrad; Jo) = 1 
J2 


Hence in (11.1) we can subtract from ( j*J2|v(12)|j’J2) a constant, independ- 
ent of J. without affecting the equality. It is convenient to choose as this con- 
stant the shift of the lowest state in the configuration j?, which, for attractive 
interactions turns out to be the state J, = 0. We obtain therefore 

n(n — 1 : “> Tt 

ia a 8 Dd, [WC jrod; Jz) — WC jra's’; J2)] 


Zz J2 even 
X [(P2|v(12)| Je) — (Pe = Of v(12)| fhe = 0)] (11.2) 


Equation 11.2 thus gives energy differences in the j”-configuration in terms of 
energy differences in a two-body configuration j?. Note that this two-body 
configuration refers to energies of pairs of particles in the n-nucleon state, 
and not to energies in another, lighter, nucleus, with just two nucleons in the 
levels j. 

The simplest nontrivial example of the use of (11.2) is for 7 = 7/2 and 
n = 3;forj = 3/2 andn = 3 there is just one allowed level with J = 3/2 and 
we cannot use (11.2); in the (5/2)? configuration there are three allowed 
levels with J = 9/2, J = 5/2, and J = 3/2 but there are also three allowed 
levels in (5/2)? with J = 4, J = 2, and J = 0, so that (11.2) reduces to the 
expression of two energy differences in (5/2)? in terms of two energy differ- 
ences in (5/2)?. However in (7/2 )* there are six allowed levels (see Section 
IV.15) with J = 15/2, 11/2, 9/2, 7/2, 5/2 and 3/2, whereas (7/2)? has only 
four allowed levels with J = 0, 2, 4, and 6. In this case (11,2) gives us five 
independent energy differences in (7/2) in terms of three energy differences 
in (7/2 )?, so that we have at our disposal a test for the validity of the under- 
lying model. Table 11.1 contains the coefficients of fractional parentage for 
(7/2)* calculated with the help of (10.17). 


Using Table 11.1 we find that 


E(j"aJ) — E(jra’J’) = 


E(3/2) — E(7/2) = 7 [(19V(2) + 135V(4) — 91V(6)] 
E(5/2) — E(7/2) = 3 [187V(2) — 75V (4) — 13V(6)] 


3 
E(9/2) — E(1/2) = =, 


, [-1IV(2) + 123V(4) — 35V(6)] (11.3) 


E(11/2) — E(7/2) = = [55V(2) — 21V(4) + 65V(6)] 


E(15/2) — E(7/2) = s [—55V(2) — 9V(4) + 163V(6)] 


340 THE NUCLEAR SHELL MODEL 


TABLE 11.1 The coefficients of Fractional Parentage for (7/2) 


(7/2)? (Jo)7/25 J] } (7/24) 


: J 15/2 11/2 9/2 7/2 5/2 3/2 
0 0 0 0 z 0 0 
2 

; , al - 1 ft3 V5 fit 3 
3V2 3V 14 6 3V 2 14 
= 3B 2d ge _ fu 
22 66 77 2 33 14 

z 7 2 fi3 7 VIB aS ; 

22 3V11 3+/ 22 6 3\ 22 


where we have introduced the notation 
VJ) = [P| v2) |P7) — (PI = 0| v2) | 7 = 0)] (11.4) 


it being understood that the matrix elements in (11.4) are taken with wave 
functions appropriate to the nucleus. whose /? configuration we want to study. 

An example of a spectrum that has been analyzed using (11.3) is provided 
by 23Vos. This is shown in Fig. 11.1a. A somewhat less successful prediction 
from (11.3) is shown in Fig. 11.15. 


12. CONFIGURATION MIXING IN MANY-PARTICLE SYSTEMS 


In the previous section we saw how the basic assumptions of the shell model 
can be tested. More precisely, we started out from the assumption that the 
dominant nuclear interaction in nuclei is a two-body potential v(ij), which 
can be treated as a first-order perturbation, once a central field approximation 
is used to derive zeroth-order wave functions. We were then led to the deriva- 
tion of certain linear relations (11.2) between the energy levels of any con- 
figuration j” with 2 < n < 2j — 1. The linear dependence between the energies 
of the levels of the configuration j” is a reflection of the basic assumption of 
the shell model: that the interaction among the nucleons is due to a two-body 
force, which can be treated as a perturbation and is entirely independent of 
any further assumption about the detailed nature of that force, or, for that 
matter, of the exact form of the central potential U(i). If a set of levels in a 
given nucleus, which are all ascribed to a given configuration j”, fails to satisfy 
these linear relations, we must conclude one of two things: either we were 
wrong in assigning these levels to the pure configuration j”, or two-body forces 
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FIG. 11.1a. Shows the observed levels in 38Tieg and 34Vog. Taking the values of V (J) in 
(11.3) from the levels of ®°Ti [V(2) = 1.55 MeV, V(4) = 2.68 MeV, and V(6) = 3.20 MeV] we 
obtain for the calculated energies in i!V the values listed below. (Data from Lederer et. 
al. (67)). 

Level 3/2 5/2 7/2 9/2 11/2 15/2 

Calculated E 1.19 0.36 0 1.95 1.79 3.13 

Experimental E 0.930 0.32 0 1.81 1.61 2.70 


are not sufficient for the complete description of the dynamics of that nucleus. 
In principle one can apply further tests to the levels in question to try and 
decide between these two possibilities. We saw in Section IV.17, for instance, 
that the magnetic moment in a state |j”/) of m equivalent nucleons is given by 


J 
(iI (2, Bes) = 5 Ciel) (12.1) 


where ( j|7,|/) is the magnetic moment of a single particle in the j-level. Thus, 
if all the levels in question belong to the same configuration their magnetic 
moments should all lead to the same g-factor, where g7 = (j”J| 2fiz|j7J)/J. 
Other similar tests can be thought of, involving other moments, transition 
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FIG. 11.1b. Shows the observed levels in $4Cags and $3Cag3. These are again supposed to 
be ( f7;2)? and ( f7;2)? nuclei, respectively. V( J) is taken from 42Ca [V(2) = 1.524 MeV, 
V(4) = 2.750 MeV, V(6) = 3.19 MeV] leading to 42Ca, through (11.3), to E(3/2) = 1.32 MeV 
(experimental 0.59 MeV) and E(5/2) = 0.360 MeV (experimental 0.373 MeV). Equation 
11.3 describes rather well the connection between the spectra of *V and ®°Ti, and it does 
less well for the connection between 42Ca and 4°Ca. Data was taken from Lederer et al. 
(67). 


probabilities, or reaction cross sections. Today there is still no case where 
such complete data is available on all the levels of a given configuration. We 
shall therefore not go here into the detailed study of the interrelations of such 
possible tests. 

Another question may, however, be raised: suppose a group of levels that 
are assigned to a configuration j” do satisfy the linear relations implied by 
(11.2). Can we conclude then that these levels really represent the levels of 
the pure configuration j”? This is a rather important question, for if the answer 
will turn. out to be in the affirmative, then (11.2) will enable us to obtain the 
matrix elements (j2J2|v(12)|j2J2) of the nuclear interaction v(12) in nuclear 
matter, and to compare it then to matrix elements of the free two-nucleon 
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interaction. We shall then know to what extent v(12) is modified when nu- 
cleons 1 and 2 are immersed in the dense environment of other nucleons. 

Unfortunately the answer to our question turns out to be negative, and we 
shall now proceed to see why this is so. This analysis will give us also a deeper 
understanding of the complexities involved in the interpretation of a limited 
set of data of a multinucleon system. 

Suppose that an observed level of angular momentum J cannot be described 
as a level of the pure configuration j”, but should involve another configura- 
tion for its description. For simplicity we shall assume that the proper descrip- 
tion of the n-particle state |nJ) can be written in the form 


Ind) = iT) 4D alsa) — aa | KI (12.2) 


In other words we assume, for reasons to be explained later, that the correct 
description of the n-particle state |nJ) is obtained by adding to |j*J), with 
small amplitudes a,, a set of states in which two of the nucleons in the /-level 
actually move to another level j’. The energy shift of the level |7) is then given 
by 2nd order perturbation theory through 
7/2 [n—2 " mn 2 
E®(nJ) = (jod|Ev(ik)| rT) + LL GOP 9.3) 
a eC’) 

In (12.3) e( jj’) is the zeroth-order energy difference between the configuration 
j” and jr”. | 

Let us compute the n-dependence of the second term in (12.3 ) to see whether 
it is similar to that of the first term. The wave function |j”/) is antisymmetric 
in all n-particles; Zv(ik) is a symmetric operator; the product Zv(ik)|j”/) 
can therefore connect only with an antisymmetric wave function. We there- 
fore need not worry about the symmetry of the states | j’2/"-2aJ) as long as 
we are sure to include all states of this configuration and have them properly 
normalized; the matrix element in (12.3) will automatically pick only the 
antisymmetric part of |[j’2j"-’aJ). We shall therefore take for the states 
|j’2j"aJ ) the set of states defined by 


li’? Fix i”? (BIn-2)3 J) i < k) (12.4) 


In (12.4) the notation implies that the particles i and k are in the level /’ 
coupled to angular momentum J;, and the rest of the particles are in the /- 
level forming the state |j”-?@J,_2). The states (12.4) are not totally antisym- 
metric. The second term in (12.3) can then be written as 


112 sn—2 ale 2 
AE. (nd) = > Ree! el LA yin) | 
z e( jj’) 


1 aoe ; . : 
a ae Ds | CT ST rae i? (BIn—2)3 J| v (ik) | iJ) |? 
e(JJ') i<h,t<k! IVI n-2 (12.5 ) 
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In (12.5) if (ik) # (i’k’) then the corresponding term in the sum vanishes. 
This is easily seen if we notice that v(ik) can change the orbit of particles i 
and k only, and if they are not identical with i’ and k’, respectively, then the 
matrix element will vanish due to the orthogonality of the states 7 and /’. 
Since, in addition, 


| (i? Fix i? (BIn-2)3 J v Gk) |i") |? 
is the same for all pairs (ik), we obtain from (12.5 ) that: 


—~ 1 1 , , 
AB (nd) = 9 @ 92 DS jean 2@_ay|v (12) 179) 1 
2 ECM’) sispran'-2 (12.6) 


We now use the fractional coefficient expansion for |j”J), and obtain 


AE, (nJ) = n(v—1) 1 ? 
2 e(ji’) s 128! T 2-20 BI n- 9 
x | (i? Siz )j-? (B’In—2)J | v (12 | 7? U2) j7-? (BIn—2 J) |? (12.7) 


Since v(12) can only connect states of the same total angular momentum for 
particles 1 and 2 we obtain 


(7? Siz i"? (B’'In—2 J | ¥ (12) |? J2)ji*? (BIn—2 J) 
= (jJ2|v(12)|j2J2)8 JieJ2)5 (BB )8Un—n—2) (12.8) 


Using the definition of W(j7J; Jz) in (10.10) we obtain finally for the second- 
order correction 


| SUP U2)i"? CInr—2)3 J) |? 


| (7’J2|v(12)| je) |? 
E.(nJ) = SI ies case ee na 
pe P e( jj’) 


The first-order correction is given, as in (11.1) by 


AE\(nJ) = (jrd| Zv(ik)\j"J) 


W (jrJ: | mt) (12.9) 


(n — 1) 


[ (Pal y(2) Pe); Ja) (12.10) 
J2 


We define now the two-body matrix of an effective interaction v(12) by 


; 27, 12 )| j2J2)|? ? 
(ia |F(12) PK) = | cvetvcazy|ive) n eee eae 5(Ja, Js) 
(12.11) 


We notice that although the matrix elements of §(12 ) may look rather simple, 
9 (12) itself may be a very complicated, nonlocal interaction. However it is 
still a two-body interaction, and a scalar one because of the factor 6(J2, J.) 


CONFIGURATION MIXING IN MANY=PARTICLE SYSTEMS 345 


on the right-hand side of (2.11). In terms of the effective interaction 7(12) 
we can write the energy shifts E® (J), correct to second order in Zv(ik), as 


n(n — 1) 


E® (nJ) — E® (nJ') = —— 


> (Wid; Je) — WC jrs'Je)] 


xX (Pe) 0(12)| pe) (12.12) 


Comparison of (12.12) and (11.1) shows that the energies of the m-nucleon 
levels satisfy the same linear relations, whether we consider them to be the 
levels of the pure configuration j” as in (11.1), or improve the wave functions 
by the inclusion of the small corrections |j’2j"-’aJ) as in (12.2). The inter- 
pretation of the resulting two-body matrix elements will be different in the 
two cases: if the pure configuration condition applies we obtain from (11.1) 
the matrix elements ( j?J2.|v(12)|j*J2) of the actual interaction v(12). If, on 
the other hand, a configuration impurity is introduced, as in (12.2), the re- 
sulting two-body matrix element will include a correction to the actual inter- 
action as is evident from (12.11). 

In Chapter VII we shall show that this result, (12.12), holds true for an 
important class of corrections to the pure configuration j”7—the so-called 
ladder-diagram corrections. Our present calculation already suffices, however, 
to draw an important conclusion: if a set of levels in a nucleus is ascribed to 
a certain configuration j”, and if these levels do satisfy the relations implied 
by (11.1), then all we can conclude is the existence of an effective two-body 
interaction 7(12), with its matrix elements given by (12.12), which explains 
the data. The relation of this interaction to the actual two-body nuclear forces 
in the nucleus may be rather complex, as is seen from (12.11). 

When the description of a nuclear state requires the addition of small ampli- 
tudes of other configurations, like in (12.2), we usually talk of configuration 
mixing (as opposed to pure configurations ). What we have just shown is that 
some configuration mixing can be simulated, as far as the energies are concerned, 
by pure configurations applied to a renormalized, or effective, interaction 
9(12). Similar results can be shown to be valid for other nuclear properties. 
The apparent success of the shell model in interrelating various nuclear prop- 
erties such as energies, magnetic moments, and magnetic dipole transitions 
should therefore be understood against this background. It shows at the same 
time both the power and the limitations of using a definite model in our 
analysis of nuclear structure: the results implied by a given model can have a 
range of validity that is broader than that of the model itself. 

In view of the results obtained thus far it is evident that nuclei for which 
the shell model can be successfully applied can provide us, at most, with matrix 
elements of an effective two-body interaction. In order to be able to interpret 
these matrix elements in terms of some physical properties of the two-body 
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interaction we need to understand better the connection between such matrix 
elements and the range and exchange character of v(12). This is beyond the 
scope of our discussion and some remarks on this question are given in the 
appendix to this chapter. We shall devote the rest of this chapter to a very 
commonly used special case of the shell model, that derived from the harmonic 
oscillator potential. 


13. NUCLEAR CONFIGURATIONS IN HARMONIC-OSCILLATOR 
POTENTIALS 


The evaluation of matrix elements of the type 


E(g/J) = (iJ v2) |) (13.1) 
leads to complex expressions because v(12) and the two-particle wave func- 
tion | jj’) have different natural coordinates: the interaction v(12 ) is naturally 
expressed in terms of the relative coordinate |r; — re|; while the wave func- 
tion | jj’), which describes two particles moving independently in a spherical 
wave, is naturally expressed in terms of the coordinates r, and re. The multipole 
expansion described in Section IV.20 can be conceived as a way of breaking 
up the |r: — r2| dependence of v(12) into a separate r,; and r. dependence, to 
match that of the wave function |jj’J) and even this can generally be done 
only with respect to the angular dependence 2; and Q2. Once this is achieved 
the integrations proceed relatively simply. 

Another conceivable approach to the evaluation of E(jj’J) would be to 
write the wave function |jj’J) in terms of the relative coordinate r = rm — rz 
and the center-of-mass coordinate R = (1/2)(m + re). Since v(12) does not 
depend on R, the center-of-mass integration in (13.1) could then be carried 
out explicitly, and we shall be left only with the integration over the relative 
coordinate r. Knowing some of the properties of v(12) we may be able to 
approximate such integrals rather well. 

The general wave function of two particles in a central field does not, gen- 
erally, separate into a product of functions of the relative coordinate of the 
two particles and their center-of-mass coordinate. There is, however, one 
notable exception: that of particles moving in a harmonic-oscillator potential 
(see Section IV.3 ). Since this single-particle potential is used in many nuclear 
calculations, (it is the only potential that allows a clear separation of the center- 
of-mass motion of the whole nucleus), we shall devote this section to its study. 

The potential energy of two particles of the same mass M moving in a 
harmonic oscillator potential can be written as 


1 1/M 1 
5 Mo (r? + 1?) = (5) wr? + 5 (2M )w?R? (13.2) 
where 


r=%-fe and R = 4(m + ro) (13.3) 


NUCLEAR CONFIGURATIONS 347 


The kinetic energy 7; + T.2 of the two particles is also separable into relative 
and center-of-mass kinetic energies, with the masses (M/2) and 2M, respec- 
tively. It follows that an eigenstate of 


Ay 


he 1 
IM (Vi? a V2") te 5 Mot on re ) 

he vez _y ‘+3 (3) sai (2M) 2 R2 (13.4) 
2(M/2) °" ' 202M)" * 2\2)* 2 . 


can be written either as a product y (rr )we(re) or as a product W,(R )do(r ). 
Furthermore, since the eigenvalues of H, are degenerate, we can always expand 


Wir Ye(r2) = pz inh (Rox (Fr) (13.5) 


where V;(R)dz(r) and y(n W2(re) belong to the same eigenvalue E, [Talmi 
(52) ]. 

The shell-model wave functions, ignoring spin for the moment, are certain 
linear combinations of products of the type ¥(r )We(r2), which also have a 
definite total orbital angular momentum LM. We shall denote them by 


¥i2(MlNele, LM ) (13.6) 


and notice that they are constructed from a state in which one of the particles 
has n, radial nodes and orbital angular momentum /j,, while the other has nz. 
radial nodes and angular momentum /:. Yi2 may be either symmetric or anti- 
symmetric in | and 2. The state (13.6) is an eigenstate of H, that belongs to 
the eigenvalue 


E, = Qm +h — 1/2)ho + (Qn. + bp — 1/2 Yio (13.7) 


Using the expression of H, in terms of R and r we can construct wave func- 
tions Wy am,(R) and ¢nim(r) that have the indicated numbers of nodes N and 
n, respectively, and correspond to the indicated angular momenta of the 
center of mass (AM, ) and the relative coordinate (/m). The energies associ- 
ated with them are (2N + A — 1/2)hwand (2n + 1 — 1/2)hw, respectively. 
Note that (AM, ) is the orbital angular momentum of the center of mass of 
the two particles in their motion in the central potential. 

By using proper Clebsch—Gordan coefficients we can now construct from 
Ynvam,(R) and drim(F) wave functions of well-defined angular momentum. 
It now follows from (13.5) that we can always find proper coefficients such 
that 
Vie(MlinaelLM) = >, anim” (ImAM|LM )dnim(t)¥wam,(R) (13.8) 

NAnl,mMa, 
Furthermore, since the right-hand side of (13.8) should contain only wave 
functions that correspond to the same energy as that of ye, the summation 
in (13.8) is limited to values of N, A, n, and / that satisfy 


2N+t+ A+ 2n+/7 = 2n, +4 + 2m. + Io (13.9) 
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In addition the values of A, /, and L must also satisfy the vector-addition 
inequalities 
JJ-—-A|l <L<lI+a lh-h| <L<h+h (13.10) 


We can now use (13.8) in order to evaluate the matrix element (13.1), or 
better still the matrix element in the /-scheme alone: 


E(hhL) = (hloLM | v({r1 = re| )|ALLM ) 


It follows then from (13.8), noting that v(|r: — re| ) does not depend on R, 
or the direction of r, that 


E(LLL) = » asia | |Rni(r)|2v(r) dr (13.11) 


niINA 


Here R,,(r) is the normalized radial part of @nim(r) 


Gnim(t) = = Rai(r)Yim(8, ) (13.12) 


The a-coefficients in (13.8) are independent of v(7) and of w. The summa- 
tion over N and A can therefore be carried out independent of the interaction 
v(r). We define therefore new universal coefficients b,,” (for convenience we 
do not indicate their dependence on m/n2 and |, ) 


bait = D> lanani?” |? (13.13) 


NA 


and rewrite (13.11) in the form: 


E(4lL) = > baat | |Rys(r)|*¥(r) a (13.14) 


This expression can be further simplified if we notice that [see Morse and 
Feshbach (53), p. 1662; deShalit and Talmi, (63), p. 238] the square of the 
radial wave function |R,.(r)|? in a harmonic oscillator potential can be 
written as 


|Rui(r)|? = Peentiy (2yr*) exp (—2yr*) (13.15) 
where P,, (x) is a polynomial of degree m in x and 


Mw 
2 *M 


Y (13.16) 


We see from (13.15) that |R,.(7)|?- exp (2yr?) is a polynomial of degree 
(Qn + 1 — 1) in x = 2yr*. In particular | Ri, (r)|? exp (2yr?) is a polynomial 
of degree /’ + 1 in x = 2yr?. We can express then | R,:(r)|? exp (2yr?) as a 
linear combination of the more restricted set of functions | Riz (r)|2exp (2yr*). 
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It follows, therefore, that we can find coefficients C,,‘"”, independent of @ 
and v(r), such that 


Ra)? = > CH | Rw (r)|? (13.17) 


0< l/< 1+2n—2 
We therefore define new universal coefficients, constructed out of b,;” and 
Cy; 
ak = Do bey Cy (13.18) 
nit 


In terms of a;/ we can write (13.14) in the form 
E(ALL) = >) ath, (13.19) 
l 


where the Talmi integrals I; are defined by 


Qn yit3/2214+2 © 
eer, r?'+2 exp (—2yr* )v(r) ar 
(13.20) 


The Talmi integral J; [see deShalit and Talmi (63), loc. cit. ] is therefore an 
average value of the interaction v(r) taken for two particles in a state of rela- 
tive angular momentum / with respect to each other. In other words it is the 
average of the interaction in a relative /-state, weighted with harmonic-oscilla- 
tor radial wave functions. 

We thus see that when U(i) is the harmonic oscillator potential, the energies 
of the configuration (4/,) can be expressed in terms of some simple integrals 
over the interaction v(r). 

The coefficients a;“ have been calculated once and for all [Brody and 
Moshinsky (60)], so that now it is a simple matter to write down explicitly 
expressions for (13.19). For instance the configuration (1sld) can have two 
states with L = 2—the symmetric (‘D) and the antisymmetric (@D). Their 
energies in terms of the Talmi-integrals turn out to be 


t= | Rul) ar = 


I 
ECD) = 5 Uo + 4b) 
for (1s, 1d) 
E@GD) =f 
The configuration (2s, 1d) has five Talmi integrals contributing to the 
energies of its levels 
l 
ECD) = RB [15J, — 2h + 70%, — 987; + 63/, ] 
for (2s, 1d) 
] 
E@D) = 3 (71, — 6f + 713] 
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The configuration (lp)? takes on the following form: 


ECS) = > (h +h) - 5h 
E(@P)=h-"— for (Ip 
ECD) = 5 (+b) 


We see from (13.20) that if v(v) has a very long range and is constant within 
this range, J; is approximately equal to that constant for all /’s. Such an inter- 
action, which is effectively a constant, should give rise to no splittings among 
the different levels. Indeed, we find in all the above examples that setting 
I, =~ constant leads always to a degeneracy of all the levels of the same con- 
figuration. Note that it can be shown in general that Zja;" = 1. 

For very short ranges, J, is the dominating integral and we can often neglect 
the Talmi integrals J; with / > 0. In the limit of a 6-interaction 


1 
vr) = 75 8) 
for which we have exactly 
(6) = 0 for 10. (13.21) 


The representation (13.14) for the energies of the configuration /;/, is thus 
particularly convenient for short range interactions. 

The method described above for the evaluation of matrix elements using 
harmonic oscillator wave functions can be easily generalized to off-diagonal 
elements as well. It can also be applied to jj-coupling and to interactions 
v(12) that depend on the spins as well, provided both particles move in 
zeroth order, in the same harmonic oscillator potential. For computational 
purposes the method has proved to be very convenient to use, especially since 
tables of the coefficients a%ji™"" in (13.11) have become available [see 
Brody and Moshinsky (60) ]. 

We have described a method for the evaluation of two-particle matrix 
elements of the interaction v(12). If the exact form of v(12) and the single- 
particle wave functions are known one can use any method for the evaluation 
of the matrix elements—either a straightforward integration or one of the 
methods described above. But, if on the other hand, we have only partial 
information concerning either v(12) or the single-particle wave functions, 
then the method of the multipole expansion, or that using the harmonics 
oscillator wave functions, may provide a very convenient scheme for carrying 
out some specific approximations. In the next section we shall see an example 
of how it works in detail. 
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14. THE EXCITED STATES OF THE a-PARTICLE—A DETAILED 
EXAMPLE 


The a-particle is, in many respects, the simplest complex nucleus. It has 
enough particles in it to exhibit structure and, at the same time, their small 
number permits the use of some interesting approximations as we shall pres- 
ently see. 

Experimentally it is known that the a-particle has no bound state except 
the ground state. A number of resonances have been observed in *He, and 
the existence of others has been inferred indirectly from resonances in 4H and 
41.1. Neglecting Coulomb forces, which are rather unimportant in these nuclei, 
all three mass-4 nuclei should show similar structure in parts of their spectra 
(see Figs. 14.1a and 14.15). The observed widths of the resonances in *He 
with respect to various particle emissions are a few MeV. The corresponding 
excited states ‘of ‘He have therefore a lifetime of about 2 x 10-?? sec. The po- 
tential energy of a nucleon in *He is about —40 MeV; its binding energy is 
about —7 MeV. Hence the average velocity of a nucleon in ‘He is about 
(1/4)c, where c is the velocity of light. During the lifetime of the excited 
states of ‘He a nucleon traverses, therefore, a distance of some 15 fermi, 
which is 4 or 5 times the nuclear diameter of *He. The nucleons are therefore 
somewhat “‘trapped’”’ in *He even in these very short-lived states. We can try 
then to approximate the energies of these unbound levels by treating them as 
if they were bound states. The calculation of corrections to this zero width 
approximation will be discussed in Vol. II. 

In calculating excitation energies in light nuclei special care has to be given 
to center-of-mass motion. Its omission can lead to sizeable errors in the calcu- 
lated spectrum. If H = 27; + (1/2)2Dy,; is the Hamiltonian describing the 
free a-particle, we shall now treat it directly by transforming, as in Eq. IV.2.7, 
to the modified Hamiltonian 


l Dr; \? 
A’ = H+ = AMo?* | — : 
is (=) (14.1) 


In H’ the a-particle’s center of mass, R = 2r;/A, is bound by a harmonic 
force to the point R = O. This does not affect the intrinsic structure of the a, 
but, of course, makes all its states bound (via the binding of the center of 
mass ). The eigenvalues E’ of H’ consist, therefore, of intrinsic excitation 
energies E; to which are added all possible excitations of the center of mass in 
the harmonic potential by which it is bound. Thus E’ will have the general 
structure 


Ei, = Ei: + (n + 3/2 )how (14.2) 


We are obviously interested only in E;, and we shall see below how to dis- 
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tinguish between a real intrinsic excitation and a center-of-mass excitation 
that may lead to the same energy. 
Using the transformation, Eq. IV.2.6, H’ can be written in the form 


; l l e Mo 
H' = >) |T. + = Mer? | + => | vj) — — wi - 4; (14.3) 
: 2 ) are 2A 
An exact diagonalization of H’ would have led to the spectrum (14.2). This 
cannot be carried out, however, because of the complexity of v(ij) and we 
have to use some approximation to obtain the eigenvalues of H’. In the spirit 
of the shell model we then assume that if w is chosen properly (see Section 


IV.2) we can take 


l 
H=> (7. + 5 Metr) (14.4) 
as the zeroth-order shell-model Hamiltonian, and treat | 
l 1 Mo? 
ee / ee ae ote ee — ie he ; ws ' 2 
5o YG = 5 Ea ne HP | (14.5) 


as a perturbation. We notice that H) is the Hamiltonian for independent 
particles moving in a central field, and vw’ (ij) remains a two-body interaction 
even after the correction imposed on it by the binding of the center of mass 
of the nucleus. 

Starting from this approximation we expect the lowest four-particle state 
to be that in which all four particles are in the lowest level of the harmonic 
single-particle potential (1/2 )M.?r?. Thus the ground state of *He is (1s)*. 
Since an s-level can accommodate at most two neutrons and two protons, we 
conclude immediately that this state must have J = 0. Furthermore the state 
must have S = O as well, since to accommodate two protons in an s-level 
their spins must be in an antisymmetric state with S, = 0; the same holds 
true for the pair of neutrons and hence S = S, + S, = 0. Finally, the isotopic 
spin T of this state must also vanish. Indeed, had it been T = 1 or T = 2 we 
could have had states with the same spin and space dependence but with, say, 
M, = |. These would correspond to states of three protons and one neutron, 
all four in the 1s-level. But we know from the Pauli principle that at most two 
protons can be accommodated in an s-level; hence the conclusion: 


The ground state of *He is (1s) withJ = 0,S =0,andT=0 (14.6) 
The energy of this ground state of ‘He, treating v’ (ij) as a perturbation, is 


Exp = 4- (5 te) + ((s)\¥ = 0T = 0| © v@| Us) = 0T = 0) 
: i<j (14.7) 
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where the first term comes from A and represents the energy of four particles 
in the lowest 1s-state of the harmonic-oscillator potential. 

It follows from (14.2) that the intrinsic energy of the lowest state of ‘He is 
given by 


Ey = 3. (Fe) + (is) = 0T = 0| © v@)|(s)v = OF = 0) 
i<j (14.8) 


If we now look for excited states of the Hamiltonian A’, we should expect 
two types of excitations: an intrinsic excitation and a center-of-mass excita- 
tion. According to (14.2) we should find the lowest center-of-mass excited 
state at an energy 


; 5 
Eo aor Eo +- 5 hw a Tho 


+ ((Is)\J =0T=0| >> V(ij)|Uds)V =OT=0) = Eg + hw (14.9) 
i<j 

Let us see what should be the quantum numbers of this state. Since it repre- 
sents a center-of-mass motion of *He whose intrinsic structure is that of the 
ground state (14.6), the state at Ej, should have the same values for S and T 
as the ground state of *He. Center-of-mass motion cannot affect the spin or 
isospin dependence of the nuclear wave function. Furthermore, we know that 
the first excited state in a harmonic-oscillator potential is a p-state, and is 
thus associated with a negative parity and the addition of one unit of angular 
momentum. Since the ground state of *He has J = 0+ we conclude that 


the first center-of-mass excited state of *He at an 
energy Eo, has S = 0, T = 0, andJ = 1- (14.10) 


The result (14.10) makes it possible for us to separate center-of-mass excita- 
tion from intrinsic excitation, as we shall now see. The lowest excited con- 
figuration of Hy is the one in which one particle is lifted from the 1s level 
into the next level—the lp—at an energy hw higher. Thus we expect the lowest 
excited states to belong to the configuration (1s)*lp. Let us see what are the 
allowed quantum numbers of the various levels in this configuration: 

The (1s) configuration must have even parity and L = I; = 0; further- 
more we can convince ourselves easily that it must have S = 1/2 and T = 1/2. 
The nucleon in the p-level-has, of course, ] = 1-, S = 1/2, and T = 1/2. We 


Problem. Prove that the allowed states of (1s)? are 22S, where the notation 
stands for ?5+!27+17,, How would you further characterize the nuclei >He and 
3H, whose ground states both belong to the configuration (1s )?? 
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therefore conclude that the states of the configuration (1s)%1p must all have 
orbital angular momentum and parity L = 1-, and the spins and isospins 
associated with them could be S = 0 and S = 1, and T = O and T = 1. We 
thus expect to find the following eight levels comprising the excited configura- 
tion (1s)*lp: 


tp... 13P,, ot Pa: cae a 31P,, 33Py, 33P,, 33P, (14.11) 


where the notation stands for 25+1!7+12,, and P stands for L = 1 [}8P, is 
pronounced singlet-triplet-P-one, meaning the state that is singlet in spin 
(S = 0), triplet in isospin (T = 1), has orbital angular momentum 1A(P), 
and total angular momentum 1f]. In 25+! 27410, we must always satisfy, of 
course, |L — S| <J<L4++S. Hence if 2S + 1 = 1, it follows that J = L. 

The eight levels (14.11) of the configuration (1s)°lp lie at a zeroth-order 
excitation energy of liw above the ground state of *He. Also the first center-of- 
mass excited state, (14.9), lies at that energy. Since the eight levels (14.11) 
cover all the excited states of (14.4) at this excitation, we conclude that one 
of the levels in (14.11), or one linear combination of them, corresponds to a 
center-of-mass excitation. From (14.10) we know that the latter has S = 0, 
T = 0, and J = 1-: There 1s only one such level among the levels in (14.11); 
the level !1P,. All other center-of-mass excitations lie at an energy of 2hw or 
higher above the ground state of *He. We conclude therefore that all the re- 
maining seven levels in (14.11) correspond to intrinsic excitations of *He. If 
v’ (ij) can really be treated as a perturbation we expect therefore to find seven 
negative parity excited levels at an excitation energy of about lhw in ‘*He. 
They should have the following quantum numbers: 


Levels with T = 0: L=O-,J = 1. and J =.2- 
Levels with T = 1: J=0,J=1-,J = 1-,andJ = 2- (14.12) 


We notice that among the levels with 7 = 1 there are two levels with J = 1-. 
In LS-coupling they are the levels '8P,; and *3P,; of (14.11). In other coupling 
schemes they could be any two independent linear combinations of these 
levels. 

The levels with T = 0 must have Mr = 0 and could therefore show up only 
in ‘He (Z = N). The levels with T = 1 can have Mr = —1, 0, or +1. They 
should show up, therefore, in *H, *He, and *Li (see Section 1.6). In *H and 
‘Li they are the lowest group of levels, since the configuration (1s)* has 
T = 0 and therefore does not show up in either *H (Mr = —1) or (Mr = 
+1). The known energy levels of *Li, *He, and *H are shown in Fig. 14.1 
together with the spins and isospins assigned to them. We see that *Li 
with M; = +1 does have exactly four negative parity states at an average 
excitation energy of —25 MeV above the ground state of *He, with total 
angular momenta as indicated in (14.12) for T = 1. Only two states have 
thus far been reported in *H(My = —1) and their energies agree well with 
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FIG. 14.1. (a) The energy levels in mass-4 nuclei [taken from deShalit and Walecka 


(66)]. 


those of the corresponding levels in ‘Li. In *He seven negative parity excited 
levels have been reported (Fig. 14.1b) [Werntz and Meyerhof (68)]. Four 
of them have T = 1, and agree well with the corresponding levels in both +H 
and ‘Li. Of the others, the one with J = 2-, lies substantially lower than the 
J = 2- level in either *H or *Li. This is not surprising since it has T = 0 
whereas the *H and *Li levels have T = 1. The other two negative parity states 
also have T = 0. 

Before we proceed to study the detailed structure of the spectrum of the 
negative parity states in the mass-4 nuclei, let us see whether their excitation 
energy is reasonable. In zeroth-order the excitation energy of the configura- 
tion (1s)*lp is lw. The value of w, as we have stated before, should be chosen 
so as to make the zeroth-order wave function approximate the real wave 
function as well as we can. As was argued before (see Eq. [V.2.11) this can 
be achieved if the zeroth-order wave function reproduces the observed radius 
of the nucleus in question. The charge radius of *He was measured by electron 
scattering, and it was found that a harmonic oscillator potential that leads 
to this radius for the (1s)* configuration must have fw = 21.8 MeV [B. 
Goulard, C. Goulard, and H. Primakoff (64)]. Thus the negative parity 
states in the mass-4 nuclei do appear at an average energy that is consistent 
with the size of *He and with our interpretation that these states belong to the 
configuration (1s )*lp. 

A slightly lower value for fw, 18 MeV, [Carlson and Talmi (54)] is obtained 
from the study of Coulomb energies. This can be easily understood if we 
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FIG. 14.1. Cont. (6) The more detailed information available on ‘He is reproduced 
from Werntz and Meyerhof (68).” 


notice that Coulomb energies have an important contribution coming from 
the tail of the wave functions (because of the long range of the Coulomb 
interaction ). A harmonic oscillator potential cuts off the tails too drastically; 
to obtain the observed Coulomb energy we should therefore use a wave func- 
tion of somewhat larger dimensions, that is, one which corresponds to a lower 
value of w. For our purposes the part of the wave function inside the nucleus 
plays the dominant role, so that it seems more appropriate to use the value of 
hw = 21.8 MeV as determined from electron scattering. This also agrees with 
the single-particle splitting between the observed lp and Is levels of 22.6 
MeV as determined from the masses of ‘He, *He, and *He [deShalit and 
Walecka (66) ]. 

Next, we shall evaluate the splittings among the seven levels of the configura- 
tion (ls)®lp. To this end we have to diagonalize the matrix 


((sipystt2r+iL, J Dd) v/(ik)| (stp) 28/+127"1L’, J) (14.13) 


t<k 
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We already know that all levels of (1s)?lp have the same value for the total 
orbital angular momentum L = 1. We can also assume that T is a good 
quantum number, since nuclear interactions commute with T and the Coulomb 
interaction is rather unimportant for these nuclei. The matrix (14.13 ) is there- 
fore reduced to several smaller matrices, along the diagonal, most of them 
consisting actually of just one row and column. The only exception is for 
T = 1 J = 1 where the matrix is 2x2 as shown in (14.14) 


( | y’ | 38P, ) (33P, | y’ | 13P, i 


(18P, | y’ | 33P; ) (18P, | v’| 13P, ) 


(14.14) 


To evaluate the matrix elements (14.14) we notice that they contain a con- 
tribution from the interaction of the three 1ls-nucleons among themselves, 
and a contribution from the interaction of the p-nucleon with each one of the 
1s nucleons. The interactions within the (1s)? configuration do not contribute 
to the splittings within the (1s)*lp configuration. For the evaluation of the 
interaction of the 1p nucleon with the three 1s nucleons, we use fractional 
parentage coefficients to write 


\(ls)JT) = >> UT {| (ss'T’ (1s)JT)| (is 'T’(s WT) (14.15) 


JIT 


where J’ and T’ can range over the values (J’T’) = (0,1) or (W’, T’) = (1, 0), 
these being the only allowed antisymmetric states of the configuration (1s). 
As in (10.9) we can now reduce the interaction of the lp-nucleon with the 
three 1s nucleons to a sum over interactions of the lp nucleon with just a 
single 1s-nucleon. In other words we can find coefficients B derived from the 
fractional parentage coefficients in (14.15), by means of which a matrix 
element of (14.13) can be written as follows: 


((s 3p PS+12T+I1P, | » v' (i, k)| (s 3p) 2S/+12T+1P. J) = €-8(S, S’) 


a<k 


+ DL BSisPira. ( (sp) 2524128241, Jo| v’(12)| (sp) 252/+1.272+1P, Jy ) 


SoS2' Ted 2 


(14.16) 


We shall not go here into the derivation of the detailed relation between the 
B-coefficients in (14.16) and the coefficients of fractional parentage (14.15). 
It is important to notice that the numerical values of the B’s are independent 
of the interaction v’(12) or of the central potential U(i). They are entirely 
determined by the fact that we are dealing with the configuration (1s)*1p. 

The first term in. (14.16), «-6(S, S’), represents the interaction among the 
three s-nucleons and is thus independent of T or J. It does not contribute to 
the splittings between the various levels of sp. 

Evaluating the coefficients B, it is possible to express energy differences in 
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(s 3p) in terms of two-body interactions [see deShalit and Walecka (66) ]. 
As an example we give below such relations: . 


EJ = 0-,T =0)= 


| 


VC'P,) + V C'P, ) + : V (Po) 


l 
— —= (Pp, 1]v'(12)| 8, 1 


EV=0,T=1) = 5 VC'Po) + VRRP) + . VPP) VEPs) 


1 
es> {ee J 18 / 33 
V3 (MP, 1] v'(12)| *P, 1) 
EV = 2-,T = 0) = = V(P,) + ; V (3 'P1) + ; V(2'Ps) + ; V (3P2) 
este es fA / 31 
+ 575 (Ps U1 y"12)/ MPs 1) 
EJ =2-,T=1)=5V(C'P2) + ; VPP) + ‘ VOT) ; V(*°P2) 
i 
13 / 33 
+ 5573 (MP, 1¥"(12)] 8P, 1) (14.17) 


Here we used the notation 


EV, T) = ((s*p)27+1P, J| >) v'(ik)| (s 8p) 827+ 1P, J) 


t<k 
and 
V(STP7) = ((1slp) 28+127+1p, J |v’ (ik )| (1s Ip) 2S+127+1p, J) 


We notice several rather trivial properties of the relations (14.17 ). 

If the two-body interaction v’(12) is independent of isospin, that is, if 
V(?-S+1.1P,;) = V(?S+1,3P,), then it also follows, as can be expected, that the 
energies of the four-particle configuration are independent of T: EV, T = 0) = 
EV, T = 1). 

If we have a two-body interaction v(12), which is spin-independent (but 
may be isospin dependent ), it then follows that EV = 0-,T) = EV = 2-,T). 
This result can also be easily understood. If v’(12) is spin independent then 
there is no splitting between the various levels of the two-particle configuration. 
The two-particle configuration acts therefore, as if there were no interaction 
between the nucleons. It follows that the same holds true for the splittings in 
the four-particle configuration. 

The fact that experimentally the levels of the configuration (1s)'lp are 
split, again points at the spin dependence of v’(12) [and therefore also of 
v(12), see (14.5) ]. Furthermore the fact that the J = 27 level lies lower for 


EXCITED STATES OF THE o-PARTICLE 359 


T = 0 than it does for T = 1 is a direct indication of the T7-dependence of 
v’(12) [and therefore again of v(12)]. 

We noticed above that a spin-independent part of v’(12) cannot give 
rise to a splitting between the levels of (1s)*Ip. v’ (12) differs from the 
real nucleon-nucleon interaction »(12) by a spin-independent term 
—(1/2)-(Mw?/2A)(r; — £2)? [see (14.5)]. It follows that since we are interested 
in the splittings within the configuration (1s) *l1p we can use the real nuclear 
interaction v(12) in (14.17), rather than the modified interaction v’ (12) that 
reflected the binding of the center of mass of ‘He. Formally, the calculation 
will then look like a straightforward shell-model calculation with harmonic 
oscillator wave functions using the full nuclear interaction v(12). Our deriva- 
tion, however, shows that this is correct just for the splittings within this 
particular configuration, and not for the absolute position of these levels. 

The matrix elements of the two-particle configuration lslp required for 
(14.13) can be evaluated using the Talmi integrals, which were introduced in 
the previous section. From (13.9) we conclude immediately that in our case 
only two Talmi integrals show up: J) and 4, corresponding to averages over 
v’(12) taken in relative s and relative p-states, respectively. Furthermore, as 
mentioned above, for the purpose of evaluating the energy splittings in (1s) °*Ip 
we can employ the nuclear interaction v(12 ) instead of v’(12). From nucleon- 
nucleon scattering data we know that there is very little interaction in a rela- 
tive p-state between two nucleons. Thus only Jo will be significantly different 
from zero. The whole evaluation of the structure of the configuration (1s) *lp 
therefore boils down to the evaluation of one Talmi integral—/J,—of the 
nuclear interaction v(12). 

In an actual calculation [deShalit and Walecka (66)] v(12) was taken to 
be a Serber force whose parameters were made to fit the low energy nucleon-— 
nucleon scattering data (up to —90 MeV) [Hulthen and Sugawara (57), 
pp. 52, 62]: 


— . = 61°3d = 
ViN@ | 466 2 Oe Cs a 
4 wal 4 Ls 
1+ P, 
x = MeV (14.18) 


where uw, = 0.855fm—'!, uw; = 0.726fm—', and P, is the space exchange operator 
(see Appendix B, p. 372). 

The effect of tensor forces can be evaluated as well. For a Serber force, 
however, we are left, in our case, with an interaction only in the relative s- 
state. In this case no effects of the tensor forces can be felt since a second rank 
tensor vanishes when averaged in an s-state. We therefore expect the contribu- 
tion of tensor forces to be at any rate small, and in the present calculation it 
has been neglected. The effect of mutual spin-orbit interaction was simulated 
by artificially splitting the p3/. and the pi. single particle levels by 3.2 MeV 
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as derived from the data on ‘He The various levels then come out and their 
energies are indicated in Fig. 14.2 (the number in parenthesis are the experi- 
mental values when available ). The energy of the lowest level J = 2- T = 0) 
was normalized to fit with the experimental data. 

The fit between theory and experiment, at least for the known levels, is 
seen to be remarkably good. [An even better fit was obtained by Barrett (67) 
using more realistic interactions. See Fig. 14.3.] This seems to support our 
basic approximation—the shell-model approach—and also the feeling that 
the observed nucleon-nucleon force is adequate to describe the structure of the 
a-particle as well. It should be emphasized that the splittings in the (1s) *Ip 
configuration are sensitive only to the spin- and isospin-dependent parts of 
v(12), so that they respond to a “‘weighting”’ of the nuclear interaction that is 
different from that of the free nucleon-nucleon scattering. It is in this way 
that spectra in complex nuclei can test different parts of the nuclear interaction 
with different sensitivities. 

We have described the analysis of the spectrum *He at some length since 
it shows many of the features that one encounters in actual calculations of 
nuclear spectra. In spectra of more complex nuclei one encounters in general 
a substantially more complicated situation. Still, with careful handling of 
selected nuclei and levels it is possible to probe deeper and deeper into the 
details of nuclear interaction inside nuclei. 
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FIG. 14.2. Calculated levels for ‘He using the Serber force taken from deShalit and 
Walecka (66). 
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FIG. 14.3. The levels calculated for He by Barrett (67) with various more realistic forces 
labeled 72, T1, H, and BGT. Note in particular the big difference in the 7 = 0 states be- 
tween this calculation and the one using Serber force only (S — W). The recent experi- 
mental evidence on the T = 0 levels in ‘He (Fig. 14.1b) (also Meyerhof and Tombrello 


(68)] shows how such data can distinguish between the realistic forces and the simplified 
Serber force. 
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15. SUMMARY 


We have seen in this chapter how the basic assumptions of the shell model 
enable us to draw rather far-reaching conclusions on the relations among 
various measured properties of nuclei. Two fundamental assumptions went 
into the derivation of most of our results. The assumed spherical symmetry of 
the average potential in which the nucleons move enabled us to assign definite 
orbits to the nucleons and thereby fix uniquely the dependence of the nuclear 
wave function on the angular and spin variables. The assumption of the zeroth- 
order independent motion of the particles then led to the possibility of inter- 
relating the first-order effects of the residual interaction on the various levels 
of any given configuration, without a detailed knowledge of this interaction 
itself. 

The analysis of nuclear spectra within the framework of the shell model, 
using equations like (11.2), is feasible only for relatively few nuclei: those 
which are fairly close to magic numbers. Several factors contribute to the 
complexity of the situation as we try to use the shell model for nuclei further 
removed from closed shells. First, there is a simple computational complexity: 
as we get further away from closed shells, more levels generally become avail- 
able for the valence nucleons, so that instead of considering a pure configura- 
tion j” we may have to spread the n valence particles over two or more levels 
jj’, etc. For nuclei immediately beyond '%O, for instance, both the 1d5/2 and 
the 25,/2 levels are available. If we consider now '°O, with three nucleons out- 
side the core of !*O, and if we assume, in line with the shell model, that all 
three neutrons occupy the ds/2 level, then there is just one level with J = 5/2: 
that given by (ds/2)? J = 5/2. If, however, we take into account the proximity 
of the lds/2 and 25,/2 levels and allow the three neutrons to occupy either the 
Ids5)2 or the 251/2 levels, we can construct three different states with J = 5/2: 


(dsj2)i=s/25 (ds/2 St/2)s—5/2 = and [ (5/2 )rem2 81/2 lv=5/2 


Thus, if the lds. and 25,2 levels are close enough compared to the interaction 
matrix elements between them, then the evaluation of the energy of the lowest 
J = 5/2 state involves the diagonalization of a 3x3 matrix, rather than the 
computation of one diagonal matrix element as in the case of a pure dj). 
configuration. 

In heavier nuclei the number of levels available between closed shells can 
be rather large. We are then very often confronted with a situation in which 
several close-lying levels are available for the valence nucleons. This is espe- 
cially true when we consider nuclei sufficiently removed from closed shells 
like %8Y biog or S8Hfo,. In such nuclei one often finds that a level with a given 
value of J™ can be formed in a dozen different ways involving close-lying 
states. The calculation of the energies of such levels therefore requires the 
diagonalization of matrices of order nxn where n may be as large as 30 or more. 
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The meaning of the shell model as an approximate theory then gradually dis- 
appears. It is indeed obvious that, by the time we diagonalize large enough 
matrices, any single-particle potential that generates a complete set of ortho- 
normal A-particle wave functions will be equally good. The whole point of a 
shell model is the attempt to select a particular single-particle potential with 
whose wave functions most of the off-diagonal elements of the residual inter- 
action become small enough, so that the diagonalization problem reduces to a 
trivial, or at least manageable, one. To be consistent with its role a shell model 
should therefore lead to well-separated zeroth-order configurations, and can- 
not be conveniently used when it fails to do so. 

Second, the diagonalization of large matrices is not only a complex nu- 
merical work that obscures the connection between the input and the output, 
but also makes it increasingly difficult to compare different nuclei without 
employing a definite residual interaction. Relations like (11.2) are easily ob- 
tained only for pure configurations, and they can be generalized also to slightly 
more complex situations involving two competing configurations. If we know 
the residual interaction in sufficient detail, then nothing is lost if relations like 
(11.2) cannot be conveniently used. But if our main aim is to test how far the 
nucleon-nucleon interaction is modified in nuclei, if we want to know whether 
it is still a two-body force, whether it 1s spin-dependent, attractive or repulsive 
for T = O, etc.—then relations like (11.2) become essential. For then we 
want to derive empirical matrix elements of the residual interaction from the 
experimental data, rather than derive a theoretical spectrum from an empirical 
interaction. 

It is obvious from the foregoing that the shell model has a limited range of 
useful applicability, covering nuclei in the vicinity of closed shells only. Among 
the light nuclei the magic numbers are very close to each other so that the shell 
model can actually be applied to most nuclei up to 38Cag9. In many cases pure 
configurations can be safely assumed, while in others, configurations involving 
two levels have to be invoked. For nuclei with Z and N between 20 and 28 
we are dealing with a complete shell that involves just one level—1f7/2. It is 
often called the f7/2-shell, and corresponding nuclei have been intensively 
analyzed in terms of the shell model. Then again in the region of Sr, Y, and 
Zr, with proton numbers 38, 39, and 40, all levels up to the 2p,;2 and 1g9/2 
are filled; the fact that these two levels have different parities, and that one 
of them can accommodate only two nucleons makes shell-model analysis very 
appropriate. It is a fortunate coincidence that for these nuclei the stable 
isotopes have N ~ 50—another magic number; the shell-model analysis is 
then simplified even further. 

Another region in the periodic table in which proton and neutron closed 
shells coincide is found around *83Pbi.5. ?°°Pb itself is a double magic 
nucleus. Shell-model analysis can therefore be carried out for nuclei in this 
region of the periodic table, and many of them have actually been studied. 
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The most important conclusion to be drawn from the analysis of those cases 
in which the shell model can be expected to work is that it actually does work. 
In other words, the evidence that nucleons in the nucleus move rather inde- 
pendently of each other is substantiated beyond the mere observation of 
magic numbers, islands of isomerism, and the other evidence on which the 
shell model was first founded. Also when studied in greater detail, the shell 
model, with its few basic assumptions, explains relations between different 
experimentally measured quantities, such as magnetic moments of some levels 
and rates of magnetic dipole radiations between them, the relationship among 
the energies of levels in one nucleus, say *8Cl and those in another one—*°K, 
etc. Without an underlying structure it would have been very difficult to under- 
stand such relations, so that the success of the shell model in interpreting and 
interrelating these data should be taken as a strong evidence in support of 
the validity of its underlying assumptions. 


APPENDIX 


A. TWO-PARTICLE CONFIGURATIONS—ENERGIES 


Let us consider the configuration (jj’). The energy shifts of its levels, to first 
order in v, are given by 


E(ji',J) = (i7’I| v2) |GJ) 


We shall consider first an interaction v(12) that depends only on the rela- 
tive coordinate |r; — r2| of the two particles and not on their spins or iso- 
spins and see which restrictions it imposes on nuclear spectra. It is then con- 
venient to expand v(|r; — re| ) as in (8.10) 


Aa 
v(|{ri = r2| ) = 2X K+ 1 Vi (11; 12) View (Q1) Yin (Qe ) (A.1) 


where Q; and Q, are the directions of r; and re, respectively, taken with respect 
to an arbitrary z-axis. The expansion (A.1) is a generalization of the well- 
known multipole expansion of the Coulomb interaction, for which 


re\* 1 ] 
vi (1, ro) = () > for v({ri aaa r2| ) = |r: — ra) 
1 ~ #2 


We shall refer to the average value of v,.(71, 72) taken with the appropriate 
radial wave functions, as the strength of the Ath multipole interaction. 
Using (A.1), the energy shifts E(jj’J) can be written as 


E(ij’J) = do fe(J)F® (A.2) 


where the Slater integrals F™ are defined by 
Fe = FY (nl, n'l’) = | | Rni(71)|2| Rav (r2)|2v% (11, r2) ar, dre (A.3 ) 


and f;, are universal functions, independent of either v(|r; — r2| ) or the central 
potential U(i): | 
An 


2k +1 Da Vin (Q1) Vex (Q2)|Ji'J) (A.4) 


K 


AJ) = AGNI I) = Ciy’T| 


Problem. Derive (A.2) from (A.1) and the expression for the wave function 
|ij’J) in terms of its radial and angular parts. 


365 


366 THE NUCLEAR SHELL MODEL 


Using Appendix A (A.2.54) we can evaluate the matrix element in (A.4) in 
terms of the reduced matrix elements of the spherical harmonics. We then 
obtain 


xs es 
= (—] tit ; eee ; nyt ets Eat rer 
pon = rye (ul sf ala) (writ ot lie) 


jj J 
x (A.4) 

oj iok 
The sum over k in (A.2) extends, in principle, over all values of k = 0, 
1,2,..., ©; however, because of (A.4) it is actually limited to only a very 


small number of terms. Indeed, from the 6 — j symbol in (A.4) we conclude 
that f;,(/) vanishes unless k < Min (2j, 27’). Furthermore, the reduced matrix 
elements of the spherical harmonics vanish for odd values of k (see Appendix, 
A.2.49), whereas for even values of k they vanish unless k < Min (2/, 21’, 
27 — 1, 27’ — 1) (see Appendix, A.2.56). Hence we conclude that the sum over 
k in (A.2) extends only over the values 


k even k < Min (Q2J, 21’, 27 — 1, 2j’ — 1) (A.5) 
This way we now obtain from (A.2) the finite sum 


E(jj’J) = »> fx (J)F® k even (A.6) 
k<Min(2l,2U/ ,2j7—1,27/—1) 

For ?5Cl,,, for instance, where the relevant configuration is (d3/2, f7/2), the 
allowed values of k are according to (A.5), just k = 0 and k = 2. In this 
case, therefore, if the proton-neutron interaction depends only on the relative 
distance between the two particles, the energies of the four states of the con- 
figuration (d3/2, f7/2) are all given in terms of the two Slater integrals F‘ and 
F® by 

E(d3/2, frj23 J) = fod FO + fa FO (A.7) 


where f;,(J) is determined by (A.4). 

The two Slater Integrals F‘ and F® depend, of course, on the nature of 
the interaction v(12), or more specifically on the multipole moments v)(12 ) 
and v.(12). They also depend on the detailed form of the radial wave functions 
Rii(r) and Rzy(r) that according to (A.3) are required for the evaluation 
of F®, F® therefore depends on the properties of the central potential U(i). 
But from the fact that (A.7 ) gives us the energies of the four levels of the con- 
figuration d3/2, f7/2 in terms of the two Slater integrals F‘ and F®, we can 
conclude that the energies of these four levels should satisfy two independent 
linear relations valid for any v(|r1 — re| ) and U(i). In fact a straightforward 
substitution reveals that we must have 


[E(5) — E(2)]: [EG) — EQ)]: [E(4@) — E2))=2:5:7  (A8) 
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The experimental ratios of these three energy differences in *8C] are 
0.672 : 0.762 : 1.312 = 2:3.3 : 3.9 (A.9) 


We can therefore conclude from the discrepancy between (A.8) and (A.9) 
that the spectrum of 38Cl cannot be explained under any circumstances in 
terms of the configuration (d3/2, f7/2) and an interaction v(12) that depends 
on |r; — re| only. Within the framework of the shell model we must have a 
spin dependence in v(12) to be able to explain the observed spectrum of Cl 
in terms of the configuration d3/2, f7/2. This result should have been expected 
if v(12) is the real nuclear interaction, since this interaction is known to be 
spin dependent. We should not be surprised that, as derived here, it also holds 
for the effective interaction in *°Cl. 

Coming back to (A.2) and (A.6), it is easy to understand also the physics 
behind the severe limitations on the values of k that contribute to E(jj’/): 
Although the interaction v(|r1 — re| ) may have in its expansion all possible 
moments, we know (see Section 1.8) that a particle in a level n/j cannot con- 
tribute to moments higher than Min (2/, 27). Furthermore, if we are talking 
of spatial moments only (i.e., not involving the spin of the particle ), only the 
even moments can have nonvanishing expectation values; the odd ones 
vanish because of parity conservation (see Section I.8). Thus the condition 
(A.5 ) becomes a natural one to expect. 

Although as we have stressed before, F™ depends on a detailed knowledge 
of v(|r; — re| ) and U(i) we can still relate its k-dependence to some general 
properties of the interaction v(|ri — re| ). To this end we note that from 
(A.1) it follows that: 


2k + 1 
yi 


VE (1; re) = foar. — ro| )Px (COS w12) d(COS wI2 ) (A.10) 
where COS w)2 is the angle between r, and re. The region of integration that 
contributes significantly to (A.10) is limited by the range b of v(|ri — rol ): 
for given values of 7, and re, the angles wi. in that region must satisfy 
ry + re? — 2rire COS wi2 < 6%. Thus for given values of 7; and re, vz (71, re) will 
become very small if P,(cos wi2) oscillates many times in that significant 
region of integration. As we see from Fig. A.1 the angles wy. are effectively 
confined to a range of |wi2| < wo where wo ~ (b/r), r being an average of 1 
and re. For P;,(cos w,.) to have many oscillations within this region, k must 
satisfy 

TT 

ae Wg ~ : 


k 
We conclude, therefore, that 


; : (A.11) 


vz: (7/1, re) iS small for k > 
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FIG. A.1. For fixed r, and re, wi2 is limited by the requirement that P and Q can be sepa- 
rated by no greater distance. than b. 


Although the derivation of (A.11) is very qualitative, we can draw from it 
some interesting conclusions. 

For shorter ranges, high multipoles of the interaction become increasingly 
important. In fact, for a 6-potential we obtain, using (1.25), 


2k + l 6(1 = ro) 
ps ViPo 


for v = 6(m — re) (A.12) 


Ve (“1,72 ) = 


and the multipole strength increases with k. 

As the range of the interaction increases its high multipoles become less 
and less important. Also, as we see from (A.11) v, (7/1; 72) when considered 
as a function of r; and re, starts to be of importance only for 1 + re > kb. 
We therefore conclude that the contribution of the higher multipoles tends 
to be concentrated closer to the nuclear surface; at the surface their relative 
importance increases as the range of the interaction becomes shorter. The 
interior of the nucleus contributes only to the lowest multipole moments of 
the interaction. 

In some cases it is convenient to use simple potentials for the derivation of 
some approximate features of nuclear spectra. To emphasize the separate 
role of the short range and the long range parts of the interaction, an inter- 
action of the following form is often used: 


v(12) = Ver O( [Py = r.| ) + Vix W7reP 2 (COs a2 ) (A.13) 
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where V,.,. and V;.,, are constants. The short range part—V,.,.6(|r1 — re| ) 
is naturally simulated by a 6-function; the long range nature of the remaining 
part is assured by limiting its Legendre polynomial expansion to just 
P.(cos a2). Furthermore, to accentuate the nuclear surface contribution to 
this part, ve(r1, re) is artificially set equal to V;.,.72-r22. The interaction v(12) 
in (A.13) is not a function of |r; — re|, since 72r22P2 (COs wi2) cannot be ex- 
pressed as a function of |r; — r2|. However, because it depends only on the 
angle wi. between r; and re, and on the magnitude of r, and re, it is still rota- 
tionally invariant and, as such, conserves angular momentum. 

An even more drastic approximation is very often employed to simulate 
the effects of v(12 )—the so-called pairing plus quadrupole interaction. We re- 
call (see discussion following (1.30) ] that in a configuration j? of two equiva- 
lent nucleons with a short range attractive interaction between them, the state 
with J = O comes out always to be the lowest one. This was explained in 
terms of the exceptionally good overlap of the wave functions of the two 
particles when their angular momenta are antiparallel. To simulate the short 
range interaction one introduces therefore a pairing interaction v,(12), de- 
fined through its matrix elements by 


(UHI| vp 12) |G7J) = —G8( 77 )8V, 0) (A.14) 


This interaction is thus effective only if the particles are coupled to zero total 
angular momentum. The constant G may be taken to be a function of j and 
the mass number A of the nucleus considered. We shall discuss later (Chapter 
VI) in greater detail some generalizations of (A.14), but for now we just 
notice that a nuclear interaction may be approximately simulated by the 
pairing plus quadrupole interaction: 


Vg (12) = vp (12 ) + Vorre?P2 (cos a2 ) (A.15 ) 


Again, v,(12) takes account, in some sense, of the short range part of the 
interaction, whereas Vogr,’re?P2(COs w12) represents the long range effects. 

The pairing interaction (A.14) does not have a short range in the strict 
sense. It is a nonlocal interaction and does not vanish even if r, or re become 
very large. However, the short range nature of it shows up in another important 
way: long range interactions give rise to scattering primarily in the forward 
direction. As their range becomes shorter the scattering becomes more uni- 
form. The pairing interaction gives rise to a completely uniform scattering, 
and as such it is sometimes referred to as “having a range even shorter than 
that of a 6-function.”’ It should be emphasized however, that this is just a 
way of talking and does not refer to the strict definition of a range being the 
distance beyond which v(r) vanishes. 

Equation A.6 emphasizes the very limited number of multipoles that con- 
tribute to the first-order energy shifts of the levels of any given configuration 
jj’. It is not surprising, therefore, that interactions that look very different 
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can give equally good fit to the empirical data. If two interactions lead to 
similar multipoles of low-order k, they will also give rise to similar nuclear 
spectra, even though they may differ wildly in their higher multipoles. It is 
important to bear this point in mind when analyzing the structure of various 
nuclear spectra. 

The limitation to even values of k in the multipole expansion (A.6) is valid 
if v(12) is a function of the relative coordinate |r; — r2| only. A similar ex- 
pansion can be written also for spin-dependent interactions but this time odd 
and even values of k may occur. As a matter of fact the situation is even 
slightly more complicated: A general interaction v(12), which is spin and 
space dependent, can be expanded in the following manner [see deShalit and 
Talmi (63), p. 213] 


V(12) = Do ver,ererr (Pay 12) (— 1 PT» (1), (2) (A.16) 


sks/k!' rp 


T‘*)7 is a ““mixed tensor” involving in general both spin and space coordinates. 
s can take on the values 0 and 1 and T is defined by 


nS Y,,(i)8(k,r) if s=0 
T,()"(j) = ar +1 


>) (1dkk| rp )on* Vix (i) if s=1 


In (A.17) Y,, are the usual spherical harmonics, and o,? are the three compo- 
nents of the i-particle spin vector operator 


(A.17) 


1 l 
1=- V3 (o, + ic,), 09 = 62,01 = V3 (co, — io,) (A.18 ) 


Using the expansion (A.16) we can still write E(jj’J) in a form similar to 
(A.6), but now the expansion will include many more terms. Their number, 
however, is still finite: 


E(ij'T) = Do fee sreryrF Ohh (A.19) 


sks'k! r 


where the Slater integral is given again by (A.3) with Vz ,’%;7(71, 72) replacing 
Vig (1, Vo ), and 


Severe = GiI| DO (-1 PT," (1)? (2) |’F) 
p 
jj J 


cf 


| (A.20) 
Jj r 


Sere CS ECE PE ee Ne) | 


It follows from (A.20) that rin (A.19) is-limited by 
0<r< Min(, 2’) (A.21) 
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Since, from (A.17) it follows that (k’,k) < r-+ 1 we see that the summation 
over k and k’ is also limited to a finite number of terms. The considerably 
greater complexity of (A.19) in comparison with (A.6) is due to the larger 
variety of moments that can be constructed when the spin degrees of freedom 
are used as well. One is then faced with the task of constructing multipole 
moments involving not only the matter distribution but also spin distribution 
and their correlation (more “‘spin up’’ in some directions and more “spin 
down” in others, etc. ). 

Due to the complexity of the expansion (A.19) it has not been used for the 
derivation of some general properties of E(jj’J). There are generally more 
independent Slater integrals in (A.19) than there are levels in the configura- 
tion jj’ and, as a result, no general restrictions are imposed on the spacings 
AE(jj’J) when a spin-dependent interaction is allowed as well. 

We did not exhibit explicitly the antisymmetrization in this section. For 
configurations /? antisymmetrization is automatically taken into account if J 
is allowed to assume only even values. For configurations jj’ of two identical 
particles the multipole expansion (A.1) or (A.16) can be used to derive 
properly antisymmetrized generalizations of (A.2) or (A.19). We shall not 
go into these details here [the reader is referred to deShalit and Talmi (63) ] 
It is enough for our purposes just to realize that general knowledge of the 
relative strengths of the various nuclear interaction multipoles can be used to 
impose limitations on the possible spectra of various nuclei. This may some- 
times be a convenient way of studying the effects of variations in the range, 
or in the spin dependence, on nuclear spectra. 

We end this section with an important theorem that follows easily from the 
expression (A.19 ) for the energies of the levels of the configuration jj’. Suppose 
the interaction between the two nucleons is such that only one multipole 
dominates, that is, we have 


Fs, s'ksr) — OC if rF# Pro (A.22 ) 


It then follows from (A.19) and (A.20) that the energy shifts E( jj’J) can be 
written as 


E(jj’'J) = (1) 


Ij J 
Ey (A.23 ) 
J) J Yo 

where E, is independent of J. The relative shifts of the different levels are then 
uniquely determined by the Racah coefficient 


t : 
ij J Yo 
V (47+ 1) + 1) 


(—1)it7'+9 


In particular, if ro = O we find that 


E(jj'J) (A.24) 


372 THE NUCLEAR SHELL MODEL 


Thus, a monopole interaction (r7 = 0) cannot give rise to a splitting among 
the levels of the configuration jj’. Splittings can only occur if the interaction 
has nonvanishing multipoles of a finite order ro > 0. 

A configuration in which one of the particles is in j = 1/2, the other in /’, 
is a case of special interest. It can have two levels, one with J, = j’ + 1/2 
and one with J_ = j’ — 1/2. If the interaction between the particles depends 
on |r, — re|, and is spin independent, then according to (A.5) only a term 
with k = O can appear in the expansion (A.2). However, according to the 
theorem that we have just stated, such a monopole interaction can lead to no 
splitting between the levels J, = j’ + 1/2 and J_ = j’ — 1/2. Experimentally 
many cases are known in which such doublets, involving a proton—neutron 
configuration of the type (1/2, 7’), are split by about 40 kev to 100 kev (see, 
for instance, the example of ?°°T1, Fig. 6.2). We are thus led to conclude once 
again that the proton—neutron interaction (or at any rate, the effective inter- 
action ) in nuclei, even as heavy as 2°°Tl, must be spin dependent. 


B. RESIDUAL TWO-BODY INTERACTIONS 


In this appendix the residual two-body interactions that have been often used 
in shell-model calculations will be listed. These are given in the literature in 
a variety of forms: 


(a) In terms of exchange operators: these involve the 


Spin exchange Pep = 4301 + 6-6) (Bartlett ) (B.1) 
Isospin exchange Py = 401 + 7-2) (Heisenberg ) (B.2 ) 
Space exchange Py = —PsPx (Majorana ) (B.3 ) 
Ordinary Py = 1 (Wigner ) (B.4) 


The spin-exchange operator Pz, has the property 
Paxije( )x-aye(2) = x12(2 xa) (B.5 ) 


where xm are the state vectors for a particle of spin 1/2. The isospin exchange 
Operator has the identical effect when applied to the two-body isospin state 
vectors. The space exchange operator Py has the property 


Pu (ri, re) = Vv (Fo, ri) (B.6) 
Because of the Pauli principle Py can be given the form (B.3). 


(b) In terms of the projection operators for a given spin and isospin of 
the two-body system: since these are 0 (singlet) and 1 (triplet ) there are four 
possibilities corresponding to a linear combination of (B.1) to (B.4). Let 
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PTS be the projection on to a two-body isospin and spin state with total 
isospin T and spin S, respectively. Then 


(T = 0,S = 0): P® = -, (1 — w-22)(1 — 6;-62) (B.7) 
(T =0,S = 1): P™ = = (l — m1-%2)(3 + 61-62) (B.8) 
(T =1,S = 0): P= - (3 + -e2)(1 — 61-62) (B.9) 
(T= 1,S =1): P= 2G + 4:22)(3 + 61:62) (B.10) 


In terms of Ps, Py, Pu, Pw 
p°® = (1 — Px — Ps — Pu), P!= 401 — Py + Ps + Pu) 
(B.11) 
Plo = (1 + Pu — Ps + Pu), pus ee Para Pa = 2 ig) 


(c) As indicated in (B.1) to (B.4) and (B.7) to (B.10) any of these 
forms may be directly expressed in terms of 6;, 62, 7; and «2. With this notation 
in mind some examples are given below: 


Rosenfeld 
V(12) = 4e,-22(a + bdy- d2)Vo exp(—ur)/ur (B.12) 
Vo = 45 MeV, a = 0.3, b = 0.7, » = (1/1.37) fm—! [Elliott and Flowers 
(57)] 
Kurath 
V = —[Pu + Ps Wo exp(—ur/ ur (B.13) 
Po = 36 MeV nw = 0.714 fm—! [Kurath (56); deShalit and Walecka 
(66 ) ] 


Serber- Yukawa 


V= hae a a Voy t es | (A5%") (B.14) 


“V(r) = —*Voexp(—ur)/pr 
1V, = 46.9 MeV 1u = 0.855 fm—? 
8V¥y = 52.1 MeV 34 = 0.726 fm—! [Hulthen and Sugawara (57)] 
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Serber-Exponential 
The same form as (B.14) but 
Vir) = —Voexp(—ur) (B.15 ) 
1V, = 108 MeV 1y = 1.409 fm-! 
3V¥o = 193 MeV 3u = 1.506 fm—-! [Hulthen and Sugawara (57) ] 


GGS Potential 
V = exp[—(r/u)? ] [VP + VioP?® + VooP®® + ViyyP!*] (B.16) 
where » = 1.68 fm and 
GGS I: Vo = —40 MeV, Vio = —20 MeV, Voo = 26 MeV, Vi; = 6 MeV 
GGS II: Vo = —40 MeV, Vio = —24 MeV, Voo = 24 MeV, Vix = 25 MeV 
[Gillet, Green, and Sanderson (66) ] 


Kallio-Koltveit 


V = PV, + PY, S state only (B.17) 
where 

—V;,exp[—az.(r — c) r>c 

Y= 
fo) re< Cc 

c = 0.4 fm 
V., = 475 MeV V, = 330.8 MeV 
a, = 2.521 fm-! a, = 2.402 fm-? 


[A. Kallio and K. Kollveit (64) ] 


Clark and Elliott 
V2) = [VorP + VioP?® + VooP®® + ViP*? + (WoP®! + WP!" )Sie 
+ (XP + XyP!!)S-Ljexp(—r?/yu?) (B.18) 
where 
Sic = 3(6,-f)(d2-F) — 61° be 
S = 3(6 + 2), L = (1 — re) X 3(Pi — D2) 


pw = 1.8 fm 
Vo = 41.5 (413.5) MeV Wu = —95.1 (438.8) MeV 
Vio = —38.0 (47.8) MeV Wy = —12.1 (411.6) MeV 
Voo = 97.3 (435.4) MeV Xo = 5.8 (431.2) MeV 
Viz, = 14.8 (49.3) MeV Xy = 53.3 (417.5) MeV 
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Values obtained from a variety of nuclei; the uncertainty reflects the varia- 
tion in values present in the data [Clark and Elliott (65 ) ]. 

The exchange mixtures often referred to are concerned with the relative 
values of the coefficients B, H, M, and W in the following expression for V2: 


Vio = —([W+ MPy + HPyq + BPs V (nz) (B.19) 
where J(712) gives the spatial dependence of V2. and 
WH+iM+H+B=1 (B.20) 
Rosenfeld Kurath Soper Serber | Serber Il 
W — .087 0 . 30 5 5 
M . 609 0.8 .43 a 3 
B . 304 0.2 .27 0 0.1 
H .174 0 0 0 —0.1 


We have not listed the separable potential ‘devised by Tabakin (64) which 
is often used. 

Another method for describing the residual interaction is to give its matrix 
elements between two-particle shell-model states. This procedure that has 
been more frequently employed in recent years is exemplified by the work of 
Halbert, McGrory, Wildenthal, and Pandya (71) wherein lists of the matrix 
elements employed are given. 


CHAPTER VI 


ROTATIONA:. 


STATES IN 
DEFORMED 
NUCLEI AN 


OTHER 


COLLECTIVE 


MODES 


1. EVIDENCE FOR COLLECTIVE ROTATIONS 


Our studies of the shell model in the previous two chapters have indicated 
that the complexity of nuclear spectra increases very rapidly as we go farther 
and farther away from closed shell. In the configuration j? we expect only the 
levels with J = 0,2,4..., 27 — 1. But for jj > 5/2) many more levels are 
allowed by the Pauli principle. If, in addition, there are two or more close- 
lying levels, the expected complexity of the spectrum of excited states in- 
creases with the number of particles even faster. This expectation is borne out 
by the empirical data quite dramatically as is shown in Fig. 1.1. 

However, as we go farther away from closed shells some new, very simple 
and systematic, features start to show up for some nuclei. This is true for 
nuclei in the range 155 < A < 185, for A > 225, for nuclei in the s-d shell 
19 < A < 25, and for p shell nuclei9 < A < 14. Odd A nuclei in these regions 
are characterized by exceptionally large positive quadrupole moments, Q, as 
shown in Fig. 1.2; even-even nuclei in the same region all have a rather low- 
lying first excited state with J = 2+ (Fig. I.7.1) and electric quadrupole radia- 
tions are strongly enhanced (Fig. 1.8.1). 

Furthermore, when several low-lying excited states are known in these 
nuclei they show additional remarkable regularities. In Fig. 1.3 we show the 
few excited states of several nuclei in the mass region 176-178: Their spectra 
are seen to be exceedingly simple, with the angular momenta of the levels 
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FIG. 1.1. Comparison of density of levels in 2°8Pb, 2!°Bj. taken from (NRC-60-6-114 
and NRC-61-3-125.) 
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FIG. 1.2. Reduced nuclear quadrupole moments as a function of the number of odd nu- 
cleons. The quantity (Q/ZR?2) gives a measure of the nuclear deformation independent 
of the size of the nucleus [taken from Segre (64)]. 
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FIG. 1.3. Excited states of some deformed nuclei. Energies are in MeV. The numbers in 
brackets give the energies of the expected states as calculated with (1.1) using indicated 


constants A and Bin MeV. 
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increasing monotonically with E. Furthermore the energies of various levels 
follow very closely the simple formula 


EV) = AJJ +1) + BU + 1) (1.1) 


(In Fig. 1.3 the coefficients A and B (in KeV) are given for each nucleus as 
determined from the first two excited states; the calculated values of E(/) are 
then given in square brackets for the higher levels, next to the measured value 
of the excitation energy). In fact, it is indicated by the observed value of B 
that the energies can be approximated well enough, especially for the lower 
values of J, by the simpler formula 


EV) = A’ J+1) (1.2) 


A spectrum like the one shown in Fig. 1.3 could have been easily obtained 
from a shell model. A configuration (9/2)?, for instance, has, as its allowed 
values of J, exactly the angular momenta observed for the five lowest states 
in !"6Yb or 1’8Hf. Furthermore, it 1s very easy to construct an interaction 
vik) that will lead to the spectrum (1.2); all we have to do is put 


Wik) = 2A" (j-Jx) (1.3) 


where j, is the operator of total angular momentum of the ith particle. Indeed 
we have from (1.3) 


(PI| W12)|PI ) = 24" (PII -2| 77 ) 
= Al (PIS? — jr? — 52 (PI) = API + I) - 4G+t VY) 


The excitation energies will then follow the rule (1.2). 
However, if this were the correct interpretation of the spectrum of %8Ybio., 
then in going to 4/Luios we should have found the corresponding spectrum 


of the configuration /*, with its energies given by, 
E(jI) = (fI|24’ YD Ged [FA ) = A! PULP — i? — bet — LAT) 
w< 
=A VIJ+)D-HC+DV) C4) 


(We should stress that 1.4 follows directly from (Eq. V.11.1) in the previous 
chapter, if we put m = 3 and take for the two body energies ( j?J2| v(12) | j7J2 ) 
the empirical values given by (1.2). The introduction of the explicit form 
(1.3) of v(12), is made just for convenience). Now, in the (9/2)° configuration 
the spins allowed by the Pauli principle are (see Appendix A, Sec. 4). 


J = 21/2, 17/2, 15/2, 13/2, 11/2, 9/2, 7/2, 5/2, and 3/2. 


It follows from (1.4) that the lowest state of !77Lu should have J = 3/2, and 
the energy should again increase with J according to the same law (1.2). 
Instead, we find the situation presented in Fig. 1.4. !”” Lu has at least three 
series of excited states and in each one of them the levels show increasing 
angular momenta as the excitation energy goes up. Furthermore the observed 
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FIG. 1.4. The excited states of !77Lu. 


spacing between the levels in each series follow the empirical law (1.2), or 
even more accurately the empirical law (1.1), with coefficients A and B very 
similar to those observed in the neighboring even nuclei. But none of these 
series starts as expected with J = 3/2; rather, one of them starts with J = 7/2t, 
the other with J = 9/2-, and the third with J = 5/2+. 

To summarize then if !7°Yb were to be interpreted as a pure /? configuration, 
it follows that the spectrum of the j* configuration must follow (1.4). This 
result holds, according to (Eq. V.11.1) of the previous chapter, both if 
v(ik) in (1.3) is the “‘true”’ interaction or just simulates it sufficiently well for 
176Yb, Thus the absence of J = 3/2 and J = 5/2 as the lowest states in !77Lu 
absolutely rules out any attempt to explain the spectra of !7*Yb and !’7Lu on 
the basis of a pure shell-model configuration. It is important to realize the full 
strength of this conclusion, because it tells us that we have to look for an 
entirely different interpretation of the simple spectra of these nuclei, as 
exhibited by the empirical law (1.1). 
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There is, of course, additional important evidence to indicate that the nuclei 
discussed above are far from being describable in terms of a pure shell-model 
wave function. The static quadrupole moment of 177 Lu is measured to be 
~5.5 X& 10-%4 cm?, which is about 25 times larger than anything a reasonable 
shell-model wave function can give (see Section I.8); the observed quadrupole 
transition probabilities (see Chapter VIII) in 1’8Hf are about 250 times faster 
than anything that could be reasonably expected from a shell-model wave 
function, etc. 

A description of these nuclei and many other deformed nuclei has been 
given by a model proposed and developed by A. Bohr and B. Mottelson (53). 
Its essential point is the assumption, strongly suggested by the high positive 
quadrupole moment observed for these nuclei, that we are dealing here with 
nuclei with a permanent prolate deformation. The situation is assumed to be 
analogous to that of a diatomic molecule where rotational spectra with 
energies given by equations identical to (1.2) are known to exist. There the 
rotational spectrum results from the rotation of the molecule about an axis 
perpendicular to its symmetry axis, which, for a diatomic molecule, is the 
line joining the two constituent nuclei. In the Bohr-Mottelson model the 
nucleus, which resembles a short, thick cigar, is again assumed to rotate 
slowly around an axis perpendicular to its symmetry axis. It thus gives rise to a 
spectrum of a rotor, which is identical with (1.2). Unlike the diatomic mole- 
cule, where the two atomic nuclei provide a natural axis of symmetry for the 
system, there is no such natural axis in the nucleus. Rather, it is the dynamics 
of the many-nucleon system that is believed to lead to such an arrangement of 
the nucleons’ orbits that an “instantaneous picture’’ taken of the nucleus at 
any given moment will reveal a mass distribution of a prolate spheroidal shape. 
At different instants the symmetry axis of the spheroid may point in different 
directions, and we should interpret this change in the orientation of the de- 
formed nucleus as being due to the correlated motion of the nucleons them- 
selves. In other words, there is a very strong correlation among all the nucleons 
in the nucleus, which manifests itself in a relatively slow rotation of the de- 
formed overall pattern into which the nucleons shape their combined mass 
distribution. 

We are, of course familiar with similar correlations. A system of interacting 
nucleons in free space always produces nucleon motion so that their center 
of mass moves in a straight line with a constant momentum. Viewed from the 
center of mass, the motion of the nucleons may look very erratic, with no 
apparent correlations among them. Yet in reality we know that there is a very 
strong A-particle correlation that gives rise to the very regular motion of their 
center of mass; furthermore this correlation is due to a specific property of the 
mutual interaction: its dependence only on the mutual distances among the 
particles, and its independence of their absolute positions in space. 

It is however important to realize that there is a difference between the 
collective motion of the center of mass and the collective rotations. While the 
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A-particle correlation that gives rise to the collective uniform motion of the 
center of mass is exact and valid for any system of interacting particles, the 
same cannot be said of the collective overall rotations of systems of interacting 
nucleons in the sense to be described below. 

We have already had some indication that nuclei are deformed from our 
discussion of the Hartree-Fock results. In Chapter IV we saw that self consistent 
fields are only axially symmetric for all but closed-shell nuclei. The appearance 
of a nonspherical potential as a self-consistent field originates in the fact that 
even a spherical field leads to independent-particle Slater determinants with 
an axial, rather than spherical, symmetry. If we insist on a single Slater deter- 
minant as our Hartree-Fock trial wave function we are then automatically 
led to an axially, rather than spherically symmetric potential as a possible 
self-consistent potential. 

A single Slater determinant is not an eigenstate of the total angular momen- 
tum of the system (except for closed shells; see Section IV.9). For some nuclear 
properties, such as the average density of nuclei or the symmetry energy, the 
error that results when working with an approximate wave function, which 
is not an eigenfunction of the total angular momentum, may not be so bad. 
But for many properties, like various multipole moments, or splittings be- 
tween some related levels, the use of a wave function that is not an eigen- 
function of J? may lead to large errors. We are thus faced with the problem of 
constructing a wave function that is an eigenfunction of J? and yet represents a 
deformed nucleus. These two conditions, constant J and axial, rather than 
spherical, symmetry can be simultaneously satisfied only if the spheroidal self- 
consistent distribution, into which the particles may fit themselves as a result 
of their mutual interactions, rotates in space. For if it were stationary (or 
oscillating around an equilibrium direction) a preferred direction in space 
would have resulted from the mutual interaction of the particles, contrary 
to the assumption of the isotropy of space; it is the isotropy of space that 
leads, as is well known, to the constancy of the total angular momentum of 
the system. 

Still, this does not mean that the collective overall rotation of the deformed 
nucleus is an exact concept like the collective motion of the center of mass. A 
general Hamiltonian cannot be exactly separable into a rotational part and 
an “‘intrinsic’’ part, similar to the separation into a center of mass motion 
and internal motion. The rotation of a system of particles leads, as is well 
known, to the appearance of Coriolis and centrifugal forces in the rotating 
system. Thus the “intrinsic”? motion of the particles is subject to different 
forces depending on the rate of the “external” rotation, and the two motions 
cannot be exactly separated. The basic difference between translation and 
rotation is that the latter involves accelerations whereas the former does not, 
and this is the origin of the exact separability of the center-of-mass motion, as 
compared with the at-best approximate separability of a collective rotation 
that may occur only under special circumstances. 
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A nuclear shape can have an approximate meaning only if the motion of the 
nucleons in the nucleus is fast compared to the rotational velocity w. With 
typical nucleon velocities of about (1/4)c where c is the light velocity, a 
“shape” has therefore a meaning only if its frequency of rotation w satisfies 


c 1 
oS Oy AU 
where 7) A?/? is the nuclear radius. Or, in other words, if the time 1/w for one 
rotation is long compared with the time for a nucleon to traverse the nuclear 
diameter. If this condition is not satisfied, the nucleus may have different 
shapes at different stages of the rotation. The energy associated with the 
rotation should therefore satisfy 


Ace ss 20 
87 Als oe Aus 


Thus we expect the approximation of a rotor to be applicable only as long as 
the highest level ascribed to the rotor’s excitation satisfies (1.6). For 178W, 
for instance, (1.6) gives hw « 3.5 MeV; indeed, the spectrum of a rotor, (1.2), 
is found to agree with experiment to about 10% accuracy up to energies of 
~1.1 MeV (see Fig. 1.3); the much better fit up to 2.894 MeV is obtained 
only with the improved formula (1.1). 

The analogy between a rotating deformed nuclei and a rotating rigid body 
should not be pushed too far. Whereas in the rigid body all volume elements 
are at rest with respect to the body-fixed frame, this need not be the case for 
the deformed rotating nucleus. In the body-fixed frame the nucleons can still 
possess a very meaningful average flow pattern, to which we shall come later. 
Nevertheless the constant A’ in (1.2) is often expressed in terms of an effec- 
tive moment of inertia 7 defined by 


(1.5) 


he <K MeV (with 7 ~ 1.2 X 10-8 cm) (1.6) 


A= — (1.7) 


Nuclei that do manifest rotational motion must have a very high A-particle 
correlation that accounts for the fact that, despite the fast motion of each of 
the nucleons, the totality of the nucleons, that is, the nucleus as a whole, 
displays this slow rotation of its shape. Since the nucleus is not spherically 
symmetric, we can define a “body-fixed”’ frame of reference whose z’-axis is 
taken along the axis of symmetry of the nucleus. The analogy to diatomic 
molecules, or to a rigid axially symmetric rotator, is obvious. The body-fixed 
frame itself slowly rotates, of course, with the nucleus. But viewed from the 
body-fixed frame the motion of the nucleons may seem to be “erratic’”’ and 
free of the A-particle correlation that gives rise to the collective rotation. 
Thus when we shall later want to exploit the results found in spherical nuclei, 
that nucleons move in the nucleus nearly independently of each other, we 
shall find it better to use this approximation relative to the body-fixed 
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frame of reference rather than relative to the lab-fixed system. This way one 
important A-particle correlation is automatically taken into account. The 
total motion of the nucleons is thus composed of two parts: an internal motion 
with respect to the body-fixed reference frame, described by an internal wave 
function, and the motion of the body-fixed reference frame itself. 

The three series of excited states in !7’Lu, or “rotational bands”’ as they are 
called in Fig. 1.4, would then represent series of rotational levels of a deformed 
nucleus based on three different internal states in the body-fixed frame of 
reference. The three rotational bands observed in !7”Lu represent three possible 
rotations for nuclei with 177 nucleons but with three different intrinsic struc- 
tures, which can, and do, give rise to different deformations. 

The model we are about to develop unifies two basic features of nuclei: 
the nearly independent motion of the nucleons in some common potential, 
and the collective, coherent motions of the nucleus as a whole. It is therefore 
referred to as the unified model, and in the next section we shall proceed to 
study some of its basic features. 

In Section [V.23 we pointed out why any attempt to describe a system of 
interacting particles by means of an independent-particle wave function is 
connected with a violation of a conservation law. We see here another example 
of it. In the body-fixed frame of reference the nucleus has a static spheroidal 
shape. If we want to describe it there in terms of a Slater determinant of single- 
particle wave functions, we should use a deformed axially symmetric potential 
to generate these functions. Such functions, however, do not have a well- 
defined total angular momentum. Thus the part of the nuclear wave function 
that is expressible in terms of an independent-particle wave function violates 
the conservation of angular momentum. The total wave function, which takes 
the rotation of the body-fixed frame of reference into account, will, of course, 
have a well-defined total angular momentum. 


2. THE UNIFIED MODEL. BASIC ASSUMPTIONS 


As we have indicated earlier a study of the collective motion of the center of 
mass may help us to understand some of the problems that arise in the study of 
rotational collective motion. A problem common to both is that of redundant 
variables. A nucleus with A-interacting nucleons 1s, basically, a system with 
3A degrees of freedom (we ignore for the moment the intrinsic spin degrees of 
freedom, since they are irrelevant to our discussion). Three of these degrees 
of freedom, those describing the motion of the center of mass, can be trivially 
handled. Thus the problem of the intrinsic structure of a system with A-interac- 
ting nucleons involves the study of the dynamical behavior of only 3.4-3 degrees 
of freedom. In the shell model we use for the same purpose A-independent 
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wave functions with 3A-independent coordinates. These are just three coordi- 
nates too many. These extra coordinates are referred to as redundant variables, 
and actually each shell-model wave function should have been multiplied by 
dir, + ... + ra) indicating that the origin of the potential should be at the 
center of mass. In Section IV.1 we saw how to handle these extra coordinates: 
if we introduce artificially an external potential in which the center of mass of 
the nucleons moves we convert the problem into that of the dynamical be- 
havior of the full 3.4 degrees of freedom; the center of mass is no longer moving 
freely and its dynamical behavior is determined by the external potential. 

An A-particle wave function derived from a model in which the particles 
are moving in a single-particle potential presents therefore a very distorted 
picture of the center of mass motion, even if it does approximate relatively 
well the internal structure of the nucleus. In other words, if H = ST; + » Vij 
is the nuclear Hamiltonian and y(s.p.) is a wave function derived from a single- 
particle potential, the energy 


(Ws.p.)| H|W(s.p.)) 


includes an artificial energy connected with the motion of the center of mass, 
and cannot, therefore, be directly compared with empirical nuclear energies. 

Still, in the kinetic energy >|7; the center-of-mass contribution can be 
separated out exactly. If P is the operator of the total linear momentum of the 
system then >\7; — (1/2AM)P? contains only the contribution of the internal 
3A-3 degrees of freedom to the kinetic energy. The interaction > \v;; depends, 
by its own structure, only on the internal degrees of freedom. If we evaluate, 
therefore, 


l 2 
us.p)|(# Ava es ) ¥(S.p.) ) (2.1) 
we calculate only internal energies, and if ¥(s.p.) reproduces well the internal 
correlations among the nucleons in a given state, then expressions of the type 
(2.1) should be close to the actual measured energies of the corresponding 
nuclear states. Although y(s.p.) describes the center-of-mass motion erroneous- 
ly, the fact that H’ = (1/2AM) P? is expressible entirely in terms of the 
3 A-3 intrinsic variables, makes the expression (2.1) less sensitive to the special 
center of mass motion incorporated in ¥(s.p.). Thus ¥(s.p.) can be used as if it 
were a wave function of intrinsic coordinates only, although in reality it is a 
function of the 3A-3 intrinsic coordinates and the 3 redundant center-of-mass 
coordinates. 

For wave functions generated from deformed potentials the problem of 
redundant variables, which now include also the potential’s orientations in 
space becomes considerably more acute. To see how this complication is im- 
portant, let us discuss first a two-dimensional system of A-particles. In such a 


388 ROTATIONAL STATES IN DEFORMED NUCLEI 


system we can transform from the laboratory frame of reference to another 
frame >,’ by means of the transformation 


y 


y’ 


x;/ = x;cos 6+ y; sin 6 


ye = — x, 8iInO+ y;cos@ (2.2) 


If we want the frame >,’ to be a “body-fixed” frame of reference pointing 
along the principal axes of the system’s tensor of inertia, then the angle 6 should 
be such that we have identically, 


Dxi'yi’ = 0 (2.3) 


From (2.2) we obtain therefore 


Ooly2 — >>x.2) sin 6 cos 6 + >> xy; (cos?@ — sin?) = 0 


or 
] 
(cos 20) Doxiyi = E sin 20| Dx? — y.?) 
and hence 
] , 2 DXi 
A= 5 arctan Sx? — yP = y?) (2.4) 


Equation 2.4 is the transformation that expresses the ‘collective coordinate” 
6 in terms of the particle coordinates (x;y;), in the same sense that 


1 1 
4% 4? (2.5) 


give the collective coordinate of the center of mass in terms of the coordinates 
of the particles. 

The transformation (2.5), involving the center of mass, can be completed 
with the introduction of 2A — 2 internal variables & = £,(xiy;) so that the 
Hamiltonian A(x.y;), when expressed in terms of the new coordinates X, Y, 
and &, separates into two terms 


H(xiy:) = HW X,Y) + Ae(éa) 
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The same thing cannot be done with the transformation (2.4). We can indeed 
introduce 2A — 1 “internal’’ coordinates n,(x;y;) so that, together with @ defined 
in (2.4), they will constitute a canonical set of variables for our system. 
However, a general Hamiltonian will not separate into a sum of H,(0) and 
HAn.). Instead, the Hamiltonian written in terms of the new 2A variables 
6, na, Will take the form 


H = Hy) + Hone) + H3(9.na) (2.6) 


where, as a rule, H;(0,n.) cannot be made to vanish for physically meaningful 
systems; it involves the coordinates 6 and 7, in a nonseparable way. 

Hamiltonians of the type (2.6) are known also in molecular physics. For 
instance in the case of a diatomic molecule, once the center-of-mass coordin- 
ates and the motion of rotation about the axis of symmetry are eliminated, 
it is natural to introduce the direction of the axis connecting the two atoms as 
one coordinate @ and take the electron coordinates relative to this axis to be 
the internal coordinates y.. The term H;(8,y.) then represents the centrifugal 
and Coriolis forces acting on the electrons in the rotating frame of the two 
atoms. 

Under some circumstances it may be possible to treat the Hamiltonian (2.6) 
In an approximation known as the Born-Oppenheimer approximation, which 
makes it essentially separable. If the frequencies associated with the coordinate 
6 are very small, that is, if the angular motion is slow compared with the motion 
associated with the coordinates 7,, it 1s possible to consider first the variable 
6 as a numerical parameter and solve for the eigenvalues of the Hamiltonian 


[H(n.) + H2(6,n.)Ix = EO)x (2.7) 


in which the 7. are the only dynamical variables. The eigenvalues E in (2.7) 
will depend, generally, on the particular value of the parameter 6. They can 
then be taken as an additional “potential energy”’ that affects the 6-motion, 
in the following way: 


[16) + E@)]¢@) = E¢(6) (2.8) 


The eigenvalue E of (2.8) is, in this approximation, the energy of the system 
in a state characterized by an internal wave function x superimposed on the 
slow adiabatic motion described by ¢(6). 

The extent to which this approximation is valid also for deformed nuclei 
cannot at present be inferred from the properties of the nuclear interaction. 
However, assuming the approximate validity of the shell model, we find that 
for nuclei far from closed shells the onset of some adiabatic slow collective 
motion is to be expected. The presence of many close-lying levels of the same 
J and parity in the shell model description of such nuclei, makes it possible 
for the nucleons to respond to the internucleon forces and establish further 
correlations over and above the Pauli correlations that underlie the shell 
model. Such further correlations tend to give to the nucleus a certain shape, 
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undergoing changes that are slow compared with the frequency with which the 
particles move across the nucleus. 

However these arguments do not establish the existence of a deformed 
shape quantitatively. We must proceed on an empirical basis. Experimentally 
we know of the existence of rotational spectra in many nuclei whose proton 
and neutron numbers place them far from closed shells. We can therefore 
assume that the Hamiltonian for these nuclei does separate effectively into a 
sum of the Hamiltonians of rotation and intrinsic motion: 


A= Hint a Let (2.9) 


At least we can argue that this separation is empirically valid for the low-lying 
states of these nuclei. In other words we imply in (2.9) that in principle we can 
transform, in some approximation, from the 3A coordinates r; into a new set 
of coordinates 6, similar to (2.4), plus internal coordinates £,, and thereby 
separate the Hamiltonian H. The angle variables 6,, kK = 1,2,3 define the orien- 
tation of the three-dimensional deformed potential relative to a fixed labora- 
tory frame of reference, and £, are the remaining 3A-3 internal coordinates of 
the system. (We ignore the separation of the center-of-mass coordinate just for 
simplicity.) 

As in the two-dimensional case, 6; can be implicitly defined in terms of r; 
in the following way: let A(@,) be the 3 X 3 matrix that transforms r; from the 
laboratory frame to a frame defined by the angles 6, (these can be the Euler 
angles defining the new frame with respect to the laboratory fixed frame). 
If r;’ are the coordinates of particle i with respect to the new frame then 


r= A(O;)0: (2.10) 


Notice that (2.10) is a shorthand notation for the product of the 3 & 3 matrix 
A with the vector r; of the ith particle. Thus (A r;)2: = Agr2Xi t AatyVi + ArreZis 
etc. If the axes of the new frame are required to be along the principal axes of 
the nucleus, we obtain the following implicit equations for 6, in analogy to 
(2.3): 


0 = 22 xy = D1A@i)ri) [A(,)raly 
0 = 2, yizi! = DAAC ily LAG le (2.11) 


0 = Di zi'x! = 21AO)lelA@)rie 
Trot 1 (2.9) is the kinetic energy associated with the variation of the angles 6; 
with time. If R is the angular momentum conjugate to the angles 6, then Tro: 
is given by: 
h2 h?2 h2 
1 = R,’? R,,-? 
sii Se a aie = oF 


R.? (2.12) 
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where 7. 7, and 7, are the moments of inertia around the three principal 
axes. | 

The assertion of (2.9) (which, as we said, has thus far only an empirical 
basis) is that, provided proper numerical values are taken for the moments 
of inertia in (2.12), the operator A;,; will be to a good approximation a 
function only of the 3A — 3 intrinsic coordinates &. However, if x(&,) 1s an 
eigenfunction of the intrinsic Hamiltonian H;,:;, we can express it also in 
terms of the coordinates r,’ of the particles relative to the body-fixed frame. 
These 3.4 coordinates are not independent, since they satisfy the three equa- 
tions (2.11). Nevertheless, as was pointed out in Section 1, we shall adopt the 
approximation that, viewed from the body-fixed frame of reference, the 
nucleons move independently in a deformed potential whose axes coincide 
with those of the body-fixed frame. This is not the same as assuming the exact 
validity of (2.11), but it does assure us of the validity of (2.11) on the average. 
That is, if x(r;’) is a Slater determinant of single-particle wave functions in a 
deformed potential with an axial symmetry around the z’-axis it can be shown 
that 


<x|(doz/xix> = <x|QQUx'ynx> = <x(Qly/z:)x> = 0 (2.13) 


Transformation (2.10) does not lead to the separable form of the Hamilton- 
ian (2.9). Instead, as we pointed out in our discussion of the two-dimensional 
case (see Eq. 2.6), a term A oupi, that couples the internal degrees of freedom 
with the rotational degrees of freedom, is also present. The correct Hamiltonian 
is therefore 


H = Aint ++ A cupi + (2.14) 


However the occurence of rotational spectra leads us to assume that Houp1 
can be treated as a perturbation. We therefore take the approximate Hamil- 
tonian of (2.9) as the starting point of our theory. The first step is to determine 
its eigenvalues and eigenfunctions. 


3. THE WAVE FUNCTIONS OF THE UNIFIED MODEL 


The eigenfunctions of the Hamiltonian (2.9), that is, the zero-order eigen- 
functions of (2.14) in which A.oup is neglected, have the separable form 


Vn~ x(r;’) B(6;,) (3.1) 


where the functions x(r,’) satisfy the conditions (2.13). Let us now see what 
can be said about eigenfunctions of this type, in which the internal and 
collective coordinates are separated. 

First let us study the symmetry properties of the wavefunction W defined by 
(3.1). In other words we are interested in questions like: what is the total 
angular momentum that corresponds to a given WV; what is its parity, etc. 
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The angular momentum of a given function WY can be extracted from its 
behavior under rotations. If I 1s the total angular momentum operator for 
the system described by W, then a rotation by an angle 6a around the unit 
vector n produces in W a change given by (see Appendix A, A.2.2) 


SY = (e-tan-I — 1) (3.2) 


A rotation of the system as a whole does not change the numerical value 
of any of the internal coordinates. If x(r.’) in (3.1) is a function of these inter- 
nal coordinates, then it follows that under the above rotation 5x = 0. We con- 
clude therefore that 

I x(r.’) = 0 (3.3) 


The internal coordinates r,’, because of (2.11), are not independent of each 
other; for given values of the independent coordinates r;, the resulting values 
for r;’ depend on the particular values of @,. However, once we define a func- 
tion x(r,’) as a function of the A-vectors r;’, we can ask the question as to 
what is the change in x induced by a rotation of the A-vectors r,’ relative to the 
(body-fixed) frame >|’. This rotation, by an angle da, can be carried out 
again around the direction n fixed in space, and the change in x is then given 
by an appropriate operator J through 


dx(r:) = [e-#en-3 — 1] x(r,’) (3.4) 


The functional dependence of x(r;’) on r;’ does not reflect the fact that the 
A-vectors r;’ are not independent. This latter fact affects only their allowed 
range of variation in a physical wave function W of the type (3.1). Thus the 
operator J has all the features of an angular momentum operator for our 
system, and it is often referred to as the operator of internal angular momentum. 

It is worthwhile mentioning that although the operator J rotates the vectors 
r,’ relative to the body-fixed frame of reference }>~’we can of course, take its 
components either relative to ».’, in which case we designate them by Ja, Jz, 
and Jc, or relative to the laboratory frame >>, when we designate them as 
J;, J;,. and J}. 

In all cases we have 


[Ja, J 3] =.) > €A BC Jo Or [Jes Ji] =] > E€klj J; (3.5) 
Cc J 


where ¢;1; is the antisymmetric tensor. (€,2; = 0 if any two indices are equal, 
€103 = 1, 42; = 1 for an even permutation of (123), — 1 for an odd permutation.) 
It is also obvious that, by definition, J does not operate on the coordinates 

6,, so that | 
I[x(ri’) ®x)] = [J xi’) 262) (3.6) 


The operator of the total angular momentum I can also be decomposed into 
components /;, J;,, J; in the laboratory frame > or into components Is, Iz, Ic 
in the body-fixed frame of reference >>’. The commutation relations of I, 
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Ip, and Ic are, however, different from those of J;, J,, and J, since J4, for 
instance, is a component of I along an axis that itself undergoes a rotation by 
the operation Jz, etc. 

To derive the commutation relations of J4, Jz, and Jc let us introduce the 
three unit vectors in the directions of the three axes in }.’, e4, eg, and ec, 
which satisfy: 

Q4°e3 = » Can CBk = OAB; » Can Car = Ox1 (3.7) 
k A 
Since e, 1s a vector quantity built from the coordinates of the particles it 
satisfies the following commutation relations with J; 


Ln, ear] = ident; eas (3.8) 
j 


The components of I with respect to the body-fixed frame of reference are 
given by 


I, = wr CAL = ean I, (3.9) 
where we used the fact that, because of (3.8), 
[T., Caz] = O (3.10) 


It follows from (3.9) and (3.8) that 
[T4, @px] = » [Ti eat, Cze] = > ear Lh, ene] 
l l 


= » l€tkm CAl CBm = — » lease ck (3.11) 
lm C 

In deriving (3.11) we have used the fact that the body-fixed unit vectors e4, ep 

and €¢ commute among themselves; we have also used the identity 
‘> €kim CAk CBl = » €EABC Cm (3.12) 

kl C 
The component J, is a component along an axis in the body-fixed frame of 
reference; it is therefore a scalar with respect to rotations of the total system. 
Hence 


(l., I4] = 0 for any k and A (3.13) 
Combining (3.13) and (3.11) and using (3.9) we obtain finally 
4, In] = — id) ease Ic (3.14) 
C 


In the laboratory frame [Jz, lh] = iD) sim Im. Thus the components of I 
along the body-fixed frame of reference satisfy commutation relations similar 
to those of the components of I with respect to the fixed laboratory frame, 
except for a change in sign. 
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Problem. Use the fact that the internal angular momentum J commutes with 
the vectors e,, and going through a similar derivation to that outlined above 
prove (3.5). Note that (3.13) is not valid when I is replaced by J. 


The operator I describes, as we have indicated, the physical rotation of the 
system as a whole; J, on the other hand, describes the rotation of the particles 
relative to the body-fixed frame of reference. This rotation is not physically 
realizable since the body-fixed frame is carried with the particles whenever 
they are moved; yet when one expresses the wave function W in the form (3.1): 
WY = x(r.’) £(6,), it is possible to investigate the effects of such nonphysical 
rotations by subjecting the coordinates r,’ of the particles to a transformation 
that takes them out of the physical region of variation allowed by their 
interdependence as implied by (2.11). 

There is another nonphysical rotation R, which is the rotation of the body- 
fixed frame leaving the particles untouched. It is obvious that for any function 
x(r.:’) of the internal coordinates defined with respect to the body-fixed frame, 
the result of a rotation R of the frame by an angle da around n is equal to a 
rotation J of the particles by an opposite angle —éa around the same direc- 
tion n. Thus 


[e-em — 1] x(ry") = [eters — 1] x(r¥) 


and hence 
(R+ J) x(t’) = 0 (3.15) 
Comparison of (3.15) and (3.3) suggests that 
I=R+J (3.16) 


In fact, if we fix a direction n in space and rotate first the frame >! by an 
angle da around n, and then the particles with respect to >,’ by the same 
angle, we obtain the combined change in V 


sv = [e—tdan-Je—isan-R ane, 1]v (3.17) 


For small values of da this should be the same as the effect of a total rotation 
of W by an angle 6a around n, that is, we also have 


6 = [e-iton-t — 1 ]p (3.18) 


Comparison of (3.18) with (3.17) then leads to (3.16). 
The operators R and J operate on different degrees of freedom of the system 
and they therefore commute with each other 


[Ri, Ji] = 0 (3.19) 


Since J commutes also with the vectors e4. we obtain from (3.16) and (3.8) 
that 


[Ri, Car] = 1D) enn Ca; (3.20) 
J 
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From (3.16), (3.19), and (3.20) it now follows that R satisfies commutation 
relations similar to those of I: 


[Ri, Ri] = id> im Rm = [Ra, Ra] = — id, ease Re (3.21) 
m Cc 


It also follows from (3.19) and (3.20) that 
[Ra, Jz] = i>; €A BC Jc (3.22) 
C 


Thus, although the components Ju, etc. and Ra, etc. satisfy the “abnormal” 
commutation relations with —ieszc, while the components Jy, etc. satisfy 
the ‘‘normal’’ commutation relations with +ie,2c, the relation I = R + J is 
still consistent. The consistency is maintained because when taken with 
respect to >_’, the components of R and J no longer commute as in (3.19) 
but rather satisfy (3.22). 

The decomposition of the total angular momentum I into an internal 
angular momentum J and a collective angular momentum R, associated with 
the rotation of the body-fixed frame >’, makes sense only in a certain approxi- 
mation. The physical wave function YW = x(r;’) ®(6,) is not really defined for 
values of r,’ and 6; that are inconsistent with (2.11). It is therefore impossible, 
in principle, to study the behavior of a realistic Y under transformations like 
J and R that effect separately r;’ and 6; and disregard their interdependence 
via (2.11). The introduction of the operators R and J makes sense only in the 
approximation in which we construct the functions x(r,’) and #(6,) through 
a prescription that disregards their interdependence. As we shall see later, 
this is possible, since x(r;’) is taken to be a Slater determinant of single- 
particle wave functions in a deformed potential whose orientation is given 
by 6,, and the actual © has redundant coordinates in it. (Recall a similar 
prescription for the center-of-mass problem). In this case (2.11) is satisfied 
only on the average, and it becomes possible to investigate changes in ;(r,’) 
as a result of rotations of the particles relative to the axes of the deformed 
potential. 

In view of this nature of the operators J and R it is a priori not obvious 
whether the rotational kinetic energy 7,,, should be given as in (2.12) in 
terms of R or in terms, say, of a similar expression where R is replaced by I. 
To resolve this question one should really carry out the transformation from r; 
to the coordinates r,’ and 6,, introduce explicitly the assumed approximations, 
and derive the structure of the kinetic energy in terms of the new set of redun- 
dant coordindates. This program has been carried out by Villars and Cooper 
(69) who showed that the form (2.12) for 7,,.; in terms of R, rather than I, is 
indeed plausible. We shall not try to reproduce their arguments here, but will 
just note that also empirically R seems to be more appropriate than I for Tyot 
in (2.12). As we shall see below 7,.. = 1/27 I? would have led to rotational 
spectra, with a characteristic JJ + 1) spacing between levels, for all deformed 
nuclei. On the other hand 7,.4 = (1/27) R? does so only approximately and 
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in particular, it deviates badly from the JJ + 1) law for nuclei whose ground 
state has J = 1/2. This is indeed found to be the case also empirically, so that 
the form (2.12) for the rotational energy is preferred also from this point of 
view. 

We are now in a position to write down the wave function (3.1) in a more 
explicit form. To this end we note that the total angular momentum I is the 
real constant of motion of the system. It is therefore desirable to express Tyot 
as far as possible in terms of it. We shall confine ourselves for now to axially 
symmetric deformations, so that two of the moments of inertia are equal to 
each other. Taking z’ as the axis of symmetry we have 


Fa = fy =F (3.23) 
We then obtain from (2.12): 


h? h? h? h? h? 
rot = R,/? ee —— 2 = — 2 es A Pe 
mage hen og og re my) ® 
h? h? h? 
=_- — 2 2 — ry — _ a 2 e 
27 [P+ J? — 21-3] + (= =) Ud — Jz) (3.24) 


In deriving (3.24) we have used (3.16) to put R = I — J. 

Since we assume the nucleus to have an axial symmetry, the eigenfunctions 
x(r;’) of the internal motion can be chosen to be eigenfunctions of J,’. Let us 
characterize these functions by the quantum number Q giving the projection 
of the particles’ angular momentum on the body-fixed z’-axis: 


Joxa (ti) = OXe (Fi’) (3.25) 


The function (6;) in (3.1) should be taken to be an eigenfunction of To. 
Since 7, in (2.12) has the form of the Hamiltonian of a rigid rotator, ®(6,) 
should be the eigenfunctions of the symmetric top [see van Winter (54)]. As 
we know these can be taken as simultaneous eigenfunctions of R?, R,, and R,-. 
Since J does not operate on the angle variables 6,, it follows from (3.16) that 
we can choose the functions ® to be simultaneous eigenfunctions of I’, J,, 
and J/,,; denoting them by the conventional notation for Wigner’s D-matrices 
(see Appendix A, p. 918) we have: 


PDix@x) = 1 + 1) Durx(x) 
I.Duix (0x) = MDux (6x) (3.26) 
I, Dire(6x) = KD yx(6x) 


where, of course, —J < (K, M) < J. It is important to note that because of the 
phase in the commutation relation (3.14) the combination J, +il, (primes 
indicate components with respect to the body-fixed frame) is a lowering 
operator. When it acts on Dy x it yields Dy x_1 in contrast with J, + il, 
that raises the value of M by unity. 
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With the help of Xo(Fi) of (3.25) and Dalx(6.) of (3.26) we can now con- 
struct the zeroth eigenfunctions of H, (2.14). More precisely we rewrite H, 
(2.14) taking into account (3.24), and cast it in the form: 


he 2 | ht oe cg ay ae = 2 
H= [Hi +553 | + E (I? — 20Je) + (= =) (I, 1.9 


h2 
Eg ca es (IJ! + LHe) | (3.27) 


, = ] , ? ae l : 
where J. = 4 V2 Ud, + ily), Jz = 4 V5 le + iJ,:) 


We shall see later that in many cases the 
Coriolis term, — (h?/F) U4’J-’ + L’J’) 


in (3.27), which gives rise to a particle-rotation coupling, can be neglected 
because it leads to a small perturbation on the rest of the Hamiltonian. 
If we also adopt the empirical conclusion that Heoupi may be neglected for 
low-lying levels, we arrive at a zeroth-order Hamiltonian 


h? h? h? \ 
Ay = Aint = ak = 20,3. + (= . _ C a 1) | (3.28) 
with 
h2 
HH, = Hin + a7 J? (3.29) 


The new intrinsic Hamiltonian H’ still has axial symmetry. If we take x,(r,) 
in (3.25) to be the normalized eigenfunctions of Hint’ we obtain for the nor- 
malized eigenfunctions of Ho: 


22+ 1,2 
v= fl = Daki(s) xolt) (3.30) 
Tv 


The coupling of the angular momenta involved in (3.30) is shown in Fig. 3.1. 
J and R need not be, and generally are not, separately constants of the motion 
since we are dealing with a system with an axial symmetry. 

Actually we shall see that due to some degeneracies, (3.30) is not the final 
form of W, but it can serve to give us a first feeling for the wave functions of 
the unified model. 


4. SYMMETRIES OF THE ROTATIONAL-MODEL WAVE 
FUNCTIONS 


The condition of axial symmetry that we have imposed on Hin; enables us to 
limit somewhat the class of allowed eigenfunctions (3.30). If the nucleus has an 
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FIG. 3.1. The coupling of J, R, and Lin (3.30). 


axial symmetry and we choose the z’-axis to be in the direction of this axis 
of symmetry, then it is obvious that the solution of (2.11) cannot give us a 
unique direction for the x’- and y’-axes. Only the z’-direction can be fixed by 
(2.11). 

If we could solve (2.11) we would get the angles 6,, which determine the 
orientation of the body-fixed axes, as a function of the particle coordinates r;. 
As the particles move around, 6, and, consequently, the body-fixed axes will 
change as well; 6, is in principle calculable from the motion of the particles 
through the dependence of 6, on r; as given by (2.11). If the motion of the 
particles is such that axial symmetry is retained all throughout the motion, 
then, obviously, this particle motion will lead to no rotation of any choice of 
the x’- and y’-axes. This is actually the content of the statement that the parti- 
cles in their motion retain the axial symmetry of the nucleus. The collective 
part of the rotation in this case can only be in a direction perpendicular to 2’. 
Whatever angular momentum there is to the system in the z’-direction must 
come from the internal angular momentum and is not to be ascribed to the 
collective angular momentum. Thus we reach the conclusion that in the wave 
function (3.30) we must have K = Q. 

It is worthwhile to stress that the axial symmetry of a Hamiltonian around 
the z’-axis enables us only to conclude that the wave function must have a 
definite dependence on the azimuthal angle: e*”*. However, here we have 
assumed an axial symmetry of the wave function with respect to the body- 
fixed z’-axis. This is a much stronger requirement that says, formally, that 
the total wave function remains unchanged under rotations around the z’-axis. 


eka p= for any a 
It follows, therefore, that 


Ry»V=0 or (hb —Jv)V=0 (4.1) 


SYMMETRIES OF ROTATIONAL-MODEL WAVE FUNCTIONS 399 


Since J,,, operates only on (6;) and J, operates only on x(r;’) (see Eqs. 3.3 
and 3.6) we obtain from (4.1) and (3.30). 


Xo(r) Ue Dit(6.)] = Divrx(Ox) VeXar’)] 
Using (3.25) and (3.26) it then follows that for axially symmetric nuclei we 


must have 
K=Q0 (4.2) 


in agreement with our conclusion above, which followed from the assertion 
that there is no collective rotation around the z’-axis. As can be seen from 
Fig. 3.1, 4.2 means that the rotation R of the body-fixed frame of reference 
can only be perpendicular to the axis of the symmetry. No quantum-mechani- 
cal rotation is possible about an axis of symmetry of the system. 

Another requirement on the wave function © follows from the fact that 
(2.11) cannot fix a sense of direction for the z’-axis either; only the line along 
which it should lie is determined. In fact, if the tensor of inertia is diagonal 
with respect to one choice of the axes x’y’z’, it will remain diagonal also if we 
choose any of the axes along the opposite direction. If we rotate the body- 
fixed frame of reference by 180° around the y’-axis, for instance, we obtain 
a new frame whose z’- and x’-axes coincide with the negative directions of the 
previous z’- and x’-directions, respectively. Since (2.11) to begin with could 
have not distinguished between these two choices of the body-fixed frame of 
reference, the wave function Y should remain invariant under this particular 
rotation of the body-fixed frame. We encounter again an invariance of the 
wave function with respect to a certain transformation, which is due to the fact 
that, for an axially symmetric nucleus, (2.11) cannot provide a solution that 
violates this symmetry. We can therefore write 


e-itRy Y = (4.3) 


The rotation (4.3) affects both the D-function and the x- function, and let 
us study each effect separately. 
Since J does not affect the D-functions, we obtain from (3.16) that 


eRe! Durr(9x) = ee! Dutr(6x) = (—1)** Diz_K(Ox) (4.4) 


where use has been made of the properties of the D-functions as summarized 
in Appendix A Sect 2. 

To study the effect of R,, on X9(r;’) we note that as far as X9(r;’) is concerned, 
a rotation of the body-fixed frame by an angle a around n has the same effect 
as that of rotating X9(r.’) by an angle (— a) around the same direction n (see 
also Eq. 3.15). Therefore 


We shall further find it useful to expand x,(r,’) in a series of functions of r,’ 
that are also eigenfunctions of J?: 


Xo(r:’) = Do ayXq™ (r/’) (4.5) 
where J? Xo (r,’) = JJ + 1) XQ (r,’). 
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We obtain then (see Appendix A, A.2.2, for finite rotations of angular momen- 
tum eigenfunctions) 


. be _ 
_ wea 


e-itRy! Xo(r;’) = eu! Xo(r,’) = > ay ery! XgI(r;") 
= Do ax(—1)¥ xX_9(r,’) (4.6) 
For convenience it is customary to introduce the notation 
eX 
(— 1)? Xo’) = DE a(—1Y X07 (i) (4.7) 


It has to.be realized, however, that since X9(r;’) is not generally an eigenstate 
of J?, (—1)% is an operator defined by (4.7). 
Using (4.7) and (4.4) and noting that K = Q, we obtain finally 


e-itRy! YY = e-iRy! - Dux(x) Xx(ri’) 
Us 


~ 
- (= 1)-7 Al = Dix (0x) X_x(r,’) (4.8) 
It can be shown that if the intrinsic Hamiltonian is invariant under time 
reversal, which indeed we shall assume to be the case, then for 2 ¥ 0 the 
states X,9 and e—*7%#/xX,9 = (—1)*/ X_g derived in (4.6) are degenerate. 
Hence the corresponding energy is an even function of 2, and because of 
(4.2), (3.26), and (3.27) also the states D’yx(6,) and D!y,~x(6,). correspond to 
the same energy of the rigid rotator. It follows therefore that we can obtain 
eigenfunctions of Ho, (3.28), which have the required symmetries (4.1) and 
(4.3), by taking the linear combination 


a J = S { Dibic(O1) Xc(ei’) + (C1 Df, n(0s) X_x(07)} 
for K>0O (4.9) 


It is to be noted that only one such state can be built combining K and — K. 
We adopt, therefore, the convention that K is always positive. We also notice 
that as a result of the symmetry requirement (4.3), the total wave function is 
no longer separable into a product of an intrinsic wave function and a collec- 
tive wave function. Rather, it is a sum of two such products. This implies a 
coupling of the intrinsic motion to the collective motion, whose origin has to 
do with the quantum-mechanical symmetry properties of the wave function. 

The case K = Q = O deserves special attention because in this case X,g = 
X_o9 = Xo. If the intrinsic Hamiltonian has a reflection symmetry in the x’y’-, 
plane in addition to the axial symmetry, then a rotation of the body-fixed 
frame of reference by an angle w around the y’-axis commutes with the 
Hamiltonian; it follows that Xo is an eigenstate also of e-*7¥v’: 


e-itRy! X) = dX Xo (4.10) 
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The expansion of X, in terms of eigenstates of J? contains integral values of J 
only since 9 = O implies an even number of particles; since from (4.6) it 
follows that e—*7¥s’ X, = e*™y’ Xo, we conclude that 


etitky! Xo = er*tFy! Xp = + Xo (4.11) 
Hence d in (4.10) takes on the values 
A= + 1 (4.12) 
We can also use (4.6) to evaluate e~*7%4 Xq: 
e—itRy X) = e'™y! Xo = (— 1)" Xo (4.13) 


Comparing (4.13) with (4.10), and noting (4.12) we conclude that intrinsic 
wave functions with Q = 0 can have in them components of either even J or 
odd J but not a mixture of both. If xo belongs to the eigenvalue \ = + 1 
of e—**®y’ it will have only even J’s in its expansion (4.5), and only odd J’s will 
show up if it belongs to \ = — 1. In other words 


The derivation of (4.9) can now be repeated for the case K = 0. One finds 
then, using (4.14): 


WU, K = 0, M) = N{ Dito Ox) Xot’) + (— DI Dito) Xo(r:’)} 
= N{ Diio(Ox) Xo(ri’) + ¥(—1¥ Dgo(Ox) Xolr.’)} 


= N[L + d(—1F] Dio(@x) Xo’) (4.15) 
where N is a normalization constant. One sees, therefore, that for \ = + 1, 
Wd, K = 0, M) vanishes for odd values of J, whereas for \ = — 1 it vanishes 


for even values of J. Thus we expect rotational bands built on intrinsic states 
with K = 0 to have either even /’s only or odd /’s only unhke rotational bands 
built on other values of K, which can have all values of J satisfying, of course, 
I> K. 

The wave function VUKM), (4.9) or (4.15), are eigenstates of Ho, (3.28), 
that satisfy the symmetry requirements resulting from the ambiguity in the 
definition of @, from (2.11) when the nucleus has an intrinsic axial symmetry. 
It is easy to evaluate the eigenvalues Ey of H, that go with these wave functions: 


h? 
Hy) VWUIKM) = fax) + a7 Vd+ 1) - 2K: YUKM) (4.16) 
Here ¢(K) is the eigenvalue of the intrinsic Hamiltonian H{,, (3.29), to which 
Xx belongs: 


h2 
Hy Xx = | Hi 4 5 | Xn = (K) Xx (4.17) 
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We have noted before, in deriving (4.9), that «(K) depends actually only on 
|. K|, so that x_x satisfies (4.17) with the same value for e(K). Since, as indicated 
by (3.26) |K| < J, the levels J that involve the same internal structure, and 
therefore the same value of K ¥ 0, must satisfy 


T= |K|, |K| +1, |K|+2,... (4.18) 


These are the levels that constitute a rotational band constructed on the 
intrinsic state Xx. 

The Hamiltonian H, is, of course, not the complete Hamiltonian of the 
rotating nucleus. The full Hamiltonian (3.27) contains a coupling term A goup1 
that is believed to be small, and the Coriolis term — (h?7/7) U4’J_’ + L’J,’) 
that has thus far been neglected. Because of the occurence of J,’ in the Coriolis 
term it can couple an intrinsic state Xx only with another intrinsic state X x41. 
Normally, for deformed nuclei, we find that the empirical moment of inertia 7 
satisfies 

h?2 
7 K |(K) — ({K’))| K+ K’ (4.19) 

That is, the spacing of the intrinsic levels is large compared to the spacing 
of the rotational levels. Since J,’ has no diagonal elements in K, the Coriolis 
potential can affect the spectrum of H only in second order, and because of 
(4.19) its effects are expected to be small for small values of J. 

There is, however, one case that deserves special care because of the appear- 
ance of both + K and —K on V(/KM). If K is such that 


1 
K+1=—K,  thatis, K= +, (4.20) 


then the Coriolis term does have diagonal terms in YW([KM) and therefore does 
lead to first-order corrections to the eigenvalues of H. Equation 4.16 should 
then be corrected to include first-order contributions of the Coriolis potential, 
and we obtain 


EUIKM) = (¥(IKM)| HW(IKM)) = (K) + - UU + 1) — 2K2] 


| l 
+ de (3) 5 (xi. ;) (4.21) 


where a straightforward calculation gives, using the expansion (4.5): 


\\ i? 7 (22+ 1)(Q7 + 1) 
be (5) ais 7 2 ( Lji+y ge laz| (4.22) 
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It is customary to introduce the decoupling parameter* a defined by: 
1 
a=) (-1)'? € + 5 la (4.23) 
J 


and to lump together all the K-dependent parts of EUKM). Equation 4.21 
then takes the following form, valid for any value of K, 


EUIKM) = E(K) + yi +1) 4+ a-—DMr (1 +5) 6 (\«15) | (4.24) 


where E(K) is the J-independent part of EUKM™). 

It is instructive to summarize what went into the derivation of (4.24) 
since, as we shall see, its agreement with experiment is so spectacular. 

We asserted that the true nuclear Hamiltonian is approximately separable 
in the Euler angles that define via (2.11) the orientation of a body-fixed frame 
of reference, and the coordinates r,’ relative to this frame. We further assumed 
that the intrinsic wave function obtained from this separation has an axial 
symmetry around 2’ and a reflection symmetry in the x’y’-plane. Then, for the 
case in which the empirical moment of inertia 7 required to carry out the 
separation satisfies (4.19), we obtained (4.24) correct to the first order in the 
Coriolis. potential. Nothing further had to be assumed about the nature of the 
intrinsic Hamiltonian A;,;. For a given band K, (4.24) has in it at most three 
parameters: E(K), 7, and a. These can be functions of K but are expected to 
be independent of J within the band. Since a rotational band may be expected 
to have appreciably more than three levels in it, we can use the experimental 
data not just to determine the internal energies E(K), the moment of inertia 7, 
and the decoupling parameter a (for |K| = 1/2), but also to check the con- 
sistency of the whole underlying model that gave us (4.24). 


5. COMPARISON WITH EXPERIMENT 


We saw in Section VI.1 a few examples of rotational spectra in the region of 
A ~ 176 to 178. The deformed even-even nuclei have rotational spectra with 
I = 0+ for their ground state. We note that the levels of any rotational band 
must satisfy J > K (D’ux vanishes if J < K; the projection of an angular 
momentum cannot be bigger than the angular momentum itself). We con- 
clude therefore that in even-even nuclei, the lowest rotational bands have 


*The origin of this name comes from the observation that if R is perpendicular 
to the nuclear axis, as implied by (4.2), and if J lies along this axis, then le J=J? 
and the Coriolis potential introduces no |-dependent correction to the energy. 
When the I-dependence is important it measures therefore the decoupling of the 
vector of J of the intrinsic motion from the nuclear axis of symmetry. | 
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K = 0. According to (4.15) they should have only even values of J for the 
angular momenta of their excited levels. This expectation is very convincingly 
borne out by the actual experimental data in all known cases. 

Consider now an example of an odd-A nuclei, 177Lu. We observe at least 
three rotational bands in 177Lu (see Fig. 1.4). Again, using the relation J > K 
for the various levels of the same rotational band, we associate these bands 
with K = 7/2+ (ground-state band), K = 9/2- (band starting at 0.1504 MeV), 
and K = 5/2+ (band starting at 0.458 MeV). We note that the moments of 
inertia associated with these three bands are rather close to each other: 


2 


h 7+ 
— = 0.01379 MeV for the K = — band 
27 2 
Q- 
= 0.01286 MeV for the K = 5 band 


+ 
= 0.01368 MeV for the K = ; band 


They are on the whole larger than the moments of inertia of the neighboring 
even-even nuclei (h?/27 = 0.01374 MeV for !”*Yb, (h?/27) = 0.01482 MeV 
for 17*Hf, and (f7/27) = 0.01561 MeV for '!78Hf). This seems to be true for 
most deformed odd-A nuclei. 

K = 1/2 bands are known in the different deformed regions of the 
periodic table; two of them are shown in Fig. 5.1 with the calculated energies 
shown in square brackets (lower levels were used to derive the parameters). 
Again the agreement of the empirical date with (4.24) for K = 1/2 is striking. 
We notice the large deviation of the spectra, in these cases, from the simple 
IU’ + 1) rule, clearly indicating the special role played by the decoupling 
parameter for K = 1/2 bands. 

Several questions pose themselves as one studies the phenomenal success of 
the simple formula (4.24) in reproducing so well and systematically the low- 
lying energy levels of practically all even-even and odd even nuclei in certain 
regions of the periodic table (the situation with odd-odd nuclei is slightly more 
complex): 


(a) Are there other tests that could be used to confirm the simple struc- 
ture of the rotational wave function VUKM) given by (4.9)? What we should 
look for are tests that make, if possible, no explicit use of the wave functions 
Xo beyond the fact that they involve internal coordinates only. 


(b) Is the empirical value of the moment of inertia reasonable and does it 
tell us anything about nuclear dynamics? 


(c) Can we understand the systematics encountered in the empirical 
moments of inertia? We mentioned above that moments of inertia of odd-A 


S20 eee «C02. 247 (0.24682) 


/27- —$—-———._ 0.2305! 

2+ —nnm 0129! [0.12860] 
5/2+ —_——$_——— 0.1167 

; 5/2- «(0.007588 
3/2) —————————— 0.005! 3/20" 0.006673 
/2+ —_____-_ © /2°—————=——_ 0 

171 A=0.01201 MeV 171 
69 |Nige a=-0.8585 70. 101 A=0.01206 MeV 


a=+0.84766 
B=-4.16 x 107° 


FIG. 5.1. Bands with K = 1/2 in deformed nuclei. Figures in square brackets given by 
(4.24). 


nuclei seem to be, on the whole, slightly larger than those of their neighboring 
even-even nuclei. We also notice from Figs. 1.3 and 5.1 that a better fit to 
energies of rotational levels is obtained with the empirical formula 


EQ) = E, + Al + 1) + BRU +1) (5.1) 


Although B comes out always to about 10? to 10‘ times smaller than A, its 
sign is always negative. This can be interpreted as a slight J-dependence of the 
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FIG. 5.2. The energies of Gd divided by /(/+1) plotted against /(/+-1). The data is taken 
from Theiberger et al. (71). 


moment of inertia, making 7 bigger for higher angular momenta. This formula 
fails for large I as indicated by Fig. 5.2. 


(d) Can the intrinsic wave function Xp be approximated by an independent 
particle model using a deformed field? And if so, can we use it to explain the 
moment of inertia 7, the decoupling parameter a, and other intrinsic quantities 
of deformed nuclei such as their intrinsic quadrupole and magnetic moments 
(see below)? 


These questions will occupy us for the rest of this chapter. As we shall see, 
the rotational wave functions present a most coherent and internally consistent 
picture of many related nuclei. They explain not only the energies of these 
nuclei but many other nuclear properties as well. A basic question, however, 
still remains open: is the occurrence of strongly deformed nuclei in betwen 
magic numbers a general property, that is, one which could be expected for a 
large class of interactions w(ik), or does it depend on some particular features 
of the nuclear force? Nature has provided us with only two types of complex 
systems involving interacting fermions; one is composed of nucleons with the 
nuclear interaction among them, and the other of atoms with electromagnetic 
interaction among their electrons. One, the nuclear case, shows in its ground 
state under some circumstances a rotational structure; the other, the atomic 
case shows a crystaline structure. It is hard, therefore, to judge, on the basis of 
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experimental evidence alone, which behavior is the rule and which results 
from some special features of the interaction. In Chapter VII we shall try to 
study this question more closely by studying several model Hamiltonians and 
their approximate solutions. We shall find several arguments that make the 
existence of deformed nuclei in between closed shells quite plausible, but a 
definitive answer to our question cannot, at this stage, be produced. 


6. OTHER TESTS OF ROTATIONAL WAVE FUNCTIONS. 
ELECTRIC-TRANSITION PROBABILITIES 


We recall that the validity of adopting shell-model wave functions for a set 
of levels could be tested with very few additional assumptions about the dy- 
namics of the system. This was due to the fact that, through the assump- 
tions of the shell model, physical properties of various levels became interre- 
lated, so that the expression of one in terms of the other became a test of the 
particular shell-model wave function assignment. 

For the rotational model such tests become even more natural. The wave 
function (4.9) is supposed to describe a whole band of levels, all with the same 
intrinsic wave functions Xp and X_9. Since the D-functions are known, uni- 
versal functions, we can expect that the values of a physical quantity taken for 
all levels of the same band will be simply related to each other. 

Most nuclear quantities of interest, like moments of various kinds, transi- 
tion amplitudes, etc., can be expressed in terms of irreducible tensor operators 
(Appendix A, A.2.39). Let 7,“ be a component of such an operator referred 
to the laboratory frame of reference. We shall be generally interested in the 
matrix element 


UKM |, |I'K’M’) = [%* (IKM)T.® WU'K'M’) d)...d(A) (6.1) 


since 7, is a component of an irreducible tensor operator we can easily 
express it relative to the body-fixed frame of reference. Using the relation in 
Appendix A, A.2.39 and A.2.19 we have 


TT.) = D> DEO.) Te ® (6.2) 


In (6.2) T,.:‘“” are the components of the tensor T“ referred to the body- 
fixed frame. They will generally depend on both the non-independent coor- 
dinates r;’ and the orientation 6, of the body-fixed frame. In many special 
cases, however, this dependence on r,’ and 6, can be separated. For one im- 
portant class of tensors T“, 7,,“") depends only on r,’ and does not depend 
at all on 6,. This happens when T“) (r,’) is constructed out of the coordinates 
r; of the particles but involves no momenta, or the operators 0/Ox:, etc. By 
definition, irreducible tensor operators (see Appendix A, A.2.39), when 
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referred to another frame, involve only the coordinates with respect to that 
new frame, and do not depend explicitly on the angles between the two 
frames. In this case we can write (6.2) in the form: 


T.© (¢) = 2d Deer (6x) Te (02’) (6.3) 


We note that (6.3) gives us the operator 7,“ (r;) essentially in a separated 
form, as a product of a function of the coordinates r,’ relative to the body- 
fixed frame, and a function of the collective coordinates 6;,. Our basic assump- 
tions, (4.9), say that WUKM) can be similarly: separated. We can therefore 
carry out explicitly all the 6, integrations—they involve only known functions 
of 6,—and thereby obtain the complete /- and J’-dependence of (6.1). Intro- 
ducing (6.3) and (4.9) into (6.1) we obtain, in fact: 


(IKM|T (r,)|I'K'M’) 
= BVT DAFF DE | [ Dhexl00) DE Din) (KITe |) 
+ (-1)-” [ Ph K(x) D&O.) Diy —K (6.) ( — K|Te®| — K’) 
GL fo MK) Dic(Ox) Dig K(x) (K| Te | —K’) 


+ (-1¥ | Di-K@x) D&G.) Divx(G.) (—K| Tx | K’ } (6.4) 
where we used the notation 


(K|T. |’) = | Xi Ea) (Ea) Xx (Ea) dE 


SN 
(—K|T.|K’) = | [((— IY XK (Ea)]* Te (Ea) Xxe(Ea)dEa, etc, (6.5) 


We can now use the relation (see Appendix A, A.2.73) 


lok tf ITkr 
Diux(6x) Dyw(9x) Diy x(9x) dR = ( )( (=) 


8x’ —mM« M'/)\—-K x K 


(6.6) 


where dR stands, symbolically, for the integration over the whole angular 
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range of 6, with the proper volume element in the space of these angles. 
Equation 6.4 can then be reduced to the form 


(<p, Iki 
(KM |T,.(r,)|I’K’M’) = a V (27 + 1) QI’ + 1) 


—M x M’ 
Tk? 
x> )cxironin 
x! Sak K’ K’ 


(Tk I 
+ (-—1)h" (—K|T | — K’) 
K x’ —K’ 


Tk I 
+ (-1" (K|Te® | —K’) 


—K x’ —K’ 

Tk 

cool )c-rironiey (6.1) 
K «’ K’ 


Equation 6.7 can be further reduced if we notice the following relation 
between (— K|7T_,“ | —K’) and (K|T,.“ | K’): By (6.5) and (4.7) and using 
the Wigner-Eckart theorem (see Appendix A, A.2.44): 

(—K|T_¢®|—K’) = SOC DY a 8-1)" a] OX? | Te ® |X") 

JJ! 


Jk Jf 
= D(H" aay, (—1* Ge | fx!) 
JJ! K —«’ —K’ 


JI kJ 
-> cova ( (x7 | |T | | x77) 
rs! —K «' K’ 


= (-1)' Di as* ay (Xx7|Te® [Xxe’) = (—1)* (K| Te | K’) (6.8) 
JJ! 


Note that [((—1)¥]* = (—1)-/ since J can be half integer. We obtain then 
finally 


Iker 
(IKM|Pe©(r)|I'K'M’) = (—1)"-* 6/27 + 1) QI + o( 


—M x M’ 
IT kT 
x Z| ) cxirin 
—K x’ K’ 


Tk I 
+0 (K|To®|—K) | 69) 
—K «’ —K’ 
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Equation 6.9 thus expresses any matrix element of 7’ (r;) between a level of 
the band K and a level of the band K’ in terms of the internal matrix elements 


(K|Te®|K’) and = (K|Ty ® | —K’) (6.10) 


We notice that although (6.9) involves. formally, a summation over x’, the 
sum reduces to one term in (6.9) if the value of k is sufficiently small. The 
first term contributes only if x’ = K — K’ and the second only if x’ = K + K’. 
In many applications of (6.9) one considers an irreducible tensor of a rather 
low order—k = 1 or k = 2. In that event these conditions on x’ can be satisfied 
for a few (often only one) value of x’. Indeed, if the bands K and K’ are such 
that K + K’ > k, we cannot satisfy x’ = K + K’ since by definition x’ < k. 
Only the first term in (6.9) contributes then to the matrix element in question. 

As an example of the possible uses of (6.9) let us consider the quadrupole 
moment operator (see Section 1.8) 


0, = Or ri? You (0i6:) ——— ot — (6.11) 


which is a special irreducible tensor of rank 2 and of the type that satisfies 
(6.3). The quadrupole moments of the various levels of the same K-band are 
then given by: 

Od2+) = IKM=1|Q0,|I KM = I) (6.12) 


If K > 3/2, the second term in (6.9) vanishes and we obtain from (6.12) 


12N\/il 21 
QM) = (“If * AL + I) Q K2 3/2 (6.13) 
—-101/\-K0K 


where the intrinsic quadrupole moment Q, is given by 


1 + iz 
o.- (Xx | x re? You (0: ) + 1X) (6.14) 


A direct substitution of the expression (see Appendix A, A.2.80) for the special 
3-j symbol involved in (6.13) yields (also, incidentally, for K = 1/2 and K = 0): 
Id + 1) 


3K? — 
QU) = +) Qr+3) 2 K #1 (6.15) 


For the lowest state of a band we have J = K, and (6.15) reduces to 


II — 1) 
tS KS K #1 6.16 
Meat gia (6.16) 
A careful analysis shows that (6.15) and (6.16) are valid also for K = 0 
and K = 1/2; a slightly different formula results for K = 1 due to the contri- 
bution of the second term in (6.9). 
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Problem. Verify (6.15) and (6.16) for K = 1/2 by using (6.9), and for K = 0 
by using the wave function (4.15) to derive the appropriate modification of 
(6.9). Derive the expression of Q(/) for K = 1. 


Experimental information about quadrupole moments of excited nuclear 
states have just begun to accumulate so that it is hard to test (6.15). From a 
measurement of the ground state quadrupole moment in a rotational band 
we can derive a value for Qo, which is a measure of the intrinsic shape of the 
deformed nucleus, but again, we cannot compare it to other quadrupole 
moments in the same rotational band. However, this value of Qo can be 
compared with the moment of inertia of the same band, which is also related 
in a definite way to the nuclear deformation, and some important conclusions 
regarding the dynamics of nuclear flow can then be drawn (see below). 

The value derived from the intrinsic quadrupole moment Q, from (6.16) 
can also serve to estimate transition probabilities between levels of the same 
rotational band when the radiation emitted is known to be an electric quadru- 
pole one. The transition probability, per unit time, for the emission of a 
photon of energy fw = hck and of multipolarity \, if the nucleus undergoes a 
transition from the initial state i to the final state fis given by (see Chapter 
Vit) 


Sm(\ + 1) eM 
MQ + DINE 


T(\) = BOL; > 1) (6.17) 


where 


l 
os LM; \T,™ r; IM; 2 6.18 


For electric quadrupole radiations the transition operator T,°(r,) in (6.18). 
is very simply related to Q,: 


5 . 
YP —— 6.19) 


BOI: > Ij) = 


We therefore obtain from (6.9), (6.14), and (6.18), that for electric quadrupole 
transitions with a given band 


e? 5 
B(E2, 1; — I;) = —- 


ee = § o2bnVf i 21% 
o —Ah+)A44+) ¥ 
20; + 1 16x MiM##\—M, wu» M;/ \-K« K 
L271; 


| UK My| Qu|1KM;)|? 


2 
1 
| for K # 5, 1 (6.20) 


5 
X | (K|Q.|K|)? = és e? Oo? (2h + v( 
. —KOK 
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Equation 6.20 tells us that within a given band there is essentially one 
number, Qo, which determines all electric quadrupole properties—both the 
static moments as given by (6.15) as well as the transition moments, as indi- 
cated by (6.20). 

The best experimental tests of (6.20) are obtained from the so-called 
Coulomb excitations of deformed odd-A nuclei. These are experiments in 
which a nucleus in its ground state is struck by a charged projectile whose 
energy is less than the Coulomb barrier between it and the target nucleus. The 
resulting variation with time of the electric field of the projectile as seen by the 
target, can then induce electric multipole transitions in the target. Since the 
role of initial and final states is reversed, compared to that encountered in 
y decay, we see from (6.18) that the reduced matrix element B(E2) that 
determines the Coulomb quadrupole excitation rate, is related to the one 
that determines the y decay, by 


B(E2; I; 1 25; +1 


(6.21) 


y-decay, B(E2, I; > I;), Coulomb excitation B(E2, I; — I;), (See Figure (6.1)). 

Equation 6.20 has been tested for a number of odd-A deformed nuclei 
where one generally observes the quadrupole Coulomb excitations from the 
I = K ground state to the levels 7’ = K+ 1andJ” = K + 2. It follows from 
(6.20) that, for these cases, 


_ BE2,T= KI” =K+2)— UAK+) 


R= 3(2,1-K->1l=—K+1) ~ K(2K + 3) 


(K > 3/2) (6.22) 


Some selected results for R are shown in Table 6.1, and it is seen that at 
least for nuclei well within the deformed region, like 1*Lu and !”’"Hf, the 
agreement between theory and experiment is very good. 

An even more interesting test of (6.20) is the comparison of Q» as derived 
from an absolute measurement of the lifetime of a level decaying by emitting 
an electric quadrupole, with that obtained from an absolute measurement of 
the static quadrupole moment of the ground state of the same band, using 
(6.16). Table 6.2 gives some such comparisons. 


‘—decay Coulomb excitation 
Ty 


FIG. 6.1. y-decay and Coulomb excitation. 
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TABLE 6.1 Theoretical and Experimental Values of R (Eq. 6.22) for 
Deformed Nuclei. The Theoretical Values are. shown in Parentheses. 
[taken from Mottelson (60)] 


B(E2; K — K + 2) 


Nuclei Io = K 
B(E2; K > K + 1) 

1S By 5/2 0.31(0.35) 
155Gd 3 /2 0.52(0.56) 
157Gd 3/2 0.55(0.56) 
159Tb 3 /2 0.51(0.56) 
Isl Dy 5/2 0.27(0.35) 
168Dy 5/2 0.27(0.35) 
165HO Py2 0.26(0.26) 
167Er 7/2 0.23(0.26) 
11Yb 1/2 1.5 (1.5) 
1BYb 5/2 0.31(0.35) 
17°57 u 7/2 0.24(0.26) 
L77HF 7/2 0.31(0.26) 
179 9/2 0.25(0.20) 
Ta 7 [2 0.29(0.26) 


Although the agreement between the two independent determinations of 
Q, is not perfect, it is rather satisfactory if one considers that one is deter- 
mined from nuclear reactions and the other from atomic spectra. The extrac- 
tion of absolute quantities from such measurements requires a good theoretical 
analysis of the experiments; whereas several uncertainties may cancel in the 
comparison of two similar measurements, like the comparison in Table 6.1. 
They will generally not drop out from comparisons of the type shown in Table 
6.2. 

Numerous additional tests have been suggested for the structure of the 
wave functions (4.9) utilizing various electric multipole radiations in con- 
junction with (6.9). One of the most impressive among these concerns the 
K-selection rules that follow from (6.9). It is obvious from the 3-7 symbols 
that appear in (6.9) that in order to have nonvanishing results for the 
transition amplitude (IKM|T_,-“ |I’K’M’) we must at least satisfy either 


K+ kK’=k <k 
or |K—K'’| =x <k (6.23) 


In other words, a kth multipole radiation cannot take place between two 
bands with Min (| K — K’|, K+ K’) > k. This is known as the K-selection rule 
for multipole radiation from deformed nuclei, and is seen to be strongly 
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TABLE 6.2 The Intrinsic Quadrupole Moments of Heavy Odd Nuclei. The Table 
Gives the Values Obtained by Coulomb Excitation and by Hyperfine Structure 
Measurements. [taken from Kerman (59)] 


| Qo| Qo 
Nucleus Io (Coulomb excitation) Q (hfs) 
13Ru 5/2 Toy 2.5 7.0 
13°Gd 3/2 8.0 1.1 5.5 
157Gd 3/2 7.7 1.0 5.0 
1eTb 3/2 6.9 
16°Ho 7/2 7.8 = 2 = 4 
1SEr 7/2 =10 = 20 
169Tm 1/2 8.0 0 
Yb 5/2 3.9 11 
1?Lu 7/2 8.2 5.7 12 
i7?HE 7/2 7.5 
VOT Tf 9/2 ae 
181Ta 7/2 6.8 4.3 9.2 
189Re 5/2 5.4 2.8 7.8 
187Re 5/2 5.0 2.6 7.3 
227Ac 3/2 — 1.7 — 8 
5 5/2 14 = 6 =17 
ma 0) 7/2 9 = 8 =17 
*93Np 5/2 9 
239Pu 1/2 8.3 0 


dependent on the validity of the approximation (4.9) for the nuclear wave 
function. 

Several cases are known in which this K-selection rule seems to be the only 
way to explain an unusually large retardation in an electromagnetic radiation. 
The most spectacular is the 8~ state at 1.1429 MeV in '8°Hf that decays by 
emitting an electric dipole radiation to the 8* state at 1.0853 MeV. The 
measured lifetime of this 8— level is 5.5 hours, which is about a factor 10! to 
1014 times longer than normal lifetimes of nuclear electric dipole radiations of 
comparable energies. The J = 8* state at 1.0853 MeV of 18°Hf fits nicely into 
the K = 0 band constructed on the ground J = 0* state as its lowest member. 
No other levels, except members of this rotational band, are known in 1°°Hf 
below this energy of 1.085 MeV. On the other hand the J = 8 level, being 
the lowest negative parity state in '8°Hf, is probably the lowest member of a 
new band. This band is therefore characterized by K = 8-. Normally we 
expect an electric dipole radiation between a level with J = 8- and another 
with J = 8+. But in rotational nuclei an electric dipole radiation to a band 
with K = 0 can take place according to (6.23), only from a band with K = 1. 
The high forbideness of the £1 transition in 1°°Hf is thus an indication of an 
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extremely pure description of the levels involved in terms of the rotational- 
model wave function (4.9). From the overall point of view, 18°Hf in its J = 8- 
state, differs only by zero units of angular momentum from its state of motion 
in the J = 8&* state, yet the internal structure that goes to produce these two 
states is so different that an El operator can hardly connect them. 

There are additional tests of the separability assertion for the rotational- 
model wave functions. To some of them —those involving magnetic moments 
and magnetic dipole radiation—we shall come later. At this stage we would 
just like to stress that thus far we have not found it necessary to be too explicit 
above the internal wave functions Xp. All we used was their axial symmetry 
and the existence of the quantum number 2 that characterizes them (in addi- 
tion to other quantum numbers, if and. when necessary). The validity of the 
approximation (4.9) tells us nothing further about XQ; it is the interpretation 
of parameters like the moment of inertia 7, or Qo that would teach us more 
about the internal state X9. These we shall now proceed to discuss. 


7. NUCLEAR DEFORMATIONS, QUADRUPOLE MOMENTS, AND 
MOMENTS OF INERTIA 


Having seen that experimental evidence supports the assertion (4.9) for the 
wave functions of rotational levels in deformed nuclei, our next natural 
question concerns the parameters obtained from the analysis of experimental 
data. Do they make sense? 

As a first orientation let us describe a deformed nucleus as having a uniform 
nucleon density within a deformed box. To make our discussion more con- 
crete we shall consider a particular type of deformation, the quadrupole 
deformation, so that the distance of the surface of the box from its center, 
measured in the direction (6) is given by 


R = Ro[l + Do Bou You(6,6)] (CAD 


Equation 7.1 is the equation for the surface of a deformed nucleus in 
spherical coordinates. . 

If we assume that the box is axially symmetric and take the z-axis along the 
axis of symmetry of the box, then R cannot depend on ¢ and we are left with 


R = Ry [1 + BY20(0)] (7.2) 


The axes of this spheroid are given by. 


R@ = 0) = Ro [ + 6 J2| (a single axis) 
| (7.3) 


5 
and R ( =5] = Ro c — B ./—— | (a double axis) 
2) 167 
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For 6 > 0 the single axis is larger than the double axis and the nucleus is a 
prolate spheroid, that is cigarshaped. For 8 < 0 the single axis is smaller 
than the double axis and the nucleus is an oblate spheroid; that is, diskshaped. 

Another parameter often used to describe nuclear deformations is. the 
difference in length between the single and the double axis measured in units 
of Ro: 


B r 2 = 0.946 B (7.4) 
. Tv 


As is seen 6 and £ are practically equal to each other. 

Characteristic values of 8 (or 5) for deformed nuclei [obtained from (7.5)] 
range between about 6 = .2 and 6 = .5. All known deformed nuclei with 
large deformations have positive that is, cigarshaped, deformations. 

The moment of inertia about the z’-axis for a uniform rigid body of mass 
AM with a deformation 6 can be easily calculated. To lowest order in 6 one 
obtains then by straightforward integration: 


2.38, = - 
Srig = 5 AM R,? [1 + 0.318] + 0(6?) (7.5) 


The same spheroid, when uniformly charged, with a total charge Ze leads to 
an intrinsic quadrupole moment given by [Bohr and Mottelson (55)] 


3 
Qo = \/ 50 


Thus Q> and7;ig are connected via the single parameter 8. (It is worthwhile 
to note that Q, is related to the deviation from sphericity and thus vanishes 
when 8 — 0. The rigid-body moment of inertia includes, however, also the 
contribution of the spherical, central part of the deformed rotator. As B — 0, 
Frig therefore approaches a finite value). From the measured £2 transition 
probability in '”8Hf, for instance, we obtain, using (6.20), Qo ~ 8.1 & 10-4 
cm?. This leads, using (7.6) with Ro = 1.2 X A!/3 fm,to B ~ 0.3. With this 
value of 8 the moment of inertia 7,i, turns out to be such that 


Z Ry? BA + 0.168) + 0(6°) (7.6) 


a 7.7) 
=~ 3 KeV , 
2Frie 
The observed value for this quantity in !”*Hf is 
h2 
(= | = 15.5 KeV (7.8) 
27 exp 


Thus, although the observed moment of inertia does come out to be of the 
right order of magnitude, the rigid moment 7,ig seems to be too large by a 
factor of five. Furthermore, an inspection of (7.5) shows that in the region of 
deformations deduced from the measured values of Qo, that is, 0.1 < B < 0.4, 
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the dependence of 7,ig on 8 is very slight, contrary to experimental evidence, 
which shows a considerably higher sensitivity of Fexp to B, as shown in Fig. 7.1 
taken from Bohr and Mottelson (55). 

Taking another extreme view we can consider the nucleus as a frictionless 
fluid filling a deformed vessel. When such a vessel is set in rotation its central 
part essentially does not rotate, and an irrotational flow sets in at the ‘‘de- 
formed regions” as shown in Fig. 7.2. The effective radius of the rotating 
motion is reduced and it can be shown that the moment of inertia is given by 
[Gustafson (55) and Moszkowski (57)]: 


Fines = — AM Re? 6 (7.9) 
Sar 
The irrotational-flow moment of inertia vanishes for vanishing deforma- 
tions, and as such is a priori more suited for our estimates, because as we shall 
see later the moment of inertia of a nucleus, composed as it is from nucleons, 
should vanish for the spherically symmetric case, that is, for B = 
Equation 7.9, despite its appropriate behavior for B — 0, still does not 
reproduce the observed moments of inertia of highly deformed nuclei. In fact, 
if we introduce into (7.9) the deformation 6 = 0.3 found above for !78Hf 
from its Qo, we obtain 


h2 
2Firrot 


which is about four times larger than the observed values (7.8). This result 
suggests that the experimental value of the moment of inertia 7 satisfies 


Fiveot < Jexp < Fei (7.11) 


~ 60 KeV (7.10) 


d/5 


‘rig 


0.1 0.2 0.3 0.4 0.5 


FIG. 7.1. The dependence of moments of inertia on the deformation. The experimental 
points lie between one-fifth and one-half of the rigid value for nuclei in the rare earth 
region. The moments of inertia corresponding to the irrotational flow of a liquid i is given 
by the dotted curve. (Taken from Bohr and Mottleson (55)) 
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(a) 


FIG. 7.2. Velocity fields for collective rotations. (a) illustrates the rotation of a rigid 
body, while in (b) the velocity field for the wavelike rotation of an irrotational fluid is 
shown. While the former motion refers to a system in which each particle is located near 
an equilibrium position, the latter type of rotation is characteristic of a shell structure, 
like the nucleus, in which the individual particles freely traverse the entire volume of 
the system [taken from Bohr and Mottelson (55). 


This relation is satisfied by all measured moments of inertia of deformed 
nuclei for which the deformation can be independently obtained from quadru- 
pole moments. We therefore see from (7.11) that important information on the 
pattern of nuclear currents in rotating deformed nuclei can probably be ob- 
tained from the observed moments of inertia. The difference between 7 rrot 
and 7,ig for a given value of 8 is big enough, so that the exact location of Fexp 
in the interval (7.11) can tell us how much the actual pattern of nuclear 
currents resembles that of a rigid rotator or of an irrotational flow. 

Let us now consider the connection between the interval wave functions 
Xq and the moment of inertia. Suppose the nuclear Hamiltonian can be 
transformed into collective and internal coordinates so that to a good approxi- 
mation it can be written as: 


h2 
H = 
29(Ti’) 
where at this stage 7(r,’) is an operator involving the internal coordinates of 
the various particles and H;,; depends on the internal coordinates only. Let us 


introduce an angle variable ¢(r;) depending on the coordinates of all the par- 
ticles, and let ¢ satisfy the following assumptions: 


R? + Aint (7.12) 


(1) THe angle ¢ describes a collective orientation of the nucleus in the 
sense that it commutes with all internal coordinates. 


[F(r:’),o] = 0 [Hint] = 0 (7.13) 


(2) The angle ¢ is the conjugate variable to the collective angular momen- 
tum R in the sense that 


[R,f(@)] = — if'@) (7.14) 
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Strictly speaking (7.14) makes sense only for two-dimensional systems, where 
the angular momentum R has just one component. 

To simulate the situation in rotating deformed nuclei, where we find empiri- 
cally that the moment of inertia operator can be replaced by its expectation 
value, we also assume that 


[R, 7(r;’)] = 0 (7.15) 
and 
[Hints J@:’)] = 0 (7.16) 


We now observe the identity, valid for any operator A, and for any eigen- 
state |O> of H, 


<0O|[[H,A], A]|O> = >) <0|[H,A]|k> <k|A|0> 
k 


<0|[H,A]|k> |? 
_ <O|A|k> <kILFA]lo> = 2 Q KOlbeallie> |) 
E,X Eo E;, one Eo 


(7.17) 


Here |k> is the complete set of eigenstates of the Hamiltonian H. The last 
step in (7.17) follows from the identity 


<a|[H,A]|b> 


<a|A|b> = 
a| Al E.- E, 


for E.,¥ Ey (7.18) 


and provided [H,A] is a Hermitian operator. 
Introducing 


A = if sing (7.19) 
and using (7.13) to (7.16) we obtain 
ih? 1 
[H,A] = 27 [R?, 7 sin ¢] = 5 h? (R cos ¢ + cos ¢ R) (7.20) 


so that [H,A] is hermitian. We can now obtain further 
1 
[[4,A], A] = ih?F {[R cos ¢, sin ¢] + [cos¢ R, sing]} = #27 cos’@ = (7.21) 


Introducing (7.20) into the right-hand side of (7.17) and (7.21) into its left- 
hand side we obtain finally: 
h? R 2 
<0|F cos? ¢/0> = . % |<O|(cos ¢) R+ Rceos o|k>| 


7.22 
— (E, — Es) ee) 


Equation 7.22 should be interpreted as follows: if we assume that our 
Hamiltonian H has a rotational structure, and if we know the spectrum of 
excited energies E,, then guessing the angle variable ¢, we can use (7.22) to 
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calculate the expectation value of 7(r,’) in any given state |0>. It is obvious 
that as such, (7.22) is not very useful. For one thing, if the spectrum E;, is 
known we can extract <0|7|0O> from it directly by trying to fit it into 
rotational bands with energies E(K) + [h77U + 1)]/2<0|7|0>]. However, 
a somewhat modified use of (7.22) can cast it into a very useful form, as we 
shall now see. 

- The Hamiltonian (7.12) describes a freely rotating nucleus. If it really 
separates into a collective rotation and an intrinsic part, then we can force the 
nucleus to oscillate in an external potential V(@), instead of have it rotating 
freely, without changing its internal structure. The Hamiltonian 

/ h? Y) 

H = saan Rt + Hm + VO) (7.23) 
will therefore lead to the same value of the moment of inertia as the Hamil- 
tonian (7.12). Physically it is obvious that we can measure the moment of 
inertia of a system either by letting it rotate as in (7.12) or oscillate in as 
(7.23), using (7.22) in both cases. 

If we make now the potential V(¢) in (7.23) strong and deep enough, we can: 
practically freeze the orientation of the nucleus so that its axis of symmetry 
lies along the direction determined by V(@). In other words the energies corre- 
sponding to collective excitations of the nucleus— its oscillations in V(¢)— 
will become very high. On the right hand side of (7.22) we can replace then 
cos ¢ by its expectation value in the ground state |0>, and consider in the sum 
only internal excitations E,,. We then obtain 


O| R\k’)|? 
(0|710) = 2% yy CIRO 


7.24 
Soo ee Ey (7.24) 


Equation 7.24 differs from (7.22) not only in the disappearance of the variable 
¢, but also in the meaning of the states <0| and |k’>: these are now to be 
taken as the states of the system when placed in a strong outside potential 
V(¢) that keeps the nucleus well oriented in space. In practice these states 
can therefore be approximated by the wave functions of particles moving in a 
deformed potential with a residual interaction among them. These functions 
then become internal states xo and x,. We can use (3.15) and replace R by J, 
thereby obtaining 


O|J.|k’) |? 
(0|7|0) = 2h? > [OlJe|k/? 


Ejy/A Eo Ey — Ey 


(7.25) 


We have indicated the x’-component of J in (7.25) to stress that it is a rotation 
around the direction of R that is perpendicular to the nuclear axis of sym- 
metry. 

Equation 7.25 was first obtained by Inglis (54) starting from somewhat 
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different assumptions: if we take the internal structure of the nucleus to be 
approximated by the motion of the nucleons in a deformed potential U(x,y,z), 
then we may try to estimate the nucleus moment of inertia by calculating how 
much energy is required to set this potential rotating with a frequency w. 
We envisage therefore a classical crank rotating the deformed nucleus with a 
frequency w, say around the x-direction, The additional energy will then have 
the form Aw’, and by putting 4 = 7/2 we shall obtain an expression for the 
moment of inertia. If x’, y’, and z’ are the coordinates of a particle relative to 
the body-fixed frame, and x, y, z are the laboratory coordinates, then: 


/ 


x Sx 
y’ = ycos wt + z sin wf (7.26) 
z’ = — ysin wt + Z COS wi 


Let ¥(x,y,z,t) be the particle’s wave function. Then by substitution of (7.26) 
we can express it in terms of the internal coordinates 


W(X,Y,Z,t) = x(X',y',2',t) 
The Schrodinger equation then becomes, using (7.26), 
Te 


si el ia ox 4 x dt | dy’ dt dz’ OF 


Ox 
| ee ee ; 
i 5) + hol,x 
(7.27) 


H includes, of course, the rotating deformed potential U(x,y,z,t) which, when 
transformed into the body-fixed frame of reference becomes stationary 
U(x,y,Z,t) = U[x’(2), y’(), 2’(2), 0]. Thus the internal wave function x satisfies 
a Schrodinger equation with a stationary potential and a Coriolis correction 


Ox 


[7 + U(x’',y’,z’) — hw l.Jx = ih 7 


(7.28) 
Equation 7.28 determines the wave function x(x’,y’,z’) if we assume it to be 
stationary in the rotating frame. 


A’xy = (A — hol,)x = E'x (7.29) 


However it does not determine the energy of the system. To obtain the energy 
one has to take the expectation value of H with x, either in the laboratory 
frame or in the rotating frame: 
H H’ hl, 
pe Slax) AX) i (x | wil. x ) (7.30) 
(xx) (x|x) (xx) 
To evaluate E assume that fiw/, is a small perturbation and let x, be the eigen- 
functions in the static deformed potential with no Coriolis forces, that is, in 
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H’ for w = 0, xo being the lowest state. Then, to the first order in hw (7.29) 
has the solution: 
(n| hol,,|0) 
= —_—_————_—— X 
X= x0+ D E.— E, 


nx 0 


: (7.31) 


where E, are the eigenvalues in the static-deformed potential. Introducing 
(7.31) into (7.30), and noting that H = A’ + hol,, we obtain, to second 
order in hw 


[Ol e|n 1? 


E = E+ 2tet A 
n- 0 


n 


(7.32) 


where E’ is expectation value of H’ with respect to x (Eq. 7.30). E’ as we see 
from (7.29) is also a function of iw. Considering —hwl, as a perturbation we 
notice that it contributes to the energy E’ only in the second order; 


| O| fe |) |? 
E! = Ey — i? w? >, ——— ce 
a ae ‘E22 
Introducing (7.33) into (7.32) we obtain finally 
| (Ol.|n) |? 
E> EF h? a? aaa 7.34 
eae X ae 


If we identify the last term in (7.34) with (1/2) 7w?, we obtain immediately 
Inglis’ formula (7.25) for the moment of inertia 7. 

The use of (7.25) becomes rather simple if we take for the intrinsic wave 
function |O> and |k> Slater determinants in a deformed harmonic oscillator 
potential and ignore the residual interaction among the nucleons. Employing 
the potential energy 


1 
U(x,y,z) = 5 M [w.? (x? + y?) + w,? 27] (7.35) 
we can characterize the single-particle states by the number of oscillator quanta 


along the x-, y-, and z-directions: n,, n,, and n,.* The energies of the various 
levels are then given by: 


E(nz, Ny, Nz) = hw, (Nz + ny + 1) + ho, @ + 5) (7.36) 


The matrix elements of the operator /, between two states with a different 
value of n,, the number of oscillator quanta along the x-direction, vanishes. 


*The parameters &, and W, are as yet undetermined. We shall fix this ratio 
later by using the variational principle for the energy. 
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However, matrix elements in which n, and n, change are finite. These break up 
into two types: 


(i) Matrix elements between states within the same major shell, that is 
such that n, + n, is not changed. For instance 


(ny — 1, nz + 1{1,|nyn.) = « Vadlite + 1) + 1) ya = (7.37) 


(ii) Matrix elements between states in different major shells. Matrix 
elements of /, of this latter type can connect only states two shells apart, in 
order for the parity to remain the same; these matrix elements should also 
vanish for the spherical case w, = w,, since then the states within each major 
shell build up states of well defined I’. For example, we have 


(7.38) 


(ny + lene + 1[l.|nynz) = svn, ATi 1) ite 


We yA 


Using (7.37) and (7.38), and noting that 1 = 2X 1; is a one-body operator, 
we obtain for (7.25): 


| (natynz|1,|N2'Ny’N,’ )|* 


(0|F|0) = 2% DU 


all occupied n En => n0 
all n’ 


_ 2 
as DF2 > | (NNyNe| lz pats So nz L)| 


occ n 


| (tzNynz|1,|n2ny — 1 n, + 1)|? 1 | (netynz|1,|n2aty + ln, + 1)/? 
hws = hw, hw. ae hw, 


‘ | (nnynz|l,|nany — ln, — ue) 


—hw, — hw, 


+ 


a =| ei Yiatn+yp-— (wz. + wz)? > (n — ns) 


2W2W2 | We + Wz ec Wz — Wz o¢e 
(7.39) 


It is interesting to compare (7.39) with the expression for the moment of 
inertia of a rigid body. (In this case we have 


Frig = M >» (nNyN.| Yi ae Z;7|NgNyNz ) 


oce 


— 
— 


pale ae Wz) Ds (n, =P Nea 1) a (w, — wz) » (n, _ ns) | (7.40) 


oce oce 


20) 02 
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where we have used the virial theorem 
Z M w,? (27) = ae (» (4) (7.41) 
2 : 7 eile ad 2 


Although (7.39) and (7.40) look different, it turns out that for the stable 
deformations they are practically equal. 

To show this we should determine the stable configuration; in other words, 
for a given occupation of states we ask for the values of w, and w, that will 
minimize the energy. The total internal energy in our case of particles moving 
independently in a deformed oscillator is given by: 


1 
E=)> he, (n, + ny + 1) + ho, (x ++ -) (7.42) 
oce 2 


To obtain the most stable deformation we shall minimize E under the condi- 
tion that the volume of the nucleus does not change™*, that is, we allow shape 
variations without a change in density; we must therefore require that the 
variation of w, and w, will be constrained by: 


WrWyW2 = Wz"W, = wo? (7.43) 


where wy is a constant. Thus we obtain from (7.42) 


E (wz) = al DD (Mz + ny + 1) + ay > @ =e 5) (7.44) 


oce ~ oce 


The equilibrium deformation w, is obtained by setting OF/Ow, = O and hence 
satisfies 


Oey, (nz +n, + 1) = @ DS Qn, + 1) (7.45) 


oce oce 


OT 


fa) Dine tn + 1) +>) (2n, + | 


occ oce 


= [w, + Wz] | ey (n, ++ Ny + 1) ma » (2n, + 0 | (7.46) 


oce occ 


For an axially symmetric potential we expect 


» i= >» ny (7.47) 


occ occ 


*The condition of constant volume has to be imposed to assure a given density, 
since the single-particle potential cannot lead to an equilibrium density all by 
itself. 
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We obtain then for the equilibrium deformation 


2G, £9 ps 


@2 T Wz oee oce 
Or 
(w, i @)” 24 = 
“Goda Ot + D=— Ga) L em) (7.48) 
and 


@, + Wz)’ ss x: 
i CaaS, (n, — ny) = (® + &:) >| (ny + nz + 1) 
(w, i Wz) oce 
Comparing (7.48) with (7.39) and (7.40), we obtain the general result 
that at equilibrium deformation 


(0| 7/0) = Frie at Wz = Wz (7.49) 


The result (7.49) is very surprising at first glance. Intuitively one may expect 
that an independent-particle motion inside a deformed box would lead to an 
irrotational moment of inertia that, as we have seen, is considerably smaller 
than 7,ig. Instead we find that the moment of inertia comes out to be exactly 
equal to that of a rigid rotator with the same deformation. 

We can obtain a better insight into this result if we consider the velocity 
distribution of the particles in the deformed potential in the body-fixed frame 
of reference. From the virial theorem we have 


| 1 l 
= NG aS Qa 
y) M (Viz ) a) h Wr [n | 


l l l 
5 M (Viy?) = 5 h Wy 0 =e | 
] l l 

~M tee = xh z ge x 

5 (Viz? ) 5 ho E + | 

For the equilibrium deformation it follows from (7.45) and (7.47) that 

= | l ene ] — 1 

Ws Dy (= + ;) =a iD (x, + | She (1.0 + ;) (7.50) 


a result that can be simple interpreted: at equilibrium, energy is equally 
distributed in every direction. We thus conclude that at the equilibrium 


(Viz®) = (Viy?) = (Vie?) (7.51) 


where the bar indicates the average over all the nucleons. Thus the velocity 
field of the nucleons in the body-fixed frame of reference is isotropic. At a 
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given point there is no net current in the body-fixed frame of reference. In 
the laboratory frame of reference the velocity field will therefore be that of a 
rigid rotator, leading, thereby, to the rigid moment of inertia. 

The role played by the equilibrium deformation in deriving this result 
should be noticed. Without the condition (7.50) there is no reason for the 
velocity field to be isotropic in the body-fixed frame, and with preferred 
velocities in this frame, the velocity field in the laboratory frame will not be 
that of a rigid rotator. Thus we expect this result to hold not only for deformed 
harmonic oscillator potential, but for any deformed potential that for the 
equilibrium deformation leads to an isotropic velocity field in the pody-uned 
frame of reference. 

It 1s worthwhile to note the values taken on by the moment of inertia 7, 
given by (7.39), in some special cases for which the values of w, and w, do not 
necessarily satisfy conditions (7.48). If the system consists of just one nucleon 
in its ground state, then the only occupied state has n, = n, = n, = 0 and we 
obtain 


h (w. — wz) 
= 732 
J 2022 We + We ( ) 
From (7.41) we derive, for our particular case, 
c= h h 
Ws = a and similarly “> = ou IM ¥ (7.53) 


To be able to compare 7 in (7.53) with previous expressions for the moment of 
inertia, let us introduce, in line with (7.3) two constants R»y and 8 such that 


V2 = Ry 1+68./— vE-x(1-16/3) (7.54) 
Aor 2 Ar 
We then obtain from (7.52) and (7.53), to lowest order in 8, 


= = OMRy 6 (7.55) 


Equation 7.55 is the moment of inertia characteristic of an irrotational flow 
(see Eq. 7.9). The occurrence of M’ = 5M in (7.55) is understood if we recall 
that (7:9) stands for the moment of inertia of a uniform mass distribution in 
a box of average radius Ro. To obtain the equivalence between the two masses 
we should have 


| ° 7? 7? dr 3 
M(r?) = M’L2—___. = : M’R? 


Ry 
r? ar 
0 


NUCLEAR DEFORMATIONS, QUADRUPOLE MOMENTS 427 


But from (7.54) 
M(r?) = M(x? + y? + 2?) = 3MR,’ 


Hence M’ = 5M. 
It is quite natural to expect the irrotational moment of inertia for a single 
particle, since its mass-current density is given by 


_ 
~ Qim 


j Vy — Ve" Wy] (7.56) 


A straightforward calculation gives us then: 


h 
curl j = ——V X [py*vy — (Vy*)y] = 0 (7.57) 
2im 
The flow pattern of a single particle corresponds, therefore, to an irrotational 
flow. 

Equation 7.39 leads to the irrotational moment of inertia also for closed-shell 
configurations. In this case, in fact, we have voce Mz = > oce My = Yoce Nz, SO 
that in (7.39) we are left again with the term proportional to (w, — w,)? and 
therefore to 62. However, as can be seen from (7.46), for closed-shell con- 
figuration @, — w, = 0 so that there is no finite equilibrium deformation, and 
consequently 


7 =0 for closed shells (7.58) 


In between closed shells the Pauli principle forces the nucleons to occupy 
successively higher levels, and the second term in (7.39), with its small energy 
denominator (w, — w,), makes important contributions to 7 (see 7.48) leading 
to the large value of Frie. 

It was shown by Niels Bohr in 1911 that no diamagnetic effects are 
present in a classical electron gas confined to a given volume. Although 
a magnetic field does induce electron currents, the reflection of these 
currents from the walls of the container exactly cancel the induced 
current so that the diamagnetic effect vanishes. It is well known that the 
effects of a homogeneous magnetic field on a system of charged particles can 
be simulated by rotating the system with the appropriate Larmor frequency 
around the direction of the magnetic field. The absence of diamagnetic effects 
in the electron gas is then another way of saying that the moment of inertia 
of the system has not changed by the rotation. In both cases the crucial point 
is that in the body-fixed frame no additional currents are induced by the 
rotation of the system. 

The observed moments of inertia are different from 7,i, and, in fact, we 
have always, 


F exp < Trig 


428 ROTATIONAL STATES IN DEFORMED NUCLEI 


We therefore suspect, because of the foregoing considerations, that an inde- 
pendent-particle approximation is too crude for the estimate of moments of 
inertia and that the residual interaction among the nucleons must be taken 
into account as well. Qualitatively we can see from (7.24) that taking this 
interaction into account will change 7 in the right direction: we mentioned 
before (see Chapter V) that a pair of interacting nucleons makes best use of 
the attractive interaction if their total angular momentum vanishes. Since 
pairs coupled to zero total angular momentum do not contribute to (7.24), 
most of the contributions to the sum in (7.24) will come from “broken pairs,” 
that is, pairs of particles that in the ground state |0) are coupled to J = 0 
and in the excited state |k’) are coupled to J = 1. For such pairs the zeroth- 
order energy difference E,, — Ey is an underestimate of the actual energy 
difference, because in addition to changing the levels of the particles we have 
to overcome a part of their strong mutual interaction. The introduction of a 
more realistic energy denominator in (7.24) will therefore reduce the value of 
(0| 7|0) in comparison with the independent-particle value [Bohr and Mottel- 
son(55)]. 

Furthermore, we can expect this effect of the introduction of the residual 
interaction to be more important for even-even nuclei than for odd-even 
nuclei. In odd-A nuclei there is at least one nucleon that is not paired off in 
the ground state, and its excitation energies may therefore be closer to the 
zeroth-order excitations E,, — E,. We therefore expect, as a rule, that 
moments of inertia of odd-A nuclei will be larger than those of neighboring 
even-even nuclei. This is indeed true, as was mentioned above (Section VI.5), 
thus supporting our conjecture that the difference between the observed 
moments of inertia and the independent-particle estimate can be traced to 
the residual interaction. 

The importance of considering the residual interactions and coupling term 
in the Hamiltonian (2.14) can also be inferred from the correction term 
BIPU + 1)? to the energies in the rotational bands, as discussed in (5.1). From 
the physical viewpoint we expect that a nonrigid structure with a positive Q will 
become more elongated as it spins faster because of the centrifugal forces. 
(We remember that the axis of rotation is perpendicular to the symmetry axis). 
This leads to an increase in the moment of inertia with increasing angular 
momentum J. The fact that the coefficient B in (5.1) is found always to be 
negative supports this general expectation. It also means that within the frame- 
work of our model of the rotating nucleus, where the deformation is taken to 
be constant, we have to consider mixing of different internal structures in the 
levels of a given rotational band. By allowing the extent of this mixing of 
different internal wavefunctions to depend on J, we can obtain an J-dependent 
variation of the moment of inertia, but we shall not go into these questions 
here. 
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8. MAGNETIC DIPOLE MOMENTS AND CURRENTS IN 
DEFORMED NUCLEI 


The discussions in the previous section have indicated the importance of a 
better knowledge of the velocity distributions in deformed nuclei for the 
understanding of their moments of inertia. We also indicated why the residual 
interaction among the nucleons will have to be taken into account, at least 
approximately, if we want to understand the values of the observed moments 
of inertia. 

A certain velocity pattern for the mass distribution in the nucleus implies 
also a certain electric current distribution. Strictly speaking, the presence of 
charge-exchange interactions among the nucleons makes the connection 
between mass currents and electric currents rather complicated. However, our 
experience with nondeformed nuclei indicates that such exchange effects, if 
detectable at all, make a rather small contribution when we consider magnetic 
moments and magnetic dipole transition probabilities. Formally this con- 
clusion reflects itself through the fact that the quantum mechanical operators 
representing these quantities are, to a good approximation, single-particle 
operators 


a=) & (8.1) 
A contribution to w from the exchange of charge between protons and neu- 


trons will have to depend on the coordinates of both particles, and will thus 
have the form of a two-particle operator: 


Yexch = -D Bij (8.2) 
ixj 
If we maintain the approximation of neglecting fiexcn also for deformed nuclei, 
then we expect that a particular mass-current pattern that gives rise to the 
observed moment of inertia should also produce corresponding observed 
effects in magnetic properties through the associated charge currents. Before 
embarking on the study of this question, however, we have to ascertain that an 
operator of the type given in (8.1) actually describes the data consistently. 
We shall again follow the technique, developed in Section VI.6 for the study of 
the quadrupole operator, and employed previously to test the consistency of 
the shell-model description of nondeformed nuclei. 
To the extent that we can talk about internal motion as separated from the 
collective rotation we can always write a single-particle magnetic moment 
Operator as 


u = grR + god 
gril + (22 — gr) J (8.3) 
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Here gr and gg are the g-factors, in nuclear magnetons, for the collective 
rotation and internal motions, respectively; both may, and generally will, 
depend on the detailed features of the internal structure and the current dis- 
tributions that it implies. The description of & in terms of (8.3) is valid under 
slightly more general conditions than (8.1), since it can still accommodate 
exchange-current contributions to the internal g-factor go. 

The structure (8.3) of the magnetic dipole operator can be tested by com- 
paring magnetic dipole moments and magnetic dipole transition probabilities 
involving different states of the same rotational bands. If (8.3) is verified, the 
resulting empirical values of gr and ge then have to be explained in terms of a 
specific internal structure of the deformed nucleus. 

To evaluate matrix elements of (8.3) we express the components of J in the 
laboratory frame of reference through their components in the fixed frame of 
reference. We note also the occurrence in (8.3) of the operator gr/, that cannot 
be described in terms of internal variables alone. No corresponding term 
appears in (6.9) since there we assumed that 7,‘ (r;), when referred to the 
body-fixed frame, involved only coordinates relative to that frame. Using 
the wave functions (4.9) and (6.6), we obtain for w just as in (6.9), 


(IKM | ji, |I'K’M’) = (UIKM|gpl,|I'K’M’) 


Tif 
+ (-)D** VQI+ D2’ + 1 
—M « M’ 


Tif 
X (g2 — BR) (K| Jur | K’) 
“ SK BUR? 
Ii? 
-(=—)” (K| Jv | —K’) (8.4) 
—K x’ —K’ 


The first term in (8.4) can be easily evaluated with the aid of the Wigner- 
Eckart theorem, and considering the fact that the wave functions we are work- 
ing with are assumed to be eigenfunctions of J? and J, = J,. We obtain (see 
Appendix A, A.2.44) 


(IKM | gpl, |I'K'M’) 
Iro1i 


Vid + 1) Q7 + 1) (8.5) 
—M x M’ 


= 6,1’) 6(K,K’) gr(— 1)” ( 


where used has been made of the relation 


(| |T] 1) = VI + 1) QI + 1) 
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Thus this term contributes only to the static moments of the various levels 
of a rotational band (and also to transistion moments when band mixing 
occurs; see below). 

M1 transition probabilities in purely deformed nuclei are completely 
determined by the second term in (8.4). The transition probability per unit 
time is given by (see (6.17)) 


16n k 
T(M1, IK > I'K’) = ae ~— B(M1, IK = I'K’) (8.6) 


where the tensor operator giving rise to magnetic dipole radiation is (Chapter 
VID) 


eh 


3 
y ae Je 5 Me (gr — 2a) Jk (8.7) 


Using the wave function given by (4.9) we obtain therefore: 


B(MI, IK I'K!) = > o() (Se ~ 89) > KM y,|'K'M’) |? 


nr ZT eh agagre 
Tif 
3 en 
= 2( 5) we - aren +0) = ( (K Je 
2Mc , , , 
K —K x K 


I 17 2 
ase Cones (K| Jee | —K") 
—K «’ —K’ 


(8.8) 


Equation 8.8 simplifies further if we deal with transitions within the same 
band K = K’ # 1/2. In this case the only internal matrix element required is 


(K |Jo|.K )=K 
and the equation reduces to: 


4 / ek 1 i17\ 
B(M1, IK > I'K) = 2 (% a ) (gr — go)? K2(2I’ + 1) 
” KOK 


I 
K#> (89) 


For the same band, (8.4) gives for the static magnetic moment 


2 


w= (IKM = I|po|IKM = I) = gel + (802 — sty 


Kz} (8.10) 


[ee + eli 
= |8rR (go — Be) Ty 1) 4 
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For K = 1/2, the second term in (8.4), that proportional to (K|J,.| —K), 
gives an extra contribution, similar to the decoupling term in the K = 1/2 
rotational band. We shall not discuss its derivation here but refer the reader to 
Davidson (65). The final result for this case is given in (8.11) below. 

Equation 8.9 and 8.10 can serve to check the consistency of our assumption 
about the structure of the magnetic moment operator, (8.3), and the des- 
cription of the rotational wave functions in terms of (4.9). In a typical 
rotational band in an odd-A nucleus there may be five or six levels known; 
each one can decay by an M1 radiation to the level below it, and each has a 
static magnetic moment. We can have, then, 10 pieces of data, all of which 
should be determined in terms of the two parameters gr and go in (8.9) and 
(8.10). The internal consistency of this whole approach can therefore be tested 
rather thoroughly. 

Figure 8.1 shows the ratios of (go — gr):?/(g2 — gr)? derived from M1 
rates between two different pairs of levels within the same rotational band 
(K # 1/2). According to (8.9) this ratio should be unity. The deviations from 
unity are indeed found to be rather small, and nearly always within the experi- 
mental uncertainty of the measurement. 

In one case, that of !®°Tm, there are three static moments and three transi- 
tion moments known within the same K = 1/2 band. Enough data 1s avail- 
able in this case to derive gr and gg to check the consistency of the model. 
Actually three parameters have to be determined in this case, the third one, 
bo, being similar in its nature to the decoupling parameter a in (4.24). One 
finds, for K = 1/2 [see Davidson (65), p. 139)] 


2 


K 
w= rl + (82 — 8p) Ta (+ Q7 + 1)(—-1)**? bo] for K = 


nN | — 


3 A\?27+1 
B(M1,1+ 1,1) = a-(4) 4 (go — gr)’ [1 + (—1)1”? bof 
(8.11) 


o Odd—proton nuclei 
® Odd—neutron nuclei 


8q- 8p) 
(Bq — 8R ¥ 


150 160 170 180 190 
Mass number 


FIG. 8.1. Ratio of the parameters (Gg — Gr)? and (gy — Gr)2? derived, respectively, from 
the M1 transition probabilities between first excited and ground states, and between 
second and first excited states (taken from Bodenstadt and Rogers (64)]. 
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Using these equations the values of gr, go, and bo were determined for the 
ground-state rotational band of !*°Tm, from the measured moments of the 
ground state and the first excited level J = 3/2 at 8 KeV, and from the M1 
transition from the J = 5/2 to the J = 3/2 levels. The values obtained this 
way for the three parameters are: 


go = — 1574 0.11 gr = 0.406 + 0.019 bo = — 0.16 + 0.03 


These parameters were then used to derive theoretical values for B(M1, 
I = 3/2 > 1 = 1/2), for B(M1, I = 7/2 — I = 5/2), and for w= 5/2). 
These theoretical values agree rather well with the experimental values as 
shown in Fig. 8.2. 

In many nuclei there is not sufficient data to check the consistency of (8.9) 
and (8.10), but still enough data to derive empirical values for gr and go. 
The values derived this way from gz in even-even nuclei are shown in Fig. 8.3, 
while those derived from odd-A nuclei are shown in Fig. 8.4 separately for. 
odd-Z and odd-WN nuclei. 

The most naive estimate of gr can be made as follows: we recall that a 
g-factor measures the ratio between the magnetization produced by a current 
and the angular momentum carried by this same current. It is therefore 
proportional to the charge and inversely proportional to the mass, of the 
entity whose motion gives rise to the magnetic moment. In the collective 
rotation R it is the whole mass AM that contributes to the material current, 
but it carries only a charge of Ze units. Expressed in terms of nuclear magne- 
tons we therefore expect to have 


ZL 
gr = — (8.12) 
| A 
Experiment Prediction 
mM = 0.52 +0.16 0.73 +0.14 
B,(M1) = 0.13 +0.01 _ 
rm = 0.534 +0.015 = 
B,(M1) = 0.2 +0.05 0.05 +0.01 
im =  —0.229 +0.003 a 


1007... 169 
6g )m 


FIG. 8.2. The ground state rotational band of 1°Tm showing predicted and experimental 
values of the magnetic parameters [taken from Bodenstadt and Rogers (64)]. 
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FIG. 8.3. The collective gz values for even-even deformed nuclei in the rare earth region. 
With exception of Hf, W, and Os averaged values are shown [taken from Bodenstadt 
and Rogers (64)j. 


It is remarkable that the observed values of ge all lie in a rather close 
neighborhood of Z/A. They do show systematic deviations from Z/A, and 
we shall see later how these can be understood; but the order of magnitude 
of gr, including its sign, does testify in favor of the collective interpretation 
of the angular momentum R. 

A slightly better estimate of gz can be obtained. Consider a state |0) in a 
deformed, even-even nucleus, which belongs to the K = 0 band (|0) is not 
necessarily the ground state.). It then follows from (8.10) that for this state 


wu) = gel (8.13) 


On the other hand we can put # = >. u, and try to compute its expectation 
value using a detailed wave function of the nucleus. Such an internal wave- 
function, correct to first order in the Coriolis potential —fwl,, is given by 
(see the discussion following 7.28): 


k\Jz|0 
= xe fo 5 ele!» 


x (8.14) 
k¥0 Ei, — Eo ° 


where we replaced /, by J, for the internal angular momentum. 
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FIG. 8.4. The collective gr values for odd-A deformed nuclei [taken from Bodenstadt 
and Rogers (64)]. 


The collective rotation R is in the x-direction and, hence, the magnetic 
moment that goes with it has a nonvanishing component only in this direction. 
Since by hypothesis it is determined by the internal coordinates only, we have 


gel = WD)| Hel Y)) = (x) He|xW)) (8.15) 


Introducing now x(J) from (8.14) into (8.15), and recalling that in our approxi- 
mation w = hI/7, we can write (8.15), to the lowest order, in the form 


h? O|J.|k)(k| 12/0 


74 by -E ony 


gril = 


We shall see later that in 4, = >» mis the intrinsic spins of the particles 
largely cancel each other’s contribution, so that to some approximation we 
can put 


te © >, Bi Le; (8.17) 


with g; = 1 for protons and g; = 0 for neutrons. The states k in (8.16) involve, 
therefore, only proton excitations. We can define a moment of inertia 7, for 
the “‘proton fluid” in the rotating nucleus which, in analogy with (7.24), will 
be given by 


5 [Older 


= Dh? 
k¥0 E; ~ Ey 


(8.18) 
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where J, is the proton orbital angular momentum operator. From (8.16), 
(8.17), and (8.18) we now obtain 


r= Je = Lee (8.19) 
Fi dot Fn 
where we have introduced the “‘neutron fluid” moment of inertia 7, through 
FJ = Fo + Fn, which follows immediately from (7.24). 

It is obvious from (8.19) that if the protons and the neutrons have the same 
spatial distribution in the nucleus, then ge = Z/(Z + N) = Z/A, which was 
our first guess, (8.12). It can also be shown that an independent-particle 
model in a deformed potential, if used for the computation of 7, and Fn, 
Jn leads to ge = Z/A in much the same way that it leads to 7 = 7,igfor the 
total moment of inertia. Thus the deviations of the experimental values of gr 
from Z/A should be accounted for by the deviations of the actual internal 
wave function from that of an independent-particle model. The same con- 
clusion was arrived at when we discussed the moments of inertia. 

Furthermore, we have seen before (Section VI.5) that moments of inertia 
of odd-A nuclei are systematically larger than those of even-even nuclei. 
If this effect is due, as was mentioned above, to the relatively lower energy 
required to excite the odd-particle configuration, we can expect this effect to 
show up in 7, or in 7, according to whether the odd-A nucleus is an odd-Z or 
and odd-N nucleus. Thus for an odd-Z nucleus 7, will be larger than the 
corresponding moment of inertia 7, in the neighboring even-A nucleus. It 
then follows from (8.19) that for odd-Z nuclei grit > greven where grev™ 
refers to the neighboring even-Z even-N nucleus. 

Similarly for an odd-N nucleus, 7, will be larger than the corresponding 
moment of inertia 7, in the neighboring even-A nucleus. Hence the use of 
(8.19) shows that for odd-N nuclei, gp°44 < greve 

Figure 8.5 shows the measured values of gr for some odd-A nuclei. We see 
that the odd-Z values are invariably higher than the odd-N values, and that 
the even-A values for gp fall between. We can therefore expect that a theory that 
will account for the detailed features of moments of inertia will also repro- 
duce the detailed systematics found for gr. 


9. FIRST-ORDER CORRECTIONS IN THE COLLECTIVE 
HAMILTONIAN 


In attempting to improve the estimates of mass and electric current distribu- 
tions in deformed nuclei we should concentrate on two main points. One of 
them has to do with the intrinsic Hamiltonian H;,, that as we have stressed 
several times, should include at least some part of the mutual interaction 
among the nucleons, in addition to the average deformed potential in which 
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FIG. 8.5. Measured values of gr for odd-A nuclei [taken from Nilsson (64)]. 


they are assumed to move independently. There is, however, another term in 
the complete Hamiltonian (3.27) whose effects we have thus far disregarded: 


h? 
| ae S (J! +1 S,’) (9.1) 


This part of the Hamiltonian, which is often referred to as the particle-rotation- 
coupling term, consists of two parts: 


(i) Acoup: that is a true coupling Hamiltonian (2.14) between the collec- 
tive rotation R and the intrinsic structure described by Hin,. The empirical 
occurrence of rotational spectra of such high purity allows us to conclude 
that actual nuclear dynamics make Aoup1 a very small perturbation in the 
highly deformed nuclei. 


(ii) The Coriolis term — (h?/7) U_’ J,’ + L’ J,’) is not really a particle- 
rotation coupling, since it couples J to I and not to the collective angular 
momentum R. It results as we recall from our insistence on describing rota- 
tional motion in terms of (1/27) I? instead of 1/27 R®. From the empirical 
rotational structure of spectra of deformed nuclei we cannot therefore auto- 
matically conclude that the Coriolis term can be neglected. We did notice 
that, except for K = 1/2, this term would mix in states of different internal 
structure, and if (4.19) is valid, its effects are probably small. But in view of 
our intention to study later the effects on nuclear properties of the mutual in- 
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teractions in Hint, we should check first the corrections to such properties 
implied by the Coriolis potential. 


Let us therefore consider the Hamiltonian 

h? h? | 
H= — (? — 21,.J,) Hin = J? 

al ) +| Ha + 

h? h? 
— F (1,’J_’ + I_’J,’) ae 27 R? + Aint (9.2) 

which will be recognized to differ from the complete Hamiltonian (3.27) or 
(2.14) essentially through the omission of Hyoup: [The term proportional to 


( — Jz)? in (3.27) is omitted since we are only considering states for which 
Q = K]. The cylindrically symmetric wave functions 


WUIMK) = | Dix (01) xalt) (9.3) 
do not diagonalize the Hamiltonian (9.2), since for given values of Jand M 
the Coriolis term in (9.2) will mix in different values of K. 

Suppose, for simplicity, that the intrinsic Hamiltonian Aint in (9.2) is such 
that only the band K’ = K, + 1 be considered together with the band 
K = Ky. All other bands are assumed to involve much higher internal 
excitations, so that they can be neglected. In this case the eigenfunctions and 
eigenvalues of H corresponding to a given value of J are obtained by the 
diagonalization of the matrix 


h2 
e(Ko) + 27 i+ 1) v’ 
no (9.4) 
v’ (Ko + 1) + % Iq + 1) 
where ¢«(K) is given by 
h,2 
a a oy [J? = 2K: Xx — e(K) XK (9.5) 
and the off-diagonal element V’ is given by 
/ 2I 5 I * h? a ae * 
v= ( DiK+1 yen a ee (1, J_ a I Jy. )| Di. KiXx, ) 
81? vi 
21+ 1 ‘ ere : 
= Qa? ( Du Ket Xxotl | comers a J, | Dit.Ks Xx» ) 
7 J 
_ Ga aenae AK) 9.6) 


FIRST-ORDER CORRECTIONS IN COLLECTIVE HAMILTONIAN 439 


where 
2 


h 
v'(K) = F (xe+1|F4’ |Xe) (9.7) 
In deriving (9.6) we used the fact that J_x,, gives x,,_,; and therefore does 
not contribute to the matrix element in question, and also the relation (see 
remark following 2.36.) 


‘ W+i1)- K(K+1 
L’ Dux = — A MOT Me Dixy (9.8) 


The diagonalization of (9.4) leads to the eigenvalues 
1 h? 
SEG) = 5 [eAo) + (a + 1)] + 97 1U + 1) 


" jar _ Ut) = EAR +O) eK) 0.9) 


If the intrinsic wave functions x,, are such that 
[Ud + 1) — Ko(Ko + 1)] |v’(Ko)|? < [€Ko) — (Ko + DP (9.10) 


that is, if the mixing of the bands Ky and Ky + 1 is small, then we obtain, 
for that solution AE(/) of (9.9) that goes over to E(IKM) of (4.24) when 
v'(Ko) — 0: 
177+ 1) — KoKo + 1) h? 
AEC) = &(K > (Ko) 12? + — I 

) = Ke) + ey Ky YR + ST + D OAD 
We thus get, in this approximation, for the excitation energies inside the band 
Ko: 


h? 1 | v’(Ko) | 
= EB eee ral UU + 1) — KK + 0) (9.12) 
(For Ky = 1/2 we should replace in (9.12) [EUKyoM) — E (KoKoM)] by 
[EUKoM) — E(KoKoM) + (—1)-*° al — Ko) 6(Ko, 1/2))). 

Equation 9.12 shows that, to lowest order, the Coriolis term does not change 
the /-dependence of the band structure; its only effect is to change the effective 
moment of inertia from 7 to 7’, where h?/27’ is the new coefficient of (I + 1) 
— Ko(Ko + 1)): 


a | | v"(Ko) |? 


27’ 2F | 2Ko + 1) — CK) 


Thus, to the extent that a moment of inertia is deduced from the empirical 
data, it already includes the lowest-order effects of the Coriolis potential. There- 
fore from the fact the energy given by the rotational formula (4.21) are in good 


(9.13) 
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agreement with experiment we cannot conclude that the wave functions are 
given by the rotational wave functions (4.9). In the approximation for which 
(9.12) is valid we have, in fact, 


27+1. 
WUK,)M) = , = [Dum Xx 


822 


a J 2 (Ko + 1) _ (Ko) DyxKo +1 Xxot+1 (9.14) 


or, more precisely, to take into account the symmetry requirements that led 
to (4.9): 


27+ 1 ; YS : 
WUK)M) = | oe | Dir Me Gay Dyk pare 


167? 
‘ ae 8 
2 (Ko + 1) — &Ko) M,Kot+1 XKot1 
ae : 
a (—1)-" Dig Kot x-cxoe» | (9.15) 


Whereas the use of the pure rotational wave function (4.9) has led us to 
the formulation of K-selection rules like (6.23), the presence of small com- 
ponents in V([K,)M) with K = Ky + 1, as in (9.14) or (9.15), may lead to 
small violations of these selection rules; in fact even if Ko does not satisfy 
|Ko — K’| < k, this relation may be satisfied by Ky + 1 and thus lead to a 
k-multipole transition between the small admixed component of one level and 
the main component of the other. As a rule we can expect, therefore, that 
predictions concerning transition probabilities will tend to be less well satis- 
fied than those concerning the energies of the corresponding levels. For the 
energies, the mixing of bands has in lowest order, the effect of renormalizing 
the moment of inertia, and only in higher order does it affect also the J-depend- 
ence of the energies. With transition probabilities, however, the mixing of 
bands can cause more drastic changes than just renormalization of charges 
or moments, even in the lowest order. 

Rotational levels in several nuclei have been analyzed in terms of a possible 
existence of band mixtures. Both energies and transition probabilities have 
been included in the analysis, with a substantial improvement in the com- 
parison of theory and experiment for both. An example is offered by 18°W 
[Kerman (56)]. 

Two negative parity rotational bands are known in '8°W, one with K = 1/27 
and the other with K = 3/2-. Trying to fit the data on the basis of pure rota- 
tional bands, the best one can do for the K = 3/2- band, for instance, is to 
take h?/27 = 17 KeV and obtain the following predictions: 5/27 level at 
293.8 KeV (experimentally at 291.7 KeV), 7/2- level at 412.8 KeV (experi- 
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mentally at 412.1 KeV), and 9/2- level at 565.8 KeV (experimentally 
at 554.2 KeV). However with band mixture taken into account, a much 
better overall agreement is obtained for both the levels of the K = 1/2- 
band and the K = 3/2- band, and this at the cost of introducing essentially 
just one additional parameter v’(Ky). The improvement is most significant in 
B(E2) values for transitions between different bands. Using the notation 
B(E2, [IK — I’K’) one finds experimentally 


_ B(E2, 1/2 1/2 > 5/2 3/2) 


~ B(E2, 1/2 1/2 > 5/2 1/2) ee 


R 


Theoretically, without mixing of bands, the ratio R should be characteristic 
of the ratio of single-particle transitions (between two bands) to collective 
transitions (within the band). Depending on details of the model various 
values can be obtained for this theoretical ratio, but they are all in the neigh- 
borhood of Rin ~ 0.001 nearly 90 times smaller than the observed ratio. 
With the mixing implied by the parameters of Fig. 9.1 interband transitions 
include a component that looks like an intraband transition, and the theoreti- 
cal ratio becomes Rin ~ 0.14, in substantial agreement with the measured 
value. 


9/27 ———e= 554.2 183 wy 
(556.4) 


7/27 453.1 


7/2- [503] 


7/2- ———— 412.1 
(413.2) 


9/2— ———- 308.9: 9/2* ——=_ 309.5 
5/2- ———_ 291.7 + | 
(291.8) (306.6) 9/2* [624] 


3/2- ——— 208.8 7/27 207.0 
3/2- [512] (208.8) (206.0) 
5/2- ————_ 99.1 
(99.02) 
3/2- ————- 46.5 
(40.49) 
1/2° ———- 0 
1/2- [510] 


FIG. 9.1. Experimental energy levels for 183W. The numbers in parentheses are calcu- 
lated from (9.9). [See also note below (9.12). Taken from Davidson (65)j. 
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It is obvious from this example that transition probabilities offer a much 
more sensitive test for the “‘purity”’ of a rotational level than their energies 
alone, and they can be most effectively used to pin down the importance of 
various mechanisms for band admixtures. These are not the only tests avail- 
able. The variety of tests that can be used to establish the existence and im- 
portance of such admixtures are to be found in Davidson (65). We shall not 
discuss them here. 


10. MODELS FOR INTRINSIC STRUCTURE IN DEFORMED 
NUCLEI 


Our considerations thus far have been centered on the particular structure of 
the rotational wave function VUKM) as given by (4.9), without going into the 
details of the internal wave functions x,. The properties of these internal wave 
functions that enter into the description of the various phenomena discussed 
above are contained in a number of parameters such as the decoupling 
parameter a defined in (4.23), the band-mixing parameter v’(K) defined by 
(9.7), the moment of inertia 7, the collective g-factor, gr, the internal quadru- 
pole moment Qo, etc. 

An attempt to go one step beyond this was made in Section VI.7 when we 
use the Inglis formula in conjunction with independent-particle wave functions 
derived from a deformed harmonic oscillator potential, and obtained the 
rigid moment of inertia 7,ig, as given by (7.49). We notice there that a more 
detailed knowledge of the intrinsic wave function x, is required to have a 
better estimate of the moment of inertia, and that such an improved x, can 
also give us better information of gz, as well as “‘theoretical’’ values for the 
decoupling parameter a, the band-mixing parameter v’(Ko), and other intrinsic 
properties. 

There is another important set of facts that a theory for x, ought to give us. 
As we proceed from one odd-A deformed nucleus to another we observe 
different bands at different excitations. Picking on the lowest J = K, level of 
each band we thus obtain a spectrum of internal excitations as a function of 
the mass number A. This structure of internal excitations in deformed nuclei 
plays the role of the spectrum of single-particle levels in spherical nuclei, in 
that both teach us about the shape and strength of the corresponding single- 
particle potential. A proper model that generates the internal wave functions 
Xq Should therefore also explain the order in which the internal excitations 
appear in actual nuclei. 

The success of the independent-particle approximation for spherical nuclei 
near closed shells naturally suggests that we adopt a similar procedure for 
deformed nuclei. Thus as a first guess for the deformed nucleus internal wave 
function we want to take an independent-particle wave function, generated 
from a deformed potential. This wave function will have to be improved upon 
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for the derivation of properties like the moment of inertia, but for now we 
shall use this lowest approximation. Limiting ourselves to harmonic-oscillator 
potentials, we thus take as our zeroth-order Hamiltonian for the intrinsic 
wave function x¢: 

h? 


i. ==>), = 


| ee 
2 z 25.2 2 Qn 2 
5 Ve + 5 M 2 [w.(x;7 + y.7) + w,2z,7] (10.1) 


The single-particle eigenfunctions of Hin, can be characterized by the three 
harmonic oscillator quantum numbers 7,, n,, and n,, so that in terms of U,(x), 
the one-dimensional harmonic-oscillator eigenfunctions, we obtain 


X(MzNyNz) = Un, (x) Ony (y) Un, (Z) (10.2) 


The energy corresponding to this state is 
l 
E(n,nynz) = hwAn, + ny + 1) + ho, (x + ;) = hw, (N — n, + 1) 


+ hw, (». + ;) NZEn,+n +n (10.3) 


Clearly all the states with the same value for n, + n, and a fixed value for n, 
are degenerate. We shall therefore find it useful to go over to cylindrical 
coordinates p, ¢, and z 


xX = pcos®@ y=psing P= 7 (10.4) 


In these coordinates the potential energy in (10.1) is independent of ¢, so 
that the eigenfunctions take on the form 


X(N, nz, A) = Ry—nf{p) e? Un{Z) (10.5) 
A = tn, +(n — 2), (1 — 4),..., 41 or 0 n= N—n, (10.6) 


Here U, is again the eigenfunction of a one-dimensional harmonic oscillator, 
and R,(p) is the radial part of the eigenfunction of a two-dimensional har- 
monic oscillator. The energies that go with x(N,n,,A) are independent of A: 


EWN,n.,A) = ho,AN — nz + 1) + fon, + ;) (10.7) 
For any given value of N and n,, the z-projection of the two-dimensional orbital 
angular momentum that is, A, can take on the values indicated by (10.6), since 
all the states in one major harmonic-oscillator shell have the same parity. 
In any given major shell the angular momentum A can therefore take on either 
odd values only, or only even values. 
The quantum numbers N, n,, and A characterize the single-particle orbits 
of the Hamiltonian (10.1). Each level is doubly degenerate, with A and —A 
belonging to the same eigenvalue. As we fill the levels with an odd number of 
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particles we obtain wave functions characterized, among other things, by the 
set A; for all the occupied levels. If we are dealing with the lowest state of the 
system, or more generally if each level A, is filled in pairs as much as possible, 
we find immediately that A = 2 A; will equal the A-value of the last odd 
particle. It is therefore commonly found that the notation for the A-value of 
the odd single particle is the same as that for Atotai = 2D Ac. 

The Hamiltonian (10.1) is spin independent; since it is also invariant under 
rotations around the z-axis, the spin projection of a single particle on this 
axis, which can take on the values > = +1/2, and the total projection of 
the angular momentum on the z-axis Q = A + 2 are both good quantum 
numbers. 

Finally, Hint is also invariant under reflections and hence its eigenfunctions 
are characterized by a definite parity. It is easy to see that the parity is even 
or odd according to whether AN is even or odd. 

The eigenstates of (10.1) are thus characterized by the set: 


OQ,n,[Nin2A] (10.8) 


where Q, the z-projection of the total angular momentum of the particle 
satisfies 


Q=A+ 5 (10.9) 
The parity 7 satisfies 
nr = (—1)N (10.10) 
The z-oscillator quantum number satisfies, of course, 
nz <N (10.11) 


and the A-quantum number satisfies 
|A| = N—n,, N-—n, —2,N—n, —4,..., lorO (10.12) 


In labeling a level it is customary to use only positive values for A and Q 
(10.8) since the two states +0 are degenerate. The quantum numbers (10.8) 
are sometimes referred to as the asymptotic quantum numbers. This refers to 
the situation prevailing at very large deformations, when various additional 
terms that are usually added to Ajx;, and that do not commute with A or NV 
(see below), can be neglected. The ground state of **W which is measured to 
be J = 1/2-, is, for instance, assigned the asymptotic quantum numbers 
1/2- [5, 1, 0]. The lowest state of the K = 3/2- band at 208.8 KeV is assigned 
the asymptotic quantum numbers 3/27 [5, 1, 2]. Within the approximation of 
the intrinsic Hamiltonian (10.1) these two states are degenerate. 

We know from the study of spherical nuclei that a spin-independent cen- 
tral potential results in a very poor approximation to the actual nuclear wave 
functions, and that a rather strong spin-orbit interaction has to be included 
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in the zeroth-order single-particle Hamiltonian. Furthermore, for heavier 
nuclei the harmonic-oscillator potential 1s too rounded and the real potential 
comes closer to a square well potential. To introduce these two effects also 
into the deformed potential it was found useful to add two more terms to 
(10.1): a spin-orbit term Cl-s and a term DI? where C and D are:constants; 
the second term artificially produces a splitting between levels with different 
values of /. This simulates the transition from an oscillator potential, in which 
all the /-values within a major shell are degenerate, to a square well potential 
in which higher /-levels in a major shell are more bound than the lower /-levels. 
The exact values of C and D are fixed to reproduce the observed level order 
and splittings near magic numbers at zero deformations, and may sometimes 
vary in going from one nucleus to another. The resulting Hamiltonian is 
known as the Nilsson Hamiltonian [Nilsson (55)]: 


2 
n= sve! 5M ® lodlet + yt) + of z2] + CD18; 


2M 
+ Dri? (10.13) 


It is very widely used in generating zeroth-order internal wave functions for 
deformed nuclei. 

The single-particle energies and eigenfunctions of the Nilsson Hamiltonian 
are available in the literature [see, for instance, Davidson (68)]. They were 
computed in the following approximation. 

First, one introduces a deformation parameter 6 (see Eq. 7.4) and a fre- 
quency wo by: 


4 2 
W,? = wy? ¢ — +3) We? = Wy? = wo? (1 + 3 i) (10.14) 


To keep the volume of the nucleus constant we must have w,w,w, = constant 
and hence w, and 6 are related through 


4 16 __\3/6 
Wo (1 — 3° — 59 5) = constant = woo (10.15) 


With the help of the deformation parameter 6 the Nilsson single-particle 
Hamiltonian (10.13) can be written as 


H= - wets M w,2r? — Mace 1 Yn 09) + Cl-s + DP 
(10.16) 
Eigenfunctions of the central-field Hamiltonian 
h2 
A= - =—V’+- 5 Mat (10.17) 


2M 
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are now computed and characterized by the quantum numbers N, /, A, and 
> so that: 


3 
H,|NIA => = (w +5) fwop|NIAZS> L|NIAZ> = A|NIAZ> 
(10.18) 
P|NAS> =KI+ 1)|NIAZ> © s,|NIAS> = =|NIAZ> 


The rest of the Hamiltonian (10.16) does not commute with I’, 1,, or s,, and it 
also connects states of different values of N. One adopts the approximation 
of neglecting the terms nondiagonal in N, since they involve coupling to states 
with excitation energy 2iw. The operator j, = 1], + s, does commute with 
(10.16); one therefore diagonalizes (10.16) in the subspace of all wave func- 
tions (10.18) with fixed values of N and ©. Thus the approximate eigenstates 
of (10.16) are given by 


Xna = 2 ara®| NIA > = (QQ — A)> (10.19) 
LA 


The coefficients a,,°, which depend of course also on the deformation 6, 
were calculated by Nilsson and tabulated by him [Nilsson (55)]. Also tabulated 
are the eigenvalues of (10.16) computed in the approximation of neglecting 
off-diagonal elements in N, and given for different values of the deformation 6. 

For large deformations 6, the terms Cl-s and DI? in (10.16) can be neglected 
in comparison with Mwy? 6 (4/3) ~/2/5 Yo(6¢). At this limit the asymptotic 
quantum numbers (10.8) become good quantum numbers. It is therefore 
customary to label the states (10.19) by the asymptotic quantum numbers of 
the state that Xnq approaches for 6 > 1. 

Figure 10.1 shows the eigenvalues belonging to the different Nilsson wave 
functions. The energy in units of hw (5) is plotted as a function of 6. Another 
parameter 7 is often is introduced; it is related to 6 through 


__ Ahio0(8) , 
eC 


Positive values of 6 correspond to prolate deformations and negative values 
to oblate deformations. For zero deformation Fig. 10.1 shows just the spherical 
shell-model sequence of single-particle levels with the gaps between major 
shells determining the magic numbers. For small deformations each shell- 
model j is split into (1/2) (27 + 1)-levels characterized by the different values 
of |m| <j. The value of |m| then becomes the quantum number © that re- 
mains unchanged as the deformation increases. 

For small positive deformations 6 the states with the smallest values of m 
becomes more bound, whereas for small negative deformations the states with 
m = j are the most bound. This is easy to understand if we recall that the mass 
distribution of a particle is concentrated in a plane perpendicular to its 
angular momentum. Thus if the attractive central potential has a prolate 


(10.20) 


MODELS FOR INTRINSIC STRUCTURE IN DEFORMED NUCLEI 447 


7/27 [303] 
oll + 
E ® es 3/2* [202] 


1/2* [200] 
3.75 


5/2* [202] 
1/2- [330] 
3.50 
s 1/2 1/2* [211] 
d 5/2 
3.25 3/2* [211] 
3.00 
1/2* [220} 
2.75 ae W/2~ (101) 
pii2 3/27 [101] 
2.50 
p 3/2- 
2.25 


@) 1/27 [110] 


FIG. 10.1. (a) Single-particle levels in the regions 8 < Z < 20 and 8 < N < 20 [taken from 
Nathan and Nilsson (65)]. 


deformation the particles that benefit from it most are those whose angular 
momentum is perpendicular to the z-axis. This requires that the j-projection 
be minimal. On the other hand an oblate attractive potential is more advan- 
tageous for particles whose angular momentum is parallel to the z-axis. More 
formally we can derive the same results if in (10.16) we consider 


4 
H’ = — Mo ?r? 6 Jt Yoo (6,d) (10.21) 
as a perturbation on the spherically symmetric Hamiltonian 
h? 1 
H, = H— H’= — TT Ad + 5 Mw?r? + Cl-s + DP (10.22) 


7.0 


6.5 


6.0 


5.5 


5.0 


4.5 


FIG. 10.1. Cont. (b) Single-particle Levels for the Nilsson Hamiltonian [taken from 
Kerman (59)]. 
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The eigenfunctions of H, are characterized by the quantum numbers (NJjm) 
and the eigenvalues are the energies shown on the Nilsson diagram for zero 
deformation. The shift in energy for the state |NJjm> as the perturbation 
(10.21) is switched on is then given by 


4 =—_ 


4 |e 3 joeg 
=~ 54 28(w + 5) 08 (“1 il | Ye||) (10.23) 
3 5 2 —mOQOm 


Here we have used the fact that (Eq. 7.41) 
l 1 3 
5 Meo! (Nlim|r?| Niim) = 5 hoe (w + ;) (10.24) 


Introducing the explicit expressions for the 3 — 7 symbol (Appendix A, A.2.79) 
and the reduced matrix element of Y. (Appendix A, A.2.49), (10.23) can be 
written in the form 


, Bat — JG + DIB/4 —JG+ DI Gg 95) 


| 2 
AEMIim) = — 3 fas (W 4 3) gt DG +a 
Several interesting features can be seen from (10.25). First we notice that 
For §>0 AK(Nim)<0 if 3m <jj+1) 
AE(Nlim) >0 if 3m@>jG+1 ~~ (10.26) 


The opposite relations hold for 6 < 0. This confirms our previous qualitative 
considerations. 
Furthermore we notice that 


>> AE (Nijm) = 0 (10.27) 


Thus for small deformations, of either sign, the “center of gravity’’of the 
various levels is not shifted. There are always some m-levels that are pushed 
up and others that are pushed down. We also see from (10.27) that the sum 
of single-particle energies of closed shells remains unchanged by small defor- 
mations 6. In fact the lowest-order contribution to such sums turns out to be 
proportional to 6?. 

AE(Nljm) is linear in 6 and the slope is proportional to N. Thus for the 
higher-oscillator shells relatively small deformations produce large variations 
in the energy. Heavy nuclei are therefore more susceptible to gain in energy 
by passing from a spherical to a deformed shape. The dependence of the shape 
of the Nilsson curves near 6 = 0 on the quantum number N is clearly seen in 
Fig. 10.1. Its physical interpretation is also straightforward. As we see from 
(10.16) a given deformation 6 has an effect that is proportional to r?. Particles 
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that extend to larger distances are therefore more strongly affected by the 
same deformation 6. | 

As the deformation 6 increases it is no longer permissible to treat H’ as a 
perturbation and a diagonalization procedure has to be undertaken. This 
has the effect of “‘mixing’’ into a state |Jjm) other states |/’j’m) with the 
same value of m but different values of /’j’. If we take the shell between 8 and 
20, for instance, it has, for 6 = 0 three levels: 1ds5/2 251;2, and 1d3/2. As a posi- 
tive deformation sets in the state |ds;2 m = 1/2) is pushed down with a slope 
proportional to 6. However as 6 increases this level is pushed down more 
strongly due to its interaction with the |s1;2m = 1/2) state above it. This 
latter level, according to (10.25) is unaffected, to first order by the deformation 
but due to its interaction with the|d 5,2 m = 1/2) level on the one hand and 
the |d3,. m = 1/2) level on the other, its position does change with 6 as 6 
increases. This is seen more dramatically for 6 < 0. For such negative values 
of 6 the level |d5;2m = 1/2) is pushed up; it comes therefore closer to the state 
|Sij2 m = 1/2) as 6 becomes more negative. The effect of their interaction is 
that the |d;;2m = 1/2) state reverses its slope and goes down in energy with the 
decrease of 5 (increase of |5|!), while pushing the |51;2m = 1/2) level up. 

Since the Nilsson calculations confine the diagonalization of H to the 
levels in one major shell only, there are always some levels for which (10.25) 
is valid also for arbitrarily large values of |5|. In the shell we have just been 
considering this is true for the level |d5;2m = 5/2). In fact in this shell there 
is no Other level with m = 5/2, so that first-order perturbation theory becomes 
identical with complete diagonalization within the shell. It 1s seen that the 
energy of this level does indeed change linearly with 6 over the complete 
range of variation of 6. 

Many features of the Nilsson diagrams can be understood in terms of 
considerations similar to the ones we have described above. We shall not go 
into them here, but refer the reader to Nilsson’s original paper [Nilsson (55)]. 


11. NUCLEAR CONFIGURATIONS IN THE NILSSON POTENTIAL 


As we mentioned above the quantum number W actually tells us in which 
major shell the state in question originates. The neutron states in '3{W4 9, for 
instance, fall in the major shell between 82 and 126. All its negative parity 
states (p, f, 4) states therefore belong to N = 5; the positive parity states, which 
stem from the 7 13/2 single-particle shell-model state, actually belong to the 
next harmonic-oscillator shell and were pushed down by the spin-orbit inter- 
action. They therefore have N = 6. 

With the single-particle wave functions in the deformed potential available 
through (10.19), it is now a relatively simple to figure out the nuclear configura- 
tion for a given number WN and Z of neutrons and protons. All one has to do 
is to choose a deformation 6, look at the Nilsson diagram, and fill the lowest 
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Deformation 6 ——~> 


FIG. 11.1. Deformation energies for various stages of shell filling-spheroidal harmonic- 
oscillator binding potential [taken from Moszkowski (57)]. 


available levels at this deformation with neutrons and protons, remembering 
that each Nilsson orbit can accommodate two protons and two neutrons 
(because of the + degeneracy). Having done that, we add up the single- 
particle energies and obtain the total energy of the lowest independent 
particle state corresponding to this deformation 6.* This procedure is now 
repeated, with the same values of Z and N, for different deformations 6. 
Since as 6 changes, different Nilsson orbits cross each other, the structure of 
the lowest independent particle state may change with 6. The total energy 
plotted as a function of 6 then has the form shown in Fig. 11.1. The lowest 
energy therefore gives us both the expected deformation 6) and the configura- 
tion of Nilsson orbits that goes with it. Table 11.1 shows the expected ground 
state spins and parities of certain light nuclei based on the successive filling 
of the levels of the deformed harmonic-oscillator potential (10.16). Only nuclei 
removed from the closed shells (?2C and !°QO) are listed. Perfect agreement with 
experiment is obtained. 

For odd-odd nuclei the states with Q = 2, + Q, andQ = |Q, — Q,| are 
degenerate (see below) for the Hamiltonian (10.16). Since the free proton- 
neutron interaction favors parallel intrinsic spins (in the deuteron the ground 
state has S = 1), it has been assumed that the addition of a residual two- 
body interaction to (10.16) will lower that combination 2, + Q, that makes 
the intrinsic spins parallel. From the asymptotic quantum numbers of each 
level we find that the spin projections of the proton and the neutron are given 
by 


*If the Nilsson potential is ‘considered in the spirit” of the Hartree-Fock self- 
consistent field, we are counting the two-body interactions twice. We shall not 
discuss this question here; the reader is referred to Bassichis and Wilets (69). 


452 ROTATIONAL STATES IN DEFORMED NUCLEI 


TABLE 11.1. The Expected Ground State Spins of Certain Light Nuclei Based on 
the Filling of the Levels of a Deformed Well. For Odd-Odd Nuclei the Theory is Am- 
biguous. The Highest 2 Value Seems to be the Correct One. [taken from Kerman (59)] 


Configuration 

sO ee Qtheo lexp 

Nucleus Protons Neutrons 
SLi 1 /2—- 1/2— 1 1 
5Li 1/2— (1/2—)? 1/2 1/2 
sLi bj2 (1 /2—)?3 /2— 2 Zz 
4Be (1 /2—)? (1 /2—)?3 /2— 3/2 3/2 
°B (1 /2—)?3 /2— (1 /2—)?3 /2— ca 3 
‘30 (1 /2-+-)?3 /2-+ 3/2 
18F 1/2+ 1 /2+ I 1 
13F 1/2+ 1/2+ 1/ 1/2 
“OF 1/2+ (1 /2+-)?3 /2+ 2. 2 
i0Ne (1 /2+)? 1/2+ 1/2 1/2 
10Ne (1 /2+-)? (1 /2+-)?3/2+- 3/2 3/2 
10Ne (1/2+)? (1 /2-+)?3 /2+)*3 /2+) 5/2 5/2 
i1Na (1 /2-F)?3 /2-++ (1 /2+-)? 3/2 3/2 
iiNa (1 /2+)°3 /2-+ (1 /2+-)?3 /2+- 3 3 
1i1Na (1 /2-+-)?3 /2-+- (1 /2+)°3/2+)? 3/2 3/2 
i1Na (1 /2-+-)?3/2+ (1 /2+)°3 /2+-)?5 /2+ 4 4 
iiNa (1 /2+-)?3 /2-+- (1 /2+-)°3 /2+)%5 /2+-)? 3/2 3/2 
i2Mg (1 /2-++)°3 /2++)? (1 /2-++)?3 /2-+- 3/2 3/2 
25Mg (1 /2-+)23/2-+)? (1 /2-++)°3 /2-++)25 /2+ 5/2 5/2 
i3Mg (1 /2+-)°(3 /2+)? (1/2+)°3/2+)%5/2+)71/2+ 1/2 1/2 
i3Al (1 /2+)°3 /2-+-)?5 /2+ (1 /2+-)*3/2+-)? 5/2 35/2 
13Al (1 /2+-)°GB /2+-)?5 /2+ (1 /2+-)°3 /2+-)*5 /2-+ 5 5 
13Al (1 /2+)°3 /2+)?5 /2+ (1 /2+)7(3 /2+-)*S /2+)? 5/2 5/2 
i3Al (1 /2+)°3 /2-+-)?5 /2+ G/21)°B/21)7S/2+)71/2+ 3 3 
148i 1 /2+)°3/2+YG/2+)? 1 /2+)?B/2+)5 /2+ 5/2 5/2 


If both’ y, and =, are parallel or antiparallel to A, and A,, respectively, 
Y, and Z, will be parallel to each other in the state Q = Q, + Q, (Fig. 11.2). 
If on the other hand 2, is parallel to A, while 2, is antiparallel to A,, or 
vice versa, 2, and 2, will be parallel to each other in the state Q = |Q, — Q,| 
(Fig. 11.3). 


+1 if 2, parallel to A, and Z, parallel to A,, or 
if 2, antiparallel to A, and 2, antiparallel to A, 
—1if >, parallel to A, and 2, antiparallel to A,, or 
if 2, antiparallel to A, and Z, parallel to A, 


4(Q,— Np )(Qr, —An)= 
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FIG. 11.2. Coupling of Q’s for odd-odd nuclei; Qo = Ap + Xp, Qn = An & Xn. 


It then follows that the lowest configuration of a deformed odd-odd nucleus 
whose odd proton and odd neutron are in the levels 0, and ,, respectively, 
will be given by 


Q = |Q, + 4p — Ap Qn — An)Qn| (11.1) 


Equation 11.1 was used to determine the K-value of the lowest configuration 
in the odd-odd nuclei listed in Table 11.2. With the exception of ?8Al the 
observed spin of the ground state agrees with the one expected from the Nilsson 
diagram. In that case the expected spin of 2+ is very close at 31.2 KeV. A 
detailed study of deformed odd-odd nuclei was carried out by Gallagher and 
Mozkowski (58). 

For heavier nuclei the Nilsson orbits come very close to each other, and 
the above procedure can only be used to give two or three alternatives for 
the intrinsic state of lowest energy. Generally one of them does turn out to 
be the lowest state and the others form the “‘heads’’ of low-lying excited bands. 
Table 11.3 [Kerman, (59)] shows the expected -values for the lowest intrinsic 
states of some heavy nuclei with the corresponding deformation 6. The 
deformation, in these cases, has been determined from the measured quadru- 
pole moment of the ground state of the nucleus in question. Again the ob- 
served spin of the nuclear ground state always agrees with one of the two or 
three lowest expected values of Q. 

Finally, Table 11.4 [Harmatz, Handley, and Mihelich (62)] gives the various 
intrinsic excitations identified in odd-A nuclei from '*4Sm to 18°Os together 
with their excitation energy. We notice that the 5/2 + [642] state, for instance, 
first appears as an excited state in !*4Sm (209 KeV), then in 1°°Gd (129 KeV), 
155Gd (105 KeV), and 1°"Gd (64 KeV). In 1°°Gd it becomes the ground state 
and in !Er it is an excited state again (22 KeV), and again in !®Er (47 KeV) 


{=p 


Zp [An 
Ay | ° | 
Ap 


Zn 


FIG. 11.3. Coupling of 's for odd-odd nuclei: Q, = Ap + Xp, Q, = Ap + Xp. 


TABLE 11.2 Observed Ground-State Spins as well as the Nilsson Odd-Neutron 

and Odd-Proton States for Some Deformed Odd-Odd Nuclei. Where Known, 

Similar Information for Excited Bands is Given along with the Band-Head Energy. 
[taken from Davidson (65)| 


Odd-Particle Configuration 


Band Head 
Nucleus (keV) la Proton Neutron 
208 0 2+ 3 + [220] $+ [211] 
22Na 0 3+ $+ [211] 3+ [211] 
21Na 0) 4+ 3 + [211] 5 4 [202] 
472 1+ 3 + [211] 5 + [202] 
26A] 0 5+ $ + [202] $ + [202] 
229 0+ 5 4 [202] 5 + [202] 
28 A] ) 3+ $ + [202] 1 + [211] 
31.2 2+ 5 4 [202] 1 4 [211] 
i 0 1+ 3+ [21]] 24+ [211] 
2p 0 1+ z+ [211] 3 + [200] 
340] 0 0+ 3 + [202] 3 4 [202] 
143 3+ $+ [202] 3 4 [202] 
36C] 0 24 3 +4 [202] 1 + [200] 
1626 y 0 3- $+ [411] = — [521] 
55 O-— 5 — [532] 5 + [642] 
164Ry 0 3- 3 +4 [411] 3 — [521] 
16Tb 0 3- 3 + [411] 3 _ [521] 
160Th 0 3- 3 +4 [411] 3 — [521] 
160HO ) 5+ 7 — [523] 3 — [521] 
162HQ 0 i+ Z — [523] 5 — [523] 
90 6— % — [523] 5 +4 [642] 
164HO 1) 1+ % — [523] 5 — [523] 
| 139 6— i — [523] 5 + [642] 
166} 9 0 O-— 7 — [523] 7 4. [633] 
12 T— Zt — [523] 74 [633] 
190 3+ % — [523] 1 _ [521] 
419 1+ % — [523] 5 _ [523] 
499 4+ i — [523] 1 — [521] 
164Tm ) 1+ % — [523] = — [523] 
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Nucleus 


166Tm 


168Tm 
170Tm 
172Tm 
1727 y 


1747 u 


1767 y 


18Ta 


180T 9 


18279 


182Re 


184Re 
186Re 


188Re 


188] 
1927 r 
1947 r 


242Am 


250Bk 


Band Head 
(keV) 


Ix 


TABLE 11.2—Continued 


Odd-Particle Configuration 


Proton 


z + [411] 
z + [411] 
z + [411] 
2 + [411] 
z + [404] 


5+ [404] 
$+ [404] 


% + [404] 


$ — [514] 
% + [404] 


$+ [404] 


3 + [402] 
= + [402] 


$+ [402] 
$+ [402] 


2 + [402] 
— [505] 


+ [411] 
$+ [402] 
$ + [402] 


le S| 


Neutron 

= + [642] 
¥ + [633] 
2 — [521] 
$+ [512] 
z — [521] 
= — [512] 
= — [512] 
¢ — [514] 
% — [514] 
% — [514] 
% — [514] 
= + [624] 
= + [624] 
z — [510] 
= + [624] 
= + [624] 
4 — [510] 
3 — [512] 
3 — [512] 
= — [512] 
= — [512] 
3 — [512] 
= — [512] 
$+ [622] 
= + [622] 
z + [620] 
¥ + [613] 
% + [613] 
% + [613] 
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TABLE 11.3. The Ground State Spins for Heavy Nuclei as Deduced from a 
Deformed Well. In this Region it is Necessary to Know the Deformations and These 
are Given in Column 2 as Obtained from Measured Intrinsic Quadrupole Moments. 
As has been Noted in the Text the Predicted Values are Usually Ambiguous But the 
Experimental Value Always Agrees with One of Them. [taken from Kerman (59)]. 


Assumed 
Nucleus Deformations OtheoT lexp 
13sEu 0.16 3/24,5/24 5/2 
13Ru 0.30 5/2+,3/2+ 5 /2 
1Tb 0.31 3/2+,5/2+ 3/2 
16°Ho 0.30 7/2—,1/2+ 7/2 
16°Tm 0.28 1/2+,7/2- 1/2 
APL AY 0.28 7/2+,5/2+ 7 [2 
tg Be 0.23 5/2+,7/2+ 7/2 
18?Re 0.19. 9/2—, (5/2+) 5 /2 
187Re 0.19 9 /2—, (5/2+) 5 /2 
lr 0.14 3/2+,1/2+, 11/2- 3/2 
tele 0.12 3/2+,1/2+, 11/2- 3 /2 
155Gq 0.31 § 242.3 2 3/2 
157Gd 0.31 3/2—,5/2+ 3/2 
18'Dy 0.31 5 /2— 
AC Br 0.29 1/2—,7/2+ 7/2 
17tYb 0.29 7/2+,1/2- 1/2 
172Yb 0.29 5 /2— 5/2 
HE 0.26 7/2-— 
179Hf 0.27 9 /2+ 
133W 0.21 1/2—,7/2-—,3/2- 1/2 
187Os 0.18 1/2—,3/2—,9/2+ 
1880s 0.15 1/2—,3/2—,11/2+ 3/2 


and in !*Yb (29 KeV). Until it becomes the ground state in !5°Gd, an ex- 
citation to the 5/2 + [642] state probably takes place via the promotion 
of a particle from a lower level into this level. After °°Gd the 5/2+ [642] level 
is filled in the nuclear ground state. It can appear again as an excited state if 
a hole is created in this level and the particle promoted to pair off with the 
odd particle in a higher orbit. It is obvious that since each level can accom- 
moderate only two particles of the same type, a hole is characterized exactly 
by the same quantum numbers as a particle. 

Thus we obtain the systematic appearance of levels first as excited states 
with their excitation decreasing as A increases, then as a ground state, and 
then again as excited states with excitation increasing with A. An independent- 
particle picture explains this trend very naturally, and the fact that it 1s ob- 
served so nicely, as shown in Table 11.4, strongly supports our independent- 
particle assumption for the intrinsic wave functions xo. 
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The fact that the Nilsson model gives us usually two or three alternatives 
for the lowest state of a given nucleus points to its limit of validity. We saw 
in the previous paragraphs that it takes very little energy to go from one 
intrinsic wave function to another—the heads of different bands sometimes 
lie only 50 KeV to 100 KeV apart. Obviously we cannot expect a simple 
approximation for the internal wave function like Nilsson’s Hamiltonian 
(10.16) to be able to reproduce such fine details of the intrinsic structure. It 
does, however, go as far as indicating the reason for the existence of so many 
close-lying internal excitations in some regions of the periodic table. 

The availability of intrinsic wave functions makes it possible to try to 
understand also some of the other parameters of the collective nuclear rota- 
tions. The decoupling parameter a is given by (4.23) with the coefficients a, 
determined by (4.5). The Nilsson calculation provides an expansion of xg in 
terms of / and A. It is very easy to transform it into an expansion in terms of J. 
In fact we notice that 


|\NIAZ> = >> (IA1/2 =|ja)| Nja> (11.2) 


Jj 


where (JA1/2 2|jQ) is a Clebsch-Gordon coefficient and 
Q=A+ 2 (11.3) 
It then follows from (10.19) that 


xne = >, |x ay? (1A1/2 279) || wya> (11.4) 
lj A 

We note that the sum over / can actually be omitted. Since the wave function 
Xo 1S assumed to have a definite parity its expansion (10.19) will include only 
even /’s or only odd I’s. Since, in addition, 7 = / + 1/2, we see that j and the 
parity of x fix which one of the two possible values of / will really contribute 
to (11.4). By comparing (11.4) with (4.5) and (4.23), we obtain for the de- 
coupling parameter a the expression 

a= >) (-1)/?2 (fF + 1/2) ara® aya (1A1/2E|jQ) (1A1/22'|jQ) (11.5) 

jA AZ 
A comparison of theoretical values of a with results obtained from the analysis 
of K = 1/2 rotational bands is given by Mottelson and Nilsson (59). 

Other parameters can be calculated in a similar way. We shall not enter 
here into their evaluation since it turns out, as we saw for the moment of 
Inertia, that the effects of the residual interaction cannot be neglected if a 
more detailed comparison with experiment is desired. We only give here an 
evaluation of the equilibrium deformation computed, as outlined before, with 
the Nilsson eigenvalues, and its comparison with the observed deformation as 
deduced from nuclear quadrupole moments. (See Fig. 11.4) The agreement is 
really remarkable in view of the crude assumptions that go into the Hamil- 
tonian (10.13). . | 
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010 


© Experimental deformations of even—even nuclei 
» Experimental deformations of odd—A nuclei 
~~ Calculated deformations for odd—A nuclei 


150 155 160 165 170 175 180 185 190 195 A 


FIG. 11.4. The calculated ground state equilibrium deformations are compared with 
those deduced from the observed intrinsic quadrupole moments [taken from Mottelson 
and Nilsson (55)]. 


In summarizing this section we can say that the rotational-model wave 
function (4.9) has proved to be useful not only in determining general relations 
among various properties of rotational band, but also in requiring for the 
internal wave function xq a rather simple structure. The treatment of xo as a 
wave function for independent particles moving in a deformed field helps us 
understand the sequence of the observed intrinsic excitations as single- 
particle excitations in a deformed field. At the same time it also gives us at 
least the correct order of magnitude for the observed nuclear deformation 
and other parameters pertinent to deformed nuclei. 

It should be realized that in deriving these properties we made no direct 
use of the properties of the underlying nucleon-nucleon force, Indirectly it 
came in through the three parameters of (10.13); The average harmonic- 
oscillator frequency wo (or more precisely the constant woo in Eq. 10.15) that 
is determined by the observed nuclear density; and the constant C and D 
that in (10.13) are made to fit the zero-deformation order and spacings of 
single-particle levels. It is obvious that the actual values adopted for woo, 
C and D represent some average properties of the underlying nucleon forces, 
but it 1s remarkable that so much could be achieved without further specifi- 
cation of the nuclear force. Here, as in the case of the shell model, once the 
density and shape of the nucleus are taken from experiment, many of the 
other properties of nuclei are determined within rather narrow margins. To 
obtain even narrower limits requires a more proper handling of the nuclear 
forces. We have neglected thus far both the coupling of the collective rotation 
R to the intrinsic structure (Aoup in Eq. 2.14), and the residual interaction 
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among the articles moving in the deformed potential. Both terms can be 
included at least in some approximation, leading to the understanding of 
further details in the experimental data. 


12, PROJECTED WAVE FUNCTIONS 


The success of the unified model in describing the behavior of deformed 
nuclei suggests also a way of constructing wave functions for nuclei in other 
regions of the periodic table. Basically this prescription is motivated by the 
following considerations. 

The simplest wave function to construct and to operate with is a Slater 
determinant. This wave function is composed of single-particle wave functions 
generated by an arbitrary potential. One can exploit this arbitrariness in the 
single-particle potential to obtain the best possible Slater determination for 
the problem at hand. Alternatively one can start with a fixed potential Us, 
derive from it the single-particle wave functions ¢,‘(i), construct Slater 
determinants VY“ (a,,..., a4) and proceed to improve the approximation to 
the real wave function by taking linear combinations of ¥ (a,,..., aa). 

Suppose, for the sake of argument, it is found that given the single-particle 
potential Uo, a good description of a certain nuclear state is provided by the 
following simple combinations of two Slater determinants: 


W = V© (ai, a2,..., a4) $ CY (By, ae, ... 5 A) (12.1) 


Equation. 12 can be written as a single Slater determinant in which the first 
state has been charged from ¢,: into 


gar — ba + ch = bay (12.2) 


However this same change can be induced also by an appropriate change in Up. 
We saw in Section IV.18 that it 1s possible to change a single-particle potential 
so that only one of its eigenfunctions changes. If we change U, to U, so that 


Pa? — dar 2 c dai, Pas? a Paz L# I (12.3) 


the new Slater determinant, formed from the functions ¢,,“, will give us the 
desired good description of the nuclear state considered. 

The success of the description of many nuclei by means of a deformed 
potential can be taken as an indication that by distorting a spherical potential 
in this manner we automatically obtain the right combination of spherical 
eigenfunctions that makes the corresponding Slater determinant a better 
approximation to the real nuclear wave function. From this point of view the 
deformed potential is a definite prescription for a convenient mixing of various 
configurations of the spherical potential. We need hardly remind ourselves 
that a single-particle wave function derived from a spherical potential does 
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not itself possess spherical symmetry and, depending on its m-value, may 
represent a mass distribution concentrated in one direction or another. The 
deformed potential is thus equivalent to a prescription of mixing together 
spherical wave functions that help each other build up the required deforma- 
tion. 

Wave functions in a deformed potential are not eigenfunctions of the total 
angular momentum. Still we can use the prescription dictated by the deformed 
potential to generate wave functions that are eigenstates of J? and J,. To this 
end let us take a wave function Xx’ (r,’;..., 14’) that is defined with respect 
to the deformed potential whose axes 2’ are given by the Euler angles 6; 
and assume Xx’ has a z’-component of the angular momentum equal to K. 
To find out how Xx would look in the laboratory frame 2 all we have to do 
is to replace in it each r;’ by its appropriate expression in terms of r;, and 6;; 
we shall be thus led to a function 


Xx (Wi,.-.., 843 9:) = Xx’ (t7' (f1, 9:),.. 5 8a’ (Fa, 9:)) (12.4) 
However, there is also another way to obtain x(r,,..., 6a; 0:): we expand 
first xx in a series of eigenfunctions of J? and J,: — 
xx’ = >) a; ¢’» VK) (12.5) 
J 


The wave functions ¢(/K), being eigenfunctions of J? and J,, transform under 
rotations with Wigner’s D-matrix (Appendix A, A.2.1). Hence, in terms of 
the wave functions ¢x(/M) in the laboratory frame, they are given by 


o's, JK) = >o¢s JM) Dux” (6) (12.6) 


Introducing (12.6) into (12.5) we obtain xx’ expressed in terms of the labora- 
tory coordinates contained in ¢x(JM) and the direction 6; of the frame 2’ 
of the deformed potential contained in the D’s: 


XK’ (r1’, a ra’) = Xk (ri, arenas 6;) = > as7¢x(JM) Dux” (6;) (12.7) 
J 


Using the orthogonality relations of Wigner’s D-matrices (appendix A, 
A.2.11) we can now project out of the known function x(m,..., Pa; 6:), as 
given by (12.4), a function of a well-defined angular momentum, that 1s, 


oz (JM) ~ N | Dix (0:) xx (f1,..- , 84; 9:) dR (12.8) 
where N is a normalization factor, and { ... dR stands for the integration 


over all orientations of the deformed potential [Peierls and Yoccoz (57)]. Note 
that as a consequence of the projection ¢z depends only upon intrinsic co- 
ordinates. There are no extra, that is redundant, variables. 

As we present it here (12.8) seems to be just a convenient way to extract an 
eigenfunction of J? and J, out of the deformed intrinsic state yx (fi, ..., Fa’). 
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The following remarks will explain why the funtions ¢x(JM) obtained this 
way may be of physical interest. 

Suppose it is found empirically that an A-particle system has a rotational 
spectrum with an angular momentum J that extends from J = K up to J = 
K +n — 1. If H(A) is the exact Hamiltonian of the A-particle system then 
the Hamiltonian 


H’ = H(A) — ae (12.9) 


has a degenerate ground state with angular momenta J = K,...,J = K+ 
n — 1. Generally, the eigenfunctions of an exact Hamiltonian like H(A) can 
be chosen to be eigenfunctions of J’, since J? commutes with H(A). 
J? commutes, of course, with A’ as defined in (12.9); furthermore the eigen- 
function ¢ (JM) of H(A) are also eigenfunctions of H’. But because H’ has an 
n-fold degenerate ground state, we can take for the n-ground-state wave- 
functions any n-independent combinations of ¢(J = K, M), 6/ = K+ 1, M), 
...¢U = K +n — 1, M). These combinations need not be eigenstates of J? 
and may represent a state deformed in a special direction. If the functions 
¢oVUM) of this rotational band really describe the same intrinsic structure, 
rotating at different speeds, then a combination of the type (12.5) can describe 
fairly well the deformed intrinsic structure [the description will be better the 
larger the number of states ¢(/K) that are included on the right-hand side of 
(12.5); because of the uncertainty relations a wave function can describe an 
orientation with a precision A@ only if it includes a range of AJ of angular 
momenta satisfying AJ > (27/Aé)]. If we now reverse the argument and start 
from a wave function yx (r’,..., 4a’) in a deformed potential we can expect 
the wave function ¢(/M) projected out of it via (12.8) to be a good description 
of the appropriate nuclear state with angular momentum quantum number 
(JM). 

This method of generating wave functions of a definite angular momentum 
from Slater determinants in deformed potentials was first suggested by 
Redlich (58). It has since then found many uses, particularly in conjunction 
with self-consistent deformed Hartree-Fock potentials. Wave functions pro- 
jected from Slater determinants of single-particle wave functions in a deformed 
Hartree-Fock potential are briefly referred to as projected-Hartree-Fock 
wave functions. They incorporate many of the advantages of both deformed 
Hartree-Fock wave functions and wave functions of a definite total angular 
momentum. Table 12.1, taken from Bassichis et al. (65), shows energies of 
various nuclei calculated with projected Hartree-Fock wave functions using 
a Rosenfeld mixture for the two-body interaction (see Appendix B, p. 375). 
These energies represent expectation values of the Hamiltonian >) T; + 
> i<j Viz taken with the appropriate projected wave function for each level. 
Table 12.2 shows a similar calculation carried out by Gunye (68), where 
quadrupole and dipole moments as well as transition probabilities, were 


TABLE 12.1 Calculated and Experimental Energies of Levels Arising 
from Various Configurations in A = 18, 19, and 20 Nuclei. [taken from 
Bassichis et al. (65)] 


Nucleus J Experimental Calculated § Configuration 


20Ne Or — 33.02 — 33.7 4p 
Ze — 31.39 — 32.5 4p 
4t —28.77 —29.9 4p 
6* —25.42 —26.3 4p 
8+ —22.5 4p 
19F zt —20.18 —20.5 3p 
$+ —18.63 —18.5 3p 
Zt —19.99 —19.9 3p 
t+ —15.2 3p 
$t —17.39 —18.0 3p 
at —11.9 3p 
T+ —15.8 3p 
19 4- — 20.07 —19.1 4p-1h 
3- —18.73 —17.5 4p-1h 
37 —18.84 —18.0 4p-1h 
oe —14.6 4p-1h 
2- —15.5 4p-1h 
oe —10.7 4p-1h 
18Q Ot —12.19 —11.5 2p 
Ot — 8.56 — 8.7 2p 
Ot — 6.86 — 6.0 4p—2p 
O+ 1.5 2p 
Ze —10.21 — 9.8 2p 
Ze — 8.27 — 8.2 2p 
2+ — 6.94 — 4.6 4p-2h 
2+ — 2.7 2p 
Z 3+ — 6.82 — 6.6 2p 
4+ — 8.64 — 8.7 2p 
4+ — 1.7 4p-2h 
18 1+ — 9.74 — 9.9 2p 
1+ — 8.04 — 6.2 2p 
1+ — 5.4 4p-2h 
1+ — 4.4 2p 
2+ — 6.6 2p 
2+ — 4.5 4p-2h 
3+ — 8.80 — 9.3 2p 
3+ — 5.5 2p 
3+ — 3.8 4p-2h 
3+ — 0.8 2p 
4t — 3.8 2p 
4+ — 1.8 4p-2h 
5+ — 8.61 — 8.9 2p 
5+ — 1.1 4p-2h 
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TABLE 12.2 The Type of Electromagnetic Transition between the Initial State 

(Spin Jz) and Final State (Spin Js) is Shown in Column 5; the y-ray Energy (in MeV) 

is Shown in Column 4. The Number (—n) in the Last Three Columns Indicates the 
Multiplying Factor 10—”. [taken from Gunye (68)]| 


Table A 


Quadrupole moment (in units of e X 10-24 cm2) and magnetic moment (in units of 
nuclear magnetons) for some nuclear states 


Nucleus J Q(proj.) Q(S.M.) Q(expt.)  u(proj.) u(S.M.) x» (expt.) 
19F 1/2 2.57 2.67 2.63 
5/2 —0.11] —0.1] +0.11 3.18 3.28 3.69 
3/2 1.88 — _ 
21Ne 3/2 0.10 — 0.09 —0.36 a —0.66 
5/2  —0.04 is se 
22Nia 3 0.20 1.67 — 1.75 
3Na 3/2 0.11 -— 0.10 1.88 — 2.22 
5/2  —0.03 ae = os a 
Table B 
Mean lives (in seconds) of the nuclear states 
Nucleus Ji Jy E Transition r (proj.) 7 (S. M.) tr (expt.) 
18Q) 2 0 1.98 E2 5.10(—12) 5.09(—12) (3.7 + 0.7)(—12) 
4 Z 1.57 F2 2.12(—11) 2.14(-—11) >3 (-—12> 
18 3 1 0.94 E2 6.80(—11) 6.67(—11) (6.8 + 0.7)(—11) 
MF 5/2 4/2)—S—0.20.Ss—i«w#—~S~—é«~iLZSA(—-7) 1.257) 125-7) 
3 /2 1/2 1.56 E2 4.33(—12) 4.60(—12) (3 +1)(-—12) 
20Ne 2 0 1.63 E2 1.39(—12) 1.45(—12) 1.23(—12) 
4 2 2.62 E2 1.06(—13) 1.13(—13) 1.34(—14) 
2INfe 5 /2 3/2 0.35 M1 1.66(—12) 
7/2 5/2 1.40 Mi 2.04(—14) 
22Nle 2 0 1.27 E2 4.65(—12) (4 + 2)(—12) 
4 2 2.06 E2 3.27(—12) 40 (-—13) 
22Nla 5 3 1.53 E2 5.66(—12) (3.2 + 1.0)(—12) 
4 3 0.89 E2 1.66(—11) (1.8 + 0.7)(—11) 
23Na 5 /2 3 /2 0.44 Mi 5.50(— 13) 1.50(—12) 
7/2 5/2 1.63 M1 9,10(—15) 
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calculated with the projected Hartree-Fock wave-functions and the results 
compared with rather elaborate shell-model calculations of Arima et al (68). 
It is seen that the projected wave functions describe the actual states rather 
well; their usefulness becomes apparent if we take into account the relative 
ease with which these wave functions are generated. [For a recent discussion 
of the projection procedure, see Villars and Rogerson (71)]. 

These examples of the use of the projected Hartree-Fock wave functions are 
taken from calculations on the properties of light nuclei. It is thus suggested 
that it would be useful to consider these as well as the rare earth and actinide 
nuclei as deformed, and thus leads to an approximation to nuclear wave 
functions that might be referred to as projected deformed shell-model wave 
functions. This method involves applying the simple Nilsson shell-model 
orbitals to develop a nuclear wave function in a deformed basis and then 
projecting according to (12.8) to obtain the “‘true” nuclear wave function 
whose properties are to be compared with experiment. Such a procedure was 
applied by Kurath and Picman (59) to the p-shell nuclei. These authors found 
that the wave function generated in this way had a strong overlap with wave 
functions formed using a spherical shell-model potential and taking into 
account a central two-body residual interaction. These results are shown in 
Table 12.3 where the amplitude of each type of wave function is expanded in 
terms of spherical shell-model wave functions @;4“ with spin quantum num- 
bers J and M while s denotes the particular configuration involved. If the 
wave function is V;,, then 


Vim = oD d, ru 


TABLE 12.3 Comparison of Projected Deformed Shell-Model Wave Functions 
with Spherical Shell-Model Wave Functions. The Latter Includes Configuration 
Mixing Induced by the Residual Interactions. [from Kurath and Pitman (59)]. 


Sa) (2) (3) (4) (5) (6) (7) (8) 


n 
2 —o 0.157 0.416 —0.644 —0.172 0.100 —0.214 0.360 0.416 
= —§ 0.081 0.212 —0.485 —0.130 0.111 —0.237 0.400 0.682 
é —4 0.032 0.084 —0.283 —0.076 0.095 —0.204 0.343 0.859 
: Ss (1) (2) (3) (4) (5) (7) (7) (8) 
0. 0.165 0.410 —0.642 —0.181 0.105 —0.224 0.363 0.410 
3 1.5 0.133 0.335 —0.603 —0.166 0.112 -—0.247 0.385 0.507 
5 3.0 0.102 0.264 —0.543 —0.150 0.117 —0.259 0.388 0.609 
E 4.5 0.075 0.201 —0.471 —0.133 0.118 —0.257 0.372 0.704 
O 6.0 0.055 0.152 —0.402 —0.188 0.115 —0.244 0.342 0.780 
7.5 


0.041 0.115 —0.340 —0.105 0.109 —0.226 0.306 0.838 
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It is the coefficient d, that is given in Table 12.3 for various values of n and 
and y. The parameter 7 is proportional to the ratio of the deformation param- 
eter to the spin-orbit coupling in the Nilsson Hamiltonian (Eq. 10.20). The 
parameter y gives the ratio of the spin-orbit strength in the shell-model 
potential to the two-particle interaction strength as measured by the exchange 
integral over this interaction [Inglis (53)]. The comparison in the table is 
given for the lowest J = 2, T = 0 state of °C. It is clear that a very close 
one-to-one relation exists between the two types of wave function when 
roughly ny ~ — 30. From this we learn that for these nuclei the effect of a 
residual interaction in the spherical shell model, which of course mixes in 
many configurations to the simple first-order configuration, can be simulated 
by assuming these particles move in a nonspherical potential with an appro- 
priately chosen deformation but with no residual interaction. In other words 
the effect of the residual interaction is to deform the nucleus. 

A corollary of this discussion is that the energy spectra of these nuclei 
should have a rotational character [Clegg (61)]. However, band mixing is 
substantial and usually must be included before a good match with the data 
is achieved [Clegg (62)]. 

Considerable evidence has also accumulated for rotational structure for the 
s-d shell nuclei. A review of this phenomenon at an early stage of its under- 
standing has been given by Gove (60). [See also Litherland, Paul, Bartholo- 
mew, and Gove (56), Bromley, Gove, and Litherland (57), and Litherland, 
McManus, Paul, Bromley, and Gove (58). ] 

An example of a rotational spectrum is shown in Fig. 12.1. We see that 
24M g has two bands, K = Oand K = 2. The values of A and B in the expression 


E= AI(1+1)+ BUU + UP (5.1) 


that fit this spectrum and the spectra of a number of nuclei in the s—d shell 
are given in Table 12.4. These particular nuclei were chosen because the 
deviation from the simple formula (5.1) is small either because the bands 
that might mix with the ground state via the rotation—vibration coupling 
or the particle-rotation coupling are distant or AK is large. However in 
many cases in these light nuclei, for example, °F, Na, 25Na, the bands 
do overlap considerably and lead to considerable mixing, an effect that 
has been discussed for these nuclei by several authors [see, for example, 
Paul (57), Rakavy (57), Kerman (59), and Brink and Kerman (59)]. As 
examples where these effects are large, the ground-state bands of those nuclei 
with N or Z = 11 are shown in Fig. 12.2. In Fig. 12.3 we see the compara- 
tively (compare with the rare earth nuclei) irregular growth of the energy with 
II + 1) for ?Na. For these nuclei the spacing of the levels does not appear 
to be rotational. It is only if perturbations involving other bands are taken 
into account that the rotational model can be applied to the data. This analysis 
is borne out by comparison with 6-decay and y-decay transition probabilities. 
To obtain a fit, the effect of the particle-rotation coupling must be calculated 
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TABLE 12.4 A and B Coefficients for Light Nuclei. [from Gove (60)]. 
Nucleus A (keV) B (keV) F/ Trie 


Ground State Band 


44Mg 237 —1.56 0.54 
Ne 292 —1,29 0.44 
*>*Meg 279 —1.99 0.46 
5A] 271 —1.67 0.47 


First Excited Band 


3Ne 271 —0.54 0.47 
»*Mg 177 —1.32 0.72 
25Al 182 —1.62 0.70 


to at least third order (see Section 9 for the second-order calculation). Another 
explanation suggests that the rotational Hamiltonian (h?/2/)R? is only the 
first term in a power-series expansion in even powers of R [Bohr and Mottelson 
(69)]. The higher-order R? terms with R = I — J give results similar to those 
obtained with the third-order particle-rotation interactions. Explanation 
based on the shell model [Wildenthal, McGrory, Halbert, and Glaudemans 
(68)], the SU(3) model of Elliott (58) [see review by Harvey (68)] which is 
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FIG. 12.1. Spectrum of 24Mg [from Gove (60)]. 
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6.238 13/2* (9/2) 
5.535 11/2* (7/2) 
2.705 9/2" 
2.079 7/2* 
0.439 ae 
0 3/2* 
23Nq 0 


J (J+1) 


FIG. 12.3. Spectrum of 23Na [from Lindgren (69)]. 


briefly described in Chapter VII. The nonaxially symmetric model is dis- 
cussed by Chi and Davidson (63) while Malik and Scholz (66,67) in their 
Coriolis coupling model diagonalize the total Hamiltonian including the 
rotational, Nilsson-deformed shell-model Hamiltonian and the particle- 
rotation coupling using the deformed s-d shell-wave functions as basis wave 
functions. 


13. THE BOHR HAMILTONIAN 


The success of the description of deformed nuclei in terms of collective 
rotations of the nucleus as a whole raises the question of the existence of 
other possible modes of collective motion. Since the average nuclear potential 
in which the particles move independently is, in the last analysis, generated 
by the particles themselves, we should expect the parameters determining the 
shape, size, and depth of this potential to undergo time-dependent variations 
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as well. To be sure, these variations are not independent of the particle motion, 
and they represent just another way of looking at some average functions of the 
particles’ coordinates. But our experience with deformed nuclei suggest that 
treating the particle coordinates and the collective coordinates as independent 
variables may actually represent a very good approximation. Behind this 
approximation there is, of course, the expectation that the parameters of the 
average potential, such as its shape or size, undergo slow variations around 
an equilibrium value. The frequencies characteristic of the motion of the 
particles in the potential are supposed to be much higher than those charac- 
terizing the variations in the average potential. One can then use the Born- 
Oppenheimer approximation and treat the motion of the particles for fixed 
values of the parameters; the resulting total energy of the particles, which is 
a function of these parameters, can then be used as the potential energy for 
their slower oscillations. 

A procedure for introducing collective variables was suggested by Bohr (52). 
Let us consider the case of small oscillations about an equilibrium shape. As 
a first example suppose that shape is spherical. Then the corresponding energy 
for the equilibrium configuration will involve the nuclear radius Ro as a 
parameter. If we are dealing with a shell-model description, the single-par- 
ticle shell-model potential would involve a radius parameter explicitly, as is 
true for the Wood-Saxon potential that is commonly employed: 


l 


V(r) = — Vo 1 + ev-Rol ve o(r—R0)/a 


This Wood-Saxon Ry would then be a parameter in the expression for the 
energy of the nucleus. The small oscillations that occur because of a change in 
shape can be described by replacing Ro by Ro (1 + 4), and allowing 6 to oscil- 
late. More specifically for quadrupole shaped oscillations * 


R= Ro [1 + 2a, Yu (6,4)] (13.1) 


One condition is usually imposed: that the nuclear volume is unchanged by 
this deformation. This gives an overall condition on the a,’s that we shall 
not write out explicitly. Introducing this expression for R in the place of Ro in 
the single-particle potential would mean that the potential is no longer 
spherical. The energy of the system will now involve not only Ro but also the 


*More generally R = Ro [1] + 2 ay, Yy,|. In this expression the \ = 1 value 
is omitted since it corresponds to a motion of the nucleus as whole. However, if 
these deformations are given isospin dependence: that is, if the neutron oscil- 
lations differ from that of the protons, it should be retained. This is discussed in 
Section 14. The \ = O, the monopole, is expected to occur at relatively high 
excitation energies. The \ = 2 and \ = 3 oscillations are the ones of greatest 
experimental interest at present. 
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parameters a, and their time derivatives. For small oscillations about Ro, 
one can expect the energy to consist additively of a kinetic-energy term 
(1/2) B >>, |a,|2 and a potential energy term (1/2) C >.,|a,|2. We are thus 
led to write for the collective Hamiltonian the expression 


I 1 
Hon = 5 BD jae)? +5 CU | cy | 2 (13.2) 


The more complex analysis required when the equilibrium shape is a deformed 
one will be given later. Before going to discuss some of the consequences of 
(13.1) and (13.2) it should be emphasized that the procedure described here 
can be employed for any macroscopic variable. The important and difficult 
problem is to know for which variables this is a useful method. The discovery 
of the significant collective variables is of course a central problem of nuclear 
physics. 

Returning to (13.1) and (13.2) we note that in order to make the former 
invariant against rotation, the new dynamical variables a, must behave, under 
rotations, like Yo, (6, ¢). Then Za,Yy (0, ¢) behaves under rotations like 
= Yo, (6',6’) Yo, (6, ¢), and we know from the addition theorem for spherical 
harmonics (Appendix A, A.2.34) that the latter expression is a scalar. With 
these transformation properties for a,, (13.2) will also be a scalar and the 
total Hamiltonian will have eigenstates with well-defined J? and J,. Since R 
is invariant under an inversion, it follows that under that operator a, will not 
be changed by an inversion [a, under inversion becomes (— )*ay,]. Another con- 
dition on the a, comes from the reality of the nuclear radius. Since Yj, = 
(—)}Y,_, it follows that 


ay" = (— Koy (13.3) 


It follows that the description of the quadrupole oscillations about a spherical 
shape requires five independent real parameters. 

Secondly, we notice that the Hamiltonian (13.2) has a structure of that of 
a harmonic oscillator. The operators a,, upon quantization, will therefore 
become creation and annihilation operators of the quantum of oscillation— 
the phonon— associated with the a-degrees of freedom. The term a, Yo, (6,¢) 
in (13.1) will therefore provide a mechanism for the particles, whose coordi- 
nates appear in Y>2,(0,¢), to interact with the a-degrees of freedom and cause 
the excitation or deexcitation of the phonons. 

To describe these conclusions more completely it is necessary to carry out 
the quantization of Hou. It is now assumed that a, is a dynamical variable 
and therefore an operator. The procedure is well known since (13.2) simply 
describes five harmonic oscillators each with “‘mass’’ B, “‘force constant’? C 


and frequency 
C 
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The results are most conveniently expressed in terms of two new operators 
a, and a,' that are related to a, and &, through the following equations 


oo —_ [a, + (—) at] 


va [ai — (-}¥ a4] (13.5) 


The operators a, satisfy the commutation relations 


[ons a‘] = Our (13.6) 
[a,, a,] = [a}, al] = 
the commutation rules of a boson field, in this case a scalar phonon. The 
states of such a field will be characterized by the value of A, in this case 2, 


the value of uw and n, (more generally m,), the number of such phonons. 
The number operator fi, is 


ty = a a, (13.7) 


In view of the transformation properties of a, it is no surprise and easy to 
show that the phonons have a total spin of \ with a “‘z’? component of uw and 
a parity (—)'. 

The operators a, are “‘destruction’”’ operators because when they act on a 
state |n,, 2, u> the number n, is reduced by one. Similarly the a! are “crea- 
tion’’ operators: 


A, |M%,2,u> = Vm|m — 1, 2, u> (13.8) 
a |, 2, p> = Vn +1 [n+ 1,2, u> (13.9) 
The no-phonon state referred to briefly as the ““vacuum”’ satisfies 
a,|0, 2, u> = 0 
Normalized one-phonon states according to (13.9) are constructed from the 
vacuum state as follows: 
[1, 2, u> = al|0, 2, u> 


Two-phonon states can have angular momentum 0+, 2+, and 4+. The odd 
angular momenta do not occur because of the boson character of the phonons 
that require their state vectors to be symmetric. This can be immediately seen 
as follows. A two-boson state will involve 


a’ a‘, |0, 2, u>|0, 2, u’> 


Because of commutation rule (13.6), uw and yp’ can be interchanged without 
any change proving the point. 
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6699 


A two-boson state with a given angular momentum J and “‘z’-component 
M is constructed as follows: * 


|2; IM 22> =) <2, 2ume|IM> al, al, |02mui>|02m> (13.10) 


From the properties of the Clebsch-Gordon coefficients it is easy to prove 
(we leave it as an exercise for the reader) that the state (13.10) is symmetric 
under interchange of the two phonons as long as J is not odd, and vanishes 
when it is. | 

The energies of these states are the eigenvalues of the Hamiltonian (13.2) 
which in terms of a, and a! is 


Hou = hw >, (i, + 5) = hw (3 +. ns) (13.11) 


The spectrum thus consists of a set of equally spaced levels. We see that the 
two-phonon state is triply degenerate since there are three two-phonon states. 
The three 2+ phonon states can have total J of Ot, 2+, 3+, 4+, and 6+. Similar 
results are obtained with the 3— phonon. The two 3— phonon state can have 
total angular momentum of 0+, 2+, 4+, and 6+. Two-phonon states of which 
one phonon is of the 2+ variety the other of 3- can also in principle exist. 
These will give rise to odd-parity states extending in angular momentum from 
1- to 5~ with an energy equal to the sum of the 2+ and 3- boson. 

We note once again that this model has been developed for the vibration 
of spherical undeformed nuclei. The simplest test of its validity is by compari- 
son with the observed energy spectrum. Of course the degeneracies mentioned 
above are not exactly maintained. The Hamiltonian (13.2) is “correct’’ only 
for small oscillations. It is thus the first term in an expansion in a,. The next 
term, 0(a,°), will give rise to anharmonic forces and will split the degeneracies. 
Thus in comparing with experiment, the two-phonon states are not expected 
to be exactly degenerate but should be split. The model makes sense only if 
the splitting is small compared to hw. 

Tests of the model can. be made by observing the excitation of one- and 
two-phonon levels by projectiles or by observing the electromagnetic and 
B-decay of these levels. As a first example suppose the interaction of a particle 
(e.g., an a-particle) with a spherical nucleus is given by a potential that is a 
function ofr, p, and Ro: | 

V= Vir,p,Ro) (13.12) 


where r and p are relative target—a-particle distance and momentum, respec- 
tively. If the incident projectile has spin then spin operator s would also be 


*The notation is based on the more general case for which the phonons have a 
total angular momentum ); and 2, respectively. Then the two-phonon state is 
described by |2; IM; Az >. | 
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involved in V. However let us consider the simplest case (13.12) which is 
appropriate for a-particles. If the nucleus can vibrate, Ryo is replaced by R 
of (13.1). In the limit of small oscillations, that is, to first order in a, 
ho OV : 
V(r,p,R) = Vir,p,Ro) + ./— Ro = Do [au + (—) ah] You +... (13.13) 
2Byu OR | 


We see that the interaction now involves the possibility of exciting a vibra- 
tional state. Two-phonon states can either be excited by a two-step process 
in which each phonon state is created in turn or through the effect of the 
quadratic term in the expansion of V, the first omitted term in expansion 
(13.13). The calculation of the inelastic cross sections is postponed to the 
second volume of this work. * However it is clear that comparing the excitation 
of the single-phonon state with the various two-phonon states or with the 
excitation (or decay) of these levels by electromagnetic means will provide 
a sensitive test of the model. | 

We also note that the particle-phonon interaction as given by (13.13) is 
proportional to OV/OR». For potentials that are a function of r — Rp, this 
derivative equals —OV/dr. Since V is generally flat within the nuclear interior 
decreasing rapidly at the nuclear surface, we see that 0V/or will be peaked at 
the surface. Thus the particle-phonon interaction is a surface interaction and 
will be induced most effectively when the projectile wave function is maximal 
at the nuclear surface. This is the case for heavy composite projectiles such as 
the a-particle or heavier ions. 

The transition probability for the electromagnetic decay of a nuclear level 
is given in eq. VIII.5.35. It is proportional to the B-coefficients. If we consider 
the decay of the one-phonon state, where the phonon is a 2+, to the zero- 
phonon 0+ state the quadrupole multipole will be involved so that in this 
discussion we are concerned with B(E2): 


1 =f 
B(E2;i— f) = 5 0 | Q2™ | | 2)? (13.14) 
= <00| Qo, |2u>? (13.15) 


For the relation of B(E2) with the lifetime of a state, see (6.17). In this expres- 
sion the operator Q>,) is 


Oo = | a yr? Yo, Pp (13.16) 


*For a review of recent work with proton projectiles, see Satchler (70); with 
alpha particle projectiles, see J. S. Blair (66). See also Drozdov (60). 
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In this expression p,, the proton-charge density is a function of the nuclear 
radius R. Hence 
hp Opp 


Ro 


p(t, R) = p(t, Ro) + je DR, 


> (a. + (—y aly] Yoo +... (13.17) 


Inserting this expression into (13.16) and assuming that p(r, Ro) is spherical, 
that is, depends only on r, one obtains 


P he - Oop 
Qo, = Laue Re [ dr r* a fa, + (—-}t aly] (13.18) 


As expected Qo,“ can either destroy a phonon, the nucleus radiating a photon, 
or create a one-phonon state the nucleus absorbing a photon. The value of 
BE(2) is thus 


h = Op, |? 
B(E2, 2—=> 0) = wB Ro? ; dr r* DR, (13.19) 


0 


In the experimental analysis it has been customary to take p, to be uniform 
up to the radius Ro: 


Z 
Pp = 5 6(Ro — r) (13.20) 
where © is the nuclear volume and 6 (x) is the unit function 
d(x) = 1 x >0 
= 0 x <0 


Differentiating with respect to Ry but keeping 2 constant (see footnote 
following Eq. 13.1). then 


Opp Z 
5 OR 
a oo 


Thus the electromagnetic interaction probes the nuclear surface. Finally 


h 3 ae 
B(E2, 2 — 0) = 7./BE (7 Ze Ry ) (13.21) 
Compare this result with that for a single particle. B,,(E2) = (47)[($)eRo!? 
(see VIII.5.48). The vibration shows a collective enhancement as indicated 
by the Z? factor. It occurs because an oscillation of the radius given by (13.1) 
and (13.2) leads to a coherent radiation by all the protons. 

A second conclusion that follows from the quadrupole operator (13.17) 
is that the quadrupole moment of any of the phonon states is zero. This is 
because Qz», is linear in a, and a. Physically this means only that the vibration 
involves oblate and prolate deformations with equal weight. * 


*Nonzero values can be obtained if second-order terms in (13.17) are kept. 
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We can now proceed to make some comparison with experiment. By ob- 
serving transition probabilities and energy spectra it becomes possible (see 
Eqs. 13.26, 13.11, and 13.4) to determine the parameters B and C. The values 
thus obtained are shown in Figs. 13.1 and 13.2 taken from Temmer and 
Heydenburg (56). [For more recent data see Nuclear Data Group (66).] In 
each of these, the empirical values are compared with the predictions if the 
nucleus is assumed to be a vibrating charged liquid drop. According to Bohr 
(52) and assuming irrotational flow, [see derivations in Davidson (68) Eisen- 
berg and Greiner (70)], these are 


3 
(By )irrot =, 4, AMR,’ (13.22) 
T 


I 
r 


Neutron number N ——?> 


FIG. 13.1. Empirical mass parameters for quadrupole vibrations of even-even nuclei 
with 22 < Z < 52. The irrotational value is used as the unit [taken from Temmer and 
Heydenburg (56)]. 
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and 
3 Q + 1) Z%e? 


—— — 2 a 
AOS DOP DRS Sa 


(13.23) 
Here S is the surface energy per unit area. In the semiempirical mass formula, 
4rR,?S is the coefficient of the A?/* term and has the value of 18.56 MeV. 
For the quadrupole case \ = 2. 

If we turn now to the energy spectrum, as mentioned above, there should 
be groups of levels with spins 0+, 2+, and 4+ at energies of 2hw. Figure 13.3 
taken from Stelson and McGowan (61) shows a systematic occurrence of 
these levels in qualitative agreement with expectation. 

In even-even nuclei, the second 2+State thus represents a two-phonon excita- 
tion. Its decay straight to the ground state is thus forbidden and we should 
find B(E2, 2’ — 2) > B(E2, 2’ — 0) where 2’ denotes the second 2+ excited 
state, and 2, the first one. Figure 13.4, taken from Van Patter (59), con- 
firms this expectation very dramatically for many nuclei. The group of nuclei 
that seem to violate this expectation are all in the region of highly deformed 
nuclei, where the Hamiltonian (13.2), whose oscillations center around a, = 0, 
is not expected to be applicable. This shows up also in a plot of Z./E, — the 
ratio of the energy of the second excited state to the first excited state, for the 
various nuclei, given in Fig. 13.5. For deformed nuclei one expects this ratio 
to be JoVJ2 + 1)/Ji (i + 1) = 20/6. For oscillations of the type considered 
here it should be closer to 2. This expectation is borne out by experiment as 
Fig. 13.5 demonstrates. 

The above discussion is limited to even mass-number nuclei. A simple 
extension of the model to odd mass number (A + 1) would consider the 
states of such a nucleus to consist of a core formed by a neighboring even-A 
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FIG. 13.2. Empirical restoring force parameters for quadrupole vibrations of even- 
even nuclei with 22 < Z S 52 [taken from Temmer and Heydenburg [56)]. 
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FIG. 13.3. Systematic occurrence of levels in medium weight nuclei showing character- 
istics of vibrational excitation [taken from Stelson (61)]. 


1000 


B(E2; 2° — 2) 
B(E2; 2’ — 0) 


100 


10 


0.1 
10 20 30 40 50 60 70 ~=80 90 100 110 120 130 140 150 


Neutron number N 


FIG. 13.4. Experimental values of B(E2; 2’ — 2)B(E2; 2! — 0) for even-even nuclei, as a 
function of the neutron number [taken from Van Patter (59)]. 
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Neutron number 


FIG. 13.5. Ratio of the energy of the second excited state to the first excited state as a 
function of the number of neutrons in even-even nuclei. The ratio 3.33 corresponds to 
rotational excitation of deformed nuclei [taken from Hyde et al. (64)]. 


nucleus plus a valence particle. Or equivalently, it could be thought of as a 
hole in a core formed by the A + 2 nucleus. The model to be chosen is de- 
termined by whichever nucleus, A or A + 2, is closer to closed shell and there- 
fore more likely to be spherical in its ground state. Let us consider the case 
for which the core is nucleus A and the valence particle has a spin of j. Coupling 
this spin to that of the ground state of the core gives one state with spin /. 
Coupling to the one-phonon state gives rise to states with spin lying between 
|j — 2| andj + 2, and so on for multiphonon states. The perturbing potential 
is given by (13.13). As can be readily verified in this case, the first term in this 
potential does not give any splitting between the various values of the angular 
momentum of the combined phonon plus particle. The second term has zero- 
diagonal value so that the splitting must be second order in the particle- 
phonon coupling. To be consistent with expansion (13.13) the splitting must 
be small compared to hw. If it is, the coupling is genuinely weak; if not, the 
coupling is said to be strong, and the simple description given above must be 
revised to include higher-order terms. If in a given nucleus these are sufficiently 
significant, the whole concept of vibrational states for that nucleus loses its 
validity. 

The situation for a number of odd-mass nuclei and ground-state spin of 
1/2 is shown in Fig. 13.6. In this case the spins of the first excited state, if that 
has a 2+ phonon core, are 3/2 and 5/2. The figure also shows the energy of 
the 2+ state of the adjacent even nuclei. In all cases except for !*Pt only two 
levels are seen. However the splitting is often appreciable being of the order 
of 100-200 KeV, which is to be compared with energies iw given by the 2+ 
state of the even nuclei. In addition 1**Pt has four rather than two states. 

This is by no means the only difficulty of the vibrational model. In the same 
spirit (first order in a,) the quadrupole moment of the excited states was 
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FIG. 13.6. Collective quadrupole states in odd mass nuclei with spherical equilibrium 
shape and ground state spin 1/2. The 2+ states are those of adjacent even nuclei. From 
Nathan (64). 


shown above to be zero. ‘Coulomb excitation experiments indicate that these 
moments are far from zero. [For a review of this subject see de Boer (68).] 
Again we see that the coupling is not weak in many nuclei. _ 

This last result must be interpreted to mean that in the vibration the prolate 
and oblate deformations do not have equal probabilities. A theory that yields 
such a result has been developed by Kumar and Baranger (68). This theory 
will be discussed in Chapter VII. It is based on the “Bohr Hamiltonian” Bohr 
(52) that we shall now describe. _ 

We have alluded briefly to another “vibration,” the 3~ phonon. This will 
be discussed in Section 14 of this chapter. For the present it will suffice to 
point out that for many odd nuclei the splitting analogous to that just dis- 
cussed for the 2+ phonon is small and the coupling does seem to be weak. 

The parameters a, in (13.1) represent a deformation in the potential, and 
can therefore serve to define a body-fixed frame of reference. To transform 
to coordinates in frame 2’ we have to use Wigner’s matrix D® (Appendix A, 
and write | 


ay = Dy oy [DZ 6,)]* (13.24) 


(We remember here that the a,’s transform like Yo,*(@ ¢), in order to make 
>a, Yo,(0; :) a scalar: hence the use of D®* in (13.24)). In order to make the 
frame 2’ body fixed, representing a deformed system, with a reflection sym- 
metry in the x’y’-plane, we have to put 


a = a’, = 0 ae = a_'s = a ay’ = a (13.25) 
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This will make >> a, Y»,(6,¢) transform into 
ag” Yoo (6’, ¢’) - Ot2! [ Yo,2 (6’, ¢’) ar Yo,_2 (0", ¢’)] 


= Jie [ao (3 cos? 6’ — 1) + ay V/6 sin? 6’ cos 2¢’] 
vs 


which is seen to be symmetric with respect to reflection in the x’y’-plane 
(6’ — x — 6’) and to allow nonaxially symmetric shapes as well. The condition 
a; = a_/ = Oassures that the z’-axis is along one of the principle axes of the 
ellipsoid, and a2’ = a_,’ assures that the whole expression is real. We now 
transform from the five variables a, to the two deformation variables ap 
and a, and the three Euler angles 9; that represent the orientation of the axes 
In space. Furthermore it is convenient to replace a) and a2 by 6 and vy defined 
by 


l 
ay = Bcos y a = a2 B sin y (13.26) 
8 then gives the nuclear deformation 


B? = a? + 2a? = Dlap|? = Dla? (13.27) 


while y is a shape parameter of the nucleus. Using (13.1) one sees that in the 
body-fixed frame of reference the radii in the directions of the three principle 
axes are: 


R, = Ro [ + = B cos € — art) (13.28) 
Aor 3 


One sees from (13.28) that going from y to y + n(27/3), where n is an integer, 
only changes the role of the various axes. Thus to describe a given (quadru- 
pole) shape it is enough to let y vary in the range 0 < y < 7/3. 

In terms of the variables 6, 7, and 6;, the kinetic energy 1/2 B> | a, |? can 
be written in the form known as the Bohr Hamiltonian [Bohr (52)]: 


| eee 1 
= 5 BR + BH) + 5 LE Fe ow? (13.29) 
where w,- is the angular velocity of the k’-axis with respect to the laboratory 


frame and 7;,-, the moments of inertia, are given by 


Qark' 
Fu = 4BB? sin? (: = om) k’ = 1,2,3 (13.30) 


Taking the expression (13.22), Birrot, for B and recalling that (see Eq. 7.5) 
for a sphere of radius Ry the rigid body moment of inertia is 


2 
Trig = 5 AMR! 
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we can write the moments of inertia in the form 


/ 
ae (; wad: ) (13.31) 
Ar 3 

To quantize the Bohr Hamiltonian with the kinetic energy (13.29) we have 
to take into account the possible noncommutativity of the various variables. 
As is well known there is no unique prescription to go from a classical Hamil- 
tonian to a quantum mechanical one, except for variables that can be trans- 
formed to Cartesian coordinates. [see, for instance, W. Pauli (33)]. Our collec- 
tive coordinates are expressible, in principle, in terms of the particles coor- 
dinates, and through such expressions their quantization should have been 
determined. This program has not, however, been carried out [see Kumar 
and Baranger (67)] and one uses the Pauli prescription for the quantization: if 


l be os 
= 5 De Bmn(G) dm In 
then its quantized counterpart is 
>> Viel 
L= g ea) 5. = 
Tia ee. Vl 


where g”” is the inverse Of gmz, and |g| is the determinant of gna. Applying 
this procedure to the Bohr Hamiltonian one obtains 


_ @ fla 2 1 oO 2 
= ea 7 252 
. ie oB (0 a BP sin 3y dy > (sin sa >) si 
where 
KR," 
T= 2: 7, (13.33) 


and R is the angular momentum operator for the rotation of the system around 
its body-fixed axes. 

If the nucleus is highly deformed, if the fluctuations of this deformation 
are small so that we can put 8 = 7 = 0, then the Bohr Hamiltonian (13.29), 
or (13.32), reduces to just the rotational kinetic energy (2.12). However 
(13.32) allows us now, in principle, to solve the complete problem of oscilla- 
tions plus rotations, including the effects of one on the other. All we have to 
do for that purpose is to specify the potential energy for the new collective 
variables that we have introduced. For physical reasons we want this potential 
energy to depend only on 8 and y, since the rotation of the axes, represented 
by 6;, should proceed freely. Thus we assume that 


V coll = V(B,y) (13.34) 


A possible way to proceed now is to use the Born-Oppenheimer approxi- 
mation; solve the problem of A-independent particles moving in a potential 
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characterized by the deformation parameters 6 and y via (13.1); determine the 
energy E(8,y) of the A-particles in this potential, and use it as the potential 
energy for the-collective Hamiltonian. This program has not been carried out 
yet. Instead one tries to expand V(6,y) around equilibrium positions of the 
two variables 6) and yo, and limit oneself to the harmonic terms for oscilla- 
tions around {> or yo, possibly also considering some unharmonic corrections. 
Tamura and Komai (59), for instance, take 


1 
ViB.y) = 5 C(B — Bo)? + K(B — B:) cos 37 


and obtain a fairly good fit to a broad set of data by properly choosing 
C, Bos Bi; and K. 

Kumar and Baranger (67) carried out an extensive numerical solution of 
the Bohr Hamiltonian with a parameterized potential and were able to test 
thereby various approximations to that Hamiltonian. They have been able 
to obtain a complete description of the transition from the nondeformed to 
the deformed region with all the peculiar features of nuclei in the transition 
region. The reader will find in their paper also an extensive discussion of the 
symmetry properties of the solutions to the Bohr Hamiltonian, etc. 

Davydov and Filippov (58) carried out extensive calculations in which y 
was assumed to take a constant numerical value and the collective Hamiltonian 
was then solved for the rotations and the oscillations in the variable 6, the 
so-called 6-vibrations. Figure 13.7 shows the expected position of the various 
collective states as a function of y on the Davydov-Filippov model, while 
Fig. 13.8, taken from McGowan and Stelson (61), shows the actual trend of 
excited states in even-even nuclei in a transition region from the deformed 
nucleus 18?W to the spherical nucleus !°*Pt. 

We see from Fig. 13.7 that, as expected from (13.29) and (13.30), small 
values of 7 lead to the rotational spectrum -of an axially symmetric top. In 
fact, since, according to (13.13) 7; = O for y = 0, there can be no rotation 
around this axis [(#?R;?/27s) is infinite for R; ~ 0), and consequently the 
rotations take place around an axis perpendicular to the symmetry axis of 
the nucleus, as in the pure rotational model. As y increases and the nucleus 
ceases to be spherically symmetric, new levels come down and a more complex 
spectrum shows up. One notices in particular the coming down of a level 
with J = 2+, which shows up characteristically also in Fig. 13.8, as one moves 
from the deformed nucleus !8?W towards nuclei of a more spherical shape. 

Figure 13.9 and 13.10 illustrate the variations in the shapes of nuclei as we 
change 6 and y. 8-vibrations for y =, 0 nuclei are vibrations in which the 
nucleus oscillates and changes its deformation around a given equilibrium 
deformation, retaining always its axial symmetry. y-vibrations, on the other 
hand, are oscillations in which the nucleus may retain its deformation param- 
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FIG. 13.7. The computed energy levels for various values of the deformation parameter 
y [Davydov and Philippov (58)]. 


eter 8, but changes from being nonaxially symmetric with R, > R,-, via an 
axially symmetric shape, to nonaxially symmetric shape with R, > R,, 
and back to axial symmetry, etc. 

It is obvious from the derivation of the Bohr Hamiltonian that each vibra- 
tional mode can still have, superimposed on it, a rotational band, so that one 
can obtain a rather complex spectrum consisting of ground-state rotational 
band, rotational bands based on 8-vibrations and y-vibrations, and rotational 
bands based on different intrinsic excitations, as discussed in previous sections. 
We shall not go further into these modes of excitation here but rather refer 
the reader to the more specialized literature on this subject. In the next 
chapter we shall discuss the microscopic structure of some of these modes. 


14. OTHER COLLECTIVE MODES 


In the last section we described two types of collective quadrupole vibrations 
and how they relate to the rotation of deformed nuclei. It is, however, quite 
obvious that there is no reason a priori to limit possible collective features of 
nuclei to quadrupole modes alone. Higher multipoles could show up as well, 
and more complex types of collective motion involving the spin and isospin 
degrees of freedom could be envisaged. 
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FIG. 13.8. Low-lying levels for even-even nuclei in the transition region from spheroidal 
to spherical shape [taken from McGowan and Stelson (61)]. 


Empirically there are two general indications for collective states. Because 
these states are associated with some bulk properties of nuclei, and because 
nuclei have a constant density, collective states of a given type tend to show 
up in all nuclei, or at least in a wide range of neighboring nuclei, and their 
excitation energy tends to vary smoothly from one nucleus to another. 
This is of course is only a necessary condition since noncollective properties 
can also vary smoothly with A and Z. 

Secondly, a collective state, from the point of view of its microscopic struc- 
ture, displays strong correlations among the nucleons. The trivial collective 
motion of the center of mass, for instance, reveals itself in a very strong 
correlation of the average momenta of the nucleons and establishes a corre- 
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FIG. 13.9. 6-vibrations for y = 9 [taken from Hyde et al. (64)]. 
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FIG. 13.10. ~-vibration around a spheroidal equilibrium shape [taken from Hyde et al. 
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lated phase, determined by e “?*’"4, for each of the nucleons. Here p is the 
momentum of the center of mass. The collective rotation, when viewed from 
the laboratory frame of reference, also manifests itself in a well-defined correla- 
tion among the various nucleons that assures that the overall shape of the 
nucleus undergoes “‘slow”’ rotations. These phase relations among the wave 
functions of the individual nucleons usually lead also to an enhancement of 
corresponding transition probabilities. Associated with the quadrupole 
oscillations are then enhanced electric quadrupole radiations. In fact, en- 
hanced transitions of one sort or another is the second characteristic feature 
of collective states. 

Two well-established collective excitations, in addition to the ones we have 
already mentioned, are the octupole excitation and the giant dipole excitation. 
The former shows up as aJ = 3- state in even-even nuclei, at an excitation of 
about 6 MeV for the lighter nuclei, going down to around 2 MeV for the 
heavier ones. It also shows up in odd-A nuclei where, however, its structure 
is slightly more complex (see below). The collective octupole excitations are 
associated with an enhanced electric octupole radiation, and they can there- 
fore also be easily excited in inelastic electron scattering or via other electro 
magnetic interactions [see de Forest and Walecka (66)]. They are clearly ob- 
served, of course, also in reaction like (p,p’) or (a,a’). For reviews of this 
problem see Nathan (64) and Bernstein (70). 

The collective octupole states can be described in terms of octupole defor- 
mations of the nuclear potential, that is, deformations that do not conserve the 
reflection symmetry in the x’y’-plane and lead to pearshaped nuclei. They 
have also been equally well described in terms of their microscopic structure 
(Chapter VII). In Fig. 14.1 the energies of the 3~ collective vibrational states 
in even nuclei as given by Nathan (64) are shown. The values predicted from 
the hydrodynamic model (A = 3 in 13.22 and 13.23) also shown gives the 
general trend with A. We shall not discuss these states any further as their 
analysis parallels that for the 2+ vibration discussed in Section 13. However, 
there is one substantial difference connected with the manifestation of these 
collective states in odd-A-nuclel. 

We assume that the collective excitations can be treated as independent of 
the particle motion. We also adopt the general conclusion of the various 
independent-particle models that nucleons tend to pair off in time-reversed 
conjugate states. Odd-A nuclei can then be pictured as having an odd-nucleon 
loosely attached to the even-even core. The collective excitations, involving 
as they do the nucleus as a whole, can be considered to a good approximation 
as excitations of the core with the odd-nucleon being a “spectator” having 
little to do with these excitations. This model 1s known as the core-excitation 
model. The core excitation involves the angular momentum J, (such as 
J. = 3- for the octupole excitations); the odd particle’s orbit on the other 
hand is characterized by an angular momentum j. In the approximation 
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FIG. 14.1. The energies of 3" collective vibrational states in even nuclei. The open circles 
represent closed shell nuclei [taken from Nathan (64)]. 


in which we neglect the interaction between the odd-particle and the col- 
lective-surface wave the collective excitation of the odd-A nucleus will con- 
sist then of a set of degenerate levels with J = |J. — j|, |J- —j| +.1,..., 
J. + j. A weak interaction between the odd particle and the surface wave 
will split these degenerate levels and lead to a core multiplet at approxi- 
mately the excitation energy of the collective state J, in the neighboring 
even-even nucleus. Figure 14.2 taken from Hafele and Woods (66) shows a 
typical situation of this kind. ?%Pb and ?°Pb both possess J = 3- collective 
states at 2,649 MeV and 2.615 MeV, respectively; these are clearly seen, for 
instance, in the inelastic proton scattering shown in Fig. 14.2a. The neighboring 
odd-A nuclei 2"Pb and 2°°Bi have very different spins in their ground states, 
that of '{3Pbi2:; being 1/2- while that of *9?Biizs is 9/2-. The inelastic proton 
scattering on ?°7Pb shows a doublet of levels around 2.6 MeV associated 
with an octupole excitation, with spins J = 5/2+ and J = 7/2+, whereas 
inelastic proton scattering on 2°°Bi shows at least six, and possibly seven levels 
around 2.6 MeV, all associated with an octupole excitation, their angular 
momenta taking all the allowed values between |J. — j| = |3 — 9/2| = 3/2t, 
to J. + j = 15/2+ (with the levels 11/2+ and 13/2+ probably unresolved). 
These are precisely the multiplets we would expect if the odd particle was 
weakly coupled to the collective state. They are referred to as weak-coupling 
multiplets or core multiplets. 

The identification of multiplets, like the doublet in ?”°Pb and the septuplet 
in ?°°Bi, as core multiplets can be checked in a variety of ways [see Lawson 
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and Uretsky (57) and deShalit (61)], and many examples are known of groups 
of levels that lend themselves naturally to this interpretation. One method 
that will be described in Chapter VIII involves comparison of the radiative 
transition rates of the members of the core multiplet. These should be related 
directly to the radiative transition rates of the core implying relations among 
these rates as well as to the rates in neighboring nuclei. The fact that such 
multiplets involving collective states occur so often is another experimental 
verification of the validity of the approximation that treats collective excita- 
tions independently of the particle degrees of freedom. 

That this is a general phenomenon is demonstrated by Fig. 14.3 where the 
3- core excited states for odd-A nuclei are shown. The j of the valence nucleon 
is that of the ground state given at the bottom of the figure. At the time these 
data were collected not all the states that could be formed by the coupling of 
the valence nucleon to the ground state had been observed. This has been 
remedied in experiments done since that time [e.g., the review of Bromley and 
Weneser (68) of the Pb region]. Good resolution is essential so that for example 
in 7°°Bi all seven levels can be seen. Included in the figure are the 3- levels from 
neighboring even-even nuclei. It is clear that for the heavier nuclei the effect 
of the particle-vibration coupling induces a small splitting. Hence in this 
region a weak coupling regime prevails in contrast with the 2+ core excitation 
discussed earlier. | 

The giant-dipole states form another mode of collective excitation. Their 
experimental manifestation is seen in both photo-absorption experiments 
[i.e., (y,#) or (y,p) reactions] and in the inverse radiative capture reactions. 
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FIG. 14.3. Collective octupole states in odd mass nuclei with spherical equilibrium 
shape. The spin and parity of the ground state is given. The energies of the 3- states in 
adjacent even nuclei are represented by the dashed lines [from Nathan (64). 
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Figure 14.4, taken from Danos and Fuller (65), shows a typical example of 
the greatly enhanced absorption of photons on 2°8Pb at an energy of about 
114 MeV. Such resonances, which can be shown experimentally to involve 
an electric-dipole radiation, are known all over the periodic table. For A = 40 
they occur at an energy given by 


Esiant dipole = E ga. © 80 X AW/3 MeV (14.1) 


A collection of some of the data on the energy of the giant dipoles is shown in 
Fig. 14.5, reproduced from Fuller (73). It is quite obvious from this figure 
that we are dealing here with a phenomenon that repeats itself regularly across 
the periodic table. 

An early understanding of the phenomenon was achieved by Goldhaber 
and Teller (48) and Steinwedel and Jensen (50). These authors use a classical 
hydrodynamic model in which the neutrons are supposed to form one liquid, 
the protons another. The effect of the incident electromagnetic wave is to 
displace the proton liquid with respect to the neutron liquid. Nuclear inter- 
actions provide a restoring force, and oscillations develop. Goldhaber and 
Teller developed rough estimates of the effect of the nuclear interaction. 
The following description will use the Steinwedel and Jensen procedure in 
which the restoring force is related to the symmetry energy in the semi- 
empirical mass formula, which is itself a manifestation of the force between 
neutrons and protons. The oscillation of this system will be calculated in the 
absence of an external force. The resonance frequency should be close to this 
free field frequency. 
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FIG. 14.4. Photon absorption in 2°8Pb [taken from Danos and Fuller (65)]. 
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FIG. 14.5. Giant resonance energy times A?/3 as a function of A [taken from Fuller and 
Hayward (62)]. 


In a hydrodynamic model one ascribes a density p, to the proton fluid, a 
velocity v, of the fluid in a volume element, that velocity being related to the 
displacement s, by v, = Os,/Ot. (This relation holds only for small velocities. 
More accurately v, = ds,/dt = Os,/Ot + (V,°V)v¥», Morse and Feshbach 
(52), Chapter II. The discussion below will be limited to small velocities 
so that the correction terms that are non linear will be omitted.) 

Since we are interested only in the relative motion of the two fluids, it 
will be useful to introduce the relative and center-of-mass velocities: 


vy = 22 Np Tt Pn Vn (14.2) 
Po 
Po = Pp + Pn 
In terms of these quantities the kinetic energy T of the two fluids 
ic. 
T= ; M [oe Vp? + Pn Vn?) ar (14.3) 
becomes 
] i 
r= 5M (| tev de + fo V* dr) (14.4) 
Po 


where M is the nucleon mass. 


The potential energy is based on the symmetry term in the semiempirical 
mass formula (Eq. II.3.1) 


(N — Z) 


Us=a A 


(14.5) 


which measures in an average way the effectiveness of the neutron-proton force 
that provides the restoring force acting between the neutron and proton 
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liquids. In terms of the variables p, and p, and assuming that the density of 
each liquid is uniform (i.e., disregarding surface effects) Ug can be written 


aa 2 
Us = ay | = 80) oie (14.6) 
Po 


To determine the restoring force we ask for the change in energy that 
occurs when there is a change 6s in the relative position of volume elements 
of the two types of liquid. If 6s, and 6s, are the changes in the position of the 
proton and neutron volume elements, respectively, then 


ds = 6s, — Ss, (14.7) 


while 
1 
5S = — (pp58Sp + pn OSp) (14.8) 
Po 


gives the change in their center of mass. 
The change in Ug following from changes in the densities 6p, and dp, 1s 


2a 
6bUs = = a (Pp — Pn) (pp — 5pn) (14.9) 
0 


To relate 5p, and 6p, we make use of the continuity equations 


> 
+ div pp Vp = 0 (14.10) 
or approximately 
Opp . ee 
Or + Pp” div VY, = 0 (14.11) 


where pp = pp“? + dp. 
The quantity p, is the equilibrium value of p,. Therefore 


Spp + pp div (6s,) = 0 (14.12) 
Using a similar relation for 6p,, 5Us becomes 


2 
Po 


Replacing 6s, and 6s, from (14.7) and (14.8), and dropping the term in 6S 
to simplify the formulas (this is not an approximation), 5Us becomes 


9) 2ppPn® 
6Us = — = [ae Gs paves) (14.13) 
Po Po 
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Integrating by parts and assuming the surface contribution to vanish (14.13) 
becomes 


8a 0 ay 
Us = ad Vpp-68 (14.14) 
Po 
Hence the restoring force in the relative coordinate system is 
a 0 oe 
ch a (14.15) 
po" 


From the kinetic energy (14.5) and this force the Newton equation of motion 
is readily obtained: 
(0) 5, O g 0 9,9 
ee ee Re One Vop = 0 
Po OL Po 
or 
OV 8a4 
— + — Vp, = 0 14.16 
Dt aie Mp, Pp ( ) 
This should be combined with the difference of the current conservation 
equations for p, and p,: 


6) ° pr? .. 
Pp 4 Pp Pr divy = 0 (14.17) 
Ot Po 

Taking the divergence of (14.16) and replacing div v from the above equation 


yields the wave equation for py: 


Mp.” 0p» 
Vv? ee eee 14.18 
The velocity of propagation of the wave, u, is given by 
8 %p,° 8a, ZN 
= SGe Ra Pn. See (14.19) 


Mop,? M A? 


Thus the velocity with which proton-density fluctuations propagate through 
nuclear matter in virtue of the neutron-proton interaction is given by uw. 
Inserting a rough value of NZ/A? ~ 1/4, ag ~ 20 MeV, u is of the order of 
0.21c. 

We now look for simple harmonic solutions for p, 


Pp = po + ne! (14.20) 
The value of w will give the resonant frequencies. The wave equation becomes 
(V2 + k*)y = 0 (14.21) 


where 


k= (14.22) 
-Uu 
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We now look for a solution 7 that is of the class excited by an oscillating 
electric dipole field E. This immediately tells us that 


n = Ch (kr) P: (cos 6) (14.23) 


where C is a constant, j, is the spherical Bessel function of order 1, and @ is 
the angle between E and r. The boundary condition on 7 follows from the 
requirement that the surface contribution vanishes in going from (14.13) to 
(14.14). This 1s accomplished if r-v is zero at the surface taken to be of the 
order of the nuclear radius. Physically this condition requires that there be 
zero Outgoing current at this radius. From form (14.23) for » this boundary 
condition is 


dj(kr) _ 
dr - 


The roots of this equation are well known (see Morse and Feshbach (52), 
Appendix to Chapter XI). The first two are 


at r=R (14.24) 


KR = 2.08, 5.95 
Taking the first one, the corresponding resonant frequency is 
2.08 u 
— 14.25 
e= (14.25) 


Since u is essentially a constant for much nuclei we see that the resonant 
frequency and thus the resonant energy, hw, decreases with increasing A 
like A~!/3, a result that is in agreement with experiment. A rough evaluation 
of the multiplicative constant yields hw ~ 70 A71/* that is to be compared 
with the experimental value of 80 A7?/8, 

Of course a spherical nucleus has been assumed. For deformed nuclei it 
becomes necessary to solve (14.21) with boundary condition n-V7 = 0 where n 
is normal to the boundary to be applied to, say, prolate (or oblate) spheroidal 
surfaces. Such solutions can be readily obtained using prolate (or oblate) sphe- 
roidal coordinates (see Morse and Feshbach (52), Chapter XI). These calcula- 
tions have been performed by Danos (58) and Okamoto (58). As may be ex- 
pected whereas the spherical nucleus has only one such frequency the spheroid- 
al nucleus will have two. This result first discovered by Fuller, Weiss (58) and 
by Spicer et al. (58) has been observed for several nuclei. [See Spicer (69) for 
a review of this subject. ] 

These calculations have omitted many effects. The sharp nuclear surface, 
the simplified density dependence of the potential energy given by (14.6) are 
surely inaccurate. In addition there are the limitations of hydrodynamic model 
of the nucleus that does not take into account its particle structure. The model 
is probably applicable to medium and large mass-number nuclei. For light 
nuclei a more detailed model is needed as is evident from the complex struc- 
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ture of the cross section for photon absorption since there are many peaks 
not just the single one shown for Pb in Fig. 14.4. Such a model is discussed 
below. 

We shall give a more detailed study of the giant dipole states in Chapter VIII. 
They will also be discussed in Volume II since these states are in the continuum 
and their analysis involves techniques of reaction theory. Here we wish only to 
make some remarks about the giant dipole states in light nuclei, ignoring the 
fact that they are unbound and treating them as if they were bound states (com- 
pare the study of the excited states of the a-particle in Section V.14). We shall 
use the shell-model analysis of the giant dipole states in order to see how a de- 
tailed microscopic structure can lead to collective effects and, thus, build at 
least a conceptual bridge between the collective states and their underlying 
multinucleon structure. 

To this end let us consider an even-even nucleus with its ground state J = 0*, 
and for the sake of simplicity let it be a closed shell nucleus. Dipole excitations 
involve the addition of one unit of angular momentum and a negative parity. 
Therefore we should look for excited: shell-model states with J = 1-, a linear 
combination of which will make up the giant dipole state. These can be ob- 
tained by taking the ground-state shell-model wave function ®) J = 0) and 
lifting a particle from an occupied level j,.+ to an unoccupied j,+ such that 
Fe ~~ 1| S Se S Ja =e I, Or 


lia — jel <1 =P(a)P(k) = — 1 (14.26) 


where P(a) is the parity of level j., etc. and forming the appropriate linear 
combination of the various particle-hole wave functions. (14.26) can be satis- 
fied by taking a particle from the last filled major shell in @) and putting it in 
an appropriate level in the next shell. As is well known, successive shells in 
the nuclear shell model have states with alternating parities, so that the 
negative parity of the resulting state is guaranteed (Fig. 1.7.2). As an example 
suppose ®, represents the shell-model ground state of O18; the proton con- 
figuration is then (151,2)? (1p3/2)4 (1p1/2)?, and we can choose j, to be (1p12) or 
(1ps/2), and lift the particle from this level into an appropriate level in the 
next shell lds/2, 2581/2 OT 1d3/2. For dé = (1p1/2) we take Jk = (2812) Or Tk = 
(1d3/2), while if we choose to vacate a particle from a ja = (1p3,/2) level we 
can take Jz to be Je = (254/2), Tk = (1d3/2) Or J; = (1ds/2). 

A state formed by the promotion of one particle from the shell-model 
ground state is called a one-particle one-hole state, or briefly 1plh-state. In 
O!6 we have just described five possible 1plh-states that can lead to a state of 
J = 1-. There are, of course, many more such states: we can lift one particle 
from the ground state of O18 three shells high into the 3s,,. or 2d3,. states, or 
even further up if we wish. We can also create 3p3h-states with J = 1- by 
lifting three particles from the p-level into the sd shell, etc. 

The Iplh-states are often written as |j.-1 j.; JM) indicating that a particle 
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was vacated from j, and promoted to j,. We obtain the lowest excitation for 
a Iplh, J = 1~ states by exciting nucleons from the last filled shell in &) to 
the next (unfilled) shell such as the state |1p;/5 251/2; 1—) in O'% The energy 
involved in doing so is about iw, where w is the frequency of the harmonic- 
oscillator potential that is closest to the shell-model potential used to describe 
@ 9. Equation IV.2.11 gives hw as a function of A: 


hw = (41 XK A-3) MeV (14.27) 


If we compare (14.27) with (14.1) we see that the A-dependence of Eg.a. 
is correctly reproduced, but the lowest order shell-model estimate of Ez.a. 
misses the empirical value nearly by a factor of two! 

This can be improved upon if we consider the residual interaction among 
the nucleons. As we have seen in the case of O'* there are five different ph- 
states for the protons that give us a J = 1- state, and there are five similar 
states for the neutrons. In a harmonic-oscillator potential all these states are 
degenerate in lowest order; in potentials of a more realistic shape they lie 
fairly close to each other. In order to obtain a better estimate of the actual 
position of the J = 1- levels we should therefore diagonalize the Hamiltonian, 
including the interaction, in the subspace of all these levels. 

Before we carry out this diagonalization, however, we have to pay atten- 
tion also to the isospin of the levels whose position we want to compute. 
The electric dipole operator is given by 


p= De(*t)n =£E a= Year (14.28) 
F 2 2 2 

The isoscalar part of D is just proportional to the center-of-mass coordinate; 
it cannot therefore contribute to matrix elements of D between two states of 
different intrinsic structure. Thus an electric dipole radiation can proceed 
only via the second, isovector, part. An electric dipole radiation therefore 
carries with it not only one unit of angular momentum and parity but also 
one unit of isospin. If ) has T = O, like in O'*, we are only interested in 
excited states with J = 1— and T = 1 for the description of the giant dipole 
state. (This, incidentally, also assures us that we do not mix in center-of-mass 
excitations; see discussion in Section V.14. In O!* there are five such Iplh- 
states whose zeroth-order energy is iw (the proper combinations of proton 
ph-excitation and a similar neutron ph-excitation). 

The matrix elements required for the diagonalization in the space of the 
Iplh-configurations can be computed using the techniques developed in Sec- 
tion V.8; the approximation of confining oneself to these matrix elements 
alone is known as the Tamm-Dancoff approximation (or sometimes as the 
lhw TD approximation). The inclusion of all the J = 1-, T = 1) states ata 
zeroth-order excitation of 3h%w is referred to as Second-Order Tamm-Dancoff 
(or 3hw TD) approximation. To be consistent such 3iw TDA calculations for 
the excited states must be accompanied by a 2Aw TDA calculation for the 
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ground state of the system (i.e., deriving the ground state energy and wave 
function from the diagonalization of the Hamiltonian in the subspace of all 
states involving no excitations and 2p2h excitations). 

Such Tamm-Dancoff calculations were carried out for a number of nuclei 
[see, for instance, Elliott and Flowers (57), Lane (64), Brown (64), Danos and 
Fuller (65)]. They yield both the corrected energies of the various states and 
their structure in terms of the configurations that span the space of the 
particular TDA. The inclusion of the interaction among the particles pushes 
the energy levels from their zeroth-order position given by (14.27) up in the 
direction actually required by the empirical data. This is due to the fact that 
the interaction in T = 1 ph-states is repulsive. One or two states are pushed 
up particularly strongly, and their wave functions assume a structure that 
enhances strongly the dipole transitions between them and the ground state. 
We shall not analyze here these results in detail, but present a much over 
simplified model—the schematic model of Brown and Bolsterli (59)—that 
will explain why these particular features show up in these calculations: 

Assume that there are N-degenerate, zeroth-order, J = 1- states ¢,,..., oy 
(each of them is an A-particle wave function) and assume further that the 
interaction between the particles can be written in the form 


w(12) = >> g, T™ (1)-T™ (2) (14.29) 


where g; are constants and T“ (z) are irreducible tensors of degree k operating 
on the coordinates of the ith particle. A component of T is written T,“. Let 
us now consider a matrix element 


(n|v(12)|m) = >) gx (n|T® (1)-T® (2)|m) 
= X ged, (n|T (1)|s)- (s|T™ (2)|m) (14.30) 


In (14.30) m and n are two of the N-states ¢;, and s 1s acomplete set of states. 
The state m differs from 4) in that one of the particles is lifted to an un- 
occupied level; in the state n it is another particle that is thus lifted. Noting 
that T“ (7) can change only the state of particle i we see right away that 
(14.30) can be different from zero only if in ¢, it is particle 1 that is lifted and 
in dm it is particle 2. Furthermore only |s) = &, will contribute to the sum 
over s; indeed if particle 2, for instance is not back in its assigned level in 
|s), then (n|T“(1)|s) = 0, since in ¢, it is particle 1 that is lifted to an excited 
state, and T“*)(1) cannot change the state of particle 2. We thus obtain 


(n| v(12)|m) = 2) gx (n|T® (1)[0)- O/T (2)|m) (14.31) 


We now note that 5 = |0) has J = 0+, while ¢, and ¢,, have J = 17 since 
we are confining ourselves to diagonalization in the J = 1~ subspace. The 
matrix element 


(nJ = 1-|T® (1)|0J = 0+) 
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therefore does not vanish only if k = 1 and T“ has a negative parity (see the 
Wigner-Eckart theorem, Appendix A, A.2.44). 

Moreover, if the eigenvalue of J, for the state |n, J = 1—) is M, then the 
only component of T“) that contributes is the «x = k component. Finally 
because of the scalar property of v(12), the J, value for the state ¢,, is also M. 

Effectively, as far as the matrix element is concerned, 


TO (1) =dA0ry (14.32) 


We can write the matrix element (14.31) in the form 
1 
(n| v(12)|m) = 3 81 Vn Vn (14.33) 


where V,, 1s the reduced matrix element (Appendix A, Sect. 2) of (7) r, be- 
tween the ground state ©, and the state ®,: 


V, = 0} |Ar) ri] |) (14.34) 


Note that V,, is independent of M. A simplified model that is often used asserts 
that 


Vi=D, Dn = (0||ril |) (14.35) 


where X is independent of n. This can only be exact if the various states ®,, 
involve the same orbitals. Inserting (14.35) into (14.33) yields 


(n| v(12)|m) = GD,Dm (14.36) 


with G = (1/2) 2 g;. This is the result we shall use below. However, as it 
should be clear, (14.33) and its simplified form (14.36) follow from the 
fact that within the set of Iplh-states only one multipole in the expansion 
(14.29) is operative: the one with k = 1. 

We can now write down the complete matrix (n| Zv(ik)|m). It takes the 
form* 


D,D;, DiD2,..., DiDn 


G D-2D,, D2De, 8 eg D.Dyn 


(14.37) 


Its diagonalization can be carried out easily if we note that its rank is 1; (the 
mth row can be obtained from the first by multiplying the latter by D,,/D,); 
all its eigenvalues therefore vanish except one, and since the trace of (14.37) 


*Note that the following analysis does not require (14.35). Only form (14.33) 
is essential. 
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is invariant under diagonalization we find that the one nonvanishing eigen- 
value is 


AE=G). D2 (14.38) 


The eigenfunctions are also easy to write down; those which belong to the 
eigenvalues AE = 0 are, for instance 


_ Dz ¢1 — Dido 


= TT DR (14.39) 


v 


as can be verified by direct substitution. The one that belongs to the only 
nonvanishing eigenvalue shift AF of (14.38) is an admixture of all the states 


@ = (DP + DP +...+ Dy’)? (Didi + Dope +... + Dvdon) (14.40) 


We now see a very interesting feature of this calculation: The states that 
were not shifted in energy, like y in (14.39), have a vanishing transition proba- 
bility to the ground state via the dipole operator: 


1 
|(¥| |D| |0)|? = [D2 (¢1| |D| |0) — D; 2] |D| |0)P = 0 (14.41) 


D+ Dz?) 
where we have used (14.35). On the other hand the dipole transition probability 
from the state ¢ is enhanced: 


l 
|(¢| |D|[0)|? = DP Dias. 2 De | Do Di (¢:| |D| |0)|? 


l 
= spi (De = L De = Ny (De) (14.42) 


where N equals the number of ph-states used in the TDA. 

The result of switching on the interaction among all the degenerate J = 1- 
Iplh-states has thus been twofold: it shifted one of the levels by an amount 
AE, so as to decrease the discrepancy between (14.27 and (14.1), and at the 
same time enhanced the dipole transition probability to this state by a factor 
N at the cost of depleting the other J = 1- states of their dipole transition 
probabilities. 

This fact is made more obvious by noting that state (14.40) can be written 
(multiply D,, by the 3j factor (~j, je) so that the reduced matrix D,, can 
be replaced by the matrix element (0|r;|m, J = 1-, M)) 


dy = FDy ® (14.43) 
where F is a normalization factor: 


F? = @ |Dy?*| ®) 
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and Dy is the isovector part of the dipole operator: 
Dy = > 73 (i) Yim (f:) r: (14.44) 


If &) has zero spin, then the ®y given by (14.43) has unit spin and with pro- 
jection, M. From (14.43) and (14.44) ®y is just the state developed by the 
interaction of the dipole component of an incident electromagnetic wave 
with the target nucleus. Clearly the transition. induced can only go to ®y; 
the transition probabilities to all other states is zero. 

The collective nature of the giant-dipole state in this schematic model 
comes therefore through the special mixing of configurations implied by 
(14.40). All the zeroth-order states are included in (14.40), each of them with 
a coefficient that has the right phase to assure a constructively interfering 
contribution of each ¢, in (14.40) to the dipole transition probability. 

It now becomes apparent why it was so relevant for the J = 1— Iplh-states 
to have picked out of the interaction v(12) in (14.29) exactly the dipole-dipole 
term, k = 1. In general the kth multipole in the nucleon-nucleon interaction 
is specifically suited to endow a corresponding core state having J = k with 
collective features for the emission of k-pole radiation in analogy with (14.43). 
This can be seen immediately if we inspect the expression (14.31) for the 
matrix element (n|v(12)|m): for a given value of k = k, the matrix element 
(n|T™|0) will be different from zero only if the angular momentum J, of 
the state |) satisfies J, = ko. This relation is sometimes referred to as the 
specificity of the particular multipole in the nuclear interaction. 

An estimate of the energy at which these other multipoles will resonate 
can be obtained from the hydrodynamic model that would require j,’(KR) 
to be zero where J is the multipole order. The lowest resonant energy for each 
multipole are shown in the following table. 


TABLE 14.1 
IN E (MeV) 
0 1514-18 
1 JOA-18 
2 1124-43 
3 1524-3 
4 1904-13 


The specificity extends not only to multipole order but also to the isospin 
character of the excitation. The giant dipole resonance is not only a I~ state, 
it also has a well-defined isospin. As can be seen from (14.44), the isospin 
can be JT) + 1 where 7» is the isospin of the ground state. In an even-even 
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nucleus, for which the ground state has zero spin, the isospin of the giant 
dipole resonance has an isospin of 1. For other nuclei there can be two 
differing states that will resonate [see Fallieros, Goulard, and Venter (65)]. 
The T = 1 dipole resonance that the hydrodynamic model emphasizes in- 
volves the two kinds of nucleons moving in opposite directions. Resonances 
with JT = 0 in which these nucleons move in phase are also possible. The 
hydrodynamic model also suggests other collective modes involving spin as 
well as spin-isospin oscillations [Glassgold, Heckrotte, and Watson (59)]. 

The observability of these resonances will depend very much upon their 
width; as was noted earlier these states can be unbound. They acquire their 
width in virtue of coupling with other nuclear states via the residual inter- 
action. For example the Ilplh-states just discussed above will couple to 3p3h 
states [Shakin and Wang (71)]. If the coupling is strong the width will be 
correspondingly large with the consequence that it will be difficult to dis- 
tinguish the resonance from the background produced by other nonresonant 
mechanisms. The state generated by the interaction specificity, as in the case 
of (14.43), is called a doorway state. Equation 14.43 is an example of a more 
general mechanism leading to doorway state resonances [Feshbach (66), 
Block and Feshbach (63)]. 


15. SUMMARY 


The last four chapters dealt with various manifestations of nuclear structure, 
stressing both the underlying fundamental feature of a nearly independent- 
particle motion, and the important role played by the average interaction and 
the residual interaction. The picture that emerges now is the following. 

The nucleons in the nucleus are held together by their mutual interaction. 
Because of the hard repulsive core in this interaction they are prevented from 
coming too close to each other, and a universal average density is obtained 
for all nuclei. The Pauli principle limits the effects of the nucleon-nucleon 
interaction to relatively small internucleon separations, thus providing the 
ground of an approximately independent-particle motion for the nucleons 
in the nucleus. 

Using the Hartree-Fock method it then becomes reasonable to generate 
self-consistent levels for the individual nucleons. The self-consistent potential 
is generally ellipsoidal and represents a balance between the requirements of 
the kinetic energy, which prefers equal extension of the single-particle wave 
function in all directions (i.e., a spherical potential), and the tendency of the 
attractive nuclear interaction to maximize the overlap between the single- 
particle wave functions, thus leading to a deformed potential. The Pauli 
principle again plays a decisive role in establishing the final equilibrium shape 
of the potential. 
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It is a general feature of potentials of spherical symmetry that they lead to a 
“bunching” of single-particle levels. Depending on the number of nucleons 
in the system one may therefore have one shape of the nucleus or another. 
Magic numbers, corresponding to closed shells, have particular stability 
associated with them. The actual numerical values of the magic numbers 
turn out to be crucially determined by the spin-dependent part of the nucleon- 
nucleon interaction, thus indicating how an important gross feature of nuclei 
is related to an “‘accidental” feature of the fundamental two body interaction. 

The average self-consistent potential cannot completely replace the nucleon- 
nucleon interaction for two reasons: first, there are strong variations in the 
nucleon-nucleon force when the two nucleons come close together, which an 
average potential, acting on only one nucleon at a time, cannot reproduce. 
And second, since the overall potential is produced by the particles themselves, 
it undergoes variations in time that reflect the motion of the particles. 

Both corrections to the average potential can in principle be accounted for 
by properly taking into account the residual interaction. If the residual inter- 
action is treated exactly, one has, of course, an exact solution of the nuclear 
problem. It turns out, however, that in some cases it is enough to take the 
residual interaction only to the first order in perturbation theory to account 
for the major part of the phenomena observed, and one witnesses in these 
cases a most remarkable success of the description of nuclei in terms of the 
shell model, with its many underlying symmetries. In other cases, first-order 
perturbation theory may not be enough for the proper handling of the re- 
sidual interaction. Its treatment to higher orders in perturbation theory is 
then called for. Fortunately there exists in many of these cases an alternative 
way to tackle the problem: it is possible to convert some of the parameters 
determining the average potential into dynamical variables and handle them 
as slowly varying degrees of freedom in an adiabatic approximation. Various 
types of collective motions can be invoked this way and there is empirical 
evidence for the extreme usefulness of this approach in some regions of the 
periodic table. In particular the collective rotations of deformed nuclei seem 
to persist to the fairly high excitations, as can be seen in Figs. 5.2, 15.1, and 
15.2. Spins as high as 20 have been observed (Thieberger et al. (71)). 

The parameters of the collective motions in nuclei are related to the detailed 
structure of the nucleus. In the spirit of the adiabatic approximation, for 
instance, the potential energy for the “‘slow’’ motion (such as nuclear vibra- 
tions of various types) is the instantaneous energy of the “‘fast”’ intrinsic motion, 
and this establishes a relation between the two. Many of these parameters 
can now be derived this way even quantitatively, in nice agreement with 
experiment. 

Empirical evidence seems to indicate that although the collective variables 
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FIG. 15.1. Ground band energy levels in the light even Cerium nuclei [taken from Ward 
et al. (68)]. 


are fundamentally functions of the particle variables, in many cases the two 
sets can be treated independently as if the system had extra degrees of freedom. 
This raises immediately the question of the dynamical interplay between 
these extra degrees of freedom and those of the particles and also between one 
collective mode and another. This will be most probably an area of fruitful 
future development in the theory of nuclear structure. 

There are some modes of motion, like the giant dipole states, that can be 
equally well treated with present-day techniques both from the point of view 
of their microscopic structure and also in terms of collective variables. They 
offer therefore a good opportunity to learn how particular features of one 
approach are reflected in the other. The general question of expressing the 
collective variables in terms of the particle variables remains very difficult. 
Some formal studies of this problem have been carried out [Klein and Kerman 
(65) or Peierls and Thouless (62)], and in the case of collective rotations it was 
possible to justify the Bohr Hamiltonian with a substantial degree or rigor 
[Villars and Cooper (69)]. We are, however, not yet in a position to show form- 
ally that a definite part of the interaction is responsible for the onset of collec- 
tive motion of a certain type in nuclei of a given mass. This will have to await 
further developments in the many-body theory. The closest one has come to 
it are the calculations of Kumar and Baranger (68), which are based on a 
special simple model interaction and will be described in Section VII.18. 
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FIG. 15.2. Observed energy levels in even Xenon isotopes [taken from Moringa and Lark 


(65)]. 
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CHAPTER VII 


MULTINUCLEON 
SYSTEMS 


We discussed in the last two chapters two different, but relatively simple, as- 
pects of the behavior of multiparticle systems. In the framework of the shell 
model we dealt with particles moving in a self-produced average spherical 
field. The approach toward the more realistic situation in this framework was 
obtained by the introduction of an effective mutual interaction among the 
particles as a perturbation, to be considered usually only in first order. In 
another extreme situation we realized that a system of nucleons can perform 
also slow rotations and vibrations in which all the nucleons take part in a 
coherent way. We then introduced a set of essentially phenomenological 
parameters to describe these motions, and found that with the use of only a 
few it was possible to account for a variety of data. We also found it possible 
to integrate the description of such collective motions and the outstanding 
features of independent-particle motion, arriving in this way at Bohr and 
Mottelson’s unified model. 

Despite these remarkable successes in interpreting and interrelating nuclear 
data of various sorts, the fundamental questions in nuclear structure have yet 
to be faced. We still have to understand how a Hamiltonian of the general 
type 27; + (1/2)Zv(ij) can be approximated by a shell-model Hamiltonian 
in some cases, and leads to collective motions in others. The two-body nu- 
clear force v(ij) whose complete nature is still not fully understood is most 
probably responsible for the systematics observed in nuclei and for the validity 
of some of the simple approximations that we have been using. We would 
therefore like to derive the relation between some features of v(ij) and the 
main parameters of the shell-model, or the unified-model, Hamiltonians. We 
want to be able to relate the electromagnetic properties of nuclei to the prop- 
erties of free nucleons, and to determine to what extent the packing of nucleons 
in the nucleus does or does not modify significantly the intrinsic properties 
of the individual nucleons. 

These, and other problems, require a considerably more detailed study of 
the multinucleon system. This will be the subject of this chapter. We stress 
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from the outset that at present we are still far from having a complete answer 
to most of the questions that were raised above. Many aspects of the multi- 
nucleon system are still understood only qualitatively and their quantitative 
understanding requires further developments in the theory of such systems. 
However, the progress made thus far in such theories, and the availability of 
faster and larger computers, do enable us to make some meaningful state- 
ments about the origin of some of the regularities observed in the properties 
of nuclei. 

The theory of multinucleon systems should predict the energy spectra of 
such systems, and the corresponding wave functions, expressed in terms of the 
coordinates of all the particles of the system. A less ambitious program is 
concerned only with the ground states and low-lying levels of the multinucleon 
systems, and is satisfied with the one- and two-nucleon density matrices for 
these states instead of with their complete wave functions. 

With present-day computing facilities this less ambitious program can be 
accomplished for selected nuclei by a straightforward diagonalization of large- 
enough matrices. This is true especially for light nuclei near closed shells, 
where the use of relatively few configurations may constitute a valid approxi- 
mation. For most nuclei, however, more elaborate approximation methods 
have to be used. 

An important feature of the multinucleon system is the required antisym- 
metry of its wave function. When many particles are involved, the exact book- 
keeping of the effects of antisymmetrization becomes very complex if one 
uses wave functions in ordinary space. A method has therefore been developed 
to take antisymmetry automatically into account, and to relieve us, to a large 
extent, from the necessity of worrying about phases and normalizations. It is 
referred to as the method of second quantization, and has wide uses in field 
theory, where it was originally introduced. We shall proceed now to describe 
some of its main features. 


1. THE METHOD OF SECOND QUANTIZATION 


To facilitate the analysis of systems with many identical particles it 1s con- 
venient to work with wave functions defined in Fock space. State vectors in 
Fock space are characterized by giving: 


(i) the possible single-particle states |a) that any of the particles can 
occupy, and 


(ii) the set of occupation numbers for these states. 


The occupation number for a given particle state |a) describes how many 
particles actually occupy that state. For fermions the Pauli principle tells us 
that this occupation number can be either 0 or 1. For bosons it can, of course, 
be any nonnegative integer. 
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The single-particle states |a) are taken to be a complete set of mutually 
orthogonal states, such as the set of eigenstates of a single-particle Hamiltonian 


Ho|ke) = €a|Ka) (1.1) 


H, might be the Hamiltonian (1/2M)p? for free particles in a box, in which 
case the states |k,) are plane waves multiplied by the appropriate spin and 
isospin wave functions. Hy) might, however, be a Hamiltonian describing the 
motion of a single particle in a hypothetical spin and isospin dependent central 
potential U(r, s, t), in which case the states |k,) will be considerably more 
complicated. The formalism we are going to develop in this section is inde- 
pendent of the nature of Ho. This freedom in the choice of the Hamiltonian 
generating the single-particle states |k,) will be made use of in later sections. 

A single-particle state in Fock space is denoted by |a). It describes a particle 
in the state |k,) of Hy. A two-particle state is denoted by |a@) and describes 
a state in which the states |k,) and |kg) of Hp are occupied by two identical 
particles. Fock space contains all the states with an arbitrary number of par- 
ticles as well as the state in which there is no particle present. This latter state 
is referred to as the vacuum and is usually denoted by |0). It is usually as- 
sumed that this state is unique. 


To the linear vector space formed by the “‘kets”’ |a1,..., a@,) there is a dual 
vector space formed by the “‘bras”’ (ai, a2, ..., @n|, and the scalar product 
of two states (a1, ae,..., an| and |(1, Be, ..., Bx) is denoted by 

(a1, Q25 + - -» On| Bi, Basen 35 Bug (1.2) 


If n ¥ m, or if the set (a1,...,an) ~ (B1,.--5 Bm) then 
(a1, @2,... 5 An| Bi, B2,.--5Bm) = (Bi, Bo... 5Bmlai, @2,..-,0n) =O (1.3) 


defines the nondiagonal elements of the metric tensor in the Fock space; we 
have still left open the diagonal elements of the metric tensor, that is, the 
normalization of the various states. This will be described in (1.16) and (1.17). 

It is convenient to introduce in the Fock space operators that connect 
various states to each other. The simplest operators of that kind are the 
creation operators aj, and the annihilation operators a,. They are defined as fol- 
lows: let |ai,..., a) be an n-particle state in Fock space and let | Biai,..., an) 
be ann + 1 particle state. Then we can define a creation operator a} by 


a = » |B, Ql, + + 5 An) (1, .. . 5 An| (1.4) 
n=0 
so that 
a}| on, Ol2,.--5 An) = |B, a1, ae,..., an) (1.5). 


We have used normalization condition (1.16). 
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Similarly 
Qe, = > |e, . . . 5 On) (ae, . . «5 An (1.6) 
n=l 
so that 
Ae,|O1, @e,.--5 An) = | 2, 2. Qn) (1.7) 
and 
ag|oi, @2,...5 an) = O if B ¥ ay, Qe, ... 4 An (1.8) 


We shall use the notation 


al = al Ake = Aa (1.9) 
Note that the operator a} converts a n-particle state into an n + 1 particle 
state, and puts the additional state in a specific place relative to the others. 
Since we are dealing with identical particles, the phase of a state can depend 
on the order that the single-particle states in it are specified and, thus, the 
order of the indices is important. 


It follows from (1.5) that 
ai,|0) = |e) (1.10) 


The definition of the vacuum |0) is made complete by requiring also that, in 
agreement with (1.8), 
aa|0) = 0 (1.11) 


In other words the annihilation of any particle from the vacuum leads to a 
vanishing result. 

We shall be dealing primarily with fermions. In this case a certain conven- 
tion has to be adopted with regard to the phase of a multiparticle state 
|a1, @2,..., Qn). We want the state vectors in the Fock space to be in a one- 
to-one correspondence with the usual Slater determinants. There, too, one 
has to introduce a certain convention to determine the phases of the wave 
functions. The way this is done is to arrange the single-particle wave functions 
o.,;(r ) according to a certain order, say ki < kp < k3,..., and then write a 
‘‘standard”’ Slater determinant of particles in the orbits k, ],m...as 


dx(1) GCL) bun(1)... 


bu(2) o1(2) om(2)... | = Paim.. (1, 2,... ) (1.12) 
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where it is understood that for a standard determinant k <1<m....It 
is obvious from (1.12) that 
Prime = — Dimers etc. (1.13 ) 


A similar procedure is adopted in the second quantization formalism. The 
states |k,), |ke),... generated by A are arranged according to an arbitrary 
standard order, say, the order 


ki < ke < kz (1.14) 
An n-particle states |a1, a2, ..., a) will then be written in the standard form 
if 
Ka dee ae = Ke 
To assure the antisymmetry we require in analogy with (1.13), that, 
| v1, C2, 3, -.-5 An) = —|Qe2, a1, A3,... 5 An) (1.15) 


We can now complete the definition of the metric in the Fock space by 
defining 


(ay, te, +. 5 An|Q1, de,.-., An) = | (1.16) 
or more generally 
(a1; 2, ++ + 5 an | Bi, Bo, sg Bn) ae (—1 )Pat?s (1.17) 


(provided the set {a} is a permutation of the set {6} ). P, is the number of 
permutations required to bring the set {a} into the standard order, and simi- 
larly for Pg. 

From (1.5) we conclude that 


| 1, QA, Ql3, - - » 5 An) = al,ai,|as,... 5 Qn) (1.18) 
and 
| a2, Qi, Ql3, . . «5 An) = aati, |as,... 5 &n) 


Comparing (1.18) and (1.17) we see that to satisfy them both we must re- 
quire that the operators a} satisfy 


ajat = —ala} (1.19) 


Using (1.8) we can conclude in a similar way that 
aga, = —Aa,dg (1.20) 


Thus, for fermions, two different creation operators or two annihilation 
operators always anticommute among themselves. 

From (1.15) we conclude that if the set (a1, ae,..., a, ) contains two identi- 
cal labels, say if a1 = ae, then |oi, a2,..., an) = 0. This is another way of 
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saying that two fermions cannot occupy the same state at the same time. Note 
the difference between the vacuum state |0) and the statement |a:a,) = 0: 
The vacuum state |0) is a legitimate state in the Fock space that happens not 
to have any particle in it. On the other hand the statement |a,a;) = 0 means 
that the state |a:a,) does not belong to the Fock space we are considering. 

Consider (1.5) again. In view of what we have just said it can be rewritten 
in the form 


|B, C1, O25... + 5 An) if B ¥ ay, Qe,..., An 
ah| on, Ose 36 5: Oa = (1.21) 
0 otherwise 
Suppose now 8 ¥ ay, a2,..., Qi. From (1.21) and (1.7) we obtain 
aga},| an, Ql2,.. +5 An) = Ag|B, a1, @2,.-.5 An) = |ay,...,@n) (1.22) 
whereas from (1.11) we obtain 


ajag|oi, a2,... 5A) = ah-0 = 0 (1.23) 
Hence 


(aga) + apap )| on, Olga, ..» On) = |Q4, Ge,... 5 An) 
if BF aiyag,...,@, (1.24) 
In case 6 does equal one of the a’s, say, 8 = az, we obtain from (1.21) 
aga}, | a1, Ql, ..+5A,) = 0 if B = ae 
and from (1.7) and (1.21), again for B = ap 


apAg | 011, Oss 4 25 550 SS —ahag|az, Ql, 03, ... 5 An) 
— —a}y| on, O35 - + 2 5 Qn ) 
_ — |B, a1, @3,... 5 On) 
= —|ae, a1, 03, .~.~ 5 An) 
= |a1, G2, 3,..- 5 An) 


Thus, in this case again we find that (1.24) is valid. Hence (1.24) is valid for 
every value of 6 and we can conclude that 


agai, + asag = 1 (1.25 ) 
where | is the unit operator. 
Finally we can show in a similar way that for any 6 and 7, B ¥ vy 
aha, |on, « gt) = —ayah|ay, .. . 5 Qn) (1.26 ) 
and therefore 


ajay = —~ Ayah for BY (1.27) 
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Equations (1.19), (1.20), (1.25), and (1.27) can be summarized in the 
equations: 


{al, ak} = {aa, as} = 0 
{al, ag} = léap (1.28) 


where we have introduced the notation of the anticommutator 
{AB} = AB+ BA (1.29) 


Furthermore it is easy to see that (1.5) and (1.7), with their extension (1.21), 
and the metric defined in the Fock space, lead to the conclusion that the opera- 
tor a! is the Hermitian conjugate of a,, so that 


(a,)' = al (1.30) 


The creation and annihilation operators connect states with n-particles 
with states with m + 1 particles. In most applications to nuclear physics, 
however, we are interested in operators that connect states of n-particles 
with other states with the same number of particles. All known interactions 
conserve the number of baryons. Such operators are easily constructed with 
the help of the annihilation and creation operators. Consider the operator 


abae, (1.31) 


and assume it operates on the state |a,...,an). If 8B ¥ ae,..., an we obtain 
then 


aja, | 0, Qo,...+5An) = aj|a2,...5 On) = |B, @2,...5,@n) (1.32) 
Hence 
(B, 2,2... On| Asda, | ar, O2,.++,An) = ] if BF ag... 5 An (1.33 ) 


Thus, the operator ahaa, connects the n-particle state to the n-particle state 
|B, a2 ..., @,). We can say that the operator aban, shifts a particle from the 
state | a, ) to the state |8). More precisely, it does so provided it acts on a state 
that, to begin with, contains a particle in the state |a,) and no particles in 
the state |8). If these conditions are not fulfilled, then the application of 
Asa, to such states leads to a vanishing result. 

In particular the operator N, = aja, leads from the state |ai, a2,..., an) 
to itself if 8 is identical to one of the a,’s, and to a vanishing result otherwise: 


|o1, . . «5 On) if ja} DB 
G)dg| Gide span) = (1.34) 
0 if {a} DB 


It follows from (1.34) that 


(a1, Ql, . + 5 On| » aka, | a1, Qa, .- +5 An) = Nn (1.35) 
k=1 
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where the summation is extended over all the eigenstates |a,) of Hy. The 
operator 


k 


is furthermore diagonal in the representation |a1, a2, ... ), and because of 
(1.35 ) it is referred to as the number operator. Its eigenvalues, as can be seen 
from (1.35), are the integers 0, 1,2,...,”,..., each eigenvalue, except zero, 
being infinitely degenerate if the Hamiltonian H) has an infinite spectrum of 
eigenstates. It follows from the commutation relations (1.28 ) that 


aia, dy = ade (1.37) 
Thus the number operator V, = ala, satisfies the equation 
N2 = Nz (1.38) 


and consequently its eigenvalues, which must satisfy the same equation, are 
1 and 0. This, of course, just reflects our requirement that the operators a! 
and a, be connected with the creation and annihilation of fermions: the num- 
ber of such particles in any state a can be either 1 or 0. 


Using (1.28) it is easy to prove that 


[a.,N] =a. [a,,N] = —a) (1.39) 
It follows from (1.39) that for any a and 6 

[aiag, N] = [agal, N] = 0 (1.40) 

In fact, (1.40) can be generalized: 
fatal, .. . ak,agidg.... 4s,, N] = 0 (1.41) 
Equation 1.41 is easy to understand: the operator al,al,... a,,4p,Ap,.- » AB, 
when operating on any state of m-particles (m > n) annihilates the n-particles 
in the states 61, B2, ..., B, and replaces them by a-particles in the states 
Qi, Q2,..., GQ. TO the extent that in so doing the operator is not called on 


to annihilate nonexisting particles or to create particles in occupied states, it 
will reproduce a state with the same number m of particles (otherwise it gives 
0). Thus this operator does not change the number of particles in the states 
on which it operates, and hence its commutativity with the number operator 
N. Such an operator is called a “number-conserving operator’’ and is char- 
acterized by having a product of a certain number of annihilation operators 
with an equal number of creation operators. It is obvious that a sum of 
number-conserving operators also commutes with the number operator, N, 
so that for instance the operator 


1 
Dd Kapatas + =D) Vurpedalasa, (1.42) 
a ,B 


4 peApo 


also commutes with N. 
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The eigenvalues of an operator of the type (1.42) can thus be characterized 
by the quantum numbers of N, that is, (1.42) has eigenvalues that correspond 
to systems with no particles, with 1 particle, with 2 particles, ... , m particles, 
..., etc. ad infinitum. This property does not hold for operators of the type 


T 
» Oy pA Ay Ap 


Since physical properties of nuclei are always related to systems of a definite 
number of particles (the number of nucleons is conserved in all known proc- 
esses ), it is clear that we expect physical observables to be represented by 
operators of the type (1.42), or their generalizations, including other number- 
conserving operators. 

To obtain the connection between the formalism of operations in the Fock 
space and the physical problems we are interested in, we make the following 

nN 


observation. Let Q = 2, be a one-body operator in coordinate space, 
1 


and let ®(a;,..., a, ) be an n-particle Slater determinant formed out of the 
single-particle states ¢(a:), ?(a2), ... taken in the standard order. Then we 
have 


nr 


(b(ai,.. +5 An)|Qb(ar,---5an)) = Dd, (b(a:)|Ob(ai)) (1.43) 


=1 
and, for a; ¥ aj 
(o (a1, AQ, 2-2 2 5 an )| 26 (ert, 25-22 5 Qn) ane (¢(a1)|@¢ (az )) (1.44) 


Furthermore, if (a1, a2) # (aja) then 


( (ar1, Cle, 03, .. +, an )| Q6 (ah, Qs, 03,.--5An)) = O (1.45 ) 
Let us construct now, in Fock space, the operator 
QO = >> wxealay (1.46) 
keke 


where the summation extends over all the states k (and not just the states 
Q1, Q2,...,5 A, Occupied in ®(a;,..., a,)) and where w;,- are numerical co- 
efficients given by 


wre = (o(k)|ad(k’)) (1.47) 

Construct now the n-particle state in Fock space corresponding to @(a,..., 
Qn): 

|a1, Ge, ..25 An) = aiak,... a, 0) (1.48 ) 


Then the diagonal matrix element of 0) is 


(a1, 6 an | Q| oa, AQ, + © 2 5 Qn ) 


= > wen Ola, ... Ga,aha,aal,...ab,,|0) (1.49) 
kk’ 
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The sum on the right-hand side of (1.49 ) contains an infinite number of terms. 
Most of them, however, vanish. Indeed, in order for the coefficient of w,,- 
not to vanish, k’ must equal one of the a,’s i = 1,...,”, and the same should 
hold for k. Furthermore in the particular matrix element in (1.49), since the 
creation operators al, and the annihilation operators a., refer to the same n 
States a1, a2, ..., Q,, We have nonvanishing contributions only from terms 
with k = k’. We thus obtain: 


nr 


(a1, O25... 5 An|Qlor, a2... 5 On) = Y, wasay = >, (ai|d]a:) (1.50) 
i=1 


i=1 


Comparison of (1.50) with (1.43) shows that the diagonal elements of © de- 
fined by (1.46), taken with the n-particle Fock-space functions (1.48), are 
identical with the diagonal elements of © taken with the configuration-space 
wave functions ®(ai,..., an). It is easy to show that the same holds true for 
the matrix elements (1.44) and (1.45). Thus, the operator © defined by (1.46) 


is equivalent to the configuration space operator 2 = 2 w,;. The two opera- 


tors are, of course, not identical; they operate in different spaces and cannot 
be compared directly. In configuration space we have different operators 


n 
Q(n) = Z w, for systems with a different number of particles, whereas 
k=1 


the operator ©, (1.46), is independent of the number of particles in the system. 
When the matrix of 0 is constructed with the help of the states (1.48 ), taking 
into account all possible values of m, we obtain a series of submatrices along 
the diagonal, each corresponding to a different number of particles. This 
follows because we are dealing generally with operators that conserve the 
number of particles. Hence there will be no matrix elements of 2 connecting 
states with a different number of particles. Each one of these smaller matrices 
with a given n is identical with the matrix of Q(”) taken in the configuration 
space of the corresponding number of particles. 

The fact that © corresponds to a one-body operator is reflected in its form 
through the presence of one annihilation operator and one creation operator 
in each one of its terms. When operates on any state in the Fock space, it 
changes it into another state that at most can differ from the first one through 
the state occupied by one of its particles. 

To construct an operator in Fock space that corresponds to a two-body 
operator 


vj) (1.51) 
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where v(ij) is symmetric in i and j, we proceed in a similar way. Let the two- 
body matrix elements of v(ij) be given by: 


(eB | v (ij) | a’B") 
(ba (i )obs (J) VGH) | bar bar (J) 
— (ba(i)da(J)|V(Y)| bar (ber (@)) 1-52) 


Note that vag.ag’ is defined in terms of antisymmetric, normalized, two-particle 
wave functions 


Vas ,a’B! 


1 Pa (i) oe (7) 
V2 | 6./) de(/) 


It includes both the direct and the exchange terms, so that 
Vap,a'p’ = —VBa,a'B’ = Vab,pra’ = VBa,p’a’ (1.53) 
We construct now the Fock-space operator 


‘ I 


V — > Viikg bea Oda .ae (1.54) 


4 kikok ke 
where the summation extends again over the complete, infinite, set of states 
k. [The expression (1.54) for the potential energy is sometimes written with- 
out the factor 1/4. It is then implied that the sum extends over different pairs 
(kike) and (kikq), so that if kik» is included, kek, is not. We shall adhere to 
the convention of summing over all indices, thus including for given four 
numbers kikek,k, the four terms kike,kyko; kike,kok1; keki,kike; and kok, 
kk;. V is obviously a number-conserving operator, and it can be shown, 
in complete analogy to our discussion of 0, that its matrix elements in the sub- 
Fock space of n-particles are identical with the matrix elements of the config- 
uration space operator V defined by (1.51) in the Hilbert space of n-particle 
wave functions. 

The multinucleon problem can now be translated from a problem in con- 
figuration space to a problem in Fock space. 

Given the Hamiltonian 


H=) 7; + ; >, v(ij) (1.55) 
i 


in configuration space. Generate an arbitrary complete set of single-particle 
wave functions |k,) and evaluate the numbers 

Exh? (k|T|k’) (1.56) 

Virko.bik’g = (Kike|v(12)|kyke) (1.57) 
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Construct now the Fock-space Hamiltonian 


9 


l 
= > EK! ALAy! aa pe Vika sk? yk gp AA eA" (1.58 ) 


The Hamiltonian H commutes with the number operator N = >> ala,; 
hence its matrix breaks down to submatrices along the diagonal, each one 
corresponding to a different number of particles. Each of these submatrices 
is identical with a corresponding matrix of H. Hence if we manage to diag- 
onalize A it will be equivalent to the simultaneous diagonalization of H for 
systems of 0,1, 2,3,...,”,... particles. 

At first glance it seems as if we have gained nothing by going over from con- 
figuration space to Fock space, and if anything we might have even compli- 
cated the problem: in configuration space we have to diagonalize A for a 
system of a given number of particles at a time, whereas in Fock space all 
systems, with an arbitrary number of particles in them, get diagonalized 
simultaneously. 

It is, however, just this last feature that makes Fock-space calculations more 
powerful. Once we have expressed our physical problem in terms of the 
mathematical problem of diagonalization of a certain matrix (1.58), we can 
resort to any approximation method that is mathematically justifiable for 
the derivation of the eigenvalues of H. Since we are now dealing with a larger 
matrix, which includes systems of all sizes, there is more flexibility in the use 
of mathematical approximations. In fact, one of the most powerful methods 
of approximating the eigenvalues of H involves a transformation to a scheme 
that mixes states of different numbers of particles. We already mentioned 
before in Section IV.23 that by violating conservation laws we can arrive at 
simpler and better approximations to a given system. The transition to Fock 
space allows us to violate the conservation of the number of particles in order 
to obtain improved approximations to some nuclear properties. 


Remark. Since the number operators N, = ata, for different states commute 
with each other 


[N., Ns] = 0 (1.59) 


a diagonalization of the Hamiltonian A often consists of transforming A, as 
closely as possible, into a function of the operators N.. These are then chosen 
to be diagonal, leading to the approximate diagonalization of H. Thus one 
may introduce a unitary transformation leading from the operators aj and 
a, to new operators bt and b, satisfying again the anticommutation relations 
(1.28). The transformation is to be defined so as to make the Hamiltonian 
H, expressed in terms of the b’s, take on the form 


H => £,b'b, + A’ (1.60) 


where Af’ is small. The approximate eigenvalues of H are then expressible in 
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terms of sums of E,, whose structure depends on which particular b, orbits 
are occupied. 

The following trivial example illustrates the procedure: consider a Ham- 
iltonian 


H =>) exatay (1.61) 
Define new creation and annihilation operators bt and b, through 
b= >> Una bi = >) Ujjal (1.62) 


We have 
{Duy De} = dD UyeUgrw {an abe} = >) UypUare = (UU) yy (1.63) 


Thus if U,, is a unitary matrix, the operators b, satisfy the anticommutation 
relation (1.28). Expressed in terms of the b’s, (1.61 ) becomes: 


AH = >> Ujyneny Up bib, (1.64) 


If we now define the unitary transformation so that it diagonalizes the matrix 
ex. then H assumes the form 


H = >> E.bib, 
where 
2 Uynern Ubey = E,6 yy 
kk’ 


The transformation (1.62) also yields 


» ala, = 2 bib, 


Thus if the eigenvalues E, are arranged in ascending order FE, < Ex, <..., 
the ground state (g.s.) of H for a system of n particles is obtained by putting 


one particle in each of the levels » = 1, u = 2,...,u = n, and no particles 
in any other state. In other words, 
|g.s.) = bL... bdot|0) (1.65) 
and 
Eng, =D, E; (1.66) 


We realize, of course, that all we have done in this example was to go from 
the basis of single-particle state vectors aj|0) that were derived from an ar- 
bitrary single-particle Hamiltonian Ho, to the single-particle states bt 10) of 
the Hamiltonian H. Such a transformation could be carried out trivially 
because Hf, (1.61 ), is a single-particle Hamiltonian. In the more general case 
a transformation to a Hamiltonian that looks like a single-particle Hamil- 
tonian can be generally accomplished only to a certain approximation, and 
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the “‘particles’’ described by bt |0) may not bear then a simple relation to the 
physical particles described by the single-particle states a{|0). 


Before we close this section we want to introduce another representation of 
the creation and annihilation operators that is frequently very useful. 

Let the states ¢,(r) be the complete set of eigenstates of the single-particle 
Hamiltonian Ho, so that they satisfy the orthonormality conditions: 


(e(F)| Gee (E)) = Sexe (1.67 ) 
Do be (toe (t’) = or — 8’) (1.68) 

k 
Let the operators a, and a} be labeled by the same indices k. [The operational 
meaning of the index k is specified, of course, only when we start building up 
physical operators involving the operators a, and aj. The Hamiltonian 7, 
(1.58), has the coefficients €,,- and Vz,4.,%,4, that are derived from T and v(i/) 


through the use of definite functions like ¢,(r)]. We construct now the 
operator 


Wr) = Do de ax (1.69) 
Wor) = Do de (rai (1.70) 


We see immediately that 


(Pr), HO')} = Le ber )der(e’ fan, abe} = Do oe )ee@") = 50 — 1’) 


(1.71) 
Similarly 
(Vr), ve’)} = WO), VO’)} = 0 (1.72) 


It is of course not necessary to define the operators w(r) in terms of the 
operators a, and the wave functions ¢,. One may instead use the state vectors 
|r1), |ru2), etc., describing states in which a particle is known to be at rm, or 
one at r, and another at re, etc. The normalization of these states is: 


(rifg... [Mhg..-) = 61 — r,)d(fg — fp)... 


In terms of these states [note the analogy with (1.4) ]: 


vr) = |r)(0| + [ir r)(ti| dr; + [In M1, 2) (tit2| dri dr2 +... 


while 


vir) = [0)¢| + [inves r| dr; + [In ro), 01, f2| dridre +... 
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For example 


vr) |r, rs) = [i Fi, 0) (Fy, 42|h, re) ay d¥g oa Ir, rh, lr) 


where we have used 


(ri, fo... En|Fis Tor ++ - >I'm) = 0 if nem 
Using the antisymmetry of the states |r... ): 
lri,fo...) = —|fe,t... ) 


it becomes possible to directly verify (1.72), and by using methods analogous 
to that employed in the derivation of (1.58), one can obtain (1.76). Thus 
the operators y'(r) and ¥(r) have the same anticommutation relations as the 
creation and annihilation operators aj and a;, if we consider r as the (con- 
tinuous) label of the states y(r). y'(r)|0) represents therefore a particle 
created at the point r, and similarly p' (r’ )y (r)|G) represents a situation where 
a particle was removed from |G) at r and another particle was then added at 
r’. 

It is obvious from (1.69) and (1.70) that 


a = [ ieove dr a = [ escent" e) a (1.73) 


We can therefore express an operator, say, like 
T = >> (k|T\K’ )ala,. 


also in terms of the y operators. We obtain: 


je | de de’ (k|T|k' our ou (r’ We Wr’) 
=, | dr dr’ dodi(e )T (¢ dx (9 x(t ox: (r’ YY" Wr’). 


= | v(r)T@)Yy(r) ar (1.74) 


Similarly for the potential (1.51) with the Fock-space operator (1.54) we 
obtain 


‘ 1 a x ee 
aa | de | de’ (e' WE WOME) (1.75) 
Thus the Hamiltonian (1.58 ) can also be written as 


H = —??/2m | vir)Vy(r) dr + V (1.76) 
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where V is given by (1.75). The number operator (1.36) becomes 


N = [Peover (1.77) 


In the classical limit obtained by replacing the field operators y by a Schro- 
dinger wave function y, V becomes simply the interaction energy of a classical 
fluid of density p(r) = ¥*(r)¥() in which the potential between a volume 
element at r and another at r’ is v(r, r’ ). The first term in (1.76) becomes the 
“kinetic energy” of such a fluid. The quantum mechanical Hamiltonian (1.76) 
is the consequence of quantizing the classical field y. | 


2. THE HARTREE-FOCK POTENTIAL 


Before we proceed to use the method of second quantization for the deriva- 
tion of some special approximations to the many-body problem, let us apply 
it to a problem that we have already tackled using other methods: to that of 
the Hartree-Fock potential. We formulate the problem in the following 
manner. 

A Hamiltonian H, = Z2T(i) + U(i) is used to generate single-particle 
states aj|0), and from these the N-particle states aja}, aes al... |0). We now 
allow variations in the potential U(i) that would lead to variations in the 
single-particle wave function ¢,(r), and, through the single-particle state 
vector a!|0), to corresponding variations in the N-particle states. We are 
asked to find those N-particle wave functions that minimize the expectation 
value of 


a 1 
H = > E44 ALAn a 4 » Vike kiki QQ}, n,An’ (2.1) 


where V;,%5,%;k, are the antisymmetric matrix elements of the interaction v(ij) 
given by (1.52) and (1.53). 

To solve this problem let us first derive a general expression for the varia- 
tion of an N-particle wave function. Given the state vector 


|G) = ahal, ... al,|0) (2.2) 
we can obtain from it another vector by operating on |G) with aj,,a.,, where 
1<i<N,m> N; indeed 
a\_ax;|G) = ab aria... aj, ,|0) = tala... ab idhea,..- aj, y |0) 


i<N m>N (23) 


is a state in which k; is no longer occupied, and k,, is occupied instead. (We 
shall use the indices i, j to denote occupied states in |G), and the indices 
m, n to denote unoccupied states in |G). |G) is assumed to have the lowest 
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N-particle states occupied, so that the state ai,|0) can be considered the highest 
in the Fermi distribution. ky is then called the Fermi momentum even if k; 
does not stand for a momentum eigenstate ). 

We shall be able to show that the most general variation on the state |G) 
that is not orthogonal to |G) and that involves the variation of single-particle 
states can be obtained through the operation [Thouless (61 )] 


|G’) = exp > > (Cost) |G) (2.4) 


m=N+1 i=1 


where C,,; are arbitrary constants and the exponential is defined in terms of 
its power expansion. |G’) is known as the Thouless variational wave function. 
We note that forr > N 


( > Cmidhai)’ = r>N (2.5) 


since there are at most N different a,’s in the sum, and a product of r > N 
a;’s must involve at least one of the a@,’s in the combination a;*; from (1.28) 
we have a,” = 0 and hence (2.5). Thus in (2.4) only the first VN + 1 terms in 
the power expansion of the exponential may have nonvanishing contributions. 

It 1s easy to see that (2.4) is indeed the most general variation that corre- 
sponds to a change in the single-particle states. We shall now show that by 
defining 


b=al+ D> Cal, (2.6) 
m=N+1 
we can write (2.4) in the form 
|G") =e bisDia . . - Diy |O) (2.7) 


Since (2.6) represents the most general transformation of a single-particle 
state a[|0) that is not orthogonal to ajj|0) itself, the proof of (2.7) will have 
demonstrated our point. 

To carry out the proof we note that the N-operators 


>> Cniaha; i=1,2,...,N 
m=N-+1 
commute among themselves 
| > Criata, >; Cmca | = 0 (2.8) 
m=N+1 m'=N+1 
Hence we have, from (2.4), 


|G’) = exp ( > > Costa) |G) = I exp ( > Cuiya) |G) (2.9) 


=1 m=N+1 m=N-+1 
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But because a,? = 0, 


exp ( 2 Cnstlya) = (1 a > Custlyas) 


m=N-+1 m=N-+1 
and hence 
N fore) 
6) = TE (1+ X Coudhas) 1) 
i=1 m=N-+1 


N oe) 
= [| (1 +> Casta) ajak.. . a|0) 
i=1 


m=N-+1 


= (<i + 2 Cua) (<i + ») Cusalarct 8s 8 


m=N+1 m=N-+1 


(a+ Canaleayaly ) [0) 


m=N+1 


= (<i + 2 axa ere (ck, + > Curd] |0) 


m=N-+1 m=N+1 
= bibt... bh |0) (2.10) 


which is just the result (2.7). 

Actually to make (2.6) the most general expression, the sum over m should 
have been extended from m = 1 tom = o; but it is obvious that in the N- 
particle wave function (2.7), the terms 


N 
» Ci 
m=1 


will make no contribution. 
We note, incidentally that the Thouless wave function |G’) is not normalized 
to unity. Instead, its normalization is given by 


(G|G’) =1 (2.11) 


This normalization assures us that |G’) is obtained from a variation of |G) 
and is not orthogonal to it. 

To return to our original problem, we want to define an arbitrary infinitesi- 
mal variation on the state |G), which corresponds to the most general change 
in the single-particle potential U(i). This can be achieved by taking C,,, in 
(2.4) to be infinitesimal quantities. Thus we put 


|8G) = [exp (>) 6Cnala;) — 1]}G) = >> 6C,.aha:|G) (2.12) 


and 
(8G| = (G| >> 6Cuala, (2.13) 


THE HARTREE-FOCK POTENTIAL 525 


The operator ala; is often referred to as a “particle-hole producing”’ operator; 
implied in this name is the assumption that this operator operates on a state 
|G) in which the single-particle state a!|0) is occupied while the states 
a',|0) are unoccupied. a‘,a;|G) then produces a hole in |G) corresponding 
to the annihilation of the particle in a!|0), and in return adds a particle in 
the state al,|0) to a;|G). We shall be dealing often with such particle-hole 
excitations since they form a very common and important subclass of nuclear 
excitations. The variational principle [note normalization condition (2.11) ], 


5(G|H|G) = 0 
in which all the variations 6C,,; are independent of each other, now reads 
(GlatanH|G) =O for m>N,i<N (2.14) 


In (2.14) we have applied the variation to the state (G| to derive an equation 
for |G) (the variations of |G) and (G| can be considered independently ). 

To solve (2.14) we note that because in |G) only the states |ki),..., |kw) 
are occupied, we have 


(Gla; = 0 = a'|G) i<N 


(2.15) 
(Gla,=0=an|G) m>N 
It therefore follows from (2.14) and (2.15) that 
(G| fata,, H]|G) = (Glala,H — Hala,|G) = 0 (2.16) 
Using the definition (2.1) of H we find that 
l 


es i 
> Vika kh kak AkoAk’ 
k1,k2,k? 


(A, ak] = » enn + 5 
KS 


a 1 
[f,a.J = —| Dd) exmray + = Do Ven ereoQb Ann, (2.17) 
Z 


where we have used (1.53). Hence 


[alam A] _ at [Qms A] oe [al, jal Jam 


1 
= » Emk QiAys a »; E41 Dk Am or ae Vink? ey kg AQ) AeA, 


kl k/ 


1 
are 3 » Vievka, k’tAkyAp,Ap' Am (2.18 ) 
Introducing (2.18) into (2.16) we obtain as our variational condition 


(G| €me + D, Vme.ceatan |G) = 0 (2.19) 


k kl 
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We notice that in (2.19) there is no contribution from the terms with either 
k > N or k’ > N, because of (2.15). Furthermore, we have, again using 
(2.15), that for k, k’ < N 


(Glala, |G) = (G|6(k, k’) — ayal|G) = 6(k, k’) 


Equation 2.19 is therefore satisfied if 


N 
Nmi = emit D> Vmp ip =O for i<N m>N (2.20) 
j=l 
Equation 2.20 1s equivalent to Eq. IV.19.8. Its interpretation is simple: the 
matrix elements 7.:;1n (2.20) contain two terms; the first, €n;, 1s just the matrix 
element of the kinetic energy; the second, Un,; = >_j Vmj,ij, can be considered 
as the matrix element of a single-body operator U, which we can call the 
Hartree-Fock single-particle potential; together they then form a single- 
particle Hartree-Fock Hamiltonian. The best single-particle states from the 
variational point of view are then those that guarantee that the Hartree-Fock 
Hamiltonian defined by the single-particle matrix elements 


Nkkt = €xee + » Vij ,k'j 
j 


does not connect occupied states k’ = i with nonoccupied states k = m. We 
note that (2.20) does not say anything about the elements 7,;;, connecting two 
occupied states, nor about nmm. This is only natural because a linear trans- 
formation of the occupied states among themselves does not change the anti- 
symmetric states |G). 

We can therefore conveniently choose the single-particle states so that they 
will diagonalize separately the submatrices y;;, and ymm’. Equation 2.20 will 
then read 


N 
€kk? = Veg ,k’ i = NkOKK (2.21) 
j=1 
Note that the Hartree-Fock single-particle Hamiltonian (2.21) depends on 
the states we assume to be occupied. This dependence comes into (2.21) 
| N 


through the sum 2 v,;,,;in which the states |j) are limited to the assumed 
j=1 


set of occupied single-particle states. 

Equation 2.21 gives the conditions for a self-consistent solution. In fact it 
says that if the states a{|0) are the “best” single-particle wave functions, then 
they have the following special property: starting from these states and the 
interaction 


> y rot tT T ? t 
4 ky ko kyke@ky@kedkek, 
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we pick on the lowest N-states |ki), ..., |kw) and construct the single- 
particle potential 
Ux. = Dy Ves wr (2.22) 
i<N 

Then, the N lowest eigenstates of 

~ (exxe + Uae Jala, 

kk? 
will give us back the states a‘|0), i= 1,..., N, identical to the states we 
started with. 

The potential >) U;.,-ala,-, satisfying these conditions, is therefore called 
the self-consistent potential and the states a!|0) are referred to as the Hartree- 
Fock self-consistent wave functions. We see from (2.21) and (2.22) that their 
characteristic feature is summarized by (2.20). 

The self-consistent field approximation can be used to derive the best esti- 
mate of the ground-state energy obtainable within the set of functions gener- 
ated by the Thouless transformation (2.4), that is, within the set of N-particle 
functions that can be written as a Slater determinant of some N-single-particle 
wave functions. But this class of trial functions may not be adequate. It is 
possible, for example, that the ground state of a given system has such strong 
correlations that a description of it in terms of a Slater determinant of inde- 
pendent particles is not possible even as an approximation. We shall later 
see how these correlations can be included (see Section 3). 

In order for the self-consistent solution to be of physical interest, the energy 
it leads to should be a minimum with respect to small variations in the coeffi- 
cients C,,; Thus far we have only shown that it is an extremum. To derive 
the condition for it to be a minimum we have to evaluate the ground state 
energy and the normalization of |G’) to second order in C,,;. This we now 
proceed to do. 

From (2.4) and (2.15) we obtain: 


* I * 
(G’|G’) _ (G| (1 + > C), Aan + 9 > CnsCrvvdlanalean) 
1 
(1 + D0 C,jala; + 5 Pe Cx iCu ahaa) |G) 
To second order in the C’s we can neglect the terms with Ch:Cyn; since they 
involve alal.|G), which, because of (2.15), vanish. Similar considerations 


hold for the terms with C,,;C,.;. Remembering that i,j < N and mn>  N 
we are therefore left only with 


(G'|G’) = (GIL +X (Calan) (Cr ataj)|@)= 14+ 0 DS [Cul 


t<N m=N+1 


(2.23) 
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To obtain the energy to second order in the C’s we have to evaluate 
“ * l * HY * a 
(G'|H|G’) = (G| (1 + DY Cmidiam + > CiCar olan H 


1 
, (1 + ee Cy jh; air 7 2 Cu Cu vthatlay |G) (2.24) 


In (2.24) there is one term with no C’s: 
(G|H|G) (2.25) 


There are terms involving C or C* linearly; these vanish identically because 
of the self-consistency requirement (2.14). There are terms involving the 
product C*C; these have the general structure 


(GlalanHaja;|G) = (Glalan[H, aha;]|G) + (Glala,ala;H|G) (2.26) 
Because of (2.15), the second term in (2.26) yields 
(G\atanala;H|G) = 6(m, n)s(i, j)(G|H|G) (2.27) 
The first term in (2.26) can be evaluated, using (2.18): 
(Glalan[H, aha;]|@) = 2vjmini + bij Lémn + d Vinit itn | 


— BnnLes + 2) Vis] (2.28) 


Using (2.21) we obtain finally for the terms involving C*C 
(G|aja,Haja;|G) = 6(m, n)6(i, 7) [(G|H|G) + am — ne] + 2Vjm,ni (2.29) 
Using similar techniques, one can evaluate also the terms involving CC and 
C*C*. Combining all terms together we obtain: 

(G'|H|G’) = (G|A|G)A 4+ DY [Cnil?) + 2 (am — 12)|Cmil? 


m>N ,i<N 


=i 2 >» er Oe Oe + >». Visi meGas 


41,I3<N;m,n>N 1,3 <5N.m,n>N 


ae pa Vin ijCmiCnj (2.30) 
1,j5N.m,n>N 

The first term in (2.30) gives the Hartree-Fock energy to first order in the 

C’s 
E, = (G|H|G) 

In order for this value to represent a minimum, the remaining part of (2.30) 

must be a positive definite function of the C’s. We notice that (2.30) is a 

quadratic form in the “vector” (C,,;, C,;). In order for it-to be positive definite 

the eigenvalues \ of the corresponding matrix, formed from the coefficients 
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of the quadratic form, must all be positive. The equation determining the 
principal axis of the quadratic form are: 


(nm vas ni )Cmi + Z >» View niCng + Z > Van ij Cnj = AC ni 
jn jn 


* 


(nm — i)Cmi + 2D VnégimCng + 2 D0 VismnCng = Ci (2.31) 
jin n,J 


Because of the variational principle associated with the principal axes of 
quadratic forms, the left-hand side of (2.31) can be obtained from (2.30) by 
differentiating with respect to C,,; and C,:, omitting the terms proportional 
to Ej = (G|H|G). Thus equations (2.31) are given by 


5{ (G’|H|G’) — (Bo + A)(G"|G")} = 0 (2.32) 


We see therefore right away that \ represents the additional energy acquired 
by the system when single-particle states with m > WN are allowed in the 
variational wave function. In order for the Hartree-Fock solution to be the 
state of lowest energy, we must have 


> 0 (2.33) 


It is obvious that (2.32) and (2.33) need not be satisfied for an arbitrary 
interaction even if the states a{|0) satisfy the Hartree-Fock equation (2.21). 
If (2.33) for dX is not satisfied, then the Hartree-Fock solution represents an 
unstable equilibrium and cannot be expected to be a valid description of the 
nuclear ground state. 


3. TIME-DEPENDENT HARTREE-FOCK SOLUTION 


An interesting question now presents itself in connection with stable Hartree- 
Fock solutions that do satisfy (2.31) and (2.33 ): since a small variation in the 
C’s increases the total energy, the system behaves as if it has a “restoring 
force’ around its Hartree-Fock self-consistent state. Classically we can there- 
fore expect it to develop harmonic oscillations around this equilibrium point. 
Quantum mechanically these oscillations will lead to an excited state that in- 
volves a coherent excitation of the various particles. Such states usually ex- 
hibit various collective features, and we see that their presence is deeply con- 
nected with the stability of the Hartree-Fock solution. 

To study these collective states quantitatively it is convenient to work with 
the time-dependent Schrodinger equation. Given a solution ®(x, f) of the 
time-dependent Schrodinger equation 


OP (x, t) 


He = ih 
(x,t) =i 5) 


(3.1) 
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it is possible to obtain the allowed energies of the system by Fourier analyzing 
®(x, ¢) with respect to the time ¢. In fact if 


®(x, t) = [exp (—iwt )®(x, w) dw 


then it follows that any w for which ®(x, w) # 0, satisfies 
H®(x,w) = hw&(x, w) 


and is thus an eigenvalue of (1/h)H. 
The time-dependent Schrédinger equation can be obtained from a varia- 
tional principle 


s((t)|A — ins \d(t)) = 0 (3.2) 


where ®(t) is a time-dependent variational wave function. 
In analogy with (2.4) we choose as our variational wave function 


|@(t)) = exp (—iEot/h) exp [ZCni(t)a',a:]|G) (3.3) 


where now the coefficients C,,;(¢) are time dependent. When all C,,; = 0, (7) 
reduces to the stationary state |G) with its appropriate time dependence 
exp (—iEot/h). However, using the more general variational wave function 
(3.3), together with the variational principle (3.2), we can expect to obtain 
information also about the excited states of our system near the ground state. 

We again evaluate (@(¢)|H|®(t)) to second order in the C’s obtaining 
an expression similar to (2.30). In fact as we can see from (2.32), the varia- 
tional result for (3.2) will be identical with (2.31) except that the parameter 
d will be replaced by ihd/Or. We thus obtain 


(nm > ni )Cmi(t) ae 2 oy Vjm niCnj(t) ay 2 pa Vian ijCng (L) = RC mi(t) (3.4) 


where again i, j < N and m,n > N, N being the number of particles in the 
system. The left-hand sides of (3.4) and (2.31 ) are of course identical in form. 
This similarity is responsible for the connection that we are going to establish 
between the stability condition of the Hartree-Fock solution and the existence 
of collective modes of excitation. To show this connection notice that (3.4) 
involves both C and C* so that we must look for a solution involving both 
frequencies w and w*: 


Cni(t) = Xmiexp (—iwt) + Yu exp (iw*t) (3.5) 
Substituting (3.5) into (3.4) we obtain two equations for the X’s and the Y’s: 


(nm — ni )X mi + 2 >» View ninne + 2 » Vanes Va =— hw X mi 
(3.6) 
(nm a ni) XY mi + Z >. Vni,jm 3 + Z 2 Vijme Xn = —hw Dnt 
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where use has been made of the relation 
Vinka kiky == Vieleg, bike (3.7) 
It is convenient now to introduce two (infinite ) matrices 
(mi| A|nj) = (am — 71 )6(m, 1)6 (Gi, 7) + 2Vjm,ni 


(mi| B| nj) = 2VinkF (3.8 ) 
We notice that A is hermitian 
(mi| A|nj)* = (nj|A|mi) (3.9) 


and B is symmetric 
(mi| Bl nj) = (nj| B|mi) (3.10) 


Equation 2.31 can now be written in the form 


A B C C 
=) (3.11) 
B* A*} \C* Cs 


while (3.6) take the form 


(A )-e() om 


fw is thus an eigenvalue of a matrix that can be constructed from the self- 
consistent energies 7; and matrix elements of the interaction vy. 
Because of (3.4) and. (3.10) the matrix M formed out of the matrix ele- 


ments of A and B: 
A B 
M= (3.13) 
B* A* 


is hermitian and its eigenvalues \, (3.11), are real. The matrix 


AB 
N= (3.14) 
—B* — 4% 


is, however, not necessarily hermitian and its eigenvalues hw need not there- 
fore be real. The conditions for the existence of real eigenvalues fw of the 
matrix N can be obtained as follows. We have, from (3.12) 


A B X ] 0 A B X 
me or OS ave el 
BY A*/] \Y, O —1/ \-B* —A*/ \Y 
l 0 xX 
wer )re(") 
0 —-!1 Y 


= hho (X*X — Y*Y) (3.15) 
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If M is positive definite in addition to being Hermitian, that is, if its eigenvalues 
are real and positive, then the left-hand side of (3.15) is real and positive. It 
follows therefore that 


ha (X*X — Y*Y) is real and positive (3.16) 


Since X*X — Y*Y is always real we conclude from (3.16) that, under these 
conditions, fw is also real. Furthermore 


ho >O if X*X — Y*Y>0 
and (3.17) 
ho <O if X*X¥ — Y*Y <0 


Thus, when the Hartree-Fock solution is stable and the bilinear form, (2.30), 
or the matrix M, (3.13), is positive definite, the expression (3.5) for the C’s 
that solves the time-dependent Schrodinger equation allows real solutions for 
w. If M is not positive definite we cannot draw this conclusion about w, and 
since hw is an eigenvalue of the nonhermitian matrix N, it will generally be 
complex. It is now seen from (3.5) that a complex solution for w leads to a 
solution for C,,,;(t) that diverges in time, so that the coefficients C,,;(¢) do 
not stay small. Physically it means that the Hartree-Fock solution is not 
stable, and if we let the system develop in time it will “‘slide over” to other 
states rather than oscillate periodically around the Hartree-Fock solution. 

To interpret our results we note that the frequencies appearing in ®(t), ac- 
cording to the discussion following (3.1), should correspond to excited states 
of our system. Actually this would have been a precise statement had ®(t) 
been an exact solution of the complete time-dependent Schrodinger equation. 
As it stands, ®(¢) is at best a good approximation to the exact solution. This 
can show itself in two ways: 


1. The frequencies that show up in the Fourier decomposition of ®(¢) 
will be only approximately equal to the exact eigenfrequencies of the system. 


2. @(t) may include small components that oscillate with frequencies 
which do not at all belong to the system. 


It is not hard to identify the latter components and discard the energies 
they predict. In fact we know the spectrum of excited states of our system in 
the limit vy — 0; it corresponds to the excitations of individual particles to the 
different single-particle states of the Hartree-Fock Hamiltonian. Hence we 
can take the limit of @(t) as v — 0, and observe which Fourier components 
in ®(t) persist in this limit and lead to the known unperturbed excitation 
energies. 

To proceed with this program we use (2.10) and (3.5) in order to bring 
@(t) into a form whose Fourier analysis is easy to carry out. In doing so we 
shall use the form (3.5) for the coefficients C,,;(¢), with w being determined 
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as an eigenvalue of (3.12) and X,,; and Y,,; being determined by (3.6). ®(¢) 
can then be written as: 


@(t) = exp (—iEpt/h) (<t 4+ >) Cos (a) Siete (ck, + > Caw (C)a) 
m=N-+1 m=N-+1 
- 10) (3.18) 
Introducing (3.5) for the C,,:’s in (3.18) we obtain 


®(t) = exp (—iEot/h alah... ah|O0) + exp [—i(Ey + hw)t/h] 
> Xmaiay,...ay + = Xmoaial bal... ah +... t [0) 
m=N-+1 m=N-+1 


+ exp [—i(Eo — ho*)t/h] 


x} Yiuatat,...ab+ > Yawalalal ... aly +... { |0) 


m=N-+1 m=N+1 

+ exp [—i(Eo + 2hw)t/A}{f >> XmXmeahalway... ak + ...}/0) 
m,mi=N+1 
+... 


= exp (—iEot/h)|G) + exp [—i(Eo + hw)t/h] > > X nitti,a:|G) 


i=1 m=N+1 


+ exp [—i(Ey — hw*)t/h] Do > Ymidi,a: |G) 


=1 m=N+1 


N co 
+ exp [—i(Eo + 2hw)t/h] >, dS XmiXmsaalyasa;|G) +... (3.19) 


1,j=1 m,m/=N++1 
where |G) is the Hartree-Fock ground state |G) = ala}... al)|0). 


Thus, from our discussion following (3.1), we conclude that when (3.12) 
allows real solutions for fw, that is, when the Hartree-Fock solution is stable, 
the system has excited states at energies Ey + hw, Ey + 2hw,..., these states 
being given respectively by O'|G), (Q')?|G) etc. where 


N 
O=)) DL Xnaha: (3.20) 

=1 m=N+1 
The occurrence of spectra with equal spacings hw is characteristic of har- 
monic vibrations, and we interpret, therefore, the states with energies Ey + 
hw, Eo + 2hw, etc. as collective vibrational states of the system, which can be 
gotten from the Hartree-Fock ground state |G) through the excitations of 
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the “particle-hole” states a,,a', each with the amplitude X,,;. This excitation 
is represented by the operator Q' in (3.20).* Note that the index m goes to 
Anfinity so that an infinite number of particle-hole excitations are involved. 
Equation 3.19 also gives us states at an excitation Ey — hw*, etc. To test 
the relevance of these solutions we should take the limit vy — 0. We notice that 
in (3.6), 1m — iis always positive if |G) is the ground state of the Hartree- 
Fock Hamiltonian. Hence in the limit v — 0, (3.6) leads to two solutions: 


If hw > 0 then, it can take on one of the values nm — 7:, say, hw = Nmo — Nios 
and we have 


Ymi = 0 forall m,i; Xni =O for (m,i) ¥ (mo, io) ho >O 3} (3.21) 


If hw < 0, then it can take on one of the values — (ym — 7:), say hw = 
— (nm — Nip), and we have 


Xni=0 forall m,i; Yn: =0 for (m,i)# (m,in) fo <0 (3.22) 


For hw > O the component in (3.19) oscillating with the frequency 
(1/h) (Ex — hw), would have corresponded to an “‘excited”’ state below the 
ground state. Because of (3.21), however, we see that in the limit v — 0 this 
state has a zero norm. Similarly, for hw < 0 the component in (3.19) with Ey + 
hw would have led to an “excited” state below the ground state. Equation 3.22 
tells us that this state has a zero norm in the limit v —> 0. 

These remarks make it clear that the appearance of the negative frequency 
solutions is associated with the extension of our Hilbert space, (i.e., the 
Hilbert space dimension is increased) and that these solutions “‘disappear”’ 
when, at the limit v — 0, this extension is not utilized. In the more general 
case, v ~ 0, but still 


Vntidm'ls | Vixann | <«K | 1m — Nn | (3.23 ) 


so that the perturbation approach may be valid, we expect again two solu- 
tions: one with X,,; >> Ym; and the other with Y,,; >> Xm; We see from (3.17) 
that the first one goes with positive frequencies whereas the second goes with 
negative frequencies. Actually it is easy to convince oneself that the solution 
with Y,.; >> Xm is obtained from that with Xn; >> Yi by the substitution 


* * 
Xmi _ b Gis Vong 2 X mi 


Ww —w (assuming w Is real ) (3.24) 


*The operator Q! in (3.20) is often said to lead to "coherent excitation of 
particle-hole states.” One means, then, to say that in the representation em- 
ploying the independent-particle states |k >, Ql|G > is a state involving 
many particle-hole states with comparable amplitudes. The coherence as such is, 
of course, trivial. 
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Thus in (3.19), states with energies Ey — hw > E> are always associated with 
small norms, going to zero as vy — 0, and appear as a result of the approximate 
nature of our procedure. We shall therefore disregard them. The states with 
the finite norms correspond to real excitations above the ground state. 

The full expansion of ®(7¢) in (3.18) actually gives rise to more elaborate 
wave functions than the ones we wrote down. Thus, for instance, picking up 
the term with X,,1 exp (—iwt)a!, from the first bracket in (3.18), and the 
term with Yj". exp (iwt)a!,, from the second, we obtain a correction term to 
the ground-state wave function. With this term included, the component in 
@(t) that oscillates with the frequency E,)/f will now look as follows: 
exp (—iEot/h){alah.... at + SY Xm Ynrnatatval ...ah}|0) 


m,m’ 


= exp (—iEot/A){1 + > Xm YireGyalyaea}|G) (3.25) 


A correction to the ground-state wave function of the type described by 
the second term in the braces takes into account the virtual scattering of the 
pair of particles in the states k, and ke into the states k,, and k,,,. It thus 
makes it possible to account better for the correlations still present among the 
nucleons in the real ground state even after choosing the “‘best” Hartree-Fock 
single-particle potential. The excitation energies fw, which are associated 
with solutions of the N-body problem that do take into account these corre- 
lations in the ground and excited states can therefore be expected to represent 
a better approximation to the true excitation energies. 

We can obtain further insight into the nature of the solutions to (3.6) by 
choosing v to be a very simple interaction: 


V if l<ij<cNn and N+1l<mn<M 
2a ai — 2 Vinay = 
0 otherwise (3.26) 


(V is real). Physically this amounts to assuming that‘the interaction v is 
effective in scattering particles only among states in the vicinity of the highest 
occupied state NV, and that for these states v(ij) has the same constant ampli- 
tude for all relevant scatterings. Equations 3.6 then reduce to 


(nm — Qi — hw )Xmi = sag (Xn; a Y,;) 
(nm — ni + ho) ¥ni = av (Xng + Yn) (3.27) 


Dividing the first equation by (nm — ni — hw), the second by (nm — ni + hw), 
then adding both sides we find 


2(m — ni) ) 
Xmi + Yni) = —V ee eae Xnj ni 
(2, i ) (x (nm — ni)? — (howl? CL + Mas) 
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The eigenvalues fw must therefore satisfy the relation 


2(nm — ni) l 
fw) 2d, I ae 7 (3.28) 
Figure 3.1 shows f(w) as a function of hw. f(w) has poles at hw = nm — ni. 
These will be recognized as being the energies required to lift a particle from 
the occupied state |i) to the unoccupied state |m) in the Hartree-Fock 
single-particle approximation. To obtain the eigenvalues hw we have to look 
for the intersection of f(w) with the horizontal line ¢(w) = — (1/V). We see 
that if |V| is very small, so that |1/V| is large, these intersections will take 
place at energies very close to the poles of f(w). In other words, very weak 
interactions V, attractive or repulsive, reproduce the “‘particle-hole excited 
state” al.a;|G) as the “collective” state, with its energy being very close to 
the Hartree-Fock energy 7m — 7:. If V is positive, large or small, there will 
still be one root for Rw above each Hartree-Fock energy nm — 7:, and rather 
close to it. 
For strongly attractive interactions a new interesting situation may occur. 
We note that the minimum of the curve centered about w = O occurs at 
fw) = 22/(nm — ni). Therefore, if V is such that 


1 2 

V - ps 1m a ni| 
there will not only be solutions hw close to the Hartree-Fock energies yn» — 7: 
(points B, C, etc), but also one solution, the lowest one (point A), which 
may be quite further removed from its corresponding Hartree-Fock solution. 
It will thus represent a state that is significantly affected by the interaction. Its 
collective nature, as we shall see later, will be especially outstanding. 


f (w) 


FIG. 3.1. The function f(w) of (3.28). 
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If V’ < 0 and the interaction is so strong that 


1 2 

y’ . 2. | 1m = ni| 
then the intersection point A will go over into a complex solution for fw. The 
Hartree-Fock solution in this case becomes unstable and the system “‘decays”’ 
into a state of a different nature. We notice that this happens for strong at- 
tractive (V’ < Q) interactions when, indeed, the independent-particle ap- 
proximation may cease to be a good approximation. 


4. SPURIOUS STATES 


Equation 2.31, defining the stability of the Hartree-Fock solution, can also 
have an eigenvalue ) = 0. We can see immediately that if (2.31) is satisfied 
with \ = 0, then (3.6), which determines the frequency of the collective ex- 
citation, allows a solution with hw = 0. Such a solution is neither decaying 
(complex hw) nor oscillating (real fw). It implies that if the system is set in 
motion with the help of the operator exp [2C,:(t)al,a;] corresponding to 
this solution, it will continue to move without either getting back or changing 
its structure. 

Such a phenomenon is expected as a result of the conservation theorems. 
If P is a conserved single-particle quantity such as the total momentum, then 
the operator 


P = » Py, ala, (4.1) 
commutes with the Hamiltonian. The state 
exp (ia >, Pi,ala,)|G) (4.2) 


is a state in which the center of mass is shifted by a distance a and has the 
same intrinsic energy as the state |G). The Hartree-Fock solution has a 
neutral equilibrium with respect to modifications in the wave function of the 
type (4.2). Thus the existence of solutions to (3.6) with a zero energy hw is a 
necessary consequence of the existence of operators that exactly commute 
with the Hamiltonian. Such operators lead to modifications in the wave func- 
tion of the system that do not change its intrinsic structure. The solutions 
that belong to Rw = O are usually referred to as “spurious solutions,”’ and 
(3.6 ) indeed offers a convenient way of recognizing them. Of course, the eigen- 
value iw = 0 is only expected to come out if both the representation a;,|0) 
and the energies 7, have been obtained by a Hartree-Fock method. In actual 
calculations one often “‘guesses’’ approximate Hartree-Fock wave functions 
and energies. In such cases fw = O may not automatically be a solution of 
(3.6), and the degree to which the actual solution deviates from hw = 0 deter- 
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mines the extent to which the particular representation and energies are in- 
consistent with the conservation law considered. 


5. THE MOMENT OF INERTIA IN TIME-DEPENDENT 
HARTREE-FOCK POTENTIALS 


The time-dependent Hartree-Fock equations offer a convenient method for 
handling the unified model, which attempts to combine single-particle aspects 
of a system of nucleons with its collective motions. We noted before (see Eq. 
2.6) that the transition from the state |G) to the state exp (ZCn:a!,a;)|G) 
is equivalent to a transformation from the single-particle states a'|0) to the 
single-particle states b!|0) where bf = al + 2d. Cini If the coeffi- 
m=N-+ 
cients Cn; are now made to be time dependent, that means that the physical 
interpretation of the states b!/0) is also time dependent. These single-particle 
states can be visualized as being in a time-dependent potential. The particle 
state b},bi, .. . bf,|0) is then a state of n-particles that changes with time. If 
the frequencies associated with this change are small compared with the char- 
acteristic frequencies of the particles in the Hartree-Fock potential well, then 
we can visualize the state b},.. . bf,,|0) as representing the adiabatic adaption 
of the n-particle system to the oscillations of the potential. The latter repre- 
sents the collective motion, whereas the structure of the wave function as a 
Slater determinant of n-particles represents the independent-particle aspect 
of this motion. 

As an example of the use of the time-dependent Hartree Fock formalism 
we consider the derivation of an expression for the moment of inertia of a 
rotating system: assume that the Hamiltonian H = ZT i) + (1/2)2v(ij/) 
gives rise to a rotational spectrum, corresponding to the rotation around the 
x-axis of a deformed nucleus with a symmetry axis along the z-axis. If |G) is 
the ground state of H, then we can expect that an w exists such that |G’) = 
exp (—iwJ,t)|G) is a nonrotating deformed state where J, is the x-compo- 
nent of the angular momentum. Indeed we know that exp (iaJ,)W gives a 
wave function rotated by an angle a with respect to Y, but otherwise identical 
with v. Since we assume that |G) represents a rotating deformed nucleus, by 
rotating it “backwards” with the appropriate frequency w, we can make the 
deformation stay static in space. 

To the wave function 


|G(t)) = exp (—iwtJ,)|G) = exp (—iwt >) (k'|Jz|k)abea.)|G) (5.1) 
we now apply the Thouless transformation 


exp (>, Cmata:) (5.2) 
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where the states aj|0) are single-particle states in a deformed potential. Since 
|G’) = exp (>> Criala:) exp (—iwt >, (k’\Je|k)aba.)|G) (5.3) 


depends explicitly on the time, ¢, we have to use the time-dependent Hartree- 
Fock method to derive the best solution for-al|0). We see from (5.3) that 
if the C’s are small and wt« 1 we can use the formalism developed above 
(See 3.3) if we put 


Cmi(t) = —iw(m|Jz|i) (5.4) 
Introducing (5.4) into (3.4) we obtain for the best C’s: 
(nm as ni )C mi + 2 >, VinencCrj + 2 » Vian tiCnj = hw (m|J2 |i) (5.5) 
n,J n,Jj 


The energy that corresponds to the state (5.3) can be obtained from (2.30) 


_ (G'|A|G") 


E = ~~ =E m — 1) |Cmel? + 2 D0 ViminiCiCns 
(G’|G’) ot dD (n ni)|C | a De Vj ’ C. Cnj 


+ » Vip ge CniCag >» Vian ,igCmiCnj 
1 x . 
Ey + 5 iw Du [((m|Jo|i)Cni + (i|Jz|m)Cni)] (5.6) 


where £E, is the Hartree-Fock energy taken with the deformed nonrotating, 
Hartree-Fock wave function |G), (15.1) 


and we have used (5.5) for the last step in (5.6). 
From (5.5) it follows that the C’s are proportional to w. We can therefore 
define an w-independent quantity 


h ee 
ae dD (m|Iz|i)Cni + (i|Je2|m)Cni) (5.7) 
The energy E, as given by (5.6), now takes the form 
E= &) + > Jet (5.8) 


To the extent that the nucleus under consideration actually exhibits a rota- 
tional spectrum, (5.8) shows that 7, as defined by (5.7), is the effective mo- 
ment of inertia. 

If in (5.5) we ignore the effects of the interaction and set v = 0, we obtain 


_ ho(m|Jz\|i) 
Ym — Ne 


Cri (5.9) 
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In this approximation the expression (5.7) for the moment of inertia takes 
on the form 


[Fx |i) |? 
eae 


255 - (5.10) 


Equation 5.10 will be recognized as the Inglis formula in the cranking model 
(Eq. VI.7.25 ). As derived here it is a valid approximation to 7 provided the 
states a}|0) are the “best” deformed single-particle wave functions that re- 
produce the energy of the nucleus in the body-fixed frame of reference, and 
provided we ignore the interaction effects on the moment of inertia. The latter 
can be included if we use (5.7) rather than (5.10) for the evaluation of 7. The 
procedure will then be as follows: start from a deformed potential ZU{®.ala,-, 
solve for the single-particle states a}.|0); fill the n-lowest levels, and calculate 
Ui}, using (2.22); rederive the single-particle states in SU ala, and repeat 
che procedure until self-consistency is obtained. With these self-consistent 
deformed states go into (5.5) (and its complex conjugate ) and solve for Cm; 
(or rather for C,,;/w). Introduce the values so obtained for (1/w)C,,; into 
(5.7) and get a value for the moment of inertia. 

It should be stressed that although in principle (5.5) represents an infinite 
set of equations in an infinite number of unknowns C,,;, in practice one limits 
the C’s to states m and i close to the last filled level. The reason for doing so 
is that C,,; is of the order of magnitude of 1/(ym — n;) (as can be seen from 
Eq. 5.5 by ignoring v). Thus the C’s that correspond to particle-hole excita- 
tions of high energy are relatively small. Or, stated in another way, a small 
rotation of a deformed wave function, when expressed in terms of particle- 
hole excitations of the unrotated wave function, involves mostly states near 
the Fermi surface. The deeper states are unaffected by a small rotation, nor 
are the highly excited states populated this way. 

The treatment of the time-dependent Hartree-Fock approximation is a 
natural extension of the time-independent Hartree-Fock method. Our search 
for the time dependence of solutions close to the stable Hartree-Fock solu- 
tion is motivated by the existence of classical oscillations around points of 
stability. But it should be emphasized that the actual manipulation of the 
equations is carried out completely within the framework of quantum me- 
chanics. 

Many approaches have been developed for the approximate handling of 
many interacting fermions. Some of them are more appropriate for the de- 
scription of collective states, while others may be more useful in the descrip- 
tion of excitations involving few nucleons. Unfortunately a common feature 
of almost all these methods is the lack of a rigorous estimate of the error in- 
volved in their application. We have to resort to semiquantitative, basically 
intuitive, arguments for the justification of these approximations. It is there- 
fore useful to look at related, or even identical, approximations from different 
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points of view, with the hope that we shall be gaining, thereby, a better feeling 
for their range of validity. 

We shall discuss only few of these approximations in this book, their choice 
being largely a question of taste. The Hartree-Fock method is one such ap- 
proximation, and since it is derived from a variational principle, it gives the 
“best”? account of the nuclear binding energy within the framework of the 
independent-particle approximation. The time-dependent Hartree-Fock 
method then leads to a vibrationlike excitation spectrum, and can be expected 
to present a good approximation for systems that actually possess vibration- 
like spectrum for their excitations. 

We shall describe now another approach to the approximate description of 
generalized vibrational states, which leads to results very similar to the time- 
dependent Hartree-Fock method. It will indicate to us more clearly other 
aspects involved in the approximate description of these collective vibrations. 
The method is known by the name of “Random-Phase Approximation” 
(RPA ) and is used extensively, in various modifications, also in other branches 
of physics dealing with many particle systems. 


6. THE RANDOM-PHASE APPROXIMATION 


Let us assume that a system of nucleons has excited states at energies hw 
2hw, ... and that they show the characteristic features of harmonic vibrations. 
This situation is not met with in reality with high precision, but many nuclei 
show an approximate vibrational spectrum manifesting itself through the 
equal spacings of the vibrational states, their spins, and their related transition 
probabilities (see Section VI.13). Given the ground state | E,) of the system 
and the Hamiltonian H, it is possible to obtain an excited vibrational state 
of the system if a solution exists to the operator equation for 0! 


(7, af] = hoo! (6.1) 
In fact if an operator 0" satisfying (6.1) can be found then the state 
|E) = 9"| Ey) (6.2) 


has the property that 
A\E) = Ao'|/E,) = (od + O'F)| Ey) 
(Ey + fiw)Q"| Ey) = (Ey + hw)|E) 
Thus |£) given by (6.2) is an eigenstate of the Hamiltonian A that belongs 
to the eigenvalue Ey + hw, where £, is the ground-state energy. 
We notice further that if a solution to (6.1) exists then (Q')?|E)) is also 
an eigenstate of H, and since from (6.1) it follows that 


[A, @'Y] = Moa y 
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we obtain 
Ho'y| Eo) = (Eo + 2hw)(0")?| Ey) 


Thus we expect to find solutions to (6.1) whenever the spectrum of the Ham- 
iltonian includes a band of equally spaced ‘“‘vibrational’’ staves. 

Finally we notice that it follows from (6.1) that the state Q| £,) is also an 
eigenstate of H with energy E) — hw. If we want | E,) to be the ground state 
it must therefore be the “‘vacuum”’ for the Q-excitations, that is, it must satisfy 


The exact solutions to (6.1) are in such cases completely equivalent to the 
Schrodinger equation 


Ay = Ey 


for the corresponding states, and the replacement of the wave function y by 
the operator Q' that generates y from the ground state does not basically 
modify the complexity of the problem. 

We can try, however, to solve (6.1) in an approximate form, in which case 
its structure may be easier to handle, though completely equivalent to that 
of the Schrédinger equation. In particular we shall limit ourselves now to 
operators 0' that can be expressed in terms of particle-hole operators: 


OF =D (Xuaha: + Ymidmat) (6.4) 


where the X’s and the Y’s will turn out to be the same as those introduced in 
(3.5). Here again the indices i, 7 stand for occupied states in the single-particle 
Slater determinant that is dominant in the ground state, and m, n are unoc- 
cupied states. 


We notice the similarity between 0! as defined by (6.4) and the operator 
Q' defined by (3.20). We shall find later on that the X,,;’s in (6.4) satisfy 
the same equation satisfied by the Y,,;’s in (3.6) (and hence the use of the 
same notation ). Since a!|G) = 0 we see (see Eq. 3.20) that 


OG) = Q"|G) 


However the form adopted for the operator Q' in (6.4) anticipates the pos- 
sibility that the actual ground state of our system has states |i) that are 
unoccupied part of the time, so that an excitation from the real physical 
ground state can be achieved also with the operators a,,a!. This will be dis- 
cussed in more detail later on. Since the operators at,a; represent independent 
excitations, we can satisfy (6.1) only to the extent that we can satisfy the 


separate equations 
(4, at.a;] = hwal,a; 


(A, ana] = hwa,al (6.5) 


RANDOM-PHASE APPROXIMATION 543 


with the same value of w for all pairs i and m for which X,,; and Y,,; are differ- 
ent from zero. 

We further notice that the form (6.4) for the operator 0' anticipates the 
result that the physical ground state | £)) of the system is not a single Slater 
determinant of the states |k;). In fact if |Z.) were given by the Hartree-Fock 
ground state, 


|Eo) = |G) = ajay... ay|0) 


then contrary to (6.3) | £) will not be zero if any of the Y,,,; differ from zero. 
Only if | Eo) is a sum of Slater determinants involving N-particles, spread over 
different states, can we expect to have Q|E)) = 0 with 0" given by (6.4) and 
some nonvanishing Y,,;. 

We still find it convenient to distinguish between the states |i) occupied in 
the Hartree-Fock ground state |G), and the states |m) that are unoccupied 
in |G), in the sense that we have no particle-hole pairs of the type ala;, or 
a',dm in (6.4); but as we shall see, (6.4) does allow for the most important 
correlations in the ground state to be included in our solution. 

Inserting (6.4) for Q' into (6.1) we shall obtain on the left-hand side terms 
involving products of two a-operators and terms involving the products of 
four such operators; since the right-hand side of (6.1) includes only products 
of two a’s, (6.1) cannot generally be satisfied by an 0! of the form (6.4). This 
was to be expected since a transition from an exact ground state to an exact 
excited state of a system of n-interacting fermions involves generally all k- 
particle-hole excitations with k = 1, 2,...,n. 

To satisfy (6.1 ) with an Q of the type (6.4) we must therefore invoke further 
approximations. We mentioned that the commutator [A, 0'] generally in- 
cludes terms of the type alala,as. To reduce such a product into products of 
the type abag we make the following approximation (see the derivation of 
Eqs 6.8 and 6.9). 


atata,a, > (ala,)ala, — (ala, Yala, — (ala, )ala, + (aba, vata, (6.6) 


Here (ala,) is the expectation value of ala, taken in a state that most con- 
veniently approximates the ground state | £,). This, sometimes, is chosen to 
be the dominant single-Slater determinant in | E,), that is, the Hartree-Fock 
ground state |G), which is often referred to as the bare ground state; (| Ev) 
is then referred to as the physical ground state; the bare ground state includes 
in it only those correlations among the nucleons that can be simulated by the 
single-particle Hartree-Fock potential; the physical ground state has in addi- 
tion also those further correlations induced by the interaction to the extent 
that Q' can represent them ). If alata,a, is looked upon as a bilinear form in 
the operators aba, the approximation (6.6) can be considered as a lineariza- 
tion approximation, in which one power of this operator is replaced by its ex- 
pectation value. This approximation is also referred to as a random-phase 
approximation. 
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The essence of this approximation lies in neglecting simultaneous two- 
particle two-hole excitations and in assuming that whenever we are faced 
with such an operator, say ala‘a,a,, we can consider only one-particle-hole 
pair to be effective, whereas the other is “inert”? and takes on its expectation 
value. Furthermore it is assumed that the Hartree-Fock uncorrelated ground 
state is good enough for estimating the effects of the “inert’’ part of atata,as. 
The four terms in (6.6 ) represent, of course, all four possible ways for selecting 
this inert part. 

We notice that in our approximation 


Sar if r<wnNn 
(aja, ) = (6.7) 
0 if r>N 


Using this result we obtain then from (2.18) and its complex conjugate, to- 
gether with (2.21) and (6.5), that 


hwala: = (A, alaz) = (nn — naa: + 2>5 vinmjata; +2>5 Vij,mnQn 
(6.8 ) 

hwanal = [H, a,a'] 
= —(qn — ni )Qmai — 2 > Vnj,in€nat ~2>) Vinn ijAn Qs (6.9) 


Equations 6.8 and 6.9 were derived under the random-phase assumption that 
replaces some operators by their expectation values for a given state | £)) or 
|G). They are therefore expected to be valid only when operating on this 
state; furthermore, since they were derived from (6.4), they are limited to 
pairs of indices (i, m) for which either X,; 4 0 or Yn: ¥ 0. 

We note the similarity between the right-hand side of (6.8) and (6.9) and 
the left-hand side of (3.6) deduced from the time-dependent Hartree-Fock 
approximation. To establish the connection between the two we “invert’’ 
(6.4) to give X,,; and Y,,;in terms of 2 and al,a;. In fact, it follows from (6.4) 
that 


[0, ala;] = >) Xnilalan, alas] + Ymilaial,, aha;] 
= >) Xnilalan, ata;] 
ma oD Xini (Omndij _ 5 mn ja — 5;;4'Am ) (6.10) 


Taking expectation values of (6.10) with the correlated (physical) ground 
state | E,),"but still using the approximation 


ai|Ey) ~0 am|Eo) ~ 0 (6.11) 
we obtain 


(Eo| (9, ana;]|Eo) = (Elana;|Eo) ~ Xnj (6.12) 
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In deriving (6.12) we used (6.2) in the form (E,)|Q = (E| as well as (6.3): 
Q|E>) = 0. By similar arguments we can obtain also 


(E|ata,|Eo) ~ Ynj (6.13) 


Taking now matrix elements of (6.8) and (6.9) between |E,) and (E|, and 
using (6.12) and (6.13), we obtain that the X’s and Y’s introduced in 
(6.4) should satisfy 


(nm —~ hi ho) Xmi 2 Ss Vin,miXni a 2 > Vig mnVnj = 0 
(nm —~ Ye + ho) Y mi + 2 » eer e ar ig 2 > Vian i¢X nj = 0) (6.14) 


These equations are the complex conjugate of (3.6). Equation 6.14 is a weaker 
form of (6.8) and (6.9); although (6.14) follows from these two equations, 
the inverse is not correct. Actually what is implied in going over from (6.8) 
and (6.9) to (6.14) is the assertion that we do not need the validity of the 
operator equations (6.8) and (6.9) in general, but only when operating be- 
tween the states | E,) and | £). The excitation energy hw appears as an eigen- 
value problem of a nonhermitian matrix (compare Eq. 3.12), and the condi- 
tions for the existence of a real, positive, solution for hw is also the condition 
for the stability of the Hartree-Fock solution for the ground state. The reader 
is referred to Rowe (66) for further analysis of the relation between the RPA 
and the time dependent HF approximation. 


7. EXCITATIONS OF DEFINITE MULTIPOLES 


Our treatment of the structure of collective excited states has been, thus far, 
quite general. We did not have to specify the states |k) except in saying that 
they are the single-particle eigenstates in a self-consistent Hartree-Fock 
potential. We did not even have to specify whether this potential is spherically 
symmetric, axially symmetric, or has any other symmetry. 

If the Hartree-Fock potential is spherically symmetric, then, on account 
of the invariance of the interaction v(ij) under rotations, the eigenstates of 
the system are also eigenstates of the total angular momentum squared J? and 
its z-component J,. The evaluation of the energies of collective excited states 
through the solution of the eigenvalue equations (6.14) or (3.6) can then be 
greatly simplified if we start from certain linear combinations of X,,; and Yn; 
so that the excited states generated by Q' have a well-defined angular mo- 
mentum. 

We recall, from (6.2) and (6.4) that an excited state of the system at an 
energy E = Ey + hw Is given by 


|E) = | Ey) = (>) Xmialai + Ymidnal)| Eo) (7.1) 
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Here X,,; and Y,; are the components of the “eigenvector” (CX, Y) that 
belongs to the eigenvalue fw of (6.14). Suppose now that the ground state 
| Eo) has J = 0, and that we are interested in excited states | E) of a definite 
value J of the total angular momentum. It is obvious that this can be achieved 
only if we destroy a particle of angular momentum /; and create a particle in 
Jn such that j; and j, can combine to give the desired total J. These considera- 
tions are of great practical importance for the applications of this method in 
actual calculations, and we therefore develop them below in some detail. 

Assume that the states |k) are characterized by their angular momenta 
| jm, ). Then in the ground state | £)), with J = 0, we can single out the ith 
orbit and write it as 

|Eo) = Do (jams jgm;| 00 )a} ims| Eo (emi )) (7.2) 
Mi ji Me 

where | £o( j;)) are (NV — 1) particle states characterized by the total angular 
momentum quantum numbers /; and m; and possibly other quantum numbers 
as well. The Clebsch-Gordan coefficient (jm: jm;|00) was introduced to 
assure that |£)) has the appropriate total angular momentum J = 0. The 
application of the term 


X jnmn , Jim wma tim 
in Q' to the state | Ey) will yield 
De es ee Ee | Eo) = 2 (jim: jm; | 00 \X passa aa | Eo (jm; ) ) 


ji mi 
= (2je + IY? (— 1) ™ Xinmn sim Bama| Lois, —m:)) (7.3) 
where we have used the relation (Appendix A, A.2.76) 
(jai, jm;|00) = (—1)#-™5 (je, jz) 6m, —m;) js + I”? 
Then from (7.1) the X-term on its right-hand side becomes 
FET DL (CV Kimani Pomel BOC 4) 
In order for this term to represent a state of a given J and M we must have 
(-1)*—"Xinmn. dime = Cdrln, Ji — Mi |IM )X jn 5; 
or 
X jnmn jimi = Xinis(—1)*7™ (jun, Ji — mi|JM) (7,4) 


where X;,,;; is independent of the magnetic quantum numbers m, and m,. 
In a similar way we can show that Y,;in (7.1) should be such that 


Ya Siva so Yinis(— 1) ( jai, Jn — M,|JM) 
= — Yin (— 1) #t—™ (jn — Ma; jami|JM) (7.5) 
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where we have used the properties of the 3 — 7 symbols to change the order 
of j’s in the Clebsch-Gordan coefficient. It 1s easy to trace the origin of the 
minus sign in m,; it results from the fact that we are coupling a particle in the 
state j,m, to a hole in the state jzm;. The minus sign in front of Y;,;, in (7.5) 
is a matter of convenience as (7.5) really serves to define Y;,;,. 
It is sometimes convenient to define a particle-hole creation operator of a 
definite angular momentum. In view of (7.4) this is defined as follows 
AN (jn dis IM) = QD) (-1)-™*(jatttn, fi — i|IM Oj ym, Aims (7.6) 


meymn 


It follows from (7.6) that 
A(jnji, IM) = DD (—1)%°™( jatttas Ji — i| IM Jab midinmn 


Mmimn 


— (—1)a- atu > (—1)-%t9-"(j, — mi, jams |J — M) 


DjqmnQiimi (7.7) 
where use has been made of the relation 
(jm, jam2|JM) = (—1)2*2-4 (jf, — m, jo — me|J — M) 


With the help of (7.6), (7.7), (7.4), and (7.5) we can now write the general 
expression for the operator 0! appropriate for the creation of a state | EJM) 
out of the state |E) J = 0): 


UM) = DY [XiniiA’ (in dis IM) + (-1)#™ Y7, 5A (indi I — MY] 


Inji 
(7.8) 


If one starts with the operators (7.8) rather than (6.4), then Equations 
6.14 for the eigenvalues iw separate automatically into independent equations 
for each value of J and M. In actual calculations this may result in a significant 
simplification. 

The operator 2'(JM) in (7.8) is sometimes referred to as the operator for 
the excitation of the Jth multipole. The origin of the name is obvious, since 
it is, by construction an operator that adds to the system the angular mo- 
mentum J with z-component M. For a further discussion of the RPA see 
Gillet (66) and Section 19 of this chapter. 


8. THE BOGOLJUBOV-VALATIN TRANSFORMATION 


A number of approximations had to be made in the quantum mechanical 
derivation of (6.14), the most important of them being the linearization ap- 
proximation, (6.6), and the approximate identity between the correlated 
ground state |£)) and the uncorrelated Hartree-Fock ground state |G) to 
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the extent required by (6.11) (and its equivalent, Eq. 6.7). Obviously the 
validity of these approximations ultimately depends on the interaction v(i/). 
It seems that a decisive role in determining whether the approximation works 
is played by the Hartree-Fock energies y; and 7», which represent, of course, 
some averaged properties of the interaction v(ij) in a system of a given number 
of particles. If for a particular problem the Hartree-Fock energies turn out 
to be such that ym — 4: >> |v| for any pair of particle-hole states (m,i), wheré 
v represents a typical interaction matrix element, then, as we can see from 
(2.31), the Hartree-Fock solution can be expected to be stable, and the rest 
follows. Physically this means that the main effect of the interaction v(i) is 
to establish a correlation among the nucleons, which keeps them together, 
and which can be well simulated by the effects of a single-particle potential 
properly chosen. This situation may be true for one number of nucleons, but 
need not necessarily be true for another. Indeed, if for the particular number 
of particles we are considering it turns out that there are enough particle-hole 
pairs for which nm — 1: ~ |v|, then the preceding analysis must be modified. 
Physically the system may find it energetically advantageous to have its par- 
ticles distributed over a wide range of levels near the highest Hartree-Fock 
occupied state; although the system loses an excitation energy nm — n; by 
promoting one of its particles from |k;) to |k,), it may gain an extra mutual 
interaction energy v, and we have assumed that there are enough pairs for 
which nm — 4: ~ |v|. Mathematically the stability condition may then be- 
come barely satisfied, making our various approximations less valid. 

The conclusion that the validity of our results depends primarily on the 
Hartree-Fock values of 7 — 7: 18S, IN a sense, very encouraging. The whole 
structure of the Hartree-Fock approximation actually makes the differences 
nm — 1; aS large as possible. In fact this approximation consists of minimizing 
the total energy of the first N-occupied states, and making the matrix elements 
of H between an occupied and unoccupied state vanish (see Eq. 2.20). It 
thus aims at giving the single-particle potential such a shape that it will make 
occupied states have energies as low as possible, and unoccupied states as 
high as possible, leading to an energy “gap”’ between occupied and unoccupied 
states [Kelson and Levinson (64) ]. This gap is shown in Fig. 8.1. This in- 
creases the differences 7» — 7:, and thus works in the direction of making 
our approximation more valid. Nevertheless this gap between occupied and 
unoccupied states remains sometimes quite small. We noticed already in 
Section IV.7 that a single-particle central potential tends to lead to a grouping 
of levels. If the number of particles is such that a group of such levels is only 
partially filled, that is, if we are far from a magic number, we may find our- 
selves with a group of nearly degenerate levels near the top of the Fermi dis- 
tribution only some of which are occupied. In that case another procedure 
should be followed to obtain the ground state of the system. We shall now 
develop such a method utilizing to its full power the method of second quan- 
tization. 


THE BOGOLJUBOV-VALATIN TRANSFORMATION 549 


28<; Ca 


Prolate Oblate Elfipsoidal Oblate Spherical 


Oblate Spherical Prolate Ellipsoidal 


FIG. 8.1. Spectrum of the Hartree-Fock orbits of lowest energy solutions of even-even 
N = Z nuclei between !2C and 4°Ca. The levels are fourfold degenerate and the occupied 
orbits are marked with a dot. Note the energy gap between occupied and unoccupied 
states. For spherical and axially symmetric cases, the lp and 2s-ld shell orbits are 
shown. For the ellipsoidal solutions only the 2s-l1d shell orbits are given [from Ripka 


(68)]. 


In the Hartree-Fock self-consistent potential method the Hamiltonian 


Py 


] ? ? r a 
H = >) exwakay + z Dy Vezke bike A AboAns An (8.1) 


expressed in terms of a set of single-particle states |k), was made to operate 
on a new set of single-particle states produced from the vacuum by 5}|0) 
where (see Eq. 2.6) 

bb=al+ >) Crial, (8.2) 


m=-N+1 


The choice of these new single-particle states satisfies the requirement that 
the new single-particle energy 2y.b{b, will contain the maximum possible 
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fraction of the nuclear energy for the particular number of nucleons we are 
considering. 

Equation 8.2 can be considered as a transformation from the set {a'} to 
{b'}. It is a canonical transformation to first order in the C’s. It can be made 
fully canonical by proper normalization, and can, of course, be written in a 
more general form as 


bi. = >> Una (8.3 ) 


where U;,, is a unitary matrix. 

It is possible, however, to introduce a more general canonical transforma- 
tion, originally suggested by Bogoljubov and Valatin. We notice that if a 
single-particle Hamiltonian is invariant under time reversal* then a particle 
in the state |k) and a hole in the time-reversed state |k) have very similar 
physical properties. Thus if |k) is a state of linear momentum k, then the 
time-reversed state will have a momentum —k, and the existence of a particle 
with momentum k, or the absence of a particle with momentum —k, have 
the same effect on the total momentum of the system. Similarly if [k) is a 
state with a z-component k of the angular momentum, that is, the ¢-depend- 
ence of |k) is exp (—ikd@), then its time-reversed state has a ¢-dependence 
exp (+ik@) and represents a rotation in the opposite direction. Again a 
particle in exp (—ik@), or the absence of one in exp (+ik¢d), make the same 
contribution to the total component of the angular momentum of the system. 

We shall find it convenient to describe the time-reversed state to |k) by 
| —k), and define for k > 0 the Bogoljubov—Valatin transformation from a, 
to the operators a; through 


a, = Ua: = Va‘, aA, = U;,.a_}, + Vai k > 0 (8.4) 


Here U;, and V;, are numbers defined only for positive values of k; it turns out, 
as the reader can easily verify in the derivation of the subsequent relations, 
that they can be consistently chosen to be real and positive. The physical 
motivation that suggests this transformation will be described in Section 9: 
For the moment, we shall simply see what some of the consequences of (8.4) 
are. It follows then immediately from (8.4) that 


al = U,a}h = V ,.a_x aly = U,a', + Var k > 0 (8.5 ) 
We further require that the a; operators satisfy the anticommutation relations 
far, ax} = fal, aj} = 0 {a}, ax} = bzx (8.6) 


It is seen from (8.4) and (8.5), that (8.6) will be automatically satisfied 
if U;, and V;, satisfy 


Ug+Ve=1 (8.7) 


*For a discussion of time reversal see Appendix A (Sec 3). 
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In what follows we shall impose this condition on U; and V;. We observe 

that since the a;’s obey fermion anticommution rules the numbers operator 

in “a space,” aja,, will have eigenvalue 1 or 0. The meaning of the vacuum 

state |0), and of the single quasi-particle state a}|0)4 will be discussed below. 

Equations 8.4 and 8.5 can be inverted to express the a,’s in terms of the 
a, ’S: 

a, = Uzor + Vie, 
k>0 (8.8 ) 


a, = U,a_x = V ,0th, 


The Bogoljubov transformation has some very peculiar features, which 
we shall now proceed to study. Consider for example the zero quasi-particle 
state |0),. This state satisfies the equations 


ar|O)e =O a%/0), =0 (8.9) 


In terms of the a,-type real-particle states, |0). is given by the linear combina- 

tion 

[Ora = AolO) + DE Anrahe O)+ D0 wvapaty|O) +... 
(8.10) 


The coefficients Xo, Ax. . . are determined by the condition (8.9). Rather than 
show, step by step, how they can be obtained we shall prove that the solution 


0) + DD rW-waly 


10>. = NIT (1 + FE ala) |0) (8.11) 
y 


which is of the general type given by (8.10), and satisfies the conditions (8.9 ). 
Notice that 


V 
Ak (1 -+- 7 alas) 
k 


where we used the fact that aa!, = 0. Note that any specific index k appears 
in only one factor in (8.11), and thus in the form considered in (8.12). The 
various factors in (8.11) commute with each other. Thus we can consider the 
expression in (8.12) as operating directly on |0). We can therefore replace, 
in (8.12), a,a}, by 1 and U;,a; by zero. We find 


V 
(Ua; — Va',) (1 ++ a alas) 


k 


= U,a, + Viazajiat;, — Vial, (8.12) 


Vie 
1+ — aja_;,}|0) = 0 
au ( ar U, aja ‘] |0) = 
and similarly 


aus (1 + 72 alas) |0) = 0 
Ui 


It follows that (8.11) satisfies the conditions (8.9). 
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It is easy to work out the value of the normalization constant N. Straight- 
forward calculation shows that 
N= II Uy 
kf 


so that (8.11) can be written in the form 
[Ode = TT (Uw + Verayat,) 


which is sometime more useful. 
We can expand the ee in (8.11) and obtain 


Vi View 

ies ee Rf 
Awa! papray te... 0 
UoUs k k/¢k k | ) 


(8.14) 


0) (8.13) 


10a = wit 2 Ge thal cap ya 


It is therefore seen that the state that corresponds to no a-type quasi particles, 
when translated into the a-type plates, becomes a mixture of the state [0) 
that has no a-type particles, states aja‘ ,,|0) that have a pair of a-type particles 
in the states k and —k, states like al.a'_,al,a',|0) that have two pairs of 
a-type particles, etc. 

It seems, therefore, that in performing the Bogoljubov transformation we 
have been led to introduce new entities that occupy the states a,, such that 
the state of no a-type entities corresponds to a mixture of states with no a- 
type particles, with two such particles, and four such particles etc. Since the 
number of nucleons is absolutely conserved in any nuclear process, this looks 
like a very unphysical transformation. Yet we recall that by violating conser- 
vation theorems we were able in the past to come forth with simpler mathe- 
matical approximations to the problem of solving the Schrédinger equation. 
We violated conservation of linear‘momentum when we introduced a fixed 
average potential in the shell model; we violated conservation of angular 
momentum when we introduced deformed potential to derive the unified 
model; and we are about to violate now the conservation of the number of 
particles in order to achieve a substantial improvement in an independent- 
particlelike treatment of the Schrodinger equation.* 

To make a clear distinction between the entities that occupy the a-type 
states and the particles that occupy the a-type states, the former are usually 
referred to as quasi particles. 


9. THE BCS GROUND STATE 


The numbers U;, and V; in the Bogoljubov transformation have not been 
specified thus far. The freedom in choosing them, subject to the condition 


*It is indeed possible to demonstrate far-reaching analogies among these 
various approximationes [see Broglia (73)]. 
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(8.7 ), can be used now to produce better approximations for the ground states 
of the many-nucleon system. 

To see how it works let us first consider a simple case: that of noninteracting 
nucleons in a single-particle potential. The Hamiltonian is then given by 


H = >) «ala, = 2 «(ala + a',a_x) (9.1) 


k>0 


where e, are the single-particle energies. Since the general Bogoljubov trans- 
formation does not conserve the number of particles, we want to solve for the 
energy of the system described by (9.1) subject to the condition that the 
average number of particles is fixed. This, as is well known, [Morse and 
Feshbach (52)] can be done through the introduction of a Lagrange multi- 


plier \ multiplying the number operator N = 2 ala = = (ala + 
k>0 
a‘ ,a_,). We are thus looking for the eigenvalues and eigenfunctions of 
A — \N = pS (€, cee d) (ala, + a’ ,a_,) (9.2) 
k>0 


where X is to be fixed by the prescribed expectation value of N; 
N = (N) (9.3) 
Introducing the transformation (8.8) into (9.2) we obtain: 


H- N= D> (e — A)[U2 (chor + abpa_e) + Vi2 (apa + a_paly) 


k>0 
+ 2U,Vi.(ahot;, + a_ or) J 
= >) 2(a —A)VeE+ Dd) (&@ — A)(UZ — ViEZ)(abox + ab pop) 


k>0 k>0 


+ >) 2(e@ — A)UVi (alal, + apo) (9.4) 


k>0 


The operators aja, commute with the quasi-particle number operator NV, = 
= (ala, + alya_;,); they can therefore be brought to a diagonal form 
k>0 


simultaneously with N,. The operators aja', and a_,a,, however, do not 
commute with N,. Thus to diagonalize H — \N we want to chose U, and V;, 
in such a way that the last term in (9.4) vanishes. This leads immediately to 
the result 


U,V, = 0 for all k’s (9.5) 
which, together with (8.7), leads to one of two possibilities: 
U, = 0 V, = 1 (9.6a) 


or 
Up.=1 Vi =0 (9.6b) 


554 MULTINUCLEON SYSTEMS 


The lowest eigenstate of (9.4) is now the quasi-particle vacuum |0), which 
satisfies, in view of a,|0). = 0, 
(H — N)|0)a = [do 2(e — AVF ]|0)a (9.7) 
k>0 
In view of (9.6) we see now that the lowest eigenvalue of H — AW is obtained 
by setting 
V, — l U k= 0 if €k < nN 


(9.8) 
V;, = 0 U;, — 1 if Ek > d 
The value of \ should be determined by the condition 
a(0|N|0)2 = 2(0| >> ala, + at ya_,|0)e = N (9.9) 
k>0 
which can be easily shown to reduce to 
>) 2v2=N (9.10) 


k>0 


Combining (9.8) and (9.10) we see that the lowest state of the system is ob- 
tained, as expected, by filling the V/2 lowest pairs of states k and —k; further- 
more we see that \, as determined by the condition (9.9) is the energy of the 
highest occupied state. It is, in other words, the Fermi energy of the system. 

It is instructive to introduce the solution (9.8) back into the Bogoljubov 
transformations (8.4) and (8.5): 


—A_k if En < nN 
a} = (9.11) 
al if €, > Xd 


Thus the quasi-particle creation operator in this case coincides with the crea- 
tion operator for real particles, when referring to the unoccupied states above 
the top of the Fermi sea; it is however equal to a real-particle destruction 
operator for the occupied states. This is, of course, the natural way to define 
creation and annihilation operators when we want our ground state to be the 
lowest reference state: that is, the vacuum. It leads to a symmetric handling 
of particles and holes, both of which represent an excitation from the ground 
state. 

In the general case of interacting nucleons, when the coefficients V, and U;, 
turn out to take on values that are different from 0 or 1, the quasi-particle 
vacuum will not correspond to a real-particle state of a definite number of 
particles. Rather, as can be seen from (8.13), V;? is the probability to find in 
the quasi-particle vacuum a pair of real particles in the states k, and —k and 
U2 = 1 — V2 is, therefore, the probability that this state is empty. The ex- 


pectation value of the number operator N = = (ala, + a',a_,) in the 
k>0 


quasi-particle vacuum is consequently given by (9.10). 
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It is instructive to see also the structure of the single quasi-particle state 
a}.|0). in terms of the real-particle states. We find, using (8.13) and (8.5): 


al|0). = (Uzal — Vian) [LT (Un + Vierabaty) 


0) 


= (Uzai + Vieat) LT Uy + Veapaty)|0) 
kk! 
= al IL (Ue + Vealat,)|0) (9.12) 


k+k/ 


Thus, to obtain the state in which one quasi-particle occupies the quasi- 
particle state k, we should put one real particle in the corresponding particle 
state and fill all the other states with pairs of particles and with amplitudes 
identical to those with which they appear in the quasi-particle vacuum. 

A pair of quasi particles in the states kK and —k give rise to a different type 
of wave function: 


aja! ;,|0)a = (U,a', ai Via_, as U (Uy + Vyaya'y) 0) 
kk! 
= (U,ajal, — Vi) IL Ue + Vieatpaty)|0) (9.13) 
kek! 


Thus we see that a single quasi-particle wave function (9.12) is very closely 
related to that of a single real particle; a pair of quasi particles, on the other 
hand, involves the corresponding pair of real particles in a more complex 
fashion. 

To go now over to the general case of a Hamiltonian with interaction, we 
shall limit ourselves, for simplicity and for reasons that will become clear 
later, to a subclass of interactions—the so-called pairing interactions, which 
can be written in the form 


l , , 
A De Verky kik My Dg Qnsde, 5(k1 + ke) d(ky + keg) = Do Va-n,e—wahal pa_way 


k,k’>0 
(9.14) 


These interactions are characterized by the fact that they are operative only 
between particles occupying a pair of mutually time-reversed state, scattering 
a pair of particles from one such pair of states to another. In view of the struc- 
ture of the Bogoljubov transformation we expect it to be most appropriate 
for these interactions. We shall see in the next section why we can expect an 
important part of the nuclear interaction to show up in this form. 

We shall also assume that the single-particle part of the Hamiltonian has 
been brought to a diagonal form by a proper choice of the single-particle 
states af |0), so that our total Hamiltonian reads 


fal = » nz (aha, + a',a_x) + > Vik kt —k'QLQ' ,A_p Ape (9.15) 


k>0 k,k/>0 
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Introducing now the transformation (8.8), H can be written in terms of the 
a-operators. To make it, however, more useful for our purpose we want to 
use also the commutation relations of the a’s in order to bring each term 
to a normal form in which the annihilation operators are put to the right 
of the creation operators. Thus, for instance, we have 


> mata, = >> m(Uzol + Via_n)(Unoxn + Veat,) 


k>0 


> nu [U220hoy + Vi2a_yot, + UpVi (alot, + a_paz)] 


= »> neVi2 + Nk [UZahor, a Vi20'! pa_p + U;, Vi, (afar, =| a_par ) J 
(9.16) 


Notice the appearance in (9.16) of the term 2y,V,? free of any a-operators. 
It resulted from transforming Vi2a_,a',, to its normal form. In carrying out 
the complete transformation it is convenient to group together all the terms 
that have no a’’s in them, and call it U. We also want to group together the 
terms that are proportional to ajo, or a',a,, which we call Hy, and all terms 
proportional to ajo! or a,a_z, which we call Hoo; finally all other terms 
proportional to products of four a’s such as ala! ,aya_y or afal,efaly, or 


ajat,a'_po_, etc., we group together under H’. Thus we obtain 


H=U+ An + Ao + H’ (9.17) 
where 
U = >) [Qnn + Vi2Ve—xn—e )Vi2 + Dy Ven ere Ur Vi Vir J (9.18a) 
k>0 k!>0 
Ay = a [ne + Ve~k r—eVi? (UW? — Vi?) — 2 yy Vi—k kk? U Vi Vier J 


X [ofe, + ab,e_~,] (9.18b) 
Hoo = >> (me + 24-0, n—-nVie2 ULV, + DS Vek ee Ue Vie (U2 — Vi2)] 


k>0 kl 
xX [abet + a_po,] (9.18c) 


Like the simpler case of v = 0 discussed previously we want now to choose 
U, and V; in such a way as to make Ho = 0. This will leave us with U and 
Hi, that commute with the number operator in the a-scheme and can there- 
fore be brought to diagonal form. However in the present case we shall be 
left also with the term H’ that does not commute with the number operator 
in the a-scheme, and whose diagonalization in that scheme is rather com- 
plicated. 

The operator A’, it will be recalled, has only terms that are products of four 
a-operators. We see from (9.16) that 2m, (aka, + al,a_,) does not contribute 
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to H’. Hence H’ is proportional to the strength of the interaction v. Further- 
more, since we have shifted all the annihilation operators to the right and the 
creation operators to the left, every term in H’ has got either an a at its ex- 
treme right or an a! at its extreme left (or both). Since a,|0)4 = , (Olah = 0, 
we conclude that 


.(0|H’|0), = 0 (9.19) 


Thus H’ is an operator that does not commute with N; it is proportional to 
the strength of the interaction v and its ground-state expectation value in the 
a-scheme vanishes. We shall therefore neglect it now and assume that it can 
be taken up later as a perturbation. 

Two points should be made in this connection: 


(i) We have not really proved that H’ is small in the sense of perturba- 
tion theory; at most we have given some vague plausibility arguments in this 
direction. It is conceivable that H’ may be small for some interactions, and 
nonnegligible for others. 


(ii ) The full Hamiltonian commutes with the real-particle number operator 


N = > ala, + a',a_;. On the other hand U + Ay commutes with the 
k>0 


quasi-particle number operator N, = ala, + a',_,. Since in general 
[W, N.] ¥ 0, we see that in dropping H’ we go from the physical situation 
in which the number of real particles is fixed, to the nonphysical situation 
with a fixed number of quasi particles, and an undetermined number of real 
particles. 


To reduce the impact of the second difficulty we want to make sure that our 
choice of U, and V;, also leads at least to a given average number of real 
particles in the quasi-particle ground state. Thus we want to impose on U, 
and V, the further condition that 


(N) = 4(0|2 ) Vi2 + (U2 — Vi2)(alox + abpa_z) 
+ 2U,V i (ajat, + a_,ar,)|90), = No (9.20 ) 


This can be achieved, as is well known by diagonalizing H — \WN rather than 
H, and choosing the Lagrange multiplier \ so that (9.20) is satisfied. We are 
thus led to the problem of diagonalizing the operator 


AAW = Ul 2 Bey a (9.21) 
where 
U'=U-—2.>5 V2 = dS (12m — +) + vk, kV Wie 
k>0 


+ (0 vk, kK! )U Vir U.Vi} (9.22) 


k/>0 
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Ay, = Ay, =X p> (U2 an V2) (afar a a pa_x) 
> {i — A) + vk, k)Vi21(U2 — Vi2) 


k>0 


— 2[ D0 vk, k’ UV ULV} [aor + abpoa_.] (9.23) 


k>0 


Hoy = Hoy — 24 >) ULV (ahaty, + araz) = D> {[2(m — 2) 


k>0 
+ 2v(k, k)Vi2]JU,.V, + [L vtk, k' Uy Vie U2 — Vi2)} 
X feat, + oraz] (9.24) 
and we used the notation 
v(k, k’) = ve_n pene (9.25 ) 
The diagonalization of Hy) = U’ + Hi, + Hop amounts to choosing U, 
and V;, such that Ho) = 0. Introducing the notation 
£. = (me — A) + V(k, kV (9.26) 
Ar = — >. v(k, k’ Un Vie (9.27) 


k/>0 
and noting the mutual independence of the operators (afa';, + a_za,) for 
different values of k, we see that Hy) = 0 leads to the equations 


2&,U,V, — A,(Ui2 — Vi2) = 0 (9.28 ) 
These equations have the trivial solution 
U,V. = 0 for all k’s (9.29 ) 


because then, according to (9.27), A, = 0 and thus (9.28) is automatically 
satisfied. Noting that U,? + V,? = 1, the trivial solution (9.29) is actually 
equivalent to taking into account only the diagonal elements v(k, k) of v and 
considering states that are either fully occupied or completely unoccupied 
by real particles. We shall therefore assume now that at least for some values 
of k, the product U,V; # O and proceed to see whether we obtain thereby 
lower eigenvalues for our Hamiltonian. From (9.28) and the condition 
U,2 + V,2 = 1 we obtain then: 


ue =3(1+ ee) oo 
l 
r= (1 - Seta) ae 


Equation 9.30 constitute only an implicit solution of (9.26) and (9.27) since 
£, and A, are themselves functions of U, and V;. However we can use the 
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solutions (9.30) to write an integral equation for A;. Multiplying (9.30a) by 
(9.30b ) we obtain 
A; 


U,V SS _ 
EO On EP EAS 


(9.31) 


Hence, from (9.27) 

1 v(k, k’) 
2 VEE Ae? 
Assuming that the amplitudes U;, and V; were determined from (9.32) and 
(9.30), the remaining part of the Hamiltonian U’ + AH, is then diagonal in 


the a-scheme. The quasi-particle vacuum |0), is the lowest state for U’ + Ay, 
and its energy is given by 


A, = Ay (9.32) 


Eo = a (0| U’ = Hy; |0)a 
l 1 
= 2 > | on = \)V i +- =a v(k, kV, I aUeh, | (9.33 ) 
k>0 2 2 


To complete our calculation we still have to determine the Lagrange multi- 
plier \ (see the definition, Eq. 9.26, of &,). This can be done using (9.20). 
Introducing (9.30b) for V;2 we obtain 


= Se = ss) 

No =2)>5 Vi LX (1 eee (9.34) 
Equations 9.26, 9.27, 9.30, and 9.34 constitute the so called superconducting 
or BCS solution* to our problem, leading to the ground-state energy (9.33). 
We shall now study some properties of this solution to see the conditions for 
its existence, and when it actually leads to values for the ground-state energy 
that are better than those obtained by the trivial, or as it is often called the 
normal solution U,V, = 0, given by (9.29). 


10. PROPERTIES OF THE SUPERCONDUCTING SOLUTION 


In the limit of v — O we see, from (9.26), that 


ty +1 for Qk >dX 


as y=0 (10.1) 
| 7 | —] for Nk << X 


*The origin of the name has to do with the theory of superconductivity, 
where the Bogoljubov transformation was first introduced, and where 
a solution of the many-electron problem, similar to the one we have been 
discussing here, turned out to be necessary to explain the phenomenon of 
superconductivity. See, for instance, Bardeen (63). The same solution was also 
suggested earlier by Bardeen, Cooper, and Schrieffer (57) (BCS) using a slightly 
different method. 
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In the same limit, (9.27) yields A, — 0. Thus, in this limit from (9.30b) 


1 
V2 5 (1 — &/|&| ) 


OT 


0 for Nk > r 
V2 = (10.2) 
l for Nk < nN 


We therefore see that \ plays the role of the Fermi energy for noninteracting 
fermions: states with n, < d are fully occupied while states with y, > are 
completely empty. 

For interacting fermions we continue to call \ the Fermi energy (or, more 
precisely, the chemical potential) and we expect V2 for this case to be a smooth 
function of k that comes closer to (10.2) as the interaction gets weaker. 
Figure 10.1 shows V;, Ux, and 2U;V;, as functions of k. As we see V;,—the 
probability amplitude for the occupation of the state k—attains the values 
V;, = 1 for the low states in the Fermi sea, and V; = 0 for states far above 
the Fermi momentum. Around the Fermi momentum k, (or the corresponding 
Fermi energy \ ) V;, goes gradually from 1 to 0, indicating a certain diffuseness 
in the surface of the Fermi distribution. U,, satisfying U,? = 1 — V;? behaves, 
of course, in a complementary manner, and U,V; is a Gaussian-like function, 
whose width measures the width of the diffuse surface of the Fermi distribu- 
tion. 

To obtain a numerical solution for the superconducting state one can pro- 
ceed as follows: starting with the single-particle potential as determined by 
the energies 7, in (9.15) and the number of particles No in the system, derive 
the Fermi energy ) (i.e., the energy of the highest occupied state). Then 
approximate &, by 


(ng — \) + v(k, k) if nk <X 
&, = (10.3 ) 
(nz — A) if Nk > 


Vie 2V, Uy Ue 


Ke 


k—~ 


FIG. 10.1. Properties of V;,?, 2U,V:, and U;? for interacting fermions. 
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With these values of £ solve simultaneously (9.32) and (9.34) for A; and X. 
Generally it will be sufficient to carry out the summation in (9.32) assuming 
that A; ¥ 0 only for a finite range of states around the Fermi energy, (provided 
a solution to Eqs. 9.32 and 9.34 exists ). Once values for A; and ) are obtained, 
U, and V;, can be obtained from (9.30) and used to iterate the procedure in 
order to improve the approximation. That is, a new value of &, can be calcu- 
lated from (9.26), a new set of £,2’s and )’s determined, and so on. 

Necessary conditions for the existence of solutions to (9.32) and (9.34) 
are easy to formulate. In fact, we shall show that for attractive interactions, 
v(k, k’) < 0; we must have therefore 


v(k, kK’) _ 1 —v(k, k’) 
l<-—- pn 
x | Ex ae | (nee = r) + v(k’, k’) Vi, 7? | 


for a solution to (9.32) to be found. As a first step in the proof let A;, be the 
largest of all the A,’s. Then it follows from (9.32) that 


l v(Ko, k’) (Ko, k’) k’) 
l= -- ——— — Se —————————— 
2 2, VJ En + Ane Neo 2 2 VE + Ap? | Ex” 


There will therefore be no solution to (9.32) except the trivial one A, = 0 if 
v(k, k’) is so weak that 


Le ee 0202) 
2 ero | (ner — A) + V(K’, Kk’ Vi? 


Next we want to see whether the energy of the BCS ground-state is lower 
than that of the normal state. It can be easily shown [Lane (64)] that the 
BCS solution can be obtained from a variational principle using the trial wave 
function (8.13) with the Hamiltonian H — dN given by (9.21); therefore, 
if the energy Ey in (9.33 ) turned out to be lower than that of the normal state, 
we can conclude that the BCS state constitutes a better approximation to the 
actual ground state. To evaluate the desired difference 


(10.4) 


1 V (Ko, k’) Ax 


-5> 


< 1— no BCS solution (10.5 ) 


Ey-2>, | (ns ~r)+- = v(k, K) | 


k<kp 


we note that given the single-particle states aj|0) we can separate, in the 
original Hamiltonian (9.15), the terms in the interaction with k = k’ from 
the rest of the terms. Within the limits of the random-phase approximation 
we can put (see Eq. 6.6) 


Vik, ,_4Ala'_,Q_1Ax = v(k, k)( (at ,a_ k \aLay ~ (a’ ay, \ata_ k 


= (ala_, Val ax + (ala \a' ,a_x) (10.6 ) 
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Taking expectation values in the normal state we obtain therefore 


v(k, k) (ala, + at,a_x) if k is occupied 
Vik k-KALA' 4040, © (10.7 ) 
0 if k is unoccupied 


Within the approximation (10.6) we can therefore renormalize our single- 
particle energies 7;: 
ne + v(k, k) if k is occupied 

(10.8 ) 


Nk if k is unoccupied 


and put v(k, k) = 0 in the rest of our calculation. Assume that this has been 
done originally and that the U,’s and V;’s were determined from the single- 
particle energies #, rather than n,; we then obtain for the energy shift 6E of 
the superconducting BCS state relative to the normal state (see p. 559): 


SE = Ey — 2) (mm — Yo) 
k Skp 


— 2 > cc — \)V 22 —_ 5 Ata, = 2 >> (nk at No) 


k>0 k<kp 


— Xr 1 A} 
= _ |= oe | - 
dy {6 n»| V (nm — \P + AL 2S (m — > 4+ AP 
—2 >> (m: — 0) (10.9) 
k Skp 


To estimate 6E£ we now make the following approximations: 


(i) We assume the single-particle energy levels |k) to be equally spaced 
a distance D apart where D < . 


(ii) We then replace summations by integrations 
l 
EO D | An x 


(iii) We take the Fermi energies \y and X to be equal to each other. 


(iv) We replace A; by an average value Ay (A; turns out to be a very 
slowly varying function of k. This can be expected also from its definition 
(9.27). The contribution tod v(k, k’)U;:Vi. comes mostly from the re- 

0 
gion near the top of the Fermi distribution since U,V; vanishes elsewhere. 
The value of A; is therefore a measure of the effectiveness of the interaction 
v(ij) in scattering a pair of particles from the state (kr, —k,) at the top of the 
Fermi distribution to the state (k, —k). Limiting ourselves to values of k 
such that |k — kr| < 1/b, where b is range of the interaction v, A; will not 
be very k-dependent ). 


PROPERTIES OF THE SUPERCONDUCTING SOLUTION 563 


Introducing « = ny, — A we then obtain, integrating from —e up to +¢€9 
with | €o| > Ao 


1 «0 € Ay? €0 de Z [ 
sbE=—| deel 1 - ————) - — | ——=- + d 
4) ce( Je + =) 2D [- Ve+ae DJ 


€0 


L fs 2@+ 48 , 2 [ P 
= — -— ed aaa! € de 
2D —€0 /é + Ao* ‘ D 


1 ees 
~ D [eo? — ener? + AP] = — — (10.10) 


We thus see that in going from the normal to the BCS state there is, indeed, 
a gain in energy by an amount A,*/2D. 

To estimate the value of 5£ for actual nuclei we need an estimate for Ao 
and D. We can obtain a crude estimate for A, from the integral equation 
(9.32). Taking for v(k, k’) an average matrix element v(k, k’) = —G, (9.32), 
with the above approximations, becomes: 


Ao = la | " tee = oes (2 arc sinh =) 
"2D Jig Vee + Ae 2 D Ao 


or 
2 E€0 D 
h—-—-=-— 
arc sin A G 
that is, 
Ep 
Ay = -—-— : * 
° ~~ sinh D/G een 


G, being an average matrix element v(k, k’), is of the order of magnitude of 


Gz —(k—k|v|k’ —k’) = — 7 [exp [—ik- (tr: — re) ]Jv(|r — re ) 


xX exp [ik’-(m — re)] — [ew [ik- (ti — re) ]v(|r — rel ) 


X exp [ik’- (re — ro] (10.12) 


*It is worth noting that Ao is not an analytic function of G at G = OQ; in fact 
near G = 0, Ao is given by Ay ~ 2te P!@, Ay cannot be expanded in a power 
series of G near G = 0, and it is apparent therefore that we could have not 
reached the result (10.11) by perturbation theory. The superconducting state 
does not represent a small perturbation on the normal state even for very weak 
interactions G. Note also that there is a lower bound (10.5) for G below which 
there is no superconducting solution. 
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where © is the nuclear volume. In (10.12) either the exchange or the direct 
integrals are small (depending on whether k’ is more-or-less in the direction 
of k or of —k). It is enough therefore to take only the direct integral for cases 
in which k is in the direction of k’. Taking for v(|r1 — re| ) a square well of 
depth V) ~ —30 MeV and range b = 1.8fm we obtain from (10.12) that, 
for A = 100, 


1.8 \? l 
o(/—-°-) ~1Mev if |[k—k| <- 
1.2.A1/8 b 

Ge (10.13) 
l 
0 if k — k’ 7 
i | | > ; 


More realistic calculations yield values for G of about 0.4 to 0:5 MeV for 
matrix elements that involve changes in momentum smaller than ~1/b. 

The value of D—the average spacing between single-particle levels—can 
also be estimated. For a nucleus with A = 100 there are 4/4 = 25 occupied 
levels with different values of |k|; taking the Fermi energy to be about 40 
MeV we obtain D = 1.5 MeV. We then obtain sinh (D/G) = 10. If, to comply 
with (10.13), we let the range of integration in (10.11) extend from e) = 
— (er/2) to €& = (er/2), where ep is the Fermi energy, we obtain finally 


Ay ~ 2 MeV (10.14) 


Thus for a nucleus of mass 100 with 50 protons and 50 neutrons, the gain in 
energy of the superconducting state over the normal state is roughly 26E = 
—(A,)/D) = 2.5 MeV, where we took one 6E each for the protons and the 
neutrons. 

It should be stressed that this is a very rough estimate of the quantity 25E, 
but it does show that 6£ 1s certainly very small compared to the total binding 
energy of the nucleus. For the calculation of binding energies, the Bogoljubov 
transformation is therefore a complication that yields, relatively speaking, 
very little improvement. Its real value in nuclear physics is connected, as we 
shall see in the next section, with the study of excitation energies near the 
ground state. Here it may lead even to important qualitative improvements 
over the approximation using the normal states. 


11. EXCITED STATES IN THE FREE QUASI-PARTICLE SYSTEM 


The Bogoljubov transformation was constructed so that the vacuum of the 
quasi particles |0), should correspond to the ground state of a system with 
N-particles. To create an excited sfate from the ground state with real particles 
we have to operate on it with an operator of the type ala, where k ¥ k’. 
Such an operator removes a particle from the state k’ and puts a particle into 
the state k. 
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Using the transformation (8.8) we see that (for k ¥ k’) 
ala, = U,Upahay: + U;,: V ,_p,Qty? = V Vira po_p + UV eajely (11.1) 


If we operate with (11.1) on the quasi-particle vacuum, only the last term: 
U,V projet» will give nonvanishing results, since a,|0). = 0. We see, there- 
fore, that to obtain results equivalent to those of operating with ata, on the 
real-particle ground state, we have to operate generally with aj,a}, on the 
quasi-particle vacuum. A two quasi-particle excitation is thus equivalent to 
an excitation within the same nucleus. The fact that in one representation the 
number of quasi particles grows by two as one goes from the ground state to 
the excited state, whereas in the other the number of real particles remains 
unchanged, is connected, of course, with the fact that a state of a well-defined 
number of quasi particles corresponds to a state of an undetermined number 
of real particles. 

We need not stress that in constructing the excited states of the quasi- 
particle system one is to use the same values of U;, and V;, as determined by 
(9.30) and (9.32) for the ground state of that system. 

Since the Bogoljubov transformation is designed so as to convert the 
Hamiltonian into an independent quasi-particle Hamiltonian (i.e., one that 
commutes with the quasi-particle number operator Lala, + a! ,a_z), it 
follows that the two quasi-particle excited state aj,a},|0) is automatically an 
eigenstate of the Hamiltonian 


H = U'+ Hy + Ay 
which, in view of the choice of U;, and V;, reduces to 
H=U'+ Ay (11.2) 
Here U’ and H;; are given by (9.22) and (9.23) so that 
H=)>) 2m —r)+ vk, ke V2 + dS vk, kh’ UV Ue Vie 


k>0 k,k’/>0 
aa d {I (me — A) + v(k, KVP JU? — Vi?) 
> 
—2 >° v(k, k')ULV Ue Vie} (aban + ob ya_r) (11.3) 


k/>0 


The excitation energy (above the vacuum energy) of the two quasi-particle 
state 


[Kika = afyere|0)a 
will then be 
E(ky, ke) = E(ki) + Elke) (11.4) 
where 


E(k) = [(m — d) + v(k, k)Vi2]1(U2 ~ Vi2) — 2 >> v(k, kU. Vie 


k/>0 
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Using (9.26), (9.27), (9.30), and (9.31 ) to express the U,’s and V;’s in terms 
of &, and A, we obtain 


E(k) = Vée + Ar? (11.5) 
so that the two quasi-particle excitation energy is 
E(k, k2) = VE? + An? + Viet + An? (11.6) 


Thus, even if the states k, and ky lie right above the Fermi energy } so that 
£,, ~ 0, the two quasi-particle excitation requires at least an energy E(ki, k.) > 
Ai + Ae = 2A. There is a gap of at least 2A) between the quasi-particle ground 
state and the lowest two quasi-particle excited state of the system. 

This phenomenon of a gap between the ground state of a system of an even 
number of fermions and its excitations plays a very important role in deter- 
mining the properties of such systems. In the theory of superconductivity it is 
responsible for the persistence of the superconducting current. In nuclei it 
gives rise to exceptionally large energy denominators associated with ex- 
citations from the ground states of even-even nuclei, leading to important 
modifications of the predictions based on the various independent-particle 
approximations. . 

An odd-A system represents a different situation. We saw in (9.12) that a 
state of an odd number of real particles corresponds to a state of one quasi 
particle a}|0),. Thus, if af,|/0), corresponds to the ground state of the odd-A 
system, and aj,|0). to an excited state of the system, the excitation energy 
above the ground state will be given by: 


AE = E(ki) — E(ko) = Vn? + An? — Vic? + Ae? (11.7) 


We see that here, unlike the case of even-A systems, if the single-particle 
states k, and ky are rather close to each other, the energy required to go from 
one state to the other in the quasi-particle representation will also be small. 
The phenomenon of the gap is connected with the even group of particles, 
filling in pairs the states k and —k, and does not affect appreciably the odd 
particle’s spectrum. 

Figure 11.1 shows a characteristic excitation spectrum of an even-even 
nucleus, and that of a neighboring odd-A nucleus. It is seen that in the odd-A 
nucleus the spectrum of excited states becomes denser with excitation energy 
right from the ground state. The corresponding spectrum in the even-even 
nucleus remains “‘dilute’’ up to an excitation of 2 to 3 MeV, and only then 
starts to grow dense at rate comparable to that of the neighboring odd-A 
nucleus. The especially high stability of the ground state of a system of an even 
number of fermions is thus clearly reflected in these spectra. 

We shall not go here into the derivation of various nuclear properties in 
the quasi-particle representation. The calculations, although rather tedious, 
are in most cases straightforward. We shall only quote the result for the mo- 
ment of inertia, which is characteristic of other results as well [see G. Brown 
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FIG. 11.1. Energy Levels of the nickel isotopes [from Buechner (58)]. 
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(64), p. 109]. For the analogue of the Inglis cranking formula (see Eq. 
VI.7.25 ) one obtains in the quasi-particle representation 


| (kL je |’) |? 
= f,2 U,V. — UV.) 11.8 
Fa ® Ze) + Be) Ure — Oe) ais 
If we compare it with the cranking formula (VI.7.25) obtained with the in- 
dependent-particle model 


| (| j2|0) |? 
; a= 2 aS HS dace i a 
Fiem = 2H Dy (11.9) 


nr 


we notice two important differences: 


(1) Equation 11.9 allows only for the excitation via j, from the fully 
occupied state |0) to a fully unoccupied state |) whereas the quasi-particle 
formula (11.8) allows also for the excitation from partially filled states to 
partially empty states. The corresponding matrix element is then naturally 
multiplied by a factor U,V, which is the amplitude for k’.to be occupied and 
k to be empty. (The occurrence of a coherent factor U,Vi. — U;.V;, multiply- 
ing the matrix element (k|j,|k’) has to do with the fact that the operator /, 
is odd under time reversal so that (—k’|j,|-—k) = — (k|j,|k’)). 


(11) The energy denominator in (11.8), since it involves quasi-particle 
excitation, is generally larger than the corresponding denominator in (11.9) 


Problem. 
Show that for the trivial solution (9.29), expression (11.8) goes over to 
(11.9). 


Both effects tend to make the quasi-particle moment of inertia 7 smaller 
than the independent-particle model Fipm. Since Fipm Was shown to be essen- 
tially the rigid-body moment of inertia, we expect (11.8) to give a moment of 
inertia that comes closer to the actual experimental moments of inertia. The 
results of some numerical calculations are shown in Fig. 11.2 together with 
the experimental results. 

In discussing the effects of the residual interaction on Fipm, we anticipated 
that this interaction will reduce the value of Finn. The result (11.8) is, there- 
fore, a realization of this expectation since the quasi-particle representation 
is just a way of including in the energies of independent quasi particles at 
least a part of the residual interaction of the real particles. 


12. PAIRING INTERACTIONS VS. REALISTIC INTERACTIONS 


Our whole discussion of the quasi-particle representation was based on the 
special pairing interaction, (9.14), which is effective only between pairs in 
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Experimental 
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FIG. 11.2. Moments of inertia for even-even deformed nuclei in the rare earth region 
[from Bodenstedt and Rogers (64)]. 


the states (k, —k). The Bogoljubov transformation can be carried out also 
for more general interactions. In fact, starting from the general two-body 
interaction (1/4)ZVejKo,4,444,41,0x5ax,, and using the transformation (8.8) 
we can cast the Hamiltonian H — dN again into the form 


A —-\NW=U'+ Ay + Ho + H’ 


where now 
U' = Dd) [2(m — A) + DS Once ypeer + Ven ner Vier? 
k>0 k’>0 


i Ds Vek et—er UViU Vier] (12.1) 
Hy = > {EQ — A) + > (Vax errs Tt Vek err er )Vixe? | 


k'’k>0 k’>0 


X (UU, — ViVi) — > Ve—ne kt —kt Ue Vir (UV + Vi.U y+ )} 


k’ >0 


x (abay + atpo_y) (12.2) 
Ho = dD) {Ee — dA) + DS (en eer Vek eke Vier? ] 
k’>0 


k,k‘'>0 


X (UVa + Vite) + DE vane en Ui Vier (UU er — ViVi} 


k'>0 
X (abate + ana) (12.3) 


H’ consists again of all terms involving four a-operators arranged in the 
normal order. 

In the pairing interaction the terms in H’ are neglected in first approxima- 
tion, and the remaining part of the Hamiltonian is brought to a diagonal 
form by choosing V; and U; so that Hog vanishes identically. We shall now 
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make Hy vanish also for the more general case, again by properly choosing 
V,, and U,. In fact we can generalize the formalism even further and relax the 
condition that the single-particle part of the original Hamiltonian be already 
diagonal in the scheme of the states a} |0). This has the effect of replacing, in 
(12.2) and (12.3), n, — » by 


Qk A— E€kkrt NOKK! (12.4) 


whereas in (12.1) 7, — A is replaced by e,, — . Here the matrix elements 
€,4 are the appropriate coefficients in the one-body part of the Hamiltonian 
TexxALa,. The condition Hy) = 0 in the general case then reads 


{ [ (een — Oe) + DL (ewer snere HE Vener ee ee Vier? UV + Ug Vi) 


k’>0 


+ vpn eee Uae Vie (UU ere — ViNnrr)} = 0 (12.5) 
k’ >0 
The solution of (12.5) can be now made to incorporate both the self-consist- 
ency requirements and the maximum effects of the correlations accounted for 
in the Bogoljubov transformation. Thus the trivial solution of (12.5) 


V, = 1 U, = 0 for occupied states 
(12.6) 
V, = 0 U, = 1 for unoccupied states 


yields immediately 


Exker » Vik eke = O for k” occupied 
k’ occupied (k’ ¥ 0) (12.7) 
k unoccupied 


This will be recognized as the Hartree-Fock condition, (2.20). However, we 
can now do better than the trivial solution in looking for a nontrivial solution 
to (12.5). In principle one can start with a good guess for the single-particle 
states and a given set of values of U;, and V;, and consider (12.5) for k # k” 
as a self-consistency requirement on the single real-particle states |k). Then 
with these states fixed, one can goto the k = k” terms in (12.5) and consider 
them, together with the condition (NV) = No, as equations for d, V;’s, and 
U,’s. When we solve these equations, the new values of U, and V;, can be 
introduced again into the k ¥ k” terms of (12.5) to determine self-consistent 
single-particle states, and the whole procedure can be iterated until it con- 
verges on a self-consistent solution that is also a nontrivial simultaneous solu- 
tion of the BCS problem. 

This program has not been carried through yet, but one can come close to 
it by making the following observation: the last term in (12.5) is very small 
if there is a high probability for k’’ to be occupied and for k to be empty, 
since then U,, « 1 and Vi; < 1, and therefore (U,Uy" — ViVi) &K 1. 
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Furthermore, the product U;-V,, is different from zero only near the top of 
the Fermi distribution, and for k # k” the matrix element v,_,/-,4/_x" 1s also 
small for reasonable interactions. We thus neglect the third term in (12.5) in 
deriving the self-consistency relations and obtain them in the form 


exer + Cee eeree Vie? = O for k"’ mostly occupied 
occupied k’/S 0 (12.8 ) 
k mostly unoccupied 


The proper self-consistent single-particle states therefore come out as the 
states in the single-particle potential 


U yy = > Vik wrk V kr (12.9) 
k! 


This is, in fact, the natural generalization of the conventional Hartree-Fock 
potential since V;,-? is the probability for the state k’ to be occupied and 
Vex’ ,ere IS the potential induced by a particle that occupies k’. For the self- 
consistent potential we therefore have 


Eki? + > Viet keke V gr” = Nk OnKe? (12.10) 
Ie 


and (12.5), for k = k’’, takes on the form 
2(nzn — \)ULVi. + [D> vk, RU Ve (U2 — V2) = 0 (12.11) 


k’>0 


Equation 12.11 will be recognized as identical in form (although not in con- 
tent! ) to the corresponding equation derived for the pairing interaction from 
(9.24), so that all the properties of the BCS solution derived earlier hold for 
the present case as well. 

We thus find that a general interaction leads to results similar to those of a 
pairing interaction if the single-particle states are determined in a self-con- 
sistent manner in the sense of (12.9) or (12.10), provided the terms in A’ 
can be treated as a small perturbation, and if the resulting values of U; and 
V,, are such that |U,Uy — ViVi | «K 1. 

Our discussion of the BCS solution has been very general. We did not specify 
the symmetry of the single-particle potential (except for being invariant under 
time reversal ), nor did we limit ourselves to any particular interaction. Thus 
it holds equally well for systems with spherical symmetry or axial symmetry. 
Most treatments of many-particle systems with mutual interactions aim at 
reducing the problem to that of some equivalent noninteracting entities, 
since then we know how to solve the problem. The Hartree-Fock approach 
does it by inducing the bulk of the correlations among the interacting particles 
through an outside effective single-particle potential that holds the noninter- 
acting particles together. The BCS-method goes further than that by shifting 
most of the pairing part of the interaction into the single-particle parameters 
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of the problem, at the cost, however, of giving up the conservation of the 
number of particles. The great value of taking this pairing part of the inter- 
action so seriously stems from the fact that the nonpairing part is taken care 
of, to a large extent, by the self-consistency requirement as was stressed in the 
discussion above, and the generality of this result makes it all the more 
attractive. 

The pairing part of the interaction v,_:,,-_.., when k now stands for the 
linear momentum of plane waves, turns out not to be too sensitive to the rela- 
tive direction of k and k’; what is contributed by the direct integral when k is 
parallel to k’ is taken over by the exchange integral when k is antiparallel to 
k’. In fact it is not uncommon to approximate the pairing part of the inter- 
action by the expression 


>» Vie—k,k! —h' AA" py _y’ = —G »; ala’ ,aya_y (12.12) 
k’k/>0 

In this case the scattering of a pair (k’, —k’) is entirely isotropic [equal 
amplitudes to all final directions (k, —k)]. This is a feature of a short range 
potential, and one therefore often refers to the pairing part of the interaction 
as the one responsible for the short range properties of the full interaction. 
Consequently, the nonpairing part is the part that is responsible for the long 
range properties of the full interaction. Since it is the nonpairing part that is 
taken care of by the self-consistent Hartree-Fock potential, it is often referred 
to as the field-producing part of the interaction. The pairing part, on the other 
hand, is the correlation part of the interaction. 

The field producing, or long range, part of the interaction, in determining 
the features of the Hartree-Fock potential also determines the collective 
oscillations of the system as discussed previously. The pairing part is then of 
critical importance in determining the inertial parameters of these collective 
oscillations, since the flow pattern of the particles during these oscillations is 
greatly affected by their short range correlations. In this way the various parts 
of the interparticle interaction are seen to affect different properties of the 
many-nucleon system. In the next section we shall see another useful way of 
looking at these results. 

A very direct consequence of the pairing appears in (p, ¢) and (ft, p) reac- 
tions in which pairs of neutrons primarily in a relative 'S> state are trans- 
ferred. These reactions are enhanced when the transitions are between super- 
conducting states as exist, for example, among the tin isotopes. This phenome- 
non will be discussed more completely in Vol. II. 


13. PERTURBATION TREATMENT OF THE MANY-FERMION 
SYSTEM 


The Hartree—Fock—Bogoljubov method for the handling of the many-fermion 
system is nonperturbative in its nature. Even if the interaction among the 
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particles is small compared to characteristic frequencies of the system, that 
part of the interaction which is taken into account in deriving the BCS ground 
state does not allow a power-series expansion of the ground-state energy in 
powers of the interaction. This was clearly demonstrated in (10.11), where the 
energy gap Ay was shown to be proportional to (sinh D/G) with G being the 
strength of the two-body interaction. 

However the Hartree—Fock—Bogoljubov method does not take account of 
the whole of the two-body interaction in the Hamiltonian. There is a remaining 
term H’ in the Hamiltonian that cannot be brought to a form which commutes 
with either the particle or the quasi-particle number operator, and that is 
neglected in the independent quasi-particle approximation. Such terms, gen- 
erally referred to as residual interactions, can be taken into account using 
perturbation theory. We described some simple applications of residual- 
interaction perturbation theory in the chapters on the shell model; here we 
want to expand on the theory somewhat, introducing some of the more general 
features that derive from it. 

The problem can be formulated in the following way: given a Hamiltonian 
H = H,+ Vin which Ap isa single-particle (or single quasi-particle ) operator 
and V is a two-body operator, we want to write down expressions for the 
ground-state wave function and energy in terms of a power series in V. Further- 
more, in this power series we want to identify special terms that can be formally 
summed up without specifying the interaction, so that the actual task of 
carrying out explicit numerical summations for specific interactions can be 
limited to a smaller number of terms. 

Formally a power-series expansion of the eigenfunctions and eigenvalues 
is easy to write down. Let 


HY, = EW, (13.1) 
and 

Hyp@o = eoPo (13.2) 
We shall assume that the solution WV» “belongs”’ to ®y in the sense that 

Vo — Bo as V—O0O (13.3 ) 
and (W|®)) # 0 
From (13.1) we obtain 
E(®o|VYo) = (Bol Vo) = (Bo| (Ho + V)%o) = €0(Bo| Vo) + (B0| Vo) 


Hence, since (@9|W%o) # 0, the energy shift due to the interaction V is given 
by: 


_ (€o| V¥o) 


AE= E-—- «= 13.4 
= (So| Wo) ae 
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To obtain Wo, we note that because of (13.3) we can normalize it so that 
(@o|Wo) = 1. It can then be verified directly that 


Qo 
E- A 
satisfies (13.1). Here Qo is a projection operator that projects on the space 
orthogonal to o, that is, for any function f 


Qf =f — Bo(olf) (13.6) 
Equation 13.5 can be iterated to yield 


WV, =|1 a SD (2a a &, = » (2) | Bo (13.7) 


Provided the sum in (13.7) converges, we have thereby obtained an expansion 
of WY, in terms of powers of V. Similarly, (13.4) yields, using (13.7): 


AE = (@,| x v( Oot y" | Bo) (13.8) 


n=0 | Ay 


Equations 13.7 and 13.8, known as the Wigner—Brillouin expansion, do not 
constitute an explicit solution of our problem since the exact energy E appears 
in the power expansion. Yet, if the series is summed to any finite order it is 
possible, in principle, to extract E from (13.8) and obtain thereby also an 
approximate expression for Wo to the same order. 

Despite its simple structure, the Wigner—Brillouin series is not always useful 
for large systems. To see the origin of some of the difficulties we shall estimate 
the order of magnitude of its various terms. We shall consider infinitely large 
systems of volume 2 with a constant nucleon density p = (A/Q). For these 
systems the appropriate individual-particle orbitals are plane waves. The 
state |@,)) is an antisymmetrized product of plane waves (see Chapter III). 
Thus in the term of lowest order 


aie 
AE, = (®0|V|%o) = 5 Ly dilvli/) 


|ij) is a two-particle state in which the first particle is in plane-wave state with 
momentum k; the second in a state with momentum k;. Here 


V = (1/2) D) wi) 
WF) 


and the matrix element includes the exchange term. The summation is ex- 
tended over all occupied states i and /. If the strength of the two-body potential 
is denoted by vo and its range by b, AF, is given by 


A(A = 1), BF 


AE, = 
* p. Q 


(13.9) 
Here A is the number of particles in the system. Introducing the density of 
nucleons p we see that 

AE, = vob°0(pA ) (13.10) 
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where 0(pA ) is a quantity of order pA. 


If we go now to the next term in (13.8) we obtain 


_ Qo 1 (ij| v| mn ) (mn | v| i) 
AE, = (€o|V ——~—_ V|&) = r » ae ae (13.11) 


4Jsmn 
where the summation over (m, 7) is restricted to states orthogonal to ®po. 
Because v is invariant with respect to translations, the state (m, n) is further 
restricted by the requirement that k,, + k, = k; + k;. For given momenta 
k; and k; the summation over k,, and k, therefore represents only a single 
sum over an independent variable; since summation over k can be replaced 
by the integral (Q/ (27)? [6° dk, we see that there will be roughly (47/3)- 
[Qky3/ (27 )?] terms in (13.11) for each pair (ij). Here ko is some effective 
upper limit on the momentum integral. If we set ky) = kp, then (41/3 )OQK,? = 
Qo = A. Normally ky will be larger than ky and, at any rate, it depends on the 
interaction, whereas ky depends on the density of the system. The energy 
denominator is of order of magnitude 


E — e(m,n) = [e(i) + e(j)] — [e(@m) + e(2)] + AE = 0(pA Job} 


since already to first order AE, ~ vob*0(pA ). Thus we find that the order of 
magnitude of AE, is 


= Of Hy 
AES = Oe 2 a =) ee 


It can be verified that this is also the order of magnitude of each one of the 
next terms. We have to add up corrections AE, up to the n = A order to ob- 
tain a total correction of order A, comparable to A£,. For large values of A 
the Wigner-Brillouin series, therefore, converges very slowly, and is conse- 
quently of little practical value. 

Another expansion in powers of V is offered by the Rayleigh-Schrodinger 
series. To make this expansion more transparent we call the interaction now 
\V where Xd is a small number and we expand both E and y in powers of X: 


E 669 + eM) + \%e2) 4+ .., (13.13 ) 
Vo (1 + AU; + NUL +... )Bo (13.14) 


where the U’s are operators operating on ®o. In the equation (Hp + AV)W = 
EW, one now equates equal powers of \, obtaining the following relations 


(9) => (Bo | HoPo ) 
(1) — (Bo | Vbo) 


; = vob%0 (ko?) (13.12) 


Qo 
2) = (@,| V ——— V® 
€ ( a | E, — Ah 0) 


= (eV  (V = (Bal V8) = v0) (13.15) 


— 
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Equations 13.15 differ in two important ways from the corresponding terms 
in the Wigner—Brillouin series: 


(1) The energy denominators involve now only zeroth-order energy 
differences, and are therefore of order er, which, being the order of magnitude 
of the average single-particle energy, is very closely equal to pyvob%. 


(ii) The structure of the terms of higher order becomes very complicated. 
Thus the third-order term consists of a part that looks like the product of 
first-order and second-order corrections (with an extra energy denominator ). 
Because of the first point we now find that each term is at least of order of 
magnitude pA, but because of the second point we find, for instance, that 


<) = 0(pA) + 0(p?A?) (13.16) 


A term in the energy of order p*A? leads to an energy per particle propor- 
tional to p24, which increases indefinitely with the number of particles. For a 
system of a constant density and with finite-range interactions this result 
cannot be possibly true. A deeper inspection of the various terms in the Ray- 
leigh—Schroédinger series does, indeed, reveal that terms in « that are not of 
order pA are cancelled by similar terms in e‘”, so that the total energy remains 
of order pA as expected. However the fact that some terms in the nth approxi- 
mation are cancelled by terms of the mth order approximation makes it hard 
to stop the series at any one place. We shall therefore explore now methods 
that enable us to overcome this difficulty. 


14. THE LINKED-CLUSTER EXPANSION* 


Let us introduce the operator U(8) defined by 
U(6) = exp (6H) exp (—8H) (14.1) 


If WY, are the eigenstates of the full Hamiltonian and ©» is the ground state of 
Ho, we have, using (13.1) and (13.2): 


(@)|U(B)®o) = Dd) (Go| exp (6Ho)¥,)(¥,,| exp (—BH)®) 


= >> exp [Be — En)]| (®o|¥n)|? (14.2) 


n 


where €o is the lowest eigenvalue of Ho, and E, are the eigenvalues of H, with 


*Goldstone (57), Hugenholtz (57), Hubbard (57), Coester (58), Bloch (58), 
and Bloch and Horowitz (58). 
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E, the lowest among them. It follows from (14.2) that for large values of 8 
one term will dominate the sum: 


lim (®)|U(8)%o) = exp [B(€0 — Eo)]| (Go| ¥o)|? (14.3 ) 


B— 00 
Normalizing (#)|%.) = 1, it follows that 
i 
B— 00 


To evaluate (@,|U(6)®.) we use Dyson’s expansion* to write 
U(B) = exp (6H) exp [—B(Ho + V)] 


B B B2 
ae) ie [cx (6:Ho)V exp (—BiA0) dB, + [oa | dB, 
0 0 
xX [exp (62H.)V exp (—62fo) ][exp (6:H0)V exp (—6i:1Ho)] — +... 


oO (—1) B B . 
=) nl [ _: / T[V (Br )V (Bn-1i)...- V(6i)] db... dB, (14.5) 


*Dyson's expansion is obtained by examining the differential equation for 
U(8). Differentiating (14.1) with respect to 6 yields 


— = e6Ho (—V)e-BH = —eSHo Ve-fHo YU 
dp 
or 


where 
V(s) = ef Ho Ve-BHo 


Integrating the differential equation yields an integral equation for U({): 


B 
U(s) = 1 -| V(6i)U(8;) dB, 
0 


The Dyson expansion is obtained by solving this equation by iteration. After 
two iterations 


B B Bi 
U(g)~ 1 — / V(8i) dé; + | dB, vie | dB. V(B>) 
0 0 0 


°B 1 B B 
= ] -| V(61) dB, + = | ao [ dBe {V(81) Vi62) (8: — Be) 
0 2 0 0 
+ V(B2) V(6;) (82 — Bi)} --- 


1 g>o0 
“=| 


0 B<0O 


where 


This is just (14.7). 
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where 


V(B) = exp (BHo)V exp (—BAb) (14.6) 


and the symbol 7[ ] implies that the operators within the square brackets 
should always be taken in descending order of 6’s: Bn > Bri >..-.> Bi, 
(time-ordered product ). Thus, the term with n = 2, for instance, will be 


6 Ba B1 
i aps [ qB1V (B2)V (Br) + | a i dB.V (GV (Bs), etc. (14.7) 


In taking the ground-state matrix element of U(@) as required in (14.4) 
the different terms in the sum (14.5) will make contributions of different 
powers of V. The second-order term (14.7), for instance, will have one con- 
tribution of the form 


(Bo|V(B2)V (Bi) Bo) = DY (Bol V(B2)Bn)(Bn|V(B1)®o) (14.8) 


n 


We shall now assume V to be a sum of two-body interactions and put it equal 
to 


l 
V= 5 De Werke bi ky Dh Akg A vgn, (14.9 ) 


In (14.9) the matrix element w:,n.,4,%; does not include the exchange term, 
that is, it is given by 


aes | $8, (1)$%,(2)v(12)$ui (1 bei (2) d(1) dQ) (14.10) 


The reason for this choice will become clear as the discussion below proceeds. 
It is, of course, clear that the total sum in (14.9) includes, effectively, also 
the exchange terms because of the anticommutation relations satisfied by the 
a’s. With (14.9) and the convention that ij... are labels of states occupied 
in ©) while m,n... are unoccupied, we see that the matrix element 


can give rise to the following matrix elements of v: 
If 6, = ®) we have elements of the type w;;,:; and wij, ;:. 


If , + yo we have elements of the type Wmn,ij, Win,ij, Wmi,ij- 
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We further note that because of the definition (14.6) of V(@), every matrix 
element Weiko,k%,k, Will be accompanied by. the factor exp B[(e. + €%)— 
(ex; + €x,)]. The second-order term (14.8) will then lead to the following 
contributions from the ()|V@o)(®o| Vo) term: 

1 


1 1 
4 >; Wit pap Wig ig r= Wir gr argeWe,ag H 4 » War gt fit W 50,09 


1 
— = > wag jrewizc3 (14.11) 
A 


The other terms in (14.8) will contribute 


l 
—exp [(B2 — Bi) (Ee; — em) ]( » W3'5,i'mWim,ig — » W3'5,i!mWmi,is 


4 
ae 2 W ji,imWirm,itg + >» Wji,imWmi, ig) (14.12) 
and 
1 
rem (Wij ,mnWmn ij — Wij,mnWnm,ij + W ji,nmWmn ij os W ji,mnWmn,is) 


- exp [(B2 — Bi)(ex + €3 — €m — en)] (14.13) 


It is convenient to describe such matrix elements graphically using the 
Goldstone diagrams. To this end we denote an interaction by a broken line 
wnn-=- . Two solid lines, representing the initial and final state of a nucleon, 
meet at each of the end points of a broken line. We further adopt the conven- 
tion that an arrow pointing away from the point of interaction represents a 
particle in a given state, whereas an arrow pointing toward the point of inter- 
action represents a hole in a given occupied state. Thus the graph 


B 
B, fee = ee a 


stands for 
< {Wis,maWmn ii exp [(B2 a B1 ) Ce: Tj Ex — én) | 


since at the lower interaction line (for 8 = £,) it indicates that a hole was 
created. in the state i, the particle being excited to the state m and another 
hole was created in the state 7, the particle being excited to the state n. At the 
upper interaction line, that is, for @ = B, a hole is created in the state m re- 
filling the state i, and similarly the particle in m jumps back to /. The exponential 
factor that goes with each interaction is determined as follows: it involves 
the 6-factor appropriate to this interaction (6), Be, ..., in ascending order) a 


580 MULTINUCLEON SYSTEMS 


factor exp (Ge, ) for each particle line and exp (—8e,) for each hole line that 
meet at this interaction. 


The term wW';,itmWim,ij EXP [(B2 — Bi)(€; — €m)] is given by the graph.* 


Ao Ou 
b {_)------ 


At 8 = 6, a hole is created in j (line coming down from above the dotted line ) 
and in i (line coming up from below the dotted line ), and a particle is created 
in m and in i (lines going up above the dotted line ). etc. 

The term w;;,;; looks like 


whereas the exchange term w,;,;; looks like 


j 


eee 


c 


The second order term 4 Wz: + ;-Wij,ij looks like 


Ht O-—-O' 


and is an example of an unlinked diagram. 

The rules for establishing the connection between a graph and its corre- 
sponding matrix element should be augmented by giving its sign. We shall 
not prove here which sign goes with which graph [see Thouless (61)] but 
just summarize the rules for reading these graphs: 


1. For each interaction line write down a factor (1/2 Wijk. xix, Where ky 
and ky are the lines leaving the interaction line from left and right, respectively, 


*Note that a particle that does not change its state during the interaction is 
represented by a circle: it leaves the interaction line and comes back fo it in the 
same state. 
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while k, and k, are the lines entering the interaction line from left and right, 
respectively. 


2. Write the exponential factors for each interaction line with its ap- 
propriate 6 multiplying the energies of the particles and holes that meet at 
this interaction line; lines leaving the interaction line come with a positive 
sign, those entering the interaction line come with a negative sign. For in- 


stance the diagram 
"\ An avs 
n I 


will have associated with it the factor 
SWr''m ni exp [6B (én ++ Em — En — e;) | 


the diagram 


will be associated with 
{3Win,mi exp [6i(¢: + €2 — €m — ej) ]} 

- {3wargr erg EXP [Boer + €3° — € — €;7)]} 
etc. 


3. Count the number of closed fermion loops L and the number of hole 
lines H in the graph, and multiply the result of the previous step by (—1)#t4. 


4. In evaluating U(8) integrate over the 6’s keeping their order in the 
diagram and sum over all particle and hole indices. 


We shall now prove an important theorem: if a graph has two unlinked parts, 
then the sum of all the relative orientations of these two graphs is given by 
the product of the two linked graphs taken each one for itself. 

To prove this theorem we shall look first in detail into a concrete example— 
that of a fourth-order graph consisting of two linked graphs, unlinked to 


each other— 
Cos eee io m, Ns Io 
| (} | (14.14) 
fy m, Nn, | | nn © en 
| By 
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The contribution from this graph to (®,)|U(@)®o) is: 


B B4 83 Bo 1 
AU (1) ce | as. | dps [ ab. | dp, > 16 
0 0 0 0 41J1M1 


N1,12j2mo2n2 


X {exp (Bs€0)Wisie,mang EXP (—BsAz) exp (B32 Wiz i min 
x exp [—Bs(Az + A1)] exp [B2(Az + Ar) Weng, ioie EXP (—B2A1) 
X exp (B1A1 )Wnynisirir EXP (—Bieo)} (14.15) 
where 
Ai = [e(7m) + e(m) — eG) — €(/)], 
Az = [e(%m2) + €(M2) — €(i2) — €(j2)] (14.16) 


Another graph that can be obtained by changing the relative orientation 
of the two unlinked graphs in (14.14) is 


eee B, 
By 
{ms “(Yi in| hm, 1 Viz (14.17) 
8B, 0 

. B, 


Its contribution to AU is given by 


B B4 3 B2 | 
AU (II) ad | as. | as, | as, | dB, » 16 
0 0 0 0 WJLM1N1,1272M2N2 


x exp (B4€0 Wingo. mans exp (—BsA2) exp (B3A2 \WirGicininhs 
xX exp [—Bs(A2 + A1)] exp [B2(A2 + Ar) Wainy ,ir9, EXP (—B2dA2) 
X Exp (BAe )Wmons,iet2 EXP (—Bieo) (14.18) 


We see that the matrix elements that are involved in (1) and (II) are the 
same, and the only difference between the contribution of these two graphs 
comes from the range of the integration of the exponential factors. For graph 
(1) these factors can be written as 


AU (I) | texp [—Bs(A2 — €9)] exp [B2(A2 — €9)] exp (+ Bae )} 
xX {exp [—Bs(Ai — €0)] exp [6i(Ai — €0) J] exp (—Bse0)} 


= | dB. dB; dB. dB, exp [— (81 — B2)Ae]exp [— (6s — Bi) di] 


8>B1>83 >B2 >f1 >0 
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where we have put e) = 0. 


Similarly for graph (II) we obtain 


AU (II) | a dB; dB. dB, exp [— (61 — Bi )Ae]exp [— (Bs — Be)Ar] 


8>68s1>83>B2>B1 >0 


= | a. dB3 dB. dB, exp [— (64 — B2)Aclexp [— (63 — 6i)A1] 
8>81>B3>f1 >B2 >0 


(note change of integration variables in second step ). 
Thus the sum AU(1) + AU(II) involves the 8-integrations subject only to 
the restrictions B > B, > 83 > (@1, B2) > O where #8; and B2 are no longer 
restricted to be larger or smaller with respect to each other. 

If one takes all possible relative orientation of these two parts of the graph, 
we shall always have the same matrix elements showing up, and the sum of all 
the B-integrations would yield: 


De AU(i) = | dB. dB; dBz. dB, exp [— (G1 — Be)Aejexp [— (Bs — Bi)Ai] 
i= JI, Il B> 6s > Bo >O 
B> Bs > Bi > 0 


Since the sum over the indices i, j,77 is independent of that over the indices 
ic JoMeN2, we See that the contribution to U from adding up all the contributions 
from the relative positions of the two unlinked parts is just the product of the 
contributions from each one of the linked parts of the graph. There is just 
one additional factor to be taken into account in the particular case we are 
considering. If, for example, we take the product of the two linked graphs, we 
shall be counting the two contributions 


0-0 ()() ~ ()() oo 


as different. Since the two linked parts of the total graph are topologically 
identical, we must divide their product by 2 in order to obtain the contribu- 
tion of the 4th-order factorizable graph to AE. We thus obtain for the contribu- 
tion of the 4th-order graphs 


-—" » gpl) . a ) ( 
the expressions 


l B B2 l 2 
AU = 5 | > | as, | dB, exp [— (62 — BAY) mel 
tjmn 0 0 
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It is now easy to convince ourselves that if we have a graph consisting of nm 
unlinked parts of topological type T', each one of which by itself being linked, 
nN, Of type T...., mz, of type —T,, then the total contribution to AU, from all 
their relative positions, will be given by 


| 
AU = ————_—__T."T,™... T,.# 14.19 
milnol...mloo . ( ) 


where I; refers to, the integrals and sums that are implied by the linked 
graph of topological type I,. 

A remark should be added here about the choice of Wire x19” to be the non- 
antisymmetric matrix elements of v(ij). If we take, for instance graph II, 
(14.17), and if the indices j; and ig are summed independently (which is essen- 
tial if we are to write this term as a product of two terms ), then they include 
also the terms in which j, = ig = i. 


ee 
,,___iN}m mf) VR? ah Vis (14.20) 


Strictly speaking such a term should have not been included since it violates 
the Pauli principle; in fact it says that the particle in the state i was annihilated 
by the interaction V(6,) and again by V(@.). Our prescription for reading 
graphs does not, however, make this graph vanish! This apparent shortcoming 
is rectified when we take all] graphs into account, because among them we 
shall also find the graph 


i DX | a {| io (14.21) 


Graph (14.21) contributes exactly the same matrix elements and exponential 
factors to AE as the graph (14.20); since, however, it has only three fermion 
loops, as against the four loops in graph (14.20) its sign will be reversed. 
Counting both of them, therefore, brings our result into agreement with the 
Pauli principle. It is worthwhile to note that while graph (14.20) is unlinked, 
(14.21 ) is linked. 

If we introduce now (14.5) into (14.4), we obtain the energy shift AZ in 
terms of an*infinite sum of integrals of products of V(@)’s: 


(1) 


n! 


B B 
AE = tim 5 In (| | T[V (Bn)... V(B:)]dBr. . .dBn| #0) 
B—oo 0 0 


(14.22) 
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When we assign graphs to the various terms, we see that every conceivable 
graph is realized by one of the terms. Taking into account (14.19) we obtain 
then 


AE = ~tim sin} 


1 
Ty 1972... rin 
B—»00 . 


Ny'nNo! .. ny 


. ol 
SN Nek ADS retain aioe e se)} 


B—00 


_ ie oF 
B—»00 : 0 0 


(14.23) 


Here the index L at the end of the last matrix element in (14.23) indicates 
that in evaluating this matrix element only linked graphs are to be taken. 

Although superficially (14.22) and (14.23) resemble each other, we should 
realize that they are very different. In (14.22) we have the logarithm of an 
expression involving all possible topological types of graph, whereas in 
(14.23 ) there is no logarithm, and the class of graphs over which this expres- 
sion is to be summed is greatly reduced. 

We can now write (14.23) in a slightly more familiar form. To this end we 
note that: 


(—1) B B 
(| —" | PTB). VBI. dB Bo) 


B Bn Be 
es (-1 | as, | AByu1. | dBi (Po| exp (Breo)V 
0 0 0 


xX exp [— (Bn — Bn)Ho lV exp [— (Br — Br—2) Ho] 
x ...exp [— (62 — B1)Ho]V exp (—Breo)|Bo)z 


B B2 
= (1 | dB, . . [ dB, (®o|V exp [—f.(Ho — 0) V 


>. exp [—fn-1( Ao = €o) | ~. - OXp [—¢2(Ao — €o) JV | d0)z (14.24) 


where we have introduced ¢; = 6, — (6x1. Since in each integration dB,, B; 
changes from 0 < 6, < Bx41, and since we are interested in the limit B > o, 
we see that we can change our variables from 8:82... Bn to Bi, fo,..., fn, and 
let each one of them go from 0 to ~ as @ goes to infinity. Furthermore we 
note that since ®p is the ground state, and since we should consider only 
linked graphs in (14.24), all intermediate states will be above ©o. It follows 
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that exp [—¢.(Ho — €0)]in (14.24) has effectively a negative, nonvanishing 
exponential. We thus obtain for (14.24), carrying out the integrations on 
Bi(O < Bi < 8) and ¢,(0 < Ck < © ): 


1 1 1 
—1)"8B(d,| V ———_ V —"—__.... . — ——_- J [® 
(—1)"B (| a ae Hn V|®o)1 


] y 1 
€>5 — Ho «— —-H o—Mh 


= — B(®|V V|®o)x (14.25) 


where the factor 8 comes from the integration d@, (for which there is no expo- 
nential factor). Introducing (14.25) into (14.23) we obtain finally 


AE = (&|V >> ( v) | Bo)z (14.26 ) 
n=0 \€O — Hi 0 

Equation 14.26, which is an exact expression, is known as Goldstone’s linked 
cluster expansion [Goldstone (57) ]. It resembles the Wigner—Brillouin series, 
except for the fact that it has the unperturbed ground-state energy ¢) in the 
denominator, rather than the exact energy E); in addition it represents a very 
important simplification over the Wigner-—Brillouin series in that (14.26) in- 
volves the summation over linked graphs only. 

It is easy to show that a linked graph is always of order A, either pA, or 
p’A etc. In going over to the linked graphs we have thus also automatically 
gotten rid of the difficulty in the Rayleigh—Schrodinger series, which, it will 
be recalled, has terms of order A?, A, etc. cancelling each other in different 
orders of perturbation theory. 

We can now look for. approximations to AE by limiting ourselves to a sub- 
set of linked graphs that can be summed explicitly. Rather than do this we 
shall now show how some of the approximations we studied before are formu- 
lated in terms of the linked-cluster expansion (14.26). 


15. THE BETHE-GOLDSTONE EQUATION 


Consider the series of linked graphs given by a sequence of interactions be- 
tween ascending particle lines: 


They correspond to a situation in which a pair of particles ij are excited from 
the ground state into the unoccupied state (m, n), then scatter again into the 
unoccupied state (m’, n’), and then again to (m’’n’’) etc., until after several 
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such scatterings they fall back into the original state ij. To the graphs in (15.1) 
we can add the antisymmetric part in ij, that is, graphs like 


j —~— ee 


| “| >< }s - = (15.2) 


1 


We can easily write down the contribution to AE of the graph (15.1) and 
(15.2), which for obvious reasons are called ladder graphs: 


] l l l 

us Se ok = ie 9 i 

AE ia = 5 2X v(ij, ij) + ge PG OS dee ee a ee 
2 SS a ee 
ig,mn,m! nl us Ci = €j — €m' — €En! : ex a €j — €m — €n 
x v(mn, ij) +... (15.3) 


where the rules for the structure of the energy denominators are obviously 
the same as those for the exponentials (see preceding section). In (15.3) 
v(kike, k3k,) are the antisymmetric matrix elements 


v(Kike, ksks) = Whyko,kgk4 — Whyko,bakg (15.4) 


We can define now a matrix G, also called the reaction matrix, by the following 
integral equation for its matrix. elements: 


(kl| Gli) = v(Kl, i) + 5X v(kL, mn) 


—— > (mn| Gif) (15.5) 


Here the states k] can be either occupied or unoccupied, whereas (ij) are 
limited to occupied states and (mn) to unoccupied states. An iteration of 
(15.5) shows immediately that with the help of this G-matrix it is possible to 
write AFj,a, (15.3), as the expectation value of G: 


] 
AF isa = p> (ij|G|ij) (15.6) 
ig 


where in (15.6) the summation extends over all occupied states. 

Equation 15.5 is a “two-body” equation, and its solution, as we have just 
shown, is equivalent to a summation over all ladder graphs in the many-body 
system. 

Actually we can write (15.5) in a more familiar form. Introducing the 
projection operator Q, that projects out of the Fermi sea the states occupied 
in ®o, we see that (15.5) is equivalent to the operator equation 


Or 
€9 — Ay 


G=y+y G (15.7) 
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[Note that in (15.5) we have (1/2) >) m.» Since the summation over m and n 
is independent; in the operator equation (15.7) repetition of mn and nm does 
not occur and, hence, the omission of the factor (1/2) ]. 

If @(i) satisfies the equation 


(eo — My) o(ij) = 0 
then 


Or r 
a e)ow) ase) 


vj) = v'G¢(ij) = (1 ae 


€o — 
satisfies the equation 


(€9 — Hy (ij) = [(¢ — Ho) + OrG j¢ (i) = 0OrG¢(ij) a Orw (ij) 


or 
(Ho + Orv Wy) = eW(/) (15.9) 
Furthermore from (15.8) it follows that 
(oly) = 1 (15.10) 
We can show that 
¥G)—>¢@Y) when |ri—r;|—> & (15.11) 


Equation 15.11 results from the observation that all components of y(i/) 
other than ¢(ij) belong to energies different from ¢); y(ij) cannot therefore 
manifest any phase shift at infinity and must coincide with ¢(i/). - 

Equation 15.9, which is completely equivalent to (15.7), has the form of a 
Schrédinger equation. We thus see that the solution of the Bethe—Goldstone 
equation as formulated in Section III.6 is equivalent to the summation of the 
ladder graphs in the linked-cluster expansion for the energy (14.26). Rather 
than carry out the infinite sums of the ladder graphs we can, therefore, solve 
the differential equation (15.9) subject to the normalization (15.10) and, 
having found the solutions y (ij) evaluate the corresponding corrections to 
the energy through (15.6), that is, 


1 1 
AE isa = <> (6:3|Goi3) = > (bi3| Wis) (15.12) 
1,9 


16. THE HARTREE-FOCK POTENTIAL; THE SELF-CONSISTENT 
METHOD FOR THE G-MATRIX 


Let us consider the second-order graph 


{}m if} ; (16.1) 
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Together with it we shall now consider the series of graphs 


oO 7 2 . uo © 
i mj -— i] 1 mf n etc. 
(eo iO (} Sen OL (16.2) 


(a) (b) 
as well as the corresponding exchange graphs 


(16.3) 


We note that these graphs are characterized by the particle line 1 being in- 
terrupted by successive interaction with one of the particles in the occupied 
states, without, however, exciting these other particles. Also the particle in 
the n-state is not scattered into another state during its interaction with the 
j'-particle, so that the energy denominators in the linked-cluster expansion 
become particularly simple. In fact, we see that for each interaction line with a 
j’-particle for example, (16.2a) contributes to the basic graph (16.1) a factor 


1 
—__———— }) vw(nj’, nj’) = A(ij, nm) (16.4) 
€; + €3 — Em — Ex jl 
where the summation over j’ affects the interaction v only. Since successive 
graphs with more interactions with j’-particles involve higher powers of 
A (ij, nm) as given by (16.4), we see that we can sum up this geometrical 
series, obtaining for the graph (16.1) and its “satellites” (16.2) and (16.3): 
I 3 ( dui V(nj’, nj’) ) 


AE’ = v(mn, ij)|? 
2, |v(mn, if)|? — aaa aa 


1 
= 2 |v(na, if) |? — (16.5) 


j! 


The sum of all these particular diagrams has thus the effect of redefining 
single-particle energies: en — €. + >; v(nj’, nj’), and it is easy to see that 
each one of the e’s in (16.5) will turn into an e¢, > e, + >>» v(kj’, kj’) if we 
allow its corresponding line to interact with j’-particles. 

The sum of the geometrical series in (16.5) converges to its expression on 
the right-hand side of this equation only if >), v(nj’, nj’) < [e: + e; — 
Em — €n]. If this relation is not satisfied, it is still possible for the complete 
linked-cluster expansion, (14.26), to converge. In any event it is clear from 
(16.5) that it will pay to redefine the single-particle energies by introducing 
an additional central potential U = >> Uj,-ala,-, such that the single-particle 
energies 7; in this central potential satisfy 


ne = & + >. v(kj’, kj’) (16.6) 
jl 
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Comparison with (2.21) now shows that if the single-particle states |k) are 
chosen to be the states in the potential U, this potential automatically becomes 
the Hartree-Fock self-consistent potential. 

The situation can now be described formally as follows: we go from the 
Hamiltonian Hy + V to the Hamiltonian (H) + U) + (V — U) where U is 
a single-body operator. We take our single-particle states to be those of 


HA, = A+ U (16.7 ) 
With these states, and with 
V’=V-—U (16.8 ) 


as our new perturbation, we can associate with each diagram of the type 
(16.2) or (16.3) a corresponding diagram of the type 


a eR oer eee : hee 2 
‘ m i{ Ym , {}s i ker , etc. (16.9) 


—=x 

where } stands for a single-particle scattering through the potential U 
in (16.8). If the potential U is chosen self-consistently, that is, if the eigen- 
values », of Hy’ in (16.7) satisfy (2.21): 


exe + D> v(kj’, ky’) = ne Sux 
jl 


then the graphs (16.9) will just cancel the graphs (16.2) and (16.3). Effec- 
tively, therefore, if we choose our states self-consistently we can forget about 
all the graphs (16.2), (16.3), and (16.9). 

We see here again a case in which a whole class of graphs can be taken into 
account by a proper choice of the single-particle states. The convenience of 
working with graphs in the identification of various terms in the perturbation 
series is thus clearly manifested. But it should be stressed that these considera- 
tions are only valid when the convergence properties of the linked-cluster 
expansion is not affected by changes in the order of summation. If this is not 
true, special care must be exercised in performing partial infinite sums. 

The concept of self-consistent field can now be extended to include also the 
graphs represented by the G-matrix. Thus we consider the series of graphs in 
which a particle line n appears with the following ladder “‘satellites’’: 


to | [8 | iat te, ~Ss(16.10) 
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It is obviously possible to introduce a single-particle potential U whose 
matrix elements are just the sum of all the graphs in (16.10). Furthermore 
we can extend this potential also to occupied states by requiring that its matrix 
elements in these states be given by the sum of 


Io YY A X}-) . we (16.11) 


We notice that the ladders of interactions are between up-going lines, both 
in (16.10) and in (16.11 ), like in the graphs that led to the G-matrix. In fact 
it is not difficult to convince ourselves that the potential that should be used 
to replace these graphs is given by 

Une = >, (ki|G|k’i) (16.12) 
The derivation of the self-consistent potential is now slightly more complex: 


one starts with a set of single-particle wave functions (i.e., an Hy) and solves 
the G-matrix equation (15.7) 


Or 
aye 


G=v+p G (16.13 ) 
Having solved this equation one constructs the potential U;, and solves the 
Schrodinger equation for the Hamiltonian 


Hy! = Hy + U 


With the new single-particle wave functions one enters again (15.7) to obtain 
new matrix elements for G, and so on until the whole thing converges. The 
single-particle energies in this G-self-consistent potential include then correc- 
tions to the ordinary ladder approximation that look like 


\ fo -() Ja. FoRo: « 


Actually the description given here of the G-self consistent potential is mis- 
leading in its apparent simplicity. If we look back at (15.5) we notice that the 
definition of the reaction matrix G is intimately connected with a specific choice 
of two states i and /, since the energy denominator contains w = e; + €; ex- 
plicitly. Thus, a G-matrix is really a function of the energy w and we should 
write it as G(w). When we want to replace a series of diagrams by a single- 
particle potential, like in (16.12), the question is immediately raised: which 
value of w do we have to take for Gjw) in (16.12)? 
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Consider, for instance, the following set of diagrams 


B, . Se fia 
“t) ( (K}-—-f (16.14) 
-—-—— A 


(a) (b) 

All these diagrams consist of a pair of particle-hole states (p, j) and (q, k) 
created at 6; and annihilated at 62. However, in between another pair 6fpar- 
ticle-hole states, (nj) and (mi) are created at B4 > (1, and the two particles 
n and m are allowed to interact any number of times via the ascending ladders, 
until they annihilate the holes in j and i at Bg < Be. (Note, incidentally, that 
two holes exist in j simultaneously; this is due to our disregard for the Pauli 
principle ). 

We may want to replace those interactions by modifying the single-particle 
potential using (16.12). However if we take diagram (a), for instance, the 
exponential 8-factor or equivalently, the energy denominator after the second 
interaction 1s 


—€y— 6 — €y — ‘ea + en + Ze; + 
= [(e; + 67) + (ex + €) — & — €g)] — Em — & (16.15) 


Normally, if we were to compute the G-matrix from (16.13) disregarding 
the other particles, the energy denominator would have been (see Eq. 16.4) 


€i + €j — Em — En (16.16 ) 


B, 


The G-matrix computed with just the initial or final energies as in (16.16) is 
said to be computed on the energy shell. In the graphs (16.14) we need to 
compute G(w’ ) where w’ = e; + €; + (ex + €; ~— €p — €,), and G(w’ ) is then 
said to be taken off the energy shell. Which value of w one has to take for 
G(w)in (16.12 ) depends therefore on the set of diagrams for which the ladders 
are to be replaced by a self-consistent potential. 

An important simplification takes place if one adds to all the diagrams in 
(16.14) also diagrams of the type 


It was shown by Bethe, Brandow and Petschek (63 ) that the sum of al// these 
diagrams can be replaced by a reaction matrix taken on the energy shell. Thus 
the sum of all the diagrams in (16.14) and (16.17) can be replaced by 


'{} {}-O" (16.18) 
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where the wiggly line indicates that a v has to be replaced by a G in evaluating 
this diagram, and that the G-matrix is to be evaluated on the energy shell. 


17. BRUECKNER THEORY 


The replacement of v(ij) by a reaction matrix G(ij) as defined in (15.7) is 
not only a convenient way for the partial summation of many diagrams. 
Actually it was first introduced by Brueckner (54) and (55) in order to be 
able to do calculations with singular nuclear potentials such as hard core 
potentials. 

Simple perturbation theory as well as the Hartree-Fock method fail for 
singular potentials since the matrix elements of the nucleon-nucleon potential 
with respect to uncorrelated wave functions 


bij) ~ ba (ios (J) 


are infinite. Even if the core of the nucleon-nucleon potential is not infinitely 
repulsive but comparatively large, perturbation theory and the Hartree-Fock 
method do not yield good first approximations.* The Brueckner method con- 
sists in replacing the potential by the reaction matrix G and the uncorrelated 
wave function ¢(ij) by the correlated one y (ij) according to (15.8) 


vw) = CH)oY) (17.1) 


A hard core potential is effective in scattering a pair of nucleons to high 
momentum states; what the transition from v to G does is to sum up all these 
scatterings for a given pair, and it thus provides us with an effective interaction 
that takes these scatterings into account. The ladder diagrams we have been 
considering involve a summation over a sequence of interactions between 
ascending particle lines; it is possible to use similar techniques to sum up 
descending ladder diagrams with a sequence of interactions between hole- 
lines. A hole line can take on any of the N occupied states labels i; a particle 
line can take on any of the unoccupied labels m. A sum over the ascending 
ladders will generally involve a more important correction to the energy than 
that of the descending ladders. 

The theory of nuclear structure that uses the reaction matrix to sum up all 
short range interaction effects is known as the Brueckner theory [(Brueckner 
(54) and (55) ]. It has found many important applications in the calculation 
of properties of both nuclear matter and finite nuclei. In combining this theory 
with the Goldstone diagrams, special care should be taken to account for the 
fact that G(i) is not really an interaction in the Hamiltonian sense. Thus, 
whereas it makes perfect sense to add up ladder diagrams like those shown in 


*Actually, as we shall discuss later, the Hartee-Fock method has considerable 
difficulty with the tensor-force component of the nuclear force [Riihimaki (70)]. 
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(15.1) when one deals with a real interaction, to do the same for the effective 
interaction G(ij) would be wrong. A diagram like (17.2): 


se 


where the wiggly lines stand for matrix elements of G(ij), should not be in- 
cluded in the theory; it just duplicates contributions of the real interaction 
v(ij) that are already included in the diagram (17.3). 


O-O- 0-0 +() f+ (--- atm 
Thus the transition from v(ij) to G(ij) is accompanied also by a large reduc- 
tion in the number of diagrams that have to be included for the evaluation of 


the energy of the A-particle systems. They consist of diagrams of the type 
shown in (17.4), in addition to (17.3). 


ye 
(a) (b) (c) 


Note that (17.4) does include a ladderlike diagram connecting downgoing 
lines (diagram c). The reason for it becomes obvious if we note that the re- 
action matrix G(ij) was defined to take care of all the ladder diagrams with 
y-type interactions between ascending lines only (see Eq. 15.1). Thus an ex- 
ample of a Goldstone diagram that is included in (17.4c) and 1s not included 
in Other diagrams is given in (17.5) 


(17.5) 


in which we see a mixture of descending (a) and ascending. (b) ladders. It is 
a typical diagram that comes up when we are dealing with two particle two- 
hole and four-particle four-hole states. 

Diagrams of the type (17.46) generate three-particle correlations. In the 
first interaction two particles in level i and j are promoted to unfilled levels 
m and n. In the second interaction the j-level is filled again but a third particle 
is promoted from level k to level p. In the final interaction the particles in the 
m and p levels return to the i and k levels. It is clear that the contribution to 
such diagrams comes from regions in configuration space in which three 
particles are close together and hence their association with three-particle 
correlations. 
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Diagrams of the type (17.4a) can be taken care of by properly choosing 
the central potential (self-consistent field ). This was discussed in the previous 
section, and it was also pointed out that, as was shown by Bethe, Brandow 
and Petschek (63), each G-matrix is to be calculated on the energy shell if 
one sums up ladders of all relative positions [for a more detailed discussion, 
see Day (67) and Baranger (67 ) ]. 

In actual calculations the aim is of course to try and account for nuclear 
properties with an interaction v(ij) derived from the two-nucleon problem. 
Since such interactions are strongly repulsive at short distances, it is most 
convenient to resort to the Brueckner—Goldstone theory that expresses the 
energy in terms of special linked diagrams with a G-matrix taken for the 
interaction. 

However, the evaluation of a G-matrix from the interaction v(ij) is generally 
a rather complicated task because of two factors: the projection operator Or 
is a nonlocal operator, when expressed in coordinate space, and the energy 
denominator may become rather complicated when realistic potentials U are 
introduced (see Eq. 16.7). Several approximations have been suggested to 
overcome these difficulties. Some of them have been utilized to carry out 
actual numerical calculations. 

The approximations involved separating the low-lying and the high-lying 
excitations. The former are generated essentially by the long range parts of 
the nuclear interaction, the high-lying ones by the strong short range compo- 
nents. Because the latter states lie so high (the average excitation energy is a 
few hundred MeV) important simplifications can be made. First, it becomes 
a reasonable approximation to use noninteracting wave functions for the two 
particles in the excited state. Second, it is a good approximation to drop the 
Pauli projection operator Q,r. This is because the probability of exciting the 
low-lying states is relatively small for this short range force and it is these 
states for which Q; is most important. A second approximation that is made 
is in the single-particle spectrum. Because we are dealing with only the high 
energy excitations, it is possible to represent the single-particle spectrum (and 
therefore the single-particle potential) by a simple formula. In the case of 
nuclear matter [Bethe, Brandow, and Petschek (63 )] the single-particle spec- 
trum is represented by a simple quadratic function. The comparison between 
this approximation and the actual spectrum is shown in Fig. 17.1 taken from 
Day (67). A corresponding approximation for finite nuclei is given by Kuo 
and Brown (66). 


Remark: If the two particles have momenta hk, and hk, the Bethe, Brandow, 
Petschek (63) representation for the energy is: 


Baa + V.2)+ U0)+ UQ | ki, k,) = E= (ky + ke?) + 2A: | | Ki, ) 
m 2m 
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MeV 


~100 k (Inverse fermis) 
ke 


FIG. 17.1. The solid line curve gives a typical plot of the energy spectrum E(k) used in 
nuclear matter. The dashed curve gives the reference spectrum that is chosen so as to 
approximate the actual spectrum for k between 3 fm“ and 5 fm~! [from Day (67)]. 


where m* is an effective mass. Hence the single-particle energy and the cor- 
responding one-body operator are 


2 


2m* 


ée(k) = k? + Ae 
and 


2 


h 
AL) = —5 Ve + As 


Choosing the single-particle potential involves a generalization of the method 
described in Section 16. In that case U was chosen so as to cancel out the 
diagrams (16.2) and (16.3). The generalization involves choosing U so that a 
wider class of three-particle diagrams can be cancelled. This involves a de- 
tailed consideration of the three-particle system. A discussion of this would 
involve too large a digression. The reader is referred to Bethe (71), Brown 
(67), and Rajaraman and Bethe (67 ), for a discussion. 

Once the short range potential is treated, the effect of the long range compo- 
nents of the nucleon-nucleon force can perhaps be taken into account by 
perturbative methods. In the following we outline such a perturbation for- 
malism and discuss one method [Moszkowski and Scott (60), (61)], for 
separating the short range and long range parts of the nuclear force. 

To discuss the perturbative method let us introduce the notation: 


Or 


P aa ee 
€5 — Ay 


(17.6) 
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so that the G-matrix equation (15.7) can be written as 
G = v-+ wPG (17.7) 


We define now a new set of operators G, P that are obtained from an inter- 
action d by a relation similar to (17.7): 


G=%5+ PG (17.8) 
Equation 17.7 can be formally solved for v to give 


1 1 
a G 
»= Gl G14 @P 


(17.9) 


where the second step in (17.9) can be most easily obtained from the first by 
expanding both inverses in powers of GP and PG, respectively. We have 
similarly 


>= G <= = == G 17.10 
= Gl pG 14+" oe 
By subtracting (17.10) from (17.9) we have 
yv—dv=G : _— = G 


1+ PG 14+G 
and hence 
(1+ GP)(W — 3) + PG) = (1+ GP)G— Gil + PG) 
=-G—G+G@ -— P)G 
Or 
G=G+ (1+ GP) — 6) 4+ PG) + GP — P)G (17.11) 


If the operator 5 and P are chosen so that (17.8) is relatively easy to solve, 
then it is possible to calculate G using the solution G and (17.11). We notice 
that the “correction terms” in (17.11) are proportional to v — 5 and P —P, 
and can thus be rather small if 5 and P are properly chosen. Equation 17.11 
can then be solved by iteration, building up essentially a perturbation series 
in can (v — i) and (P —P). 


This method for dealing with the Brueckner—Goldstone theory of nuclear 
structure has been used in combination with a method of Moszkowski and 
Scott (60) for decomposing the actual interaction v into a short range part 
v, and a long range part v; by writing 


v(r) = v,(r)0(d — r) + wi(r)a(r — d) (17.12) 


598 MULTINUCLEON SYSTEMS 


where (x) is the step function 


] if x>0 
0 if x>0 


(see Fig. 17.2 (a) for v,). In (17.12 ) the separation distance dis a parameter yet 
to be determined; the main requirement on d is that the resulting »,(r) will 
not affect nucleons in low-lying nuclear states. v,(7) will then be responsible 
only for the scattering to high-lying states and in its evaluation we can ap- 
proximate the propagator P = Qr/(€) — Ho) by P = 1/(e9 — Ho) where Hy has 
been discussed earlier, as well as the replacement of Q»r by unity. In terms of 
the notation of (17.6) to (17.11), «6 becomes just v,(7)@(d — r) and v — 3, 
to be treated perturbatively becomes v,(r)@(r — d). 

It turns out that in order to achieve the desired property for y,(7), the 
separation distance d should be chosen so as to have the hard core repulsive 
effects exactly balanced for the low momentum states by enough attraction 
from the potential outside the core as is shown in Fig. 17.26. The remaining 
potential v,(7) is then weak and nonsingular. One can handle that part of the 
potential by simple perturbation theory without using Brueckner’s theory. 
The projection operator Qr is very important for v,(7) .In fact, since the long 
range part of the interaction scatters pairs of particles to levels that lie near 
the Fermi surface, the Pauli principle, coming in through the projection opera- 
tor Or, reduces the effects of v;(7) even further. The use of perturbation theory 
to handle that part of the interaction is thus especially justified, and the in- 
corporation of Qr presents no special problems. 


(a) (b) 


FIG. 17.2. Sketch of the short range potential v, and corresponding wave function y 
compared to the noninteracting wave function ¢. The separation distance is d [from 
Baranger (67)]. 
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Applications of the Brueckner theory to the problem of nuclear matter 
have been described in Chapter III while its application to the theory of 
finite nuclei will be discussed in Sections 18, 19, 20 of this chapter. A recent 
review has been given by Bethe (71). His results, summarized in Chapter III 
indicate that we have achieved a qualitative understanding of the properties 
of nuclear matter. The excellent quantitative agreement must however be 
viewed with a healthy scepticism. We have alluded to the convergence ques- 
tions associated with the evaluation of the linked-cluster expansions. The 
values of the first few terms may suggest, but, of course, do not prove con- 
vergence. Even if one were certain of its convergence there is the question of 
the best single-particle potential U to be used in Hy. Presumably there is a 
best U in the sense that it leads to the most rapid convergence. At even a more 
fundamental level it is not even known whether the various self-consistent 
calculations necessarily converge to the ground state [Calogero (70), Baker 
et. al. (65), (69), (70)]. What is missing of course is an appropriate vari- 
ational principle. 


Phase Equivalent Potentials 


But in addition to these questions that, it is to be emphasized, are not entirely 
mathematical in nature, there is an uncertainty that originates in the uncertain 
nature of the nuclear force. As we mentioned in Chapter I, there are several 
phenomenological potentials that predict the properties of the deuteron and 
and the nucleon-nucleon scattering with equal accuracy. These potentials 
are not by any means identical (Lomon and Feshbach (68)] particularly at 
short range. In momentum space the corresponding f-matrices differ off the 
energy shell* although they agree on the energy shell. The question arises 
whether these differing potentials give substantially different results, say, for 
nuclear matter. (Identical results would suggest that the properties of nuclear 
matter depend only upon the phase shifts.) And, in fact, according to Haftel 
and Tabakin (70) variations up to 20 MeV per particle in the binding energy 
of nuclear matter can be obtained from differing potentials that fit the two- 
body data. However they do not give identical fits. 

This problem has recently been attacked through the use of “‘phase-equiva- 


*The scattering amplitude is proportional to < k|#(E)|k’ > where k and k’ 
are the incident and final relative momenta of the two-body system and the 
corresponding energies are equal to E. Under these circumstances the t-matrix 
is said to be on the energy shell. When E(k) ~ E(k’) and/or E(k) = E, the 
t-matrix is said to be off the energy shell. These matters will be discussed 
in more detail in Volume I. 
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lent’ interactions [Ekstein (60), Baker (62), Mittelstaedt (65)]. If y(r) is 
the scattering solution to a two-nucleon Schrédinger equation then Uy(r) 
will have the same asymptotic dependence if U is a unitary operator such that 


(r|U|r’) 5 26(r — r’) (17.14) 
The wave function 
y = Uy (17.15) 
satisfies the equation 
Hy = Ep (17.16) 
where 
H = UHUt H=T+V (17.17) 
Writing 
H=T+V (17.18) 


where T is the kinetic energy operator, we see that V is a phase-equivalent 
potential, that is, a potential that gives the same asymptotic amplitude or 
phase shifts as V. V is of course a nonlocal potential. Thus by choosing various 
forms for U satisfying (17.14) a set of interactions that give identical phase 
shifts are generated. Employing these interactions in a nuclear matter calcula- 
tion will permit a test of the sensitivity of the properties of nuclear matter to 
the nature of the interactions.* 

Another procedure involves a change in the radial variable of the two-body 
system from 7 to R(r) [see Coester, Cohen, Day, Vincent (70) ], where 


R(r)—r_—_s as r—> © (17.19) 


If y satisfies the differential equation 


dy +1) 2m _ 
eee L Bee apg vir) |v = 0 


Then 
¢6=VR'y (17.20) 


*Note that the many-body Hamiltonian is written: Hy = &T; + Li+jV\ij). lf a 
suitable generalization of U for the many-body system is used to transform XT; 
+ XiX~jV\ij), the resultant interaction will contain not only the two-body potential 
V(ij) but also many-body potentials. Of course, if these are included there would 
be no change in the results for a many-body system from those obtained with 
XT; + LixiVij. These many-body terms are not included in Hy; the unitary 
transformation is used to obtain equivalence for two-body systems only. 
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satisfies 


Ki+1) 2m 1 TLR” 7/R"? 
yt 9 hae oe a: = eee imavees 
ee tk Rr) ROD) + Re E R’ i(E) | 


l 1 d? d* {1 
tlGe- )aat ale) eno orn 


From 17.19 and 17.20 we see that 


o—y as r— 


so that the solution of (17.21) will have the same phase shift as y. The phase- 
equivalent potential can then be obtained from the coefficient of ¢ in (17.21). 
We see that this potential is ] and momentum dependent, that is, nonlocal as 
expected. 

Haftel and Tabakin (71) have investigated the dependence of the energy 
per particle of nuclear matter for a set of potentials that are phase equivalent 
to the Reid soft core potential that is used in Bethe’s nuclear matter calcula- 
tion. Haftel and Tabakin find variations of up to 9.5 MeV in the binding 
energy per particle and 0.33 fm“ in the value of ky. These should be compared 
with the empirical values of approximately 16 MeV and 1.36 fm“ respectively. 
These results do not include the effects of third-order graphs but these authors 
estimate that these effects are small. 

Other authors [e.g., Coester, Cohen, Day, and Vincent (70)] obtain even 
larger variations. | 

A similar result is obtained by Lomon (72) using the boundary condition 
model of nuclear forces [Lomon and Feshbach (68) ]. This interaction ac- 
curately predicts the scattering, the bound state, and the electromagnetic 
interactions of the two-nucleon system. At medium and long range beyond 
about 0.7 fm the interaction is given by a potential derived perturbatively* 
from a field theoretical calculation involving the exchange of one and two 
pions, single 7, p, and w mesons by the nucleons. The particle masses and 
coupling constants agree with the experimental values where they are known 
and otherwise with theoretical expectations. The interaction inside 0.7 fm is 
represented by an independent-boundary condition for which some justifica- 
tion has been given [Feshbach and Lomon (64) ]. The full statement of the 
boundary conditions will be given in Volume II. Here the nature of the 
boundary condition will be indicated for a single-channel case, as prevails 
for example for the two nucleons in a relative 1S) state. The wave function 


*The perturbative results for these potentials can be improved [M. H. Partovi 
and Lomon (70) and F. Partovi and Lomon (72)]. 
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then satisfies a one-dimensional Schrédinger equation for r > ro (=0.7 fm). 
At r = fo, w Satisfies the boundary condition 


ro (*) = fl (ror) as r— roy (17.22) 


where (70, ) means y (7) evaluated as r approaches ry, from the r > fp side. 
The boundary condition parameters are fixed by comparison with experiment. 

It is to be noted that no information about the interaction is needed for 
the spatial region r < 79. However the results for nuclear matter will depend 
upon this interior interaction. Thus we can, in this model, obtain a set of 
phase-equivalent interactions simply by varying the interior interaction. 
Lomon has chosen to specify the interior interaction again by a boundary 
condition. Again for the relative |S» state it has the form: 


Yo (*) = by as r— ro (17.23 ) 


V(r) = 0 r< fro 


where now 1’ is approached from the r < 7p side. This is the simplest calcula- 
tional model. It can be readily generalized to include nonzero interior po- 
tentials and/or b = f. 

With these assumptions the binding energy and kp for nuclear matter can 
be calculated as a function of the b’s. Changing their value does not change 
the fit of the boundary-condition model to the two-nucleon data. Lomon (72) 
can obtain variations in the binding energy as large as 30 MeV per particle. 
Arguments are presented to indicate that three- and higher-body graphs will 
not change this result appreciably. 

These results indicate that the calculated properties of nuclear matter are 
quite sensitive to the properties of the two-nucleon interaction. It is thus not 
possible to predict the properties of nuclear matter from only the on the energy- 
shell nucleon-nucleon data. Rather it may be possible to choose among the 
various proposed potentials by requiring it to fit not only the two-nucleon 
data but the properties of nuclear matter as well. That this is possible is indi- 
cated by the fact that Lomon can find a set of b’s that give the empirical 
binding energy and saturation density for nuclear matter. 


18. APPLICATIONS; THE MANY-BODY THEORY FOR FINITE 
NUCLEI 


The general methods developed in this chapter have been applied to the study 
of finite nuclei, the resultant developments being referred to as the micro- 
scopic theory of finite nuclei. This has been an area of intense activity and it 
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will not be possible to describe these developments in detail. However we 
hope to give the flavor of these attempts by describing a few examples. 

Under attack is the most fundamental. problem in the study of nuclear 
structure. The central problem in dealing with bound states of nuclei is to 
determine the energy levels and corresponding wave functions of the nuclear 
Hamiltonian 

H=)°7;+ >> vi; (18.1) 

i<j 

The solution of this problem will reveal the characteristic modes of motion 
of nuclei and the manner in which they develop under the action of the nu- 
cleon-nucleon forces. These forces, to the extent to which they are known 
from the two-body systems, are very complex. Although they are on the 
average only of moderate strength, there are regions, for example, small in- 
terparticle distances, in which their interaction strength is very large. In some 
phenomenological potentials the nuclear potential is represented by an in- 
finitely strong hard core. The nucleon-nucleon potential even in the inter- 
mediate range is still of considerable strength but here one has the additional 
complication of a strong tensor force. It is the effect of these tensor forces 
that has been a principal stumbling block in the development of a microscopic 
theory of nuclear structure. 

In order to be able to treat this complex force, new methods, some of which 
have been described earlier in this chapter, have been devised. Approxima- 
tions that have proven useful for the understanding of many-body problems 
in other fields of physics have been adapted. These adaptations are by no 
means trivial, on the one hand, because of the nature of nuclear forces and, 
on the other hand, because nuclei are composed of only a relatively few par- 
ticles. As a compensation for these difficulties, nuclear systems exhibit a rich 
variety of phenomena and form a fertile field for the investigation of many- 
body quantal effects and their theoretical explication. 

Two general methods for the treatment of the very strong short range inter- 
action potential have been tried. In one the attempt is made to replace the 
hard core by a sufficiently soft core and still match the nucleon-nucleon data. 
This possibility exists because the evidence for the hard core is based upon the 
energy dependence of the nucleon-nucleon phase shifts; particularly that of 
the 1S, phase shift that goes through a zero at about 200 MeV laboratory 
energy. The hard core is the simplest way to describe this observation. But it 
is also possible to obtain it by shaping the short range potential appropriately 
[Bressel, Kerman, and Rouben (69)] or through the use of a combination 
of short range local and nonlocal potentials, Riihimaki (70). Once such a soft 
core (sometimes referred to as a “supersoft” core) is obtained the Hartree— 
Fock method might be applicable. It should be realized that the physical 
situation that would prevail in nuclei if this approach were to prove satis- 
factory is, of course, strikingly different from that which would prevail if the 
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nuclear potential had a hard core. In the latter case it is necessary to at least 
introduce two-particle correlations, correlations that are generated by the G- 
matrix (or have been described in the independent pair approximation in 
Chapter III). If the supersoft potential description is valid and the Hartree- 
Fock approximation can be used, a Slater determinant will suffice in that 
approximation to describe the nuclear wave function. In that event the only 
correlations present in the wave functions are those arising from the Pauli 
exclusion principle. Correlations then would be introduced through correc- 
tions to the Hartree-Fock wave function. 


The Hartree-Fock Method 


We have discussed the theory of the Hartree-Fock method several times 
in this text. Our aim this time is to describe its application to the problem of the 
finite nucleus. We remind the reader of some of the fundamental formulas. 
The nuclear Hamiltonian is given by (18.1). The Hartree-Fock method at- 
tempts a variational solution of the corresponding Schrodinger equation, the 
trial function © being written as a single Slater determinant of single-particle 
wave functions: 


« egy: 250) baa(1) 
ee 
VA!) 42) ea(2) bas(2) 
: | | (18.2) 
da(A) dao(A) das(A ) 


The nonlinear equations determining ¢. are obtained by varying the expres- 
sion for the energy 


E = (®|H|®)/(®|®) (18.3) 


with respect to ¢,. These can then be solved by an iterative procedure referred 
to as the self-consistent method. In terms of the single-particle states |a) = ¢e 


| 1 
E= >) (a\tla) + 3 (a6 | v| [o6 ]) (18.4) 


where 
|aB) = |a)|B) and | [a8]) = |aB) — |Bo) (18.5) 


It is assumed here that ® is normalized to unity. Many authors have adopted 
a somewhat different scheme for the determination of the single-particle wave 
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functions. Instead of determining the equations for ¢. they have expanded 
¢@, 1n a Set of a known orthonormal set: 


: Da = >: Ca Xa (18.6) 


The energy in terms of the C’s is: 


1 
E= 2) (Cat Cu(nieln’) + 5 DL (Cat (CP Cu Cor (ng v| [n'q' 1) 


a,nni “~ aB ,nn'qq! 


(18.7) 


The unknowns are now the coefficients C,,* so that the variational principle 
becomes 
) 
oe {E — Xu [Lu (C,% )*C,* — Lea} = 0 (18.8) 
where C is one member of the set C,*. The constants e, are Lagrange multi- 
pliers and the solutions must satisfy the condition 


> (Cr*)*C,7 = 1 ~~ foralla 


Inserting (18.7) into (18.8) yields 
» Crt [in| t\n’) + 2s (Cf )*Cy8 (ng| v| [n'g’])] = €aCn® (18.9) 


Baq! 
The matrix elements of the Hartree-Fock Hamiltonian, (n|h|n’) are placed 
equal to the square bracket in (18.9) so that (18.9) becomes 


DY Cyrt(nih|n’) = eaCn* (18.10) 


so that the Lagrange multipliers are just the Hartree-Fock single-particle 
energies. In terms of €,, (18.7 ) becomes 


1 1 
E= p> éa + > Cr2* Cyr? (n| t|n’) (18.11) 


The solution of (18.9) involves choosing an appropriate set x,. It must be 
such that the series for ¢. (18.6) converges rapidly—indeed so that one can 
cut it off at m = N where N is not too large. The convergence can be tested 
by observing the consequences of changing N. Once x, is chosen, the solution 
proceeds by iteration. One guesses a set of values for C,,* from which (n|h|n’) 
is determined. Equation 18.10 is then solved for a new set of C,% from which 
anew (n|h|n’) is calculated. This procedure is continued until a self-consistent 
solution is obtained. 

Calculations of this type have been performed using spherical harmonic- 
oscillator wave functions for x,. The “soft”? nucleon-nucleon potentials have 
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included the Tabakin (64) potential, the Feshbach-Lomon (68 ) interaction, 
as well as potentials specially designed for this purpose by Bressel, Kerman, 
and Rouben (69) and by Rithimaki (70). 

The use of the harmonic oscillator set for x, has been tested by Kerman, 
Svenne, and Villars (66), by Davies, Krieger, and Baranger (66) and most 
recently by Bassichis, Pohl, and Kerman (68). Two parameters are involved, 
the cutoff N to the number of terms in the series (5 ) and the oscillator param- 
eter y (=h/ Mw ). In principle, that is, if NV is infinite, the results are exact and 
independent of y. This feature is illustrated by Fig. 18.1, which shows that 
the Hartree-Fock energy for !*O using the Tabakin potential becomes in- 
sensitive to 7 as N increases. Moreover the sensitivity of E, to the value of NV 
is not great. By increasing N from 1 to 3 yields an increase in | E,| of about 
15% while increasing it from 3 to 4 yields no appreciable change. We also 
note that a great improvement in E, is obtained in going from N = 1 to N = 3, 
whereas the transition from N = 1 to N = 2 does not lead to big changes in 
E,. This is due to the fact that neighboring shells in the harmonic-oscillator 
potential have alternating parities, and N = 1 wave functions can be improved 
by adding states from the next shell only if two particles are moved simul- 


E, (MeV) 


FIG. 18.1. Behavior of the Hartree-Fock energy with y and N for 160 [from Kerman, 
Svenne and Villars (66)]. 
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taneously from one shell to the other. Similar results are reported by Davies 
et al (66) in that the single-particle wave function for occupied states for 
N = 1 and N = 5 had an average overlap of 99.9%. A more extensive test 
on N has been made by Bassichis et al. (68), who tested a variety of nuclei 
including deformed nuclei. In the original calculation of Kerman et al (66) 
the space had been truncated at the 2p1/ shell. In the new calculation single- 
particle orbitals up to 1ij3;2 were included in the complete set x,. A constant 
value of y was used. The results, Fig. 18.2, show that the binding energy is 
insensitive to this extension of the set x,. However this is not true for the quad- 
rupole moments, Fig. 18.3, where the ratio of the calculated Q for the large 
space is compared to that for the small space. It is found that comparatively 
small admixtures (a few percent) from the higher-lying high spin orbitals 
had very large effect on Q. 

Hartree-Fock calculations cannot be compared directly with experiment 
because of the important effect of tensor forces. These give no contribution 
to the Hartree-Fock potential. Thus a correction to the Hartree-Fock energy 
must be calculated. Bassichis, Kerman, and Svenne (67 ) have made a second- 
order estimate of this effect, while Kerman and Pal (67) have done a more 


Binding energy 


x Large space 
e Small space 


MeV 


0 20 40 60 80 


FIG. 18.2. The Hartree-Fock energies as computed in small (@) and large (X) spaces 
[from Bassichis et al (68)]. 


608 MULTINUCLEON SYSTEMS 


<@Q> Large 
<Q> Small 
3 
x 
A - 
x xX 
2 x 
x ™ 
x xX x 
1 x x x x —x< 
0 
0 20 40 60 80 
A 


FIG. 18.3. The ratio of the quadrupole moment as calculated in the large space to that 
calculated in the small space [From Bassichis et al. (68)]. 


accurate calculation, using approximations that are similar to those employed 
by Kuo and Brown (66) discussed later in this chapter. 

The Hartree-Fock method will for closed subshell nuclei automatically 
give a spherical undeformed nucleus. To explore the manner in which the 
nuclear energy changes with deformation Bassichis (67) et al introduced a 
forcing term in the Hamiltonian that provides a direction in space. The forcing 
term is »Q where Q is the quadrupole operator so that the Hamiltonian used 
in the constrained Hartree-Fock ‘calculation is H + yQ. This is an ap- 
plication of the method of Lagrange multipliers in which one would require 
a specific expectation value for the nuclear quadrupole moment. By varying 
# one will generate nuclear wave functions with differing values of Q. An 
example of these calculations is given in Fig. 18.4 for !2C. Although the energy 
has a stationary value at Q = 0, a deep minimum exists for an oblate deforma- 
tion (Q < 0) and another not quite as deep with a prolate deformation. Both 
minima lie below the Q = 0 value. These results indicate that the *C nucleus 
in its ground state is oblate in agreement with experiment. The wave function 
developed in this way is no longer an eigenstate of J? (it has a good J, value 
but because of the term »Q will be a superposition of different J-states ). Pro- 
jection to an eigenstate of J? was not made, rather a “‘naive” semiempirical 
correction was evaluated, the true energy E;~» was obtained from the Hartree- 
Fock energy Eyr as follows: 


h2 
Ejoo = Exp — => (SP 18.12 
J=0 HF 27 ( ) ( ) 


The empirical value of 7 rather than a calculated one was used. 
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FIG. 18.4. The Hartree-Fock energy of !2C as a function of the deformation. A similar 
behavior is obtained for all closed subshell nuclei [from Bassichis et al. (67)]. 


The results are shown in Fig. 18.5 and Table 18.1. The resulting energies 
including the second-order correction were found to be in good agreement 
with “experiment.” Note that in making this comparison, the Coulomb 
energy was subtracted from the experimental value for the binding energies 
(B.E.). It is this difference that is labeled “experiment” in Fig. 18.5 and 
Table 18.1. However the value for the nuclear radius obtained this way [see 
also Bassichis et al. (68)] are much smaller than the experimental value as 
determined from electron scattering, indicating that the predicted nuclear 
densities are much greater than the experimental values. The large size of the 
second-order contribution was thought not to be an indication of a lack of 
convergence of the perturbation theory since the second-order term was small 
compared to the first-order potential energy. 

Of course the Tabakin potential is not realistic and one can only regard the 
above calculations as indicative. [For other examples of Hartree-Fock calcu- 
lations see Nester, Davies, Krieger, and Baranger (68), Nemeth and Vau- 
therin (70) as well as the earlier work of Kelson and Levinson (64). ] More 
realistic potentials have been used by Shao, Bassichis, and Lomon (72) and 
Riihimaki (70). The first of these use the Feshbach-Lomon potential that 
has the merit of being based on the boson-exchange theory of nuclear forces, 
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FIG. 18.5. The Hartree-Fock energy (+), with angular momentum.correction (O) and 
second-order correction (A) compared to observed energies (after Coulomb subtraction) 
[from Bassichis et al. (67)]. 


for r > r,. Instead of describing the interaction for r > r,, it is parametrized 
by giving boundary conditions on the two-particle wave function at r,t (where 
rot =r, + 0+). Another set of conditions at r,— is fixed by the properties of 
nuclear matter. The agreement with two-particle data is excellent. In spite 
of the singular nature of this interaction, Hartree-Fock calculations can be 
performed. The methods used are essentially those of Bassichis et al (67). 
The results are very encouraging for not only are binding energies similar in 
quality to those obtained with the Tabakin potential but the nuclear radii 
are now much more in agreement with experiment as shown in Table 18.2. 
However it should be remembered that these radii are calculated without the 
modifications in the wave functions that are introduced by the second-order 
corrections discussed earlier. Be that as it may the success of these results 
indicates that the Hartree-Fock wave functions are a suitable starting point 
for a Brueckner, Hartree—Fock calculation.* The results obtained with this 
approach are discussed in the next sections. 

Riihimaki’s thesis (70) proceeds by first constructing a “soft”? phenomeno- 
logical nucleon-nucleon potential. For r > r, the potential is taken to be that 
of Hamada and Johnston (62). For r < r, it is a mix of local and nonlocal 


* The Brueckner, Hartree-Fock method is described below, p. 612. 
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TABLE 18.1 The Hartee-Fock Energy with Second-Order Corrections for the 
Tabakin Potential® 


Nucleus AE, Er Ett Ets E.44/A E.be/A 


*He — 7.04 — 12.78 — 19.82 — 28.5 — 4.96 = 


7.13 
®Be see ee — 17.57 — 35.14 — 59.0 — 4.29 — 7.38 
as © — 37.57 — 29.70 — 67.27 — 98.6 — 5.61 — 8.21 
16O — 68.46 — 46.99 —115.45 —139.5 = 7522 — 8.72 
20Ne — 94.43 — 56.05 —150.48 —179.2 Lge — 8.96 
24Mg —126.47 — 68.31 — 694.78 —224.7 — 8.12 — 9.36 
28Si —159.11 — 91.23 — 250.34 —272.0 — 8.94 — 9.71 
3 — 197.33 —109.27 — 306.60 — 317.3 — 9.58 — 9,92 
36Ar — 239.05 —131.92 — 370.97 — 363.4 — 10.35 —10.10 
40Ca — 282.99 — 154.70 — 437.69 —410.8 —10.94 —10.27 


a FJ=0 = Hartree-Fock energy corrected for rotational energy; AE, = second-order con- 
tributions; Eobs = experimental energy with Coulomb energy subtraction. Energies are in 
MeV [from Bassichis et al (67) ]. 


potentials. Non-local potentials were used only for the 1S, and *S, + 3D, two- 
nucleon states. A different 7, was used for each spin and isospin state and for 
each component (central, tensor, etc.) of the interaction, but generally they 
were all close to one pion Compton wavelength. Moderately good agreement, 
x? — 4 for p-p scattering and 2.1 for np data, was obtained. 

In the present context perhaps the most significant result of Riihimaki’s 
work, a result that is corroborated by the calculations of Bassichis and Strayer 
(72) that examine third-order contributions is that the perturbation series 
(using in the case of the latter authors, a set of Hartree-Fock wave functions ) 
is not converging rapidly. Moreover the origin of this problem is not in the 
short range region but in the intermediate range r ~— 1 fm where the tensor 
force seems to be the main culprit. As we shall see the tensor force causes 
convergence difficulties even for the Brueckner—Hartree-Fock method. 


TABLE 18.2 Hartee-Fock Binding Energy and Root-Mean Square 
Radius for Feshbach-Lomon Potential.¢ 


Binding Energy (MeV) 


Binding (Exp.; Coulomb Energy 
Nucleus Energy (MeV) subtracted) Rims (fm) Rexp (fm) 
16Q — 132.7 —140.0 2.70 2.73 
40Ca — 338.4 —410.— 3.58 3.50 
8Ca — 373.2 —481.— 3.7 3.49 


@ Taken from Shao, Bassichis, Lomon (72). 
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We leave the Hartree-Fock method at this point. The need for substantial 
higher-order corrections suggests that the simple determinantal wave function 
is too naive a starting point; that correlations need to be built in from the 
beginning. The Brueckner—Hartree-Fock method that we are about to dis- 
cuss inserts short range correlations. But as mentioned above this does not 
seem to suffice. Perhaps long range correlations such as those connected with 
collective states, for example, vibrations, need to be included as well. 

Another variation on the conventional Hartree-Fock approximation is to 
perform first a Bogoljubov transformation on the Hamiltonian (18.1), thus 
taking into account in a better way the strong pairing part of the interaction 
v(ij), and then to carry out the Hartree-Fock prescription in the space of the 
quasi particles with the remaining part of the interaction. Since, however, the 
Bogoljubov transformation starts from particles in a central field, the self- 
consistency problem becomes somewhat more complicated for this Hartree— 
Fock-—Bogoljubov approximation. [See Baranger and Kumar (68), where the 
time-dependent Hartree—Bogoljubov approximation theory is developed for 
pairing-plus-quadrupole interaction. ] 

The reader may find detailed descriptions of the various approximations, 
as well as references to the extensive work that has been done using the 
Hartree-Fock approach, in review papers by Ripka (68), by Kerman (69), 
and in the earlier work of Villars (66). 


Brueckner-Hartree-Fock 


The second procedure involves the use of the G-matrix, adapting the meth- 
ods developed for nuclear matter (see Section 16 and 17) to finite nuclei. In 
one such method, the solutions of the G-matrix equation 

Or 


G-= ——— G 18.13 
a aa mea A ( ) 


are used in the expression (see Eq. III.4.11) for the energy 
E=% Gli) +52 WIGle + «)li) (18.14) 


Antisymmetrized G’s are used in these and the following expressions. As in 
the case of nuclear matter, the critical elements in this procedure are the choice 
of €9 and the single-particle U appearing in Ao. As indicated in (18.3 ) the value 
of e) that is best employed is on the energy shell [Baranger (69) ], the same 
prescription as that given by Bethe, Brandow, and Petschek (63). The same 
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discussion leads to a definition of U that is fixed so as to cancel important 
second-order G-matrix diagrams. Baranger (69) finds 


I 
(j|U]i) = 5 Le CiRIG(e; + ee) + Glee + ex) Ii) 
(j]U|m) = 2 (ik|G (es + ex)|mk) 
(m|U|i) = 2) (mk|G(e + €)|ik) (18.15) 


where |m ) is an unoccupied state. 

To complete the definition of U the matrix elements between particles in 
states that are originally unoccupied need to be determined. As in the case 
of nuclear matter these are chosen in order to cancel a suitable set of third- 
order graphs. This is still a controversial matter. The reader is referred to 
Davies and McCarthy (71) for a recent discussion and additional references. 
Bethe and Rajaraman (67) and Negele (70) place U = 0 for these excited 
state matrix elements. 

Once the relation between U and G is fixed a self-consistent procedure 
becomes possible. Starting from a “‘reasonable’’ set of single-particle wave 
functions and the corresponding energies one can compute G from the Bethe-— 
Goldstone equation (18.13). These energies are needed for both the energy 
€) as well as for the energies ¢,, of the intermediate states. Once G is determined 
U can be determined from (18.14) and (18.15). New single-particle energies 
are then obtained by finding the eigenvalues of Hj) = T + U. These new 
energies, and wave functions form the start of a new cycle in which G and 
then U are once more determined. 

This iterative scheme should be compared with the ordinary Hartree-Fock 
in which the single-particle potential is obtained from the potential directly. 
In the Brueckner Hartree-Fock (BHF) method, as it is called, the G-matrix 
takes the place of the potential. Although in the Hartree-Fock method the 
potential is fixed, in the BHF method the effective potential is computed 
self-consistently. 

Several authors have made direct attacks on this difficult problem. These 
are based upon the use of harmonic-oscillator wave functions to describe the 
solutions of Hy in (18.13). This has the advantage that the two-particle wave 
function can be written either as a product of single-particle wave functions 
or as a product of a wave function depending only on the center of mass R 
of the two particles and a wave function depending only upon their relative 
coordinate r. This Talmi transformation (52) has been discussed earlier 
(Section 1.3). If the single-particle wave functions are functions of r; and ro, 
respectively, with principle quantum numbers m and ne and orbital angular 
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momenta /, and /2, and these are coupled together to give a total orbital angu- 
lar momentum A, the resultant wave function can be expressed in terms of the 
two-particle center-of-mass wave function with quantum numbers WN and L, 
and the relative co-ordinate with quantum numbers 7 and / as follows: 


| ah, Nols, A) = > 


NL,nt 


NL, nl, A) (Mh, nele, A| NL, nl, A) (18.16) 


where the brackets (Mm), nolo, A| NL, 1, A) have been tabulated by Brody and 
Moshinsky (67). Once this separation has been made it is then proposed to 
modify the relative coordinate wave function ¢,:(r) by means of the Bethe— 
Goldstone equation (18.13). There are a number of approximations and 
guesses that are usually made. [For a review of this subject, see Baranger (69 ), 
Bethe (71), and Davies and McCarthy (71).] First the solutions of Ho are 
not harmonic-oscillator wave functions. However this does not seem to be 
critical since it appears that the solutions can be approximately represented 
by a linear combination of such functions, and in light nuclei even one term 
will suffice [Kerman, Svenne, and Villars (66) and Davies, Krieger, and 
Baranger (66)]. Second and of somewhat more critical importance is the 
question of the proper approximation for the projection operator Qr. To 
illustrate the difficulties involved, suppose that the harmonic-oscillator wave 
functions are good descriptions of the single-particle wave functions. Then 


Or =1— >) |mh, mele, A) (mh, nolo, A| (18.17) 


where the sum goes over all states for which either oscillator state (m/,) or 
(Nl,) 18 occupied. This operator, when expressed in terms of relative and 
center-of-mass wave functions, will not only be quite complicated but will 
also thoroughly complicate the Bethe-Goldstone equation. More explicitly 


| il, Nelo, A) (ih, nele, Al = » | NL, nl, A)(N’L’, n'l’, A| 


NL,N/L! nt ,nill 
* (Mh, Nolo, A| NL, nl, A) (mh, Nolo, A|N’L’, n'l’,A) (18.18 ) 


We see that in the center-of-mass relative coordinate system Q, is no longer 
diagonal. This means that the equations for the relative coordinate wave func- 
tions are coupled so that many coupled equations would need to be solved 
in a rigorous treatment. A similar problem occurs in the. nuclear-matter 
problem where it is “‘solved”’ by averaging over the momentum of the center 
of mass. We shall not go into the necessarily very detailed discussion involved 
in the various choices made for the approximation for finite nuclei. Baranger 
(69) and Bethe (71) discuss them thoroughly and give the references to the 
original papers [Eden and Emery (58), Eden, Emery, and Sampanthar (59), 
Becker, Mackellar, and Morris (68), Kallio and Day (69), McCarthy (69), 
Wong (67a), (67b), and Kohler and McCarthy (67a), (67b) ]. The investiga- 
tions by Baranger and his collaborators use the method of Wong and of 
McCarthy. 
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A final problem concerns the choice of the particle spectrum for the two- 
particle unperturbed Hamiltonian that appears in the Bethe-Goldstone equa- 
tion once the center-of-mass effects are taken into account. Although the wave 
functions are well represented by the harmonic-oscillator wave functions, the 
energies are not those of a harmonic oscillator. Davies and McCarthy (71) 
attack this problem by parametrizing the spectrum. A solution is said to have 
been obtained to the extent that the final result is insensitive to these param- 
eters. The point here is that the final solution does not depend upon the choice 
of the intermediate energy spectrum. Their calculations, that are the most 
recent of this genre, give good agreement with the experimental binding 
energies but do not fit the charge radii at all well. The charge density does not 
have the flat region that is needed for agreement with the electron-scattering 
experiments and drops off much too precipitously from its central value. 
In addition, tremendous sensitivity to the intermediate energy spectrum was 
found. Davies and McCarthy found that the binding energy per particle could 
be shifted by as much as 7 or 8 MeV, although their preferred solutions showed 
a somewhat smaller sensitivity of about 1.5 MeV in !O and 4°Ca. Correspond- 
ing large changes in the charge radius were obtained. In *°Ca, for example, 
the binding energy per particle can in the extreme be changed from 2.3 to 
10.7 MeV while the charge radius decreases from 3.33 fm to 2.85 fm. 

The discussion just given describes methods in which the intermediate 
states are also harmonic-oscillator functions. The intermediate states have 
also been described by plane waves [Wong (67a), (67b)]. The separation 
method of Moskowski and Scott (60, 61) as applied to finite nuclei has been 
discussed by Baranger (69). But little calculation seems to have been done 
using this procedure. 

Investigations that make greater use of the results of nuclear-matter calcu- 
lations have been recently made by Shao and Lomon (72), by Negele (70), 
and Sprung and Banerjee (71). The latter use a local density approximation 
that will be described below. Each of these attempts exploit the fact that the 
healing distance is small compared with nuclear dimensions except for the 
lightest nuclei. Hence the wave function for a pair of nucleons both of which 
are inside the nuclear interior should be very similar to. the wave functions 
for nuclear matter at the same density. There is one important difference. 
For nuclear matter the two-particle wave function heals to a plane wave 
solution. In finite nuclei this is of course not true. Shao and Lomon assume 
that they heal to the Hartree-Fock solutions obtained with the identical two- 
particle interaction. They employ the FL boundary-condition interaction 
[Lomon and Feshbach (68 )] that has the merit of not only providing a good 
fit to the two-nucleon data but also by virtue of the ability to easily adjust the 
off-energy shell behavior or the potential, to obtain a good description of 
nuclear matter [Lomon (72)]. The Hartree-Fock method has been applied 
to the FL interaction [Shao, Bassichis, and Lomon (72)], and the results 
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obtained are in somewhat better agreement with the experimental data than 
Hartree-Fock calculations are with other interactions (see discussion p. 610). 

Shao and Lomon then require that the two-particle solutions to the Bethe— 
Goldstone equation heal to the Hartree-Fock two-particle wave functions of 
the same energy. More precisely the latter are expressed in terms of a center- 
of-mass wave function and a relative coordinate wave function. The Bethe— 
Goldstone wave function is required to heal to the relative coordinate wave 
function. The following important result is obtained. The nuclear-matter 
wave functions and the Hartree-Fock relative coordinate wave functions are 
identical over a range 1 fm < r < 1.5 fm (see Fig. 18.6). It is thus possible 
to join the two smoothly, with very little dependence on exactly where the 
join is made. It now becomes possible to write the two-particle wave function 
in the deShalit-Weisskopf form (see Chapter III): 


Vas (tJ) = bali)os (J) EL + fas lis J)] (18.19) 


where a and 8 denote the quantum numbers and i and j the coordinates. From 
(18.19) the deShalit-Weisskopf wave function can be formed: 


ue det ldar(1)..- daa(A)( + DY Saiey)| (18.20) 
i<j 

where AN is the normalization. The energy of the nucleus is then evaluated 
with this wave function. This may be regarded as a use of the variational prin- 
ciple for the energy. This represents an important advantage of the Shao- 
Lomon calculation over calculations that employ effective Hamiltonians such 
as the local-density approximation to be discussed below or the harmonic- 
oscillator method discussed above where the expression for the energy is 
based on the inclusion of a subset of graphs. The results obtained by Shao 
and Lomon are encouraging as indicated in Table 18.3. 


TABLE 18.3 Shao-Lomon Binding Energy for Finite Nuclei Including Effects of 
Bethe-Goldstone Correlations. [from Shao and Lomon (72)] 


Nucleus 169 40Caq 2Cq 
Hartree-Fock Energy — 86 MeV —224.5 MeV — 269.8 MeV 
Correlation Energy — 39.4 —176.9 — 206.1 

Total —125.4 —401.4 —475.9 
Experimental —140.0 —410.0 — 490.0 


The important effect of the correlations should be noted. 
This promising approach needs to be extended to heavier nuclei and the 
charge radius computed and compared with experiment. 
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Amplitude 


From Hartree— Fock two-particle 
state |S,,S, > of 160 


——— From Bethe—Goldstone wave function 
in nuclear matter with k/kp = 0.5 


2.0 3.0 
core Relative distance fm 


FIG. 18.6. Comparison of !S» relative wave functions obtained from the Hartree-Fock 
wave function for 16O and the Bethe-Goldstone wave function in nuclear matter with 
(k/kr) = 0.5 [from Shao and Lomon (72). 


Local-Density Approximation 


Another approach to this problem is referred to as the local-density ap- 
proximation (LDA) originally introduced by Brueckner, Gammel, and 
Weitzner (58), and Brueckner, Lockett, and Rotenberg (61 ). In this approxi- 
mation the value of the G matrix for a finite nucleus in a small region around a 
given point in which the Bethe—Goldstone correlated wave functions differ 


618 MULTINUCLEON SYSTEMS 


appreciably from the uncorrelated wave functions is approximated by the G- 
matrix in infinite nuclear matter of the density that prevails at the point in 
question. It is hoped in this way to take into account the variation in the 
neutron and proton density that is particularly important in the nuclear sur- 
face. This approximation is suggested if the distance over which the correla- 
tions prevail is small compared to the distance over which the density has an 
appreciable change. In these considerations it is most convenient to express 
the G-matrix in coordinate space. In the most recent discussions [Negele (70) 
and Sprung and Banerjee (71) ], this is carried out together with further ap- 
proximations that replace the G-matrix in coordinate space by an effective 
local two-body potential that is a function of kr, the Fermi momentum, and 
therefore the density p. At this point the potential is modified from the strict 
LDA form by the introduction of a number of parameters; in Negele’s calcu- 
lation there are finally three. This is motivated by the fact that nucleon- 
nucleon potentials that are used in the calculation of nuclear matter do not. 
give the experimental volume energy. Various corrections that are listed in 
Chapter III must be added to the value obtained. There are effects of the 
three-body clusters, three-body forces, and relativistic corrections. The data 
used to fix the parameters of the effective potential are taken from properties 
of nuclear matter; that is, the effective potential is used to calculate these 
properties and the parameters fixed so as to yield the observed values. The 
properties of nuclear matter that were fitted in this manner include the volume 
energy as obtained from the semiempirical mass formula, the symmetry energy 
from the same source, and the saturation density. The latter [Bethe (71) ] 
was fixed by requiring that the calculated radius of 4°Ca agree with the experi- 
mental value. This gave a value of kr = 1.31 fm~!. With respect to the effective 
two-body potential, the greatest modification was made in the short range 
(r < 1 fm) component. 

In this way an effective two-body potential is obtained. The consequent 
many-body potential, which is density dependent is constructed using the local- 
density approximation. The resultant many-body Hamiltonian is inserted 
into the variational principle for the energy: 


6{ (Y| Hers... 1a, p)|¥) — E(Y|Y)} = 0 (18.21) 


The Hartree-Fock type equations are obtained if W is a Slater determinant. 
Since p depends on Y, the variation must also be applied to the p appearing 
in H.::. AS a consequence the Hartree-Fock potential will contain a contribu- 
tion from 6H.::/5p. This term plays an important role in the calculation of 
the saturation density, giving rise to a two-body potential term in the Hartree— 
Fock equations depending on Ov.:/Op where vers is the two-body density- 
dependent potential. These terms are referred to as the “‘saturation potential’’ 
by Brandow. 

It is to be emphasized that there is no justification for the application of the 
variational principle to the effective Hamiltonian. That is, it is not possible 
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to relate variational principle (18.21) to the variational principle satisfied by 
the actual Hamiltonian. 

Negele has applied this analysis to the calculation of the binding energy, 
the single-particle energies, and charge density of nuclei throughout the 
periodic table. The original nucleon-nucleon force is the soft core Reid po- 
tential (68). We give a few examples of his results. Table 18.4 [Bethe (71)] 


TABLE 18.4 Total Binding Energies per Particle in MeV and Nuclear Radii in fm 
According to the Theory of Negele [from Bethe (71)] 


Nucleus ire) 40Cq 48Cq 907; 208Ph 
Theoretical binding energy 7.59 7.99 7.96 8.33 7.83 
Experimental binding energy 7.98 8.55 8.67 8.71 7.87 
Proton rms radius (theoretical) 2.71 3.41 3.45 4.18 5.44 
Proton rms (experimental) 2.64 3.43 3.42 — 5.44 
Neutron rms radius (theoretical) 2.69 3.37 3.60 4.30 5.67 


gives the binding energy per particle, the proton rms-nucleon radius as well 
as the neutron radius. The agreement with experiment is excellent. These 
results indicate that once the nuclear forces are adjusted to give the correct 
binding energy and symmetry energy for nuclear matter as well as the #°Ca 
radius, the binding energy and charge radius are correctly predicted for 
a variety of nuclei. The saturation potential plays an important part in these 
calculations. Because of its presence it is possible to simultaneously obtain 
the single-particle energies and the total binding energy. That portion of the 
energy that depends upon the saturation potential is negative so that the nu- 
cleus is more strongly bound than the single-particle energies indicate [ (Bethe 
(71), see also Eq. 18.38) ]. 

The large effect of the density dependence and the adjustment of the nuclear 
forces mentioned above on the charge density of the 4°Ca nucleus is shown in 
Figure 18.7. The solid line gives the empirical charge density as determined 
from high energy electron scattering [Bellicard et al (67) and Frosch et al 
(68 )]. The broken line with the long dashes is calculated with a density-inde- 
pendent two-body potential. The dot-dash curve employs Negele’s density- 
dependent theory, but without any adjustment of the interaction while the 
curve with short dashes includes that adjustment. The great importance of the 
density dependence is clearly seen. 

The comparison of the full calculation with empirical charge distribution is 
shown in Fig. 18.8. It will be noticed that the theoretical distributions have 
more oscillations than the empirical distribution. These oscillations are a 
manifestation of shell structure. A more critical comparison of theory and 
experiment is obtained by comparing the experimentally observed elec- 
tron scattering with that predicted by the calculated charge distribution. Such 
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FIG. 18.7. 4°Ca charge density. See text for description [from Negele (70)]. 


a comparison is shown in Fig. 18.9. Again the agreement is excellent. However 
as is shown by Fig. 18.10, not a very good prediction of the difference between 
electron scattering by 4°Ca and that by *8Ca is obtained, although substantial 
agreement is obtained for scattering by each nucleus.* 

The wave functions obtained in this theory are Slater determinants. The 
entire effect of the correlations are contained in the effective density-depend- 
ent interaction. The calculation of the correlated wave functions has not been 
discussed. Of course configuration interaction will also in some cases be of 
importance. 

The question naturally arises how much of the success of this formulation 
is a consequence of the nuclear force employed, (the Reid soft core ) and how 
much can be ascribed to the relatively smooth behavior of nuclear binding 
energy as a function of A and Z. Because of the latter it may be entirely pos- 
sible that the adjustments to the nuclear potential, involving in Negele’s case 
three empirical parameters, are sufficient to insure the agreement with experi- 
ment that has been obtained. 


*A recent calculation Bertozzi et. al. (72) indicates that this difference is 
due to the interaction of the electron with the neutron. that is commonly 
omitted in the analysis of these experiments. 
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FIG. 18.8. Negele’s charge distributions (dashed lines) and empirical (solid lines) 
results obtained from electron scattering according to Bellicard et al. (67), Frosch et al. 
(68), Ehrenberg et al. (59), and Bellicard and van Oosbrun (67) [from Negele (70)]. 


That this is to some extent true is indicated by the results obtained by 
Vautherin and Brink (72) and Vautherin, Veneroni, and Brink (70) who 
employ a very simplified model proposed by Skyrme (56, 59) [see also 
Moskowski (70) ] that leads to a density-dependent Hamiltonian. Because of 
the simplicity of the model some insights into the relevant issues can be ob- 
tained. 

Skyrme used a simplified two-body force and in addition a three-body force 


V=>o v3 + DS vage (18.22) 


<j w<I<K 
The effect of the three-body force, which is taken to be of the form 
V123 = t36 (¥1 = re )6 (re = r3) (18.23 ) 


where f3 iS a parameter, is equivalent to the introduction of a two-body 
density-dependent potential as we shall indicate below. The two-body force 
is of the form 


l 
VY2 = to(i + XoP, )6 (ri ae ro) + 5 HLS = r, )k? + ks (ry, ae r.)] 


+ tok’- 6 (ri — r )k + iW o(& + 6: )-k’ x [6 (ri = re )k J (18.24) 
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FIG. 18.9. Scattering of 500 MeV electrons by 2°°Pb. Experimental points, Stanford data 
courtesy of Heisenberg; theoretical curve calculated from Negele’s charge distributions 


[quoted by Bethe (71)] 


In this expression fo, f1, t2, Wo, and xo are parameters to be adjusted by com- 
parison with experiment, P, is the spin-exchange operator (1 + 6,-6.)/2 and 
k? and k” are differential operators defined by 


1 = 
k => (Vi — Ve) (18.25) 


l 
k’ = —— (¥, -— V2) 
2i 


where the direction of the arrow indicate the direction (right or left) of the 
action of the differential operator. 
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FIG. 18.10. The ratio of the difference of the scattering cross sections by 4°Ca and42Ca 
over the sum. The solid line is obtained from the empirical charge distributions of 
Bellicard et al. (67), Frosch et al. (68). The experimental points were obtained by these 


authors. The dashed line is given by Negele’s theory (see footnote p. 620) [from Negele 
(70)]. 


Problem: Prove that other types of exchange forces do not give contributions 


differing from (18.24) in form if the spatial dependence of the potential is 
given by a delta function. 


Note that v2 is momentum dependent. The first two terms correspond to in- 
teractions in only the relative S-state of the two particles while the last two 
terms correspond to P wave interactions. 


Problem: Prove these relationships by taking matrix elements of the potential 
between relative wave functions of the form R(7)Yin(Q). 


Form (18.24) also has a simple interpretation in momentum space. There 
the plane wave matrix element of (18.9) (kK| v2|k’) has the form 


1 
(K| v2]/k’) = tol +x0P.) + 5 t(R + k”?) + tek-k’ + iWo(6, + de) 


eo (k Xk’) (18.26) 


It is evident that (18.26) includes the first few terms of the expansion of 
(k| vi2|k’) in a power series in k and k’. 

It is simple to apply the Hartree-Fock method. It is only necessary to insert 
interaction (18.26) into the variational principle for the energy using a Slater 
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determinant for the variational wave function. The matrix element for the 
energy can be written in the following form: 


= (Vi/\7+ V)|v) = | 0) ar (18.27) 
where 
v= qi set ;(Fj,Ms,M; ) (18.28). 


where r;, Ms, Mm; give the spatial, spin, and isospin coordinates of each particles. 
Inserting (18.28) for W into (18.27) yields the following expression for the 
energy density H(r), according to Vautherin and Brink: 


h? ] l ] 
H(r) = a, ©) i 5 to (1 aL 5%) po € ae x») (pn? + oe) 
] l 1 
a (t) + te)pT + 3 (t2 — t1)(enTn + ppl'p) + 16 (t2 — 3t1)pV’p 


l 1 
+ 32 (341 + to) (pnV"pn = PpV' pp) + 16 (t; = to) (Jn? ++ J,’ ) 


1 1 
+ 4 [PnP oP = Wo(pV-3 + prxV-Jn + p.V-J,) + A. (18.29) 
where p is the nucleon density: 
P = Pn + Pp | 
and where 
Pp = Dy |oi(t, ms, m, = 1/2)/? (18.30) 


T(r) is.the kinetic-energy density. For protons it is 


Tp, = >. |Voi(r, ms, mz = 1/2)? (18.31) 


and T = 7, + Th. 
Finally J is related to the spin density: 


J, =i dD) O;(r, ms, 1/2) [(ms|6|m’s)XVoi(r, m’s, 1/2)] 


4,mg,m $s 


J=J,+ J, (18.32) 


The cubic term proportional to ¢#; in (18.29) is a consequence of the three- 
body force demonstrating that it is equivalent to a density-dependent inter- 
action. All the other terms are bilinear in the quantities p, T, and J while the 
kinetic-energy term is linear. H, is the Coulomb term. 
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The Hartree-Fock equations for closed-shell nuclei are: 


2 
| -v ; =v + U(m, r) + iw(m, r)- (6 X v)| jo te 10833) 


where e; is the single-particle energy. The effect of the velocity-dependent 
terms in (18.24) that are proportional to ¢, and fe, is, among other things, to 
replace the nucleon mass by an effective mass m* (m,, r) 


h? h? 
2m* = am 


1 1 
+ 4 (4. + te)p + 8 (t2 — ti )p(ms, ©) (18.34) 


The potential U(m,, r) is momentum dependent and because of the three- 
body force bilinear in the density: 


1 l l 
U(m,,6) = to (1 a 5) = € i xo) pl | ae g fale” — p’(m, r)] 
I l l 
eo 8 (34 = te )V7p —- 16 (34, + to )V?p (m+, r) + 4 (11 + to )T 


I ] 
+- 8 (t2 — t,)T (mir) — 5 WoI[V-J+V-JSOn,r)]+ A. (18.35) 


The terms involving the gradients of the density will be sensitive to its spatial 
dependence particularly near the nuclear surface. For N = Z nuclei the param- 
eter modifying V’p is proportional to (5t2 — 91f,). It is this parameter that will 
be important for surface effects. Under the same circumstances the change in 
h?/2m depends upon (3, + 522.) and, therefore, that parameter is important 
for the determination of the single-particle level energies. 

The factor W(m:, r) is given by 


W (mn, r) = ; Wo [Vp + Vo(m, r)] + : (1 = to )J (m2, r) (18.36) 


The dependence on W, is expected (see Eqs. 18.24 and 18.26) but there is an 
additional dependence on J whose origin is in the momentum-dependent 
terms in the nuclear forces. 

One final formal point is of great importance. In the Hartree-Fock approxi- 
mation with density-independent forces the total energy of the nucleus is 
given by 


E = >> (T; + «) (18.37 ) 


where 7; denotes the single-particle kinetic energy and e,; the single-particle 
energy. Because of this relation (we have alluded to this point before) it is 
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not possible to obtain the binding energy, radius, and single-particle energies 
of 160 and *°Ca using a density-independent interaction [Kerman (69) ]. The 
essential point is that there are three experimental quantities and essentially 
only two quantities in the theoretical expression (18.37) so that it would be 
very Significant if all the experimental quantities were predicted correctly. In 
the presence of a density-dependent force of the Skyrme-type, relation (18.37 ) 
is modified to 


] l 
B= 5D Git 6) — jt | papeode (18.38) 


This formula shows that for this model the binding energy of a nucleus is 
greater (assuming ¢; > 0) than would be expected from the single-particle 
energies and (18.37 ). It was found by Negele that this was critical in obtaining 
the experimental binding energy. Vautherin and Brink obtain a similar result 
as will be described below. 

The parameters, six in all were chosen so as to give the properties of *O 
and ?°8Pb; binding energies and radii. The splitting of the lp levels in 1*O were 
used to select the value of W». To illustrate the results we choose one set 
tabulated in Table 18.5 determined in this fashion (their set II), 


TABLE 18.5 Parameters of the Density-Dependent Hamiltonian of Vautherin 
and Brink (72) 


to (MeV fm?) sty (MeV fm?) to (MeV fm) tz (MeV fm) Wo (MeV fm?) Xo 


— 1169.9 585.6 27.1 9333.1 105 0.34 


With these values the results obtained for a number of closed-shell nuclei 
are tabulated in Table 18.6. In this table the rms radii of fhe neutrons is de- 
noted by r,, of the proton r, and of the charge r.. Here p, and thereby r, is 
obtained from p, by folding in the finite extent of the proton charge dis- 
tribution 


pe(r) = [ne — S$ )pp(s) ds 


where f,(r) is the proton charge density. 
This model gives agreement with experiment that is as good as that obtained 
with Negele’s theory. 

Comparison with electron scattering is shown in Fig. 18.11. Again excellent 
agreement with experiment is obtained. 

It is seen from this discussion that a simple model (but with the important 
component of a density-dependent Hamiltonian generated by a simple three- 
body interaction and with six parameters to be determined by comparison 
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TABLE 18.6 Nuclear Binding and Radii from the Theory of Vautherin and 
Brink (72) Compared to Experiment 


Nucleus 160 40Cq 8Caq 907, 208Ph 
Experimental r, 2.73 fm 3.49 3.48 4.27 5.50 
E/A —7.98 MeV —8.55 —8.67 —8.7] —7.87 
Theory Tn, 2.61 3.35 3.63 4.32 5.69 
r, 2.63 3.40 3.45 4.24 5.49 
ig yaad 3.49 3.54 4.31 5.55 
E/A —7.89 —8.41 —8.39 —8.43 —7.54 


with experiment ) is capable of explaining the A-dependence of the binding 
energy and electron-scattering experiments. It must be concluded that the 
excellence of the results obtained by Negele with a much more elaborate 
theory and complex effective interaction based directly upon phenomeno- 
logical two-nucleon potentials is in considerable part due to the presence of 
three parameters that are determined empirically. These parameters play an 
important role as can be seen from Fig. 18.7 where the adjustment of the 
density-dependent interaction is essential to obtain agreement with the em- 
pirical charge distribution. It also appears that a common element that is of 
critical importance is the density dependence of the effective Hamiltonian. It 
can be seen from Fig. 18.7 that it plays an essential role in flattening the nu- 
clear charge density. It is of importance in producing saturation, the additional 


208 Ph =502 MeV 
—— Interaction | 


; -3 
--— {Interaction II 10 
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FIG. 18.11. Elastic electron scattering of 502 Mev electrons by 2°8Pb compared with 
theory [Vautherin and Brink (72)]. 
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term in the effective Hamiltonian being referred to as the saturation potential. 
Finally it resolves the problem of obtaining simultaneously the observed 
single-particle energies and the correct binding energy for nuclei. Since the 
very schematic form of Vautherin and Brink seems to yield excellent results 
one must conclude that the detailed nature of the density-dependent inter- 
action is not essential. [Recently Vautherin (72) has extended this theory to 
deformed nuclei. ] 

Of course the problem remains of relating their empirical parameters to 
the nucleon-nucleon interaction. One very recent and promising attempt has 
been made by Negele and Vautherin (72). These authors attempt to derive 
the Vautherin—Brink interaction essentially by expanding the G-matrix in 
powers of k and k’ (actually they do not use a power series but their approach 
is close enough to a power-series expansion so that in a qualitative sense this 
description is not misleading ), eventually arriving at an effective Hamiltonian. 
This procedure then relates the nucleon-nucleon amplitude to an effective 
interaction resembling the one used by Vautherin and Brink. 


19. EFFECTIVE INTERACTIONS 


The last sections have been primarily devoted to the relation of the nuclear 
ground state, its energy as well as its charge and particle density, to the under- 
lying nuclear forces. But of course there are many other properties of nuclei 
we wish to understand—in particular the nature of the excited states, their 
energy, their electromagnetic properties, their electromagnetic and £-ray 
transition rates. 

In the shell model, deformed or spherical, excitations are described by 
moving particles from occupied to unoccupied single-particle states. These 
elementary excitations do not form a solution of the nuclear Schrodinger 
equation. Linear combinations must be used in the attempt to diagonalize 
the nuclear Hamiltonian. In principle an infinite set of excitations must be 
used. In practice, the Hilbert space is truncated and/or a subset of excitations 
is considered. The first procedure has been discussed in Chapter V, for the 
shell model, the second is exemplified by the RPA method. 

In either event use of the nucleon—nucleon potential as the residual interaction 
is not correct. Because of the truncation, for example, excitation to states out- 
side the space have been omitted. To account for these states the nucleon- 
nucleon interaction should be modified. The two-body potential v(ij) should 
be replaced by an effective interaction vo(ij). It is also worthwhile to remind 
ourselves that for many nuclear properties it is possible to limit ourselves to a 
smaller subspace by considering effective, or renormalized, operators. In 
Section V.12 we saw how configuration mixing can be simulated, for the pur- 
pose of calculating energies, by a renormalization of the interaction, and in 
Section VI.9 we saw how, to lowest order, the Coriolis mixture of rotational 
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bands can be simulated by a modification of the moment of inertia. Similar 
renormalization effects will be shown in Chapter VIII to lead to effective 
charges of nucleons in the nucleus, etc. 

We shall discuss how these effective interactions and operators may be ob- 
tained from first principles in the next section. However a large number of 
calculations have been performed with simple semiempirical effective inter- 
actions. The justification for doing so comes from the fact that we are dealing 
with a very limited set of matrix elements, and for such /imited sets the matrix 
elements (a|v(ij)|@) of the real interaction can be reproduced by corre- 
sponding matrix elements (a|v(ij)|@) of a model, or effective interaction 
vo(ij) (see also Sections V.12 and VI.9). 

The size of the model space, as the truncated Hilbert space is referred to, 
depends upon the nature of the states under discussion. We have already seen 
in the discussion of the Hartree-Fock method using oscillator wave functions 
how a rather small subspace sufficed in that case. 

Figure 19.1, reproduced from Gillet, Green, and Sanderson (66), shows 
the effect on the energies of two 3- states in 2°8Pb, of increasing the dimensions 
of the subspace in which the nuclear Hamiltonian is diagonalized. It is seen 
that the higher 3- state (upper solid line) does not change its energy appre- 
ciably as the diagonalization space increases from 5 configurations whose 
maximum zeroth-order excitation lies at 5 MeV to 45 configurations with a 
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FIG. 19.1. The position of the 3- states of 2°Pb as a function of the dimension of the 
Hilbert space. The dashed line curve is obtained by using the RPA [from Gillet et al. (66)]. 
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maximum excitation of 15 MeV. The lowest 3- state that is the collective octu- 
pole state, (lower solid line) is more strongly affected by the increase in the 
dimensionality of the diagonalization subspace, but again seems to reach a 
“plateau”’ at about 40 configurations involving zeroth-order excitation of 
about 10 MeV. 

Tests similar to the one shown in Fig. 19.1 can be applied also to other 
quantities calculated with the help of wave functions derived from the partial 
diagonalization of the Hamiltonian. They amount to a semiempirical test of 
the convergence of the whole method. As a rule one finds that, provided the 
initial choice of single particle wave functions is reasonable, one does not 
have to go to very large subspaces to obtain the “‘saturation’’ value for the 
energies of regular states, like the higher 3- state in Fig. 19.1. States that show 
collective features, like the lowest 3- state in Fig. 19.1, require larger subspaces 
to obtain a good approximation for their energies. Furthermore, if we want 
the wave function of a given state for purposes other than the evaluation of its 
energy, it is generally required to go to larger subspaces. Energies, being eigen- 
values of the Hamiltonian, are less sensitive to small variations in the wave 
functions. Other quantities, such as moments or transition probabilities, do 
not have this property. The dimensions of the subspace in which the nuclear 
Hamiltonian is to be diagonalized thus depend on the quantities that are to 
be calculated with the resulting wave functions. 

In choosing model interactions for use in a truncated Hilbert space one is 
led by both intuition and arguments of simplicity. A very popular interaction 
is the 6-interaction discussed in Sections V.1, V.4, and V.6. The extent to 
which it can be made to fit the data on some low-lying excited states of various 
nuclei can be judged from a recent work of Moinester, Schiffer, and Alford 
(69 ). It will be recalled (Section V.A-2 ) that within a given configuration the 
energies of the various states can be expressed in terms of pure multipole— 
multipole interactions between pairs of nucleons. Conversely, if the energies 
of all the states of a given two-particle configuration are known, it is possible 
to derive from them the strength of the individual multipole—multipole inter- 
actions a,. Moinester et al (loc. cit.) find from the analysis of various nuclei 
from ®Cl to 2!°Bi that the relative strength of the various pure multipole inter- 
actions remains more or less the same throughout the periodic table. In fact 
one can conveniently define a pure multipole interaction of order k to be the 
one for which the Slater integrals in Section V.A-19 reduce to 


FO = ./2k + 16(r, k) (19.1) 


(\/2k + 1 is introduced for convenience only), and the irreducible tensor 
operators in Section V.A-20 reduce to unity independent of k, so that 


GUT? |) = GW = Va+ 1 (19.2) 
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The spectrum of energy levels in the configuration (jj; j2) for a pure multipole 
is given, using Section V.A-19, by: 


E® (jyjoT) = (1) tia/ Qh + 1) Qj + 1)Qk +71) 


ia je ( 
jo iy k 
(19.3) 


The strength a, of the kth multipole is then defined through the requirement 
that the actual experimental spectrum in the configuration (j: j2) be given by 


E(jgeJ) = D> aE (jjeJ) (19.4) 
k 


It follows from (19.3) and (19.4), using the orthogonality of the 6—j symbols, 
that 


ae — @Ok+1) —yitetr(y + J 
RSE SEL pe Ne 


h jo J 
E(jjeJ) 


jo hook 

(19.5) 
Thus from the measured energies E( ji j2J) one can deduce a, in a straight- 
forward manner. 

One point has to be clarified, however, with respect to (19.5): what is the 
reference energy from which E( /; j2 J) is measured. It is within the spirit of 
all shell-model calculations that this reference energy should be the unper- 
turbed zeroth-order energy and one therefore takes it from the observed single 
‘particle (or single-hole energies ) in neighboring nuclei. 

Defining 


Ak 


Bi = (“*) (—] )Faitatletste) 
ao 


CGC = 


, for pp or hh states 


1 for ph states 


Moinester et al obtain the values shown in Table 19.1 for the relative multi- 
pole moments 6; in 7°%B1; the table shows also average values of 8; for various 
odd—odd nuclei all over the periodic table, as well as the theoretical values for 
a §-interaction. 

It is therefore seen that the 6-interaction seems to reproduce features of 
nuclear spectra fairly accurately, at least for simple configurations. This 
probably indicates that the main effects of the actual residual interaction pro- 
duce substantially extra binding when the wave functions of two nucleons 
overlap each other well. 
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TABLE 19.1 Comparison of Multipole Coefficients 100 (8;) from 
5-Function Potential with Experiment [from Moinester et al. (69)] 


208Bi only All data 
Multipolarity 5 5 
k Experiment function Experiment function 
2 58 53 52 52 
4 38 36 32 36 
6 22 27 20 25 
8 22 20 15 19 
I —20 —17 —18 —18 
3 — 7 — 7 — 7 — 7 
5 2 — 7 — 4 —- 7 
7 11 — 3 Z — 3 
9 8 — 2 — 2 — 2 


The 6-interaction can be used for v(ij) also when diagonalizing the effec- 
tive nuclear Hamiltonian in truncated spaces containing more than one shell- 
model configuration. A closer agreement with experiment is obtained, how- 
ever, with a slight modification of this interaction, proposed by Green and 
Moszkowski (65) and often called the surface 6-interaction. It amounts to 
ascribing to the Slater integral F“ (nl, nl’) (see Section V.A.3) a value that 
is independent of n, J, n’, and I’: 


F® (nl, nl’) = Qk + 1)FO (19.6) 


The argument behind this approximation is that the residual interaction 
among nucleons seems to be most effective when both are at the nuclear 
surface. The-one-particle radial wave functions at the nuclear surface turn out 
to have nearly the same value for all states and, hence, the assumption (19.6). 
Figure 19.2 shows the energy levels of the two-nucleon system when the 
truncated space includes the 2s and ld states. It is seen that the surface—6-in- 
teraction gives a ratio for E(4+)/E(2+ ) that is close to the observed ratio in 
nondeformed nuclei; the ordinary 6-interaction does not do so well for this 
ratio, and the pairing interaction Section V.A.14 is, of course, even poorer. 

There are other “popular”’ effective interactions used in the framework of 
the shell model. Some of them are mentioned in Appendix B, Chapter V. 
Since, however, the justification for the use of these simplified interactions is 
connected with the use of limited subspaces for the diagonalization of the 
effective nuclear Hamiltonian, one can adopt also another point of view, 
largely developed by Racah for atoms and by Talmi and coworkers for nuclei 
[see Talmi (65) ]. In this approach one derives directly the matrix elements 
of the effective interaction from the analysis of simple configurations and uses 
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L Energy L Energy L Energy 
0.22.4 1 0.2 1 
2 0.926 
4 0.743 : OSs 
0 0.663 
2 0.603 
2 0.429 
0 0 0 0 0 0 
E/E, = 1 E,/E, = 1.23 E,/E, = 1.77 
Pairing Ordinary Surface 
delta delta 
function function 
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FIG. 19.2. Energy levels of the (s,d)? configuration for pairing, ordinary delta function, 
and surface delta function interactions; the ground state is taken ta be zero, and the 
unperturbed energy is at unity [from Green and Moskowski (65)]. 


these semiempirical matrix elements in calculations involving more complex 
configurations. As an example, consider the isotopes of K, from 38K. to 43Ko4. 
The shell-model configuration of the protons in these isotopes is 3/3, and that 
of the neutrons is f7/2 with n = 0, 1, 2, 3, and 4. Thus in the diagonalization 
of the Hamiltonian (18.1) in the subspace of the configurations (d373, f7/2) 
only the following matrix elements of v(ij) will appear (see also Section V.8 ): 


(dyi fr I\v(12)|dst fret) J=2-,3-,4- and 5 (19.7) 
(fij2I|v(12)| F727) J=0+,2+,4+ and 6+ (19.8) 


These eight matrix elements can be deduced from the spectra and energies of 
0K», [for the matrix elements in (19.7) ] and of $6Caoo [for those in (19.8) ]. 
They can then be fed into the matrices for *“K, ““K, and “K, giving both the 
spectra and energies of these nuclei, as well as the detailed structure of their 
wave functions within the configurations (ds, Sz/o). The latter can be used to 
compute also other properties of various levels in these nuclei. In particular 
the magnetic moments of all levels in these configurations are uniquely deter- 
mined, once the wave function is known, by the two magnetic moments 


u(dse) = =and = u(fz/2) (19.9) 
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The former is given directly by the moment of #3Ko) whose configuration is 
pure d3. and the latter by that of 35Ca., which is a pure f;/2 nucleus. Table 
19.2, reproduced from Talmi and Unna (60), shows the fit that can be ob- 
tained to the experimental data with such calculations. The significance of 
these studies lies in the fact that they test directly the validity of the assump- 
tion that solutions of the nuclear Hamiltonian can be approximated by its 
diagonalization in a small truncated subspace. 


TABLE 19.2 Magnetic Moments of the K-lsotopes 
[from Talmi and Unna (60)] 


Nucleus 39K 40K Alk 42K 43K 
Experimental 0.391 —1.30 0.215 —1.14 0.163 


Calculated 0.335 —1.256 0.208 —1.199 0.187 


The Pairing-plus-Quadrupole Interaction 


Among the phenomenological, or effective, interactions that are commonly 
used, a specially prominent place is occupied by the so-called pairing plus 
quadrupole interaction, one form of which is given by Eq. V.A.15. As explained 
in that section this interaction is taken to represent an approximate separation 
of the two-nucleon interaction into a “short range’’ part (the pairing inter- 
action) and a “long range’’ part (the quadrupole—quadrupole interaction ). 
The pairing interaction is often taken in a slightly more general form than that 
adopted in Eq. V.A.14: 


( jaja’ J| Vp (12) | jojo’ J) = V (Qin + 1) (io + 1)G 8( jaja’) 5 (jo jo’) 6 J, 0) 
(19.10) 


where j, and j, are allowed to take on all the j-values in the last filled major 
shell. The physical idea behind (19.10) is that the short range interaction 
allows the scattering of pairs coupled to J = 0 from |j,? J = 0) to |j,27 = 0) 
with equal amplitudes for all pairs of states that are close to the Fermi surface. 

Although the pairing-plus-quadrupole interaction can be handled, in prin- 
ciple, by diagonalization in a large enough subspace, in many cases it is found 
to be considerably easier to make use of the Bogoljubov transformation and 
absorb thereby the main effects of the pairing interaction into the single- 
particle properties of the quasi particles. One can then express the remaining 
quadrupole—quadrupole interaction in terms of the quasi-particle coordinates 
and deal with it as a perturbation in that scheme. Extensive calculations for 
both even—even and odd-—even nuclei have been carried out using this approach 
by Kisslinger and Sorensen (63) who applied the RPA to the quasi-particle 
quadrupole interaction. This quasi-particle random-phase approximation 
(QRPA ) resembles very much the one developed in Section VII.6, except 
that now one wants to include also pairs like ala}, and a,a,. We shall not 
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go into its description here and the reader is referred to the paper of Kisslinger 
and Sorensen (63) for further details. Figure 19.3 shows an example of their 
results for the odd-A Xe isotopes. The open points are the experimental 
values for the energies of the levels indicated, whereas the solid lines indicate 
the calculated positions of these levels. We see that the calculations account 
for the “‘crossing”’ of the 3/2+ and the 1/2+ levels between !%°Xe and !3!Xe, 
but other features of the empirical spectra are not reproduced that well. The 
approximate nature of this calculation is quite evident from Fig. 19.3, but 
its relative transparency may compensate for this. A broader program of more 
complete calculations for the pairing plus quadrupole interaction has been 
undertaken by Kumar and Baranger (68), and references given there. We 
shall come back to this program toward the end of this section. 

It is, of course, possible to include also other parts of the full nuclear inter- 
action v(ij) in calculations of this type, and Kisslinger and Sorensen (63 ) 
tried to improve their wave functions even further by mixing in higher con- 
figurations using a 6-interaction between pairs of nucleons. This calculation 
was motivated by the success of earlier calculations of Blin-Stoyle (53), 
Arima and Horie (54), and Arima, Horie, and Sano (57), who introduced 
configuration mixing in the shell model to explain the deviations of magnetic 
moments from the Schmidt lines (see Chapter VIII). It has, however, to be 
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FIG. 19.3. Energy levels of the odd-mass Xe isotopes. Experimental values are indicated 
by small circles [from Kisslinger and Sorensen (63)]. 


636 MULTINUCLEON SYSTEMS 


borne in mind when doing such calculations, that the inclusion of various bits 
and pieces of the nuclear interaction involves a danger of including some parts 
of the interaction more than once while still omitting others. It therefore 
seems advisable either to consider the whole interaction, or simulate it by an 
effective interaction that is simple to handle within a limited subspace of con- 
figurations close to the chosen configuration. 


Collective Excitations 


The approximations reviewed up to this point can be considered as the first 
few steps in the complete diagonalization of (18.1) using as a basis the single- 
particle wave functions generated by a single-particle potential. By increasing 
the subspace of functions in which the diagonalization is carried out, we can 
in principle approach the solution of (18.1) as closely as we wish. 

However there is another possible procedure by which we can improve 
upon the description of the single-particle potential by realizing that the com- 
bined effect of the nucleons on a particular nucleon has fluctuations about 
its average value. The average value is given by the Hartree-Fock method. 
The fluctuations about the average can be conveniently treated by the con- 
verting some of the parameters of the potential into dynamical variables 
(Section VI.13). Or equivalently we may use the time-dependent Hartree— 
Fock method. In terms of the direct diagonalization method, this procedure 
corresponds to incorporating the effects of selected higher configurations. 
Because of this the residual interaction must be modified. It is not correct to 
employ the residual interaction of the direct diagonalization method since 
clearly we would be counting some effects “‘twice.”’ 

The single-particle potential is in the last analysis produced by the nucleons 
themselves. It is therefore conceivable that collective motions of the nucleons, 
especially if their frequencies are small compared to the frequencies of the 
individual-particle motion, can be best described via some time variation of 
the parameters that determine the single-particle potential. In the framework 
of the Hartree-Fock approximation, this can be achieved by going over to 
the time-dependent Hartree-Fock approximation in which the variational 
parameters are allowed to be functions of t. As we have seen in Sections VII.5 
and VII.6, this leads to the same results as the linearized equations of motion 
(RPA ) for the collective particle-hole excitation operator (6.4). In terms of 
Goldstone diagrams it includes a whole set of diagrams of the type shown in 


Um 
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Remark: The-diagram in (19.11) is characteristic of particle-hole diagrams 
and a few comments may help read it more easily: 


Consider the diagram: 


The rules for reading graphs (Section VIJ.14) associate with this diagram the 
factor 


5. en mi exp [Ble; + €n — Em — €;) ] (b) 
Since we are now concerned with states of well-defined angular momentum for 
the ph-pair, it will be more appropriate to write the diagram (a) in terms of a 
particle-hole interaction rather than the particle—particle interaction vy. This 


can be done in a way similar to the one that led to Eq. V.8.21. If we decompose 
the interaction v(k, r) into a sum of products of irreducible tensor operators 


vW(k, r) = ZT(K)- T(r) 


then we have, for the ph-configurations, 
, lA i J J 
(ir tpad| DS vk, MAD = DO (RH Diets 
A Je! jy’ S 
X CA A] [2Z2TOK) | ['A, AIC] [TOO] 72) © 


where k runs over the particles in all occupied states. Using arguments similar 
to that which led to Eq. V.8.19, and assuming that the occupied states corre- 
spond to closed j-shells, we have 


Gr All TOO| Ad =(-DAT |i) ss #0 (d) 
k 

ji je it ji’ j 

h’ fe DAN fp’ 1 


ji J2 J 
(fied | 2: W(k, nf’) = >»; (—1)'2772’44(27 + 1) | | 
i I’ Je! l 


Introducing (d) into (c) and using the relation 


Ahad 
= o> (—1)'+s+4(27 + 1) 
je’ i's . 


we obtain 


ji je L 
x Do (HDi t+! CALNIT® | ANF (Te) © 
: je ji’ S 
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The sum over s in (e) will be recognized as (jijo’l|v|j1’ jol) and thus 


(Ad | YS vk i eT> = Gr dod | veal! fo D 
k 


Ah J 
= — 2) (-Diri/Ql +) 


| cite (f) 
Jv Ja l 

where v,, is the particle—particle interaction and v,, is the ph-interaction de- 
fined by (f). If we now draw the diagram (a) for the ph-states in the left-hand 
side of (f) we obtain 


(J) 


j JNi (g) 
() 


We see that the matrix elements that appear on the right-hand side of (f) have 
the expected structure (b); but if the ph-states have a definite angular momen- 
tum, it is more convenient to define a ph-interaction by means of (f) and asso- 
cate diagrams like (g) in an obvious way with matrix elements of this ph-inter- 
action. We can visualize (g) as indicating that the particle j. annihilates the 
hole j;—!, sending their combined angular momentum J via the interaction to 
be picked up by the particle-hole pair (j,;’—', j2’). 

In a diagram like (19.11), every “‘ph-bubble”’ carries the same angular mo- 
mentum J determined by the initial pair. This may no longer be the case if 
we have a situation like that shown 1n (h): 


je | Vis 
1 
Z (h) 
| . 
; A 2 : 


Here the ph-pair j,;’—1j2’ is still formed at A with an angular momentum J, but 
at B particle j.’ interacts with another particle j;’. The interaction conserves 
the total angular momentum of particles 2 and 3, but jo” can differ from j2’. 
Thus when /j.’’ annihilates j,/ at C, they can transfer via the interaction line 
an angular momentum differing from J. 


In these diagrams the particles and holes can be in any of the corresponding 
states that are included in the time-dependent HF approximation or in the 
definition (6.4) of the collective particle-hole operator 0'. Each particle-hole 
pair is coupled to the same angular momentum J (Section VII.7), which is 
also the angular momentum of the collective state considered. 
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If we want to express this approximation in terms of a diagonalization of 
the Hamiltonian in a truncated space, then we see from (19.11) that we have 
to choose this space in the following way: construct all possible particle-hole 
excitations with total angular momentum J; these will be states of the type 
\ji Ym; J). Now construct states of the same parity with three such ph-excita- 


tions, five, seven, .. . , coupling each pair to the same J, and coupling all the 
J’s again to J: 

Vin (SF), Jim! (SF), Fe in (SF) 3 I) (19.12) 
Diagonalize the Hamiltonian in the space of these special 1, 3, 5, . . . ph-ex- 


citations. Do the same to the ground state in the space of the similar special 
0, 2, 4,... ph-excitations. The energy difference between the two (collective ) 
states is the excitation energy given by the RPA. 

We notice that a shell-model diagonalization procedure is normally taken 
in a different way. Thus if one ph-excitation requires an energy Ihw, we would 
normally tend to diagonalize the Hamiltonian in the subspace of all states 
that have about the same excitation energy (first-order perturbation theory 
calls for the diagonalization of H in the subspace of degenerate states ). This 
is then called the lw Tamm—Dancoff approximation and in terms of Gold- 
stone diagrams it corresponds to adding all diagrams of the type shown in 
(19.13). 


Vv 


_O 
~ (19.13) 


nn 


In going to higher-order Tamm—Dancoff approximation, say that of 3hw, the 
shell model does not restrict each pair to have the same angular momentum 
J as in (19.12); indeed it can have states like 


im (Io), Fi’ Vim" ( Io" )5 in” Yim! ( Jo’), - 3 J) (19.14) 


where the only requirement is that Jo + Jo’ + J’ +... = J. In terms of dia- 
grams it will then have, in addition to (19.11), also diagrams like (19.15): 


ne a (19.15) 
rad -- 


It seems that for the computation of properties of collective states the RPA is 
better suited than the complete diagonalization in truncated spaces of the 
type generated by (19.14) or by the corresponding diagrams (19.15). Figure 
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19.1 shows the 3- state in ?°*Pb as computed also in the RPA (broken lines ). 
We see that for the upper state, RPA and partial diagonalization give more 
or less the same result. However, for the lowest, collective, state RPA gives a 
lower energy closer to the experimental value. The effect is seen even more 
dramatically in computing the electric octupole transition rate as shown in 
Table 19.3. COP and CAL are two different two-particle forces that were 


TABLE 19.3. Comparison of the Energy and Octupole Transition Rate 

in Weisskopf Units (G (3)) for the Lowest Octupole States in 2°8Pb 

Using Either Diagonalization within a Subspace or RPA with the Same 
Levels. Energies are in MeV [from Gillet (66)] 


Force Approximation Vo = —40 — 50 
Energy 3.15 2.64 
I G(3) 6.01 7.04 
COP 

Energy 2.74 1.62 
RPA G(3) 12.94 25.55 
Energy 3.27 2.77 
I G(3) 6.10 7.04 

CAL : 
Energy 2.75 1.45 
RPA G(3) 13.91 30.59 


used in this calculation [see Gillet (66)] and Vo is the strength of the inter- 
action. Approximation I consists of complete diagonalization of the inter- 
action within a certain truncated subspace, that is, it contains all states, in- 
cluding those given by (19.14). The RPA calculation was confined to the same 
subspace. G(3) is-the octupole transition rate corrected for the energy de- 
pendence and given in Weisskopf units (Chapter VIII). We see from this 
table that the transition rate from the lowest 3— state is enhanced by roughly 
a factor of 4 in going from the description in terms of Approximation I to the 
RPA. This enhancement is required to bring the calculated rate into agree- 
ment with experiment, and thus shows the usefulness of the RPA. It is possible 
that the RPA turns out to be as successful as it is because of its equivalence 
to the time-dependent Hartree-Fock approximation. The latter provides an 
intuitively easily acceptable description of collective vibrations. But it should 
be emphasized that the exact nature of the approximation involved in the 
RPA is not fully understood. Thus it has not been possible to give a reliable 
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estimate of the terms neglected in the RPA, and in some cases [see, for in- 
stance, Gillet and Sanderson (67) and Barrett and Kirson (72)], the RPA 
tends to overemphasize the collectivity of some states. The same ideas, that is, 
of TDA and RPA have been applied to the heavier nuclei where the quasi- 
particle description of Bogoljubov and Valatin has been used [see Sawicki 
(69) and Klein (72) ]. 


The Bohr Hamiltonian 


The association of independent degrees of freedom with the single-particle 
potential is of particular importance for the parameters that describe the 
quadrupole deformations of this potential. Higher multipole deformations 
are necessarily connected with higher kinetic energy for the corresponding 
surface waves. We can therefore expect quadrupole deformations to be the 
most abundant ones. This, indeed, is found to be true, and they have therefore 
attracted special attention. The Bohr Hamiltonian, which deals with the 
quadrupole deformations of the single-particle potential, was studied at great 
length in Chapter VI. We shall not go therefore into its detailed review here 
except for a brief outline of the recent work of Kumar and Baranger (68) 
that is the most extensive and consistent treatment presently available of the 
Bohr Hamiltonian. 

Kumar and Baranger consider a system of A-particles interacting via the 
pairing-plus quadrupole interaction (actually the pairing interaction is as- 
sumed to pair off only nucleons of the same kind: p—p and n-n pairs; further- 
more, in the quadrupole—quadrupole interaction the exchange terms are 
neglected ). They then develop the time-dependent Hartree—Fock—Bogoljubov 
theory (actually a Hartree—Bogoljubov approximation, since the exchange 
terms in the interaction are neglected), and because of the quadrupole-— 
quadrupole nature of the two-body interaction it is evident that the time- 
dependent average potential displays quadrupole oscillations. Using the 
adiabatic approximation they calculate the total energy of the A-particles in 
the slowly oscillating potential and use it as the potential energy for the oscil- 
lations. Transforming then to intrinsic axes (through the requirement that 
they coincide at any moment with the principal axes of the ellipsoidal po- 
tential) they obtain explicit expressions for the mass parameters for the rota- 
tional and vibrational kinetic energies and for the potential energy for the B- 
and y-vibrations. They are thus equipped to solve numerically the equations 
of motion of the Bohr Hamiltonian and relate the results to the fundamental 
features of the interaction. 

Actually another simplification is introduced that is consistent with the 
whole approximation of using the pairing-plus-quadrupole Hamiltonian. 
These simplified forces make sense, if at all, only if they are limited to particles 
near the Fermi surface. A pairing interaction that is valid between all states 
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can be shown to lead to a force of an infinite range, and a quadrupole—quad- 
rupole interaction, if it becomes effective between all pairs of nucleons, would 
have led to a needlelike nucleus [see Baranger and Kumar (68) ]. Thus the 
whole picture makes sense only if the calculations are limited to the “‘valence”’ 
nucleons, and proper approximate methods are developed to deal with the 
core, its deformation, and possible polarization [see Baranger and Kumar 
(68 ) ]. 

Figure 19.4 shows the calculated results for the excited states of the even— 
even isotopes of 7W, 76Os, and 7sPt together with the experimental values for 
these states. It is noteworthy to point out that these results were obtained 
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FIG. 19.4. Energy levels of isotopes of W, Os, and Pt. The calculated values are con- 
nected by straight lines. The unconnected symbols are the experimental values. 
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using the single-particle states in two major shells, with a pairing potential 
whose strength was taken to be (see Eq. 19.10) 


27 
x MeV for protons 


22 
ri MeV for neutrons 


and a quadrupole-quadrupole interaction whose strength varies slightly 
from nucleus to nucleus (44%) to fit the energy of the first 2+ state, and is 
given by 


g = (15 + 3)A-14 MeV 


The validity of the Bohr Hamiltonian as a dynamical theory for these nuclei 
is clearly indicated by Fig. 19.4. For the light W isotopes we find ourselves 
close to the rotational limit with large equilibrium deformations, whereas 
for the heavier Pt isotopes we are closer to a pure vibrational model. The 
transition in between shows how the nucleus gradually develops its full 
deformation as one goes further away from closed shells. 

Actually these calculations have been used also to derive electro-magnetic 
properties of these nuclei. In analogy with other calculations it is assumed 
that the polarizability of the core endows the valence nucleons with an extra 
effective charge. This charge does not really reside on the nucleon; instead it 
is associated directly with the polarization of the core. Since, however, the 
polarization moves with the polarizing nucleon this effective charge can be 
ascribed to the nucleon in the computations of moments and transition proba- 
bilities that match the polarization of the core. Thus for the computation of 
quadrupole moments and quadrupole transition probabilities the quadrupole 
deformation of the core induces an effective charge for the quadrupole operator. 
In the calculations of Kumar and Baranger the proton’s effective charge is 
taken as e, = [1 + 1.7(Z/A)]e, and that of the neutron is e, = 1.7(Z/A). 
With these values for e, and e, Kumar and Baranger computed the B(E2) 
values for quadrupole radiation between different levels as shown in Table 
19.4. They also computed nuclear magnetic moments as shown in Table 19.5. 
One sees that 1n these more sensitive tests their nuclear wave functions seem 
to reproduce the data very well. One cannot but feel that despite the crude 
approximation involved in taking the pairing-plus-quadrupole interaction to 
replace the actual nuclear interaction, there is enough in it to mimic an im- 
portant part of the real interaction. On the other hand we should also be aware 
of the fact that a quadrupole—quadrupole interaction is particularly suited to 
describe quadrupole deformations in nuclei, and it is not impossible that the 
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very impressive success of the calculations of Kumar and Baranger is related 
to this fact. 


20. MICROSCOPIC THEORY OF VALENCE FORCES 


The question now arises: can one derive the effective potentials among the 
valence particles from fundamental principles, that is, relate them to the 
nucleon-nucleon interaction? Such a theory would proceed by dividing the 
system into a core, and valence particles and describe the interaction between 
the core and the valence particles, and among the valence particles. It would 
describe the effect of the interaction of the valence particles with the core on 
the interaction of the valence particles. This effect is of great importance as 
we shall see. The interaction between a valence particle and the core will excite 
the core. The latter can be deexcited by a further interaction with another 
valence particle. This process, known as core excitation, will then give rise 
to an effective force between the valence particles since two of them will have 
shifted their state, as a consequence of their interaction with the core, while. 
the core has returned to its original state. More picturesquely, this process 
can be described as a polarization of the core by one of the valence particles, 
the polarization affecting the motion of the other valence particles. 

Not only is it necessary to justify the use of the effective potential but also 
the use of a truncated Hilbert space referred to as a model space (see Section 
19). In a shell-model calculation, for example, it is not possible to include all 
the levels to which the valence particles can be virtually excited. A few are 
selected, those in which the particles are placed according to the independent- 
particle approximation (Chapter IV), as well as those levels that are nearby. 
As we have repeatedly emphasized, at best only a few such levels can be con- 
sidered as the calculation becomes rapidly impractical with an increasing 
number of levels. 

The fundamental equation for the effective interaction acting between 
valence particles, analogous to the Goldstone linked-cluster result has been 
given by Brandow (67). The procedure used owes a great deal to Eden and 
Francis (55) and Bloch and Horowitz (58). Suppose that the model space 
includes a given set of states. Suppose moreover that these states are eigen- 
states of an unperturbed Hamiltonian A. In practice Hy is the independent- 
particle model operator T + U where U is a one-body operator, that is, the 
shell-model potential. The eigenstates are denoted by ®,;. The model space 
consists of a subset of these states. Let P be a projection operator that when 
acting on an arbitrary state vector VW projects out that component of W that is 
in the model space. P is given by 


P= >> |#:)(®@|  ®; + in the model space (20.1) 
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The complementary operator Q projects on to the rest of the Hilbert space: 


Q=1-P (20.2 ) 
Obviously 
PSP 
PQ = QP=0 (20.3 ) 
Q= 9 


We now seek the effective interaction in the model space by eliminating the 
complementary Q-space from the equation 


HY = Ey (20.4) 


satisfied by the exact state vector W. The Hamiltonian H is written Hy) + V 
so that (20.4) becomes 


(E- H, — Vjyv¥ =0 (20.5 ) 
Note that P and Q commute with Hy. To eliminate the Q-space, that is, to 
find the equation for PW [Feshbach (62)] operate with P on the left-hand 
side: 
(E — H,)P¥ — PVY =0 
or using (20.2 ) 
(E — Hy — Vepp)P¥ = VeagQv (20.6 ) 
where 
Vpp = PVP and Vrqg = PVQ (20.7 ) 
By operating with Q on the left side of (20.5) one similarly obtains 
(E — Hy — Voo)(Q¥) = Vor (PY) 
Solving this equation formally for QW 


l 


v= — — Jor(P¥ 
Q E— Ho — Veo gp (PY ) 


and substituting the result in (20.6) yields 


l 


VE = 
(z 0 PP PQ E a Hp _ Voo 


Ver) (PV) =0 (20.8) 


We see that the effective interaction PV.¢:P is given by 


l 
Verte = V OF 20.9 
des ea (20.9) 
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This equation can be rewritten as an integral equation for V.¢; by the following 
algebraic manipulation: 


l | 
Veer = VtV V+ VO(—————_ — ————] OV 
7 Cr_ aH,” ¥ = rea 
l 
=V+V V+V VO ———————_- OV 
= Cr_aA” - Cn_ a,’ CEM Veo! 
In the last equation replace 
1 
VO ———— QV b Verrze — V 
Cn _— mh — Veo’ yo Vers ) 
according to (20.9). Hence finally 
Ver = V+V V. 20.10 
ff + VQ E_ A OV ers ( ) 


Equations 20.9 and 20.10 show that V.¢¢ 1s energy dependent, that is, the 
iterated solution of (20.10) has the character of the Brillouin—Wigner perturba- 
tion theory. It is desirable to obtain an energy-independent V.¢. It would also 
be useful to separate the core and valence energies since shell-model theory 
or any of the more sophisticated theories described earlier in this chapter 
permit E — E, to be calculated where E, the energy in (20.10), is the total 
energy of the system and E, is the ground-state energy of the core. Fortunately 
both of these goals can be simultaneously achieved. We shall not describe 
this process in detail but shall refer the reader to Brandow (67) as well as to 
review articles by MacFarlane (69) and Barrett and Kirson (72). Diagram- 
matic considerations very similar to those that were employed to obtain the 
Goldstone linked-cluster expansion for nuclear-matter energy are used to 
obtain an expression for the core energy. Elimination of the core energy re- 
places (20.10) by 


Q 


eal =e = 
Vert is E, — H™ 


eff (20.11) 
where H)‘” is just the original Hamiltonian H>) minus the unperturbed core 
energy E,., that is the core energy determined with Hy. The energy E, is like- 
wise just E — E,. It is important to remember that matrix elements of Ves; 
are taken only in the model space. It is actually possible to eliminate the de- 
pendence on E, and use (£,), in (20.11). This involves the use of “folded 
diagrams.” The description of this concept and its consequences would require 
too great a digression. The reader is referred to Brandow (67), Johnson and 
Baranger (70), and the review article of Barrett and Kirson. Our further dis- 
cussion requires only (20.11 ). 
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To make further progress it is useful to have a specific situation in mind. 
Following McFarlane (69) let us consider nuclei with two-valence nucleons 
with closed-shell cores such as !8O, “Sc, and 9°Zn. We shall therefore be con- 
cerned with two-particle matrix elements of V.s;. Intermediate excited states 
that occur in such terms as 


Q 
E, — Ho(v) ‘ 


can involve two-particle excited states in which both valence nucleons are 
excited into empty levels, the core remaining unexcited, or one-particle excited 
states the core still quiescent, and finally states in which the core is excited, 
with nucleons promoted from the core to empty or partially filled orbitals 
(core excitation ). In the first approximation it is customary to include as 
intermediate states the two-particle excited states with an undisturbed core 
and add in the one-particle and core-excitation contributions at a later time. 
For this case the matrix element of Vers is 


> (ij| V | ab ) (ab | Vers| kl) 


ab,unoce E, — € — €} 


ae 


(ij|Vers|kL) = Gij|V| RI) + (20.12) 
This equation is similar to the one satisfied by Go, the Bethe—Goldstone equa- 
tion with Q,r replaced by Q2, the projection operator into two-particle unfilled 
orbits, and the “starting energy”’ «) being given by E,. However for the case 
being considered here, Or = Qs, so that 


(ij|Vers|kI) = (ij|Go(E, )| kl) (20.13) 


Note the difference from the preceding section in which G was determined 
self-consistently. In the present discussion the eigenstates defining the model 
space are given. Equation 20.13 states the U.r: and Gy (E, ) are the same within 
the model space. This is an important result stating that within the model 
space and to the extent that core and one-particle excitations can be neglected 
the Go-matrix and Vers are identical. 

To now determine the spectra of the nucleus with the two-valence particle 
we need only diagonalize the effective Hamiltonian with the matrix element 


(ij|T1 + T2| kl) + (ij| Go(E. )| kl) 


It is however necessary to estimate the Go-matrix at the energy E,, which of 
course is to be determined by diagonalizing the effective Hamiltonian. Kuo 
and Brown (66) have introduced the approximation 


E,~ 3tle@) + e(/)] + [e(K) + e()} (20.14) 


To evaluate the matrix element of Go, Kuo and Brown (66) and Kuo (67) 
[see also Brown (67)] use the harmonic-oscillator method described in the 
previous section. Separating out the center-of-mass wave functions, the matrix 
element of Gp is evaluated by assuming that Gp is a function only of the rela- 
tive coordinate. The separation method is used so that G» is written as a sum 
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of G,, the short range G-matrix, and a long range component. The approxima- 
tions that the Pauli principle can be disregarded and that the plane-wave 
description of the intermediate states is adequate for the calculation of G, is 
made while the effect of the long range component is calculated perturbatively 
using the long range part of V, Vi, as determined for example by the separation 
method (see also Eq. 17.6 et seq.). If 


V=V,+ V, (20.15) 
and 

Q 
QO — Joly Gs 


G, (w ) = V. “+ V. 


Then by eliminating V, from the equation for Gp we obtain 


= | Q Q 
Go(w) = G.(w) + (1 Ge a) vi(1 eee Gu) (20.16) 


and 


_ Q 
Gow) = G,(w) + (1 + Go- — Hi, 


By substituting the second of these equations into the first one obtains a 
second approximation for G(w) 


Q Q 
sa) "(1+ 9,9) 
Q Q Q Q 
—25)n (9, +25 a2 )n, 
Q 


Q- 


Qo 


at ze e G,] (20.17) 


Gy(w) ~ G,(w) + (1 + G, 


t(1+6 


1 G, 20.18 
x ( ae Hi, ) ( ) 

According to (20.13 ) we are interested in the matrix element of G and there- 
fore on the effect of G acting on an uncorrelated wavefunction ¢;; = |i/). 
Defining the correlated wave function y.;“ (w) by the equation 


Q 
— HN 


The superscript s indicates that only short range correlations have been in- 
corporated in y“). Employing (20.18) and (20.19) the matrix element of 
Go(w ) becomes 


(ij| Go(w)| KI) (ij|Gs(w) KI) + Wis (@)| Vilvir® @)) 


Vis (w) = big + 7 Giz (w) (20.19) 


+ Wi @)N: Vi| Wu (w)) (20.20) 


Q 
w — Hy 


where a term involving V; twice and G, is assumed to be third order. 
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The last term is of particular importance for treating the tensor-force com- 
ponent of V; since, as we have discussed earlier, it is necessary to take the 
tensor interaction, particularly in the intermediate range, into account to at 
least second order. However just for that order Kuo and Brown assert that 
the evaluation of the last term of (20.20) can be simplified. The tensor force, 
(they consider the Hamada—Johnston potential) connects the wave function 
x1“ (w ) for the energies w of interest with intermediate states lying in a rather 
narrow energy range, with a median energy of about 200 MeV (see Fig. 
20.1). Under these circumstances 


] l 
Vn— Vp = 7 Vn’ = — i (Sis Purr (20.21) 


where F is approximately given by the median energy described above and 
where V7; is the “long’?/ range part of the tensor force. The form of the tensor 
force is 


Vn = Sievri (7) 
/ 
where Sip = 36,-fdo-F — 6,-dé2 and vr, gives the radial part of Vz;. From 


Sie? = 6 — 2Sj2 + 26): de 


and placing 6-62 equal to one since Sj, vanishes for singlet states we obtain 


(20.22) 


MeV 


Q(k) 
e(k) 


Co | Vp |e)? 


1 2 3 4 
k (fm)"' 
FIG. 20.1. The second-order contribution for the (2s, 1g) state as a function of the mo- 


mentum k of the intermediate state, using the long range part of the triplet even 
Hamada-Johnston potential [from Brown (67)]. 
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Thus in second order one obtains the familiar result that the tensor force con- 
tributes a strong attractive central force plus a weaker tensor term. The sur- 
mise (20.21) 1s verified by direct calculation [Kuo (67) ]. Direct calculation 
is in any event superior but approximation (20.22) is very useful. 

Another term that also contributes to the matrix element of G in an im- 
portant way is the core excitation term in which the intermediate states in- 
volve the core in an excited state. Recall that G,) does not contain any core 
excitation. For a two-valence particle system a nuclear state will not only 
contain the two-particle state but also three-particle, one-hole states (ab- 
breviated 3p1h), 4p2h states, etc. These last involve core excitations in which 
one particle (in the 3plh case ) or.two particles (in the 4p2h case ) are excited 
out of the core and placed in unoccupied states. Diagrammatically the core 
excitation process is shown in Fig. 20.2. The simplest (and therefore the first 
one to try) calculation of the effect of core excitation takes into account the 
3plh states only. However we need not specify the nature of the core excita- 
tions in developing an appropriate perturbation theory. Let us decompose Q 
into two parts 


Q = Qe» + 6Q (20.23 ) 


where Q2, projects on to that part of the Hilbert space for which the core is 
quiescent and both valence particles change levels. 5Q projects onto the re- 
mainder of the excited state space, most importantly, the core-excited states. 
The equation for G(w) reads 


Gw)=V+ yee Tt 6 G(w) (20.24) 

Let Go(w ) be the G-matrix we have been dealing with up to this point (20.13 ) 
Goo)=V4V—~ we — Hi, Go(w) 

FIERTFORD 

sa ra 

ra “) 

Py os. 


FIG. 20.2. A core excitation diagram. 
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It is a simple exercise to eliminate V between these two equations to obtain 


6Q 


= Go + Go- A G (20.25 ) 
The first approximation yields 
G~G+ Go ae Go (20.26 ) 
w — Hy 
where 6Q 
6O = >» dspin)(bsnin + D> Papen) (Papen +... (20.27 ) 


3plh 


Inserting (20.26) into (20.13 ) to obtain the final matrix elements gives results 
that are similar to those given by ordinary perturbation theory except that 
the perturbing potential is not the bare interaction V but Go 

With the development of the approximate formulas for Gp (20.20) and G 
(20.26) an approximate expression for the effective potential acting between 
valence particles becomes available. The physical consequences that result 
will be developed in course of the comparison with experiment that will now 
be presented. 

As a first example, we consider the calculation of Kuo and Brown (66) of 
the spectrum of !8O. They used the Hamada—Johnston (62) potential for the 
nucleon-nucleon potential. The results are shown in Fig. 20.3. The levels 
labeled a were calculated with an inert core, that is, using Gy of (20.20). The 
calculation of the levels labeled 6 included the particle hole core excitation 
leading to the 3plh intermediate states. Thus the effect of the first term of 
(20.27 ) was calculated. We see that the effect of the core excitation is to bring 
the low-lying levels down substantially, the resultant agreement with experi- 
ment is very good indeed. The only empirical data employed are the single- 
particle level energies that were taken from the observed levels in !70. Similarly 
in the Ni isotopes the inclusion of the core-excitation term improves the com- 
parison with experiment substantially (Fig. 20.4). 

Bertsch (65) has pointed out the close relationship between the core- 
excitation mechanism and the pairing-plus quadrupole force discussed in the 
preceding section. The matrix elements of the G-matrix calculated between 
particle pairs that are coupled to give J = 0, can be compared with the matrix 
elements of the pairing force used by Kisslinger and Sorensen. This compari- 
son is shown in Fig. 20.5, indicating that the matrix elements of the effective 
interaction as given by G are of the correct order of magnitude. That the 
match with the data is good has already been demonstrated in Fig. 20.4. 

The formal reason for the connection between core excitation and the ex- 
pansion in multipoles (pairing plus quadrupole are the first terms) is quite 
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FIG. 20.3. The spectrum of 180 (a) calculated using only Go (b) including core excitation 
[from Kuo and Brown (66)]. 


simple. (See also Remark p. 637 ) In (20.26), both G and Gp» are scalars. Thus 
in a typical matrix element (omitting the energy denominator ) corresponding 
to Fig. 20.6: 


(jar |Sey|Ja)« Jor |S rele) (20.28 ) 


where 


Scy = (je | Goldy) 


it is clear that g., must transform as a spherical tensor of order J’’ where 
(ji. + jy)>J”>|ji- — jy|. But since G itself must transform as a scalar, 
the actual matrix elements of G must involve a sum of products like (20.28 ) 
each of which involves a product of tensors with identical value of J’. This 
means that the matrix element and, hence, the particle-hole pair in Fig. 20.6 
carry a specific angular momentum corresponding to the multipole order. 
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FIG. 20.4. Effective interaction in the Ni isotopes. Various parameters a32, etc. along the 
abscissa are combinations of two-body matrix elements obtained by Auerbach (66) 
from the Ni spectrum. The X give the results without the core-excitation effect; the solid 
line includes it [from Brown (6/7)]. 


Thus the particle-hole pair that gives rise to the quadrupole force must have 
an angular momentum of 2. Bertsch has asserted and direct calculations have. 
substantiated that the even multipoles make the biggest contribution to the 
core-excitation process. Figure 20.7 shows a comparison with the empirical 
values of Kisslinger and Sorensen. Again excellent results are obtained. 

The question arises as to the dependence of this agreement on the nature of 
the nucleon-nucleon potential. D. Clement and E. Baranger (68 ) have tested 
this dependence by carrying out the calculation of the effective potential and the 
level structure of 18O for the soft Tabakin (64) potential. Their results are 
shown in Fig. 20.8 and compared to those of Kuo (67) based on the Hamada-— 
Johnston potential. It is clear that there is no substantial difference in the 
calculated spectra. 

These results would seem to indicate that a real understanding of the inter- 
action between valence particles has been achieved by these considerations. 
However before this conclusion is secure it is necessary to understand the 
errors involved in the various approximations. Agreement with experiment 
of a badly understood approximation is not enough for a sound theory. The 
recent review of Barrett and Kirson (72) arrives at the pessimistic conclusion 
that the agreement with experiment is not comprehensible at the present time. 

Actually the agreement is not as good as the above discussion would seem 
to indicate. For example, Kuo and Brown (66) obtained good agreement for 
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FIG. 20.5. Pairing component of the effective interaction. Computation is compared 
with pair force used by Kisslinger and Sorensen (60) [from Brown (67)]. 


A = 18 nuclei using only the 3plh terms in (20.27). But when a better calcu- 
lation of G was made by Kuo (67) the agreement was lost. It could only be 
resolved if in (20.27) the 4p2h terms and also the 3plh terms were retained. 
If this were generally true the simple relationship between the second-order 
core excitation and the pairing plus quadrupole would not be strictly valid. 
But beyond this a systematic investigation of the higher-order effects has 
been carried out by several authors, for example, Barrett and Kirson (72) 
and Kirson and Zamick (70). They have classified the higher-order effects 
into three types: (1) “‘vertex,” (2) “propagator,” (3) “screening.” If we 
consider the simple second-order core-excitation process, vertex renormaliza- 
tion refers to the introduction of higher-order processes between the particle- 
hole diagram and the particle line as illustrated in Fig. 20.9. Of course there 
are many other possibilities including the exchange of upward-going lines. 
The “‘propagator’”’ correction corresponds to the introduction of additional 
bubble diagrams as in Fig. 20.10. The effect of these can be calculated using 
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Ja Jb 
FIG. 20.6. Core excitation with angular momentum of particles involved indicated. 


the TDA or RPA methods. Finally the screening process is illustrated in Fig. 
20.11. We shall not attempt to describe the consequences of these effects since 
it seems to us that further investigations are required before a complete picture 
will emerge. The reader is referred to the Barrett and Kirson (72) review for a 
description of the present state of affairs. The difficulties that remain are illus- 
trated by Fig. 20.12, [Kirson (71 )] which shows the T = 1 spectrum of 18O 
(also shown in Fig. 20.3). The degeneracy of the independent-particle picture 


Howse ee A “22 7T"= 
3 (jain SLE|G, ig), = 2 A Jv =2 0 


Ni Isotopes ©: Pl) force (K—S) 


1 > 2p 3/2 
2 > If 5/2 


FIG. 20.7. The J’ ’= 2, T = 0 part of the core-excitation term compared with the quad- 
rupole-quadrupole force used by Kisslinger and Sorensen (60) [from Brown (67)]. 
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FIG. 20.8. Calculated and observed spectrum of 180. The 3p,lh label corresponds to the 
inclusion of 3plh intermediate states, while 4p2h indicates the inclusion 4p2h inter- 
mediate states. Gr refers to the use of the Tabakin potential [Clement and E. Baranger 
(68)] while G has been evaluated using the Hamada-Johnston potential [Kuo (67)] [from 
McFarlane (69)]. 


is lifted when the interaction potential G, is used. Inclusion of the second-order 
core excitation gives rise to spectrum labeled 3plh. The propagator can be 
corrected for by using forward-going particle-hole pairs as in Fig. 20.10. This 
is labeled TDA and gives quite good agreement with experiment. If, however, 
both forward and backward graphs are included, the RPA approximation is 
obtained. Too much binding is obtained. However, when screening effects 
(Fig. 20.12) are included, the spectrum labeled nRPA is obtained. The vertex 
effects in Fig. 20.9 give rise to the bbRPA spectrum while the last spectrum 
bbnRPA includes both vertex, screening and RPA processes summed to all 
orders in Go. The bURPA spectrum is almost identical with the Gp spectrum 
while the bbnRA is even further away from agreement with experiment. It is 
clear that the series of approximations involves several large terms of opposite 
sign so that the answer obtained is dependent upon where the approximation 
stops.* This is hardly a satisfactory situation. Barrett and Kirson (72) point 
to the effect of collective states as one of the sources. of this slow convergence. 
A related problem originates in the tensor force. Even after the tensor force 
is ““smoothed’’ by the replacement of V by G, the resultant G remains too 


*The TDA approximation appears to achieve the best agreement with 
experiment! 


FIG. 20.9. Vertex-correction diagram. 


FIG. 20.10. Propagator-correction diagram. 


FIG. 20.11. Screening. 
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FIG. 20.12. Spectrum of 180 calculated by Kirson (71) under different approximations in 
the calculation of the effective interaction [from Barrett and Kirson (72)]. 


strong for perturbation treatment [Barrett (71)]. Although we have gained 
great qualitative insights into the nature of the low-lying states of nuclei, their 
quantitative description still remains an unsolved problem. 


21. DESCRIPTIVE SUMMARY 


In Figs. 21.1 and 21.2 we have tried to put together the various approaches 
to the solution of the finite many-body problem with their interrelations. The 
central problem is that of solving the many-body Schrodinger equation either 
through the diagonalization of the nuclear Hamiltonian H = 27i + [v(ij)] 
or, equivalently, through the summation of all linked diagrams in the Gold- 
stone expansion. 
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FIG. 21.1. Schematic diagram of methods for direct calculation of nuclear properties 
from the nuclear Hamiltonian. 


The problems naturally divide into two types given in each of the figures, 
although there is a great deal of overlap. In Fig. 21.1 the emphasis is on the 
direct solution of the nuclear problem starting from the nucleon-nucleon 
forces. In Fig. 21.2 the main emphasis is on the understanding of the properties 
of the nucleus and its excited states. The generalized shell model, comprising 
a spherical or deformed single-particle field for all the nucleons, as well as 
interactions between the particles leading to configuration mixing is the main 
concept employed in these discussions. The single-particle potential and mutual 
interactions are often described semiempirically. Recently it has become 
possible to use “‘realistic’” potentials obtained from the effective interactions 
derived from the G-matrix. These are generally presented as matrix elements 
within a limited subspace [see E. Halbert et al (71) and E. Baranger (71 ) for 
examples ]. Another portion of Fig. 21.2 deals with collective motion whose 
description was also originally semiempirical, but by now contains “micro- 
scopic’ elements. The introduction of dynamics into the single-particle po- 
tential is probably the simplest way to account for collective features of the 
nucleus. This may be achieved by considering the possible oscillations of the 
Hartree-Fock potential about its equilibrium value (see Fig. 21.1). This 
turns out to be equivalent to the RPA. Another procedure involves the Bohr 
Hamiltonian (Fig. 21.2) that is an effective Hamiltonian describing collective 
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motions. The inertial parameters of this model are obtained from a micro- 
scopic description of the associated particle motion, for example, the inde- 
pendent particle or the quasi-particle models. 

Single-particle motion, vibrations, and rotations are examples of funda- 
mental modes of motion of nuclei. But none of these exist in a “pure’”’ form. 
To some extent these deviations can be described in terms of coupling between 
these modes, e.g. between rotations and vibrations. When the pure forms provide 
relatively accurate descriptions, the effect of these couplings will naturally be 
weak (a “circular” statement! ) and weak-coupling models such as the core- 
excitation model (see Chapter VIII ) will be useful. The nature of the coupling 
between fundamental modes as well as the discovery of new modes by, for 
example, using new projectiles, broader energy, and angular ranges but better 
energy and angle resolution, polarizations, etc., are at the frontiers of our 
subject. 

Another frontier area is shown in Fig. 21.1. The passage from the nucleon- 
nucleon potential to the effective interactions between particles and to the 
single-particle potential and energies is still not understood, as emphasized 
in the last section. The calculations described in Fig. 21.2 remain to some ex- 
tent ad hoc until quantitative justifications in terms of the nucleon-nucleon 
potentials are achieved. 

The extent to which nuclear structure can be completely understood in 
terms of the free nucleon—nucleon interaction in conjunction with the Schro- 
dinger equation is thus still an open question. But it does seem that with the 
various approaches summarized in Fig. 21.1 and 21.2 we are coming close to 
answering this question. Thus far all the indications are that quantum me- 
chanics as formulated for the atom works for the nucleus as well. It is a great 
tribute to human ingenuity that on the basis of the relatively scanty informa- 
tion on atoms and their radiations a logically consistent theory was developed 
that turns out to be equally applicable under conditions so vastly different 
from those encountered at the atomic level. 


APPENDIX 


HARMONIC-OSCILLATOR WAVE FUNCTIONS; SU(3) AND THE 
QUADRUPOLE-QUADRUPOLE INTERACTION 


If we work with HO wave functions we can use a further symmetry of the single- 
particle Hamiltonian to generate convenient wave functions, as we shall ex- 
plain below: 

Writing the HO Hamiltonian in the form 


Ay =r? + op? = (r + iap): (r — iap) 


we see that x — iap,, etc. are creation operators for the quanta of the HO, 
whereas x + iap,, etc. are annihilation operators for these quanta. Out of 
the three creation operators and three annihilation operators it is possible to 
construct nine bilinear operators that leave the number of oscillator quanta 
unchanged and therefore commute with A). It is convenient to group them in 
three groups: 


(1) The scalar product of r + iap andr — iap that gives back Ap. 
(r + tap) - (tr — tap) (A.1) 


(ii) The antisymmetric tensor constructed from these two vectors, that 
is, their vector product that gives the orbital angular momentum 


L= ( X p) (A.2) 


(i111) The: symmetric tensor, which has five components, conveniently 
written as 


Q, a mp [7? Yoq(Q,) + a’p’? Y2q(Q,y)] 


where Q, and Q, are the directions of r and p respectively. 
(A.3 ) 


The nine operators (A.2) and (A.3) are the generators of the group of 
unitary transformations in three dimensions, and HA) is invariant under all 
the transformations of these groups. (We note that these include as a subgroup 
the rotations in three dimensions as given by L.) In the same way that an in- 
variance of a Hamiltonian under rotations leads to a classification of its eigen- 
states according to the eigenvalues of J and J,, the invariance of Hy under the 
larger group U(3) suggests a corresponding classification of the eigenstates 
of Hy. Actually U(3) is slightly too general for physical purposes, since an 
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overall change in phase of the wave function has no physical significance; one 
can then limit oneself to unimodular transformations only, and dropping the 
identity operator, be left with the eight generators of the group SU(3). 

We shall not go into the details of this classification of HO wave functions. 
The reader is referred to the original work of Elliott (58) on this subject, and 
to a simplified, two-dimensional model discussed by Lipkin (61) [see also 
Brown (64), p. 79 J. We only want to point out that the particular quadrupole— 
quadrupole two-body interaction 


voq(12) = —gri2re? D) Yom (61b1) Yom (O2b2 ) (A.4) 


also commutes with the operators (A.3) and (A.4). It is therefore possible 
to achieve a more complete diagonalization of the A-particle Hamiltonian 


l 
T= 2 a Cer Dp? + — = Metr ) + 5 2 Voq (i, j) (A.5 ) 


if we take its matrix elements with the states that belong to irreducible repre- 
sentations of SU(3) [see Gasiorowicz (67)]. The Hamiltonian (A.5) is, of 
course, not a realistic one. It turns out, however, to reproduce several nuclear 
properties, such as deformations and rotational states, rather well. It is there- 
fore believed that even with realistic interactions the use of HO wave func- 
tions that belong to the irreducible representations of SU(3) may lead to 
particularly small off-diagonal elements in the matrix of the Hamiltonian and 
thus make approximate diagonalization easier. This method has been applied 
extensively for nuclei in the 2sld shell (9 < Z, or N < 20) which is the only 
shell-model major shell that coincides completely with a HO shell (the other 
shells are either trivial, like the first and the second shells, or contain one level 
from the next HO shell because of the strong spin-orbit interaction ). For an 
extensive study of the use of HO wave functions see Moshinsky (68). 


CHAPTER VIII 


ELECTROMAGNETIC 
TRANSITIONS 


1. INTRODUCTION 


Qualitatively it is clear that the nuclear forces are stronger than electro- 
magnetic forces, which are much larger than gravitational forces. In this intui- 
tive scale the forces that determine the internal structure of the elementary 
particles (defined to have baryon number less than or equal to one in magni- 
tude) appear to be considerably stronger than nuclear forces while the inter- 
action responsible for B-decay is considerably weaker than electromagnetic 
forces but still much stronger than gravitational forces. These qualitative 
remarks are often made quantitative by giving a dimensionless “coupling 
constant”’ describing the interaction between the particle and the field that 
transmits the force in the simplest possible diagram shown in Fig. 1.1. The 
solid lines represent the interacting particles while the broken line repre- 
sents the transmitted field. In the electromagnetic case the broken line rep- 
resents a photon. The particle-photon coupling strength at A is of the order 
of e// fic. Since this factor occurs a second time at B, the electromagnetic 
coupling is proportional to e?/hc ~ 1/137. If the exchanged particle is a 
mw-meson we obtain the long range weak part of the nucleon-nucleon force, 
the so called OPEP potential. Using the so called pseudovector coupling 
(see Volume II) the coupling constant g?/hc turns out to be about .081 (see 
Eq. I.3.7) about 10-times larger than the electromagnetic coupling constant. 
Of course this does not mean that this component of the nuclear force is 
stronger than the electromagnetic force for all interparticle distances since the 
Coulomb force is of infinite range while the nuclear force is of short range. 
The nuclear force is much stronger for these interparticle distances that are 
less than exchanged particle’s Compton wavelength which for a z-meson is 1.4 
fm. The force carried by the 7-meson is only one (and a weak one at that) 
component of the nuclear force so that the Coulomb force is more than one 
order of magnitude weaker than the nuclear force.. 

The electron-neutrino field associated with 6-decay can also give rise to 
forces between nucleons. At a distance equal to the 7-meson Compton wave- 
length this force is the order of 10—!4 times the OPEP potential at that point. 
The gravitational force is still weaker. The ratio of the gravitational force to 


667 


668 ELECTROMAGNETIC TRANSITIONS 


FIG. 1.1. Exchange diagram for interacting particles. 


the Coulomb force is Gm?/e? where G is the gravitational constant. This 
ratio is of the order of 10-*°. 

Thus far in this volume our primary interest has been in the strong nuclear 
forces and in the associated nuclear structures that they dominate. In this 
chapter and the next we shall be concerned with the weak forces associated 
with the electromagnetic and the electron-neutrino fields. We shall be particu- 
larly interested in the use of these interactions as probes of nuclear structure. 

The use of light to examine a structure should of course occasion no sur- 
prise. Radiative transitions form the basis upon which our understanding of 
atomic structure is founded and as expected play an important role in our 
investigations of the nucleus. The new feature that enters the scene in the 
nuclear case is the presence of a second weakly coupled field, the isospin- 
and spin-dependent electron-neutrino field. This field can also be used, with 
some important practical differences, to obtain “pictures’’ of the nucleus. 
To the new degree of freedom the isospin, which distinguishes nuclear from 
atom physics, nature has provided as a sort of compensation, an additional 
weak field. This process is continued in the elementary-particle area where 
one finds additional fields involving the new degree of freedom of hyper- 
charge. 

Let us be somewhat more precise about the word “weak.” Its operational 
meaning is that the effect of weak fields on nuclei can be calculated with 
sufficient accuracy with first-order perturbation theory. Stated in another 
way the change in the nuclear wave function and the field wave function that 
occur because of the weak interaction can be neglected in calculating the 
effects of the corresponding weak interactions. Speculations have been made 
that assert that for energy and momentum changes well above the ranges that 
are of interest for nuclear physics, the weak interactions become strong in 
some sense. An example exists for the electromagnetic field in which a photon 
converts via the weak-coupling strength to the strongly interacting p-meson 
[Gottfried and Yennie (69)]. The possibility of a similar transformation occur- 
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ring for the electron-neutrino field has been suggested but the particle cor- 
responding to the p has not been found. In any event these possibilities give 
rise to effects that are unobservable in typical nuclear-physics experiments at 
least with present experimental techniques. * 

Let us be somewhat more explicit as to how the weakness of the coupling 
make it possible to use these fields to probe nuclear structure. Take the 
electromagnetic field as an example. In that case the interaction Hamiltonian 
responsible for radiative transitions is given by 


Hint = — ; iE ‘ A(r) dr (1.1) 


where j is the nuclear-current density and A is the vector potential in the 
radiation gauge 
divA = 0 (1.2) 


Both j and A are quantum mechanical field operators. Equation 1.1 assumes 
that the corresponding field quanta, for example, the photons for A and the 
particles for j are elementary, that is, have no internal structure. The matrix 
element for the transition from a state consisting of a nucleus in its initial 
state |i) and zero photons to a state consisting of one photon of frequency w 
(energy fw) and a corresponding final nuclear state |f) is given by 


l 
M= <filel—~ [i+ Adeli,0,> (1.3) 
As we shall show below, to first order in, A, it is possible to factor M into a 


matrix element of the electromagnetic field that is readily calculable and a 
nuclear matrix element: 


— te: |e (f\je™"| i) k=* (1.4) 
é C 

where ¢ is the polarization vector of the emitted wave and k 1s its momentum in 

units of ”. Note that (e-k) = 0. We see that measurements of M (actually is it 

often | M|? that is measured) will provide us with information on the nature of 

the nuclear electromagnetic current for energy transfers equal to fw and for 

corresponding momentum transfers fw/c. As one can readily imagine, the 


*Of course nuclear wave functions are certainly modified by the Coulomb 
interaction between protons and for some transitions these modifications play 
an important role. There are other second-order effects that are observable 
because of the nuclear charge such as the reorientation effect in heavy ion 
scattering. 
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investigation of the dependence of (1.4) on k and e will yield sensitive measures 
of the components of the nuclear wave functions and thus test any nuclear 
model that purports to develop such wave functions. 

A decisive feature is the long wavelength of characteristic nuclear radiation 
compared to the nuclear radius. If E is the energy of the gamma ray in MeV 
and R the nuclear radius in fermis, we obtain 


ER 


KR = 107 Mev fermi 


(1.5) 


Thus for gamma-ray energies of the order of several MeV and for even large 
nuclei KR « 1. As a consequence in the expansion j e““" in (1.4) in a power 
series in k-r (see Appendix VIII.A) the first nonvanishing term usually (but 
not always) dominates. Actually as we shall see in Section 4 it is more con- 
venient to expand in terms of quantities that behave like spherical tensors 
under spatial rotations. This is the multipole expansion. A multipole of order 
L transfers angular momentum L in radiative transitions. In order to conserve 
angular momentum such transitions must then satisfy the selection rules: 


where J; and J; are the spins of the initial and final nucleus, respectively. 
Since the spin of the photon is 1, J; = 0 to Jy = O transitions are forbidden. 
A second selection rule follows if the transition conserves parity. The multipoles 
divide into two types, magnetic and electric. The parity associated with a 
magnetic multipole of order L 1s (—)#+'; the electric multipole of order L 
has the parity (—)¥, so that the odd-L magnetic multipoles and the even-L 
electric multipoles have the same parity. If the parity of the initial and final 
state are II; and II,, respectively, conservation of parity implies transitions will 
occur only for 


Even-L electric multipoles 
Odd-L magnetic multipoles 


Odd-L electric multipoles 
Even-L magnetic multipoles 


The effect of kR « 1 can be stated as follows: the angular momentum barrier 
for photon emission selects the two lowest possible multipole orders of the same 
parity. A transition with |J; — J;| = 1 and no parity change will be dominated 
by the electric quadrupole (LZ = 2) or the magnetic dipole (ZL = 1). From this 
example we can see how determining the nature of a radiative transition, its 
polarity and electric and magnetic character will lead to information on the 
nuclear states involved in the transition. We shall derive all these results 
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later in this chapter but they should be well known to anyone familiar with 
elementary quantum mechanics. 

Nuclear models can involve additional characteristic selection rules. Thus 
determining their validity experimentally is a severe test of the model. See, 
for example, the discussion of the transition in !®°Hf from a J™ = 8+ to an 8— 
state (Section VI.6). 

The information extracted from photon reactions is limited because the 
energy difference between the nuclear states, Rw, 1s directly proportional to 
the momentum carried off by the recoiling nucleus (Aw/c). This direct relation- 
ship is avoided if the reaction is induced by a charged particle. In such an 
inelastic scattering it becomes possible to transfer a momentum q (in units of 
h) and an energy w (in units of 2) where g ¥ w/c. Elastic and inelastic scattering 
by charged particles are discussed in Volume II. 

The electron-neutrino field also acts as a weak probe. Qualitatively speaking 
(for the more complete description see Chapter 9) the electromagnetic field 
in (1.1) is replaced by the electron-neutrino field while the nuclear electro- 
magnetic current is replaced by a weak nuclear current. There are in fact two 
such currents, the vector and axial vector currents that we may provisionally 
characterize as leading to 6-decay without (vector) or with (axial vector) 
nucleon-spin flip. Measurements of @-decay of nuclei provides information 
on these currents and thus once more on nuclear wave functions and nuclear 
models. Because the isospin and spin character of the weak interaction 
differs from that of the electromagnetic interaction, the components of the 
nuclear wave function under scrutiny in both cases will differ and therefore 
the information obtained via the two interactions will supplement each other. 

From a practical point of view the experiments that can be conducted with 
the electron-neutrino field are limited. Because of the weakness of the coupling, 
enormous neutrino sources are required before induced reactions are observ- 
able. Some experiments of this sort have been done using the neutrinos pro- 
duced in reactions [F. Reines and C. L. Cowan, Jr. (59)]. But for the most 
part, the electron-neutrino field has been observed in the spontaneous decay 
of radioactive nuclei. This is in contrast with the electromagnetic case for 
which the interaction and sources are sufficiently strong as to permit the 
ready observation of photon-induced reactions. 

We shall begin the discussion with the electromagnetic interaction. It is 
assumed that the reader is familiar with the treatment of the quantized elec- 
tromagnetic field as contained in such texts as Gottfried’s (66). 


2. THE NUCLEAR ELECTROMAGNETIC CURRENT 


In the first approximation the nuclear current and charge are simply the sum 
of the currents and charges of the individual nucleons making up the nucleus, 
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each of which are assumed to be point particles, that is, to have no internal 
structure. In the nonrelativistic limit we obtain 


p(r) = DD , efl +7(]6(r — r,) (2.1) 
and | 
jr) = je + jm (2.2) 
where 
j(r) = Zz ; e[l +73 ()] ; [vVid6(r —ri) + 6(r — r,) vi] (2.3) 
and 


h 1 
in(t) = 7D 5 [Ge + 8) +78 @ — sourl-[a5@—-1)] 24) 


The current j, is the convection current arising from the motion of the protons. 
The quantity v; is the velocity operator for the ith particle. It is defined by 


vV,= = UH, r;|] = (2.5) 


In this equation H is the full Hamiltonian including the electromagnetic terms. 
H therefore contains the additional dependence on the vector potential A 
that is required for gauge invariance. The required gauge invariance for a 
nuclear Hamiltonian that in the absence of radiation has the functional 
dependence Hy (pi... Pa, T1-.-¥a) is obtained by the substitution 


pi —> Pi — - [l + 7 (i)] A (er) = D; (2.6) 


For example, if the dependence of H, on p; is only via the kinetic energy, that 
iS, 


l 
H, ==> p2et+Vv 
2m 


then 
H = >: Dé +V 
2m; 


From (2.5) we find the familiar result 
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The vector j, is the current associated with the spin of the nucleons. 
The quantity 


h 
(2p + &) + rai) (Bp — Bx) 6:8 — Fy) 
m 


is just the volume magnetization of the ith particle. 
The nuclear current and charge density are related by the continuity equa- 
tion: 


, ‘. 
divj+—=0 2.7 
ivj+ °F (2.7) 


The presence of momentum dependent terms in V will change the relation 
between v; and p;. For example, suppose V contains spin-orbit forces [Jensen 
and Mayer (52)]* 


V x0 — Ds FI (rx) 6x1 


Since 1 = (1/n) (© X p), gauge invariance requires that in the presence of an 
electromagnetic field, V;, becomes 


e 
V0 = 5 DS (re) ae x tp Seer as aac |t 
ho; 2c 
The contribution of this term to the velocity v, is readily computed from (2.5). 
We find 
: 
m 


Vv. = D; + f(r) (6; xX rz) (2.8) 
The modification in the definition of v that occurs with potentials with more 
involved dependence on p, such as nonlocal potentials, (see Volume IJ) can 
also be obtained using (2.5). 

From (1.1) and (2.3) we find the following as the contribution of the con- 
vection current to the electro-magnetic interaction: 


i 7a DX 0 + 73 @1 lve AW + AW-¥s] (2.9) 


*This case is given primarily as an example of how a velocity-dependent force 
can affect the definition of the current [see N. Austern and R. G. Sachs (51)]. How- 
ever one must be certain that one is dealing with a true momentum dependence 
rather than an apparent dependence generated by an approximation. When 
dealing with an effective interaction, it is safer to apply the criterion of gauge 
invariance to the original Hamiltonian from which it is obtained and then approxi- 
mate that resultant Hamiltonian. 
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3. EXCHANGE CURRENTS* AND THE EFFECTS OF FINITE 
NUCLEON SIZE 


Equations 2.3 and 2.4 are in fact approximations. It will be recalled (see 
Chapter I, p. 17 and Volume IJ) that the nucleons are able to emit and 
absorb mesons such as pions, p-mesons, etc; the exchange of these particles 
giving rise to nuclear forces. But there is another consequence of the particle 
exchange: the presence of currents of these particles flowing between nucleons. 
These currents are called exchange currents. Since some of the bosons are 
charged, the exchange currents can interact with an external electro-magnetic 
field. It is thus apparent that (2.3) and (2.4) are incomplete. To the nucleon 
current one must add the currents of the various mesons that may be present 
in nuclei. The electromagnetic interaction is thus of the form —1/c(jv + jz)-A 
where jy is the nucleon current and jg is the boson current. 

For many of the problems of interest to us the mesons are virtual. (This is 
of course not true when the mesons are produced, absorbed or scattered by 
nuclei). In principle it is therefore possible to eliminate the meson coordinates 
and to express the entire Hamiltonian in terms of nucleon coordinates. A 
familiar example is provided by nuclear forces. This elimination can also be 
made for the electromagnetic terms, but with the effect that form (1.1) will 
no longer be correct. This conclusion can be arrived at intuitively with the 
aid of the diagrams, Figure 3.1 that show the interaction of a pair of nucleons 
that exchange a z* with the electromagnetic field, indicated by a wave line. 
Form (2.1) is adequate for the description of Fig. 3.la and 3.1b but not for 
Figure 3.1c, the exchange current diagram. There is one exception to this 
general rule; in the infinite wavelength limit form, (1.1) is correct [(Estrada 
and Feshbach (63)]. This result is comparatively obvious since in this limit 
the electromagnetic field has no spatial dependence. As a consequence the 
interaction Hamiltonian (after elimination of the meson coordinates) contains 
the electromagnetic field as a simple factor. More formally this can be viewed 
as a consequence of Ward’s identity [Bjorken and Drell (65) p. 299] which 
is a consequence of charge conservation. We shall see how this works out in 
the discussion that now follows. 

We begin with the interaction Hamiltonian given by (1.1) where the current 
j includes not only the nucleon current but also any boson currents that may be 
present. When a photon of polarization e is either emitted or absorbed A is 
proportional to e e’“™ so that 


Hint ~| (j-2) e™" dr (3.1) 


*For a recent discussion see Heller (71). 
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(a) (b) (c) 


FIG. 3.1. Particle exchange and exchange currents. 


We now make use of the vector identity 
e eT — grad (e-r e'") — ik (e-r) eX 
In the long wavelength limit 
2 e'“’ ~ grad (e-r e*"") + 0 (KR) (3.2) 


where R is the size of the radiating system. We recall (Eq. 1.5) that for nuclear 
transitions, kR « 1. The factor e’“” is retained in (3.2) because we wish to 
retain the contribution of one term or possibly two (one electric, one magnetic) 
in the expansion of je“* to multipoles that dominate. In (3.2) we have retained 
only the electric multipole terms as we shall see and our error term is KR 
times the dominant electric multipole term. Our conclusions will thus apply 
only to electric multipole transitions. Inserting (3.2) and (3.1) yields 


Aint ~ | i-sraa (e-r e*') ar 


The assumption that j(r) goes to zero for large r with sufficient speed allows 
us to rewrite the above as 


Aint ~ — | (div j) (e-r) e* ar 
Or using the equation of continuity (2.7) yields 


3) 
Aint ~ = (e-r) e'* dr 
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We make further progress if we now make use of the Heisenberg equation of 
motion: 

on 2a 3.3 

tae ; | > p] [3.3] 
where #7 is the total Hamiltonian including not only the nucleon terms but 
the boson terms as well. The density p is the charge density including the 
contributions of both the boson and nucleon fields. Now take the matrix 
element of Hi,, between the initial and final states and use (3.3). The initial 
state consists of a nucleus in a given energy state |i) plus zero bosons: 


Initial state = |i, 0) 


while the final state involves the final nucleus |f) and again zero bosons. 
It follows that 


(f, 0| Hine| i, 0) ~ ; (E; — E.) (f\po e-r e** |i) (3.4) 


where po 1s the expectation value of p, the total charge density, for the boson 
vacuum. 

Comparing this result with (3.1) we obtain the theorem that in the matrix 
element of Hin, for a radiative transition, the quantity j-e in (3.1) may be 
replaced by 


je = (E; — E;) po e-r (3.5) 


This is a generalization of Siegert’s theorem [A. Siegert (37), N. Austern and 
R. G. Sachs (51)]. We note that the theorem is exact only in the limit k — 0. 
In that limit (3.4) shows that the matrix element of Hint is proportional to the 
matrix element of the electric dipole moment por. If this should vanish the 
next nonvanishing term involves the matrix element of (e-r) (k-r) which since 
e-k is zero is a pure electric quadrupole. And indeed it can be verified that 
(3.4) involves only electric multipole moments and it is to the transitions 
induced by these that Siegert’s theorem applies. 

As can readily be seen from the derivation, the magnetization currents do 
not contribute to the approximate form (3.4) The spin magnetization current 
jm (2.4) does not contribute since its divergence is zero corresponding to the 
fact that this current does not result in a net motion of charge. The orbital 
angular momentum and its associated current do not contribute for the same 
reason. Hence substitution (3.5) is valid only for electric multipole transition. 
The error is KR times the first nonvanishing, term of (3.4). 

The usefulness of (3.4) lies in the fact that the structure of po is simpler 
than that of j in the original expression (1.1). A simple example will illustrate 
this point. Suppose po is given (2.1). Then 


Opo 


eo = © TH, pol = 


>) = oR [H, (1 + 72(7)) 6 — rij] (3.6) 
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Inserting the kinetic-energy terms in H, and using the continuity equation 
(2.7) lead to a j corresponding to 0p,/Ot given by j., (2.3). What interests us in 
the present context is the isospin-dependent part of the potential. If we assume 
charge independence, one term in V is of the form (see Eq. 1.3.5) 


aa >> (fj): (Kk) W665, 6x, Pix), 9 Pik = Fi — Ve 
2 tk 
where v is symmetric against a permutation of j and k. The isospin dependence 
is present because of the exchange of various bosons by the interacting 
nucleons. Because of the presence of V, and the isospin dependence of the 
charge operator, there will be an isospin contribution to (Opo/Of) that we 
shall call the exchange contribution 


Op , 

(32) = — 5 Y v6 6,15) — 1) EX Dh 7) 
{ J exch i+j 

It follows from the continuity equation that there must be a corresponding 

exchange current proportional to [<(i) X «(j)]s but it otherwise is not uniquely 

determined. To determine it one must go back to the boson-exchange origin of 


Problem. Prove that a possible j is 


j= W(Gi, 6), Fis) [e@) X e(A)]s i — 15): if da 6[(r — ri) + a(t: — ¥))] 


is +7 
Why is it not unique? (Sachs 53) 


For a more general prescription for j see Osborn and Foldy (50); also Heller 
(71) for a recent discussion. 


the potential V, and include the electromagnetic interactions from the be 
ginning. If one is interested only in leading terms of the matrix element of a 
particular electric multipole moment, one need not actually calculate this 
current. We need only to know the charge density operator, which in this 
example is the simple (2.1) form and substitute it into Siegert’s theorem (3.4). 
If (f| and |i) are exact, (3.4) includes all exchange effects for the electric 
multipole moments to within the limits of validity of the approximations 
leading to (3.4). The exchange effects are now contained in (f| and |i) with 
the important compensation that the complicated operator j is replaced by po. 

Of course po does not have the point-particle form given by (2.1). The very 
processes, which give rise to nuclear forces and exchange currents, also mean 
that the nucleons have a finite size. This finite size is a consequence of the 
“bare”? nucleon emitting and absorbing bosons. Experiments in which high 
energy electrons [Hofstadter (63)] were elastically scattered from nucleons 
have been interpreted in terms of nucleon magnetization and charge form 
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factors, which, as we shall see shortly, do inform us about the current and 
charge distributions inside a nucleon. A convenient pair of form factors has 
been proposed by Sachs (Sachs (62)]. Their relation to the nucleon magnetiza- 
tion current and charge density is: 


° ee te 1Qer 
in) = Go | dq (6 X 4) Gut) € 

(3.8) 
p(r) = a | dq Gx(t) 


Gu and Gz are the magnetic and electric form factors; there being separate 
ones for the neutron and proton (or for differing isospins of the nucleon.) 
The vector q is the momentum transferred by the electron (p — p’)/f% to the 
nucleon in the scattering. This quantity will depend upon the reference frame. 
The quantity ¢ is however invariant. It is 


(E — E’) 
he 


t= q> — o= 


For elastic collisons, in the center of mass of the colliding electron-nucleon 
systems w = 0, so that ¢ = q? 
Empirically it is found that [Feld (69)] 
Gy‘? Gu 4M2c2 1 2 


Gp?) ~ a Gp) =~ 
Lp Un nt t (3.9) 


1+ —_—\ 
on (S=") 
Cc 


The magnetic moments yp, and yu, are given in units of the nuclear magneton. 
These results imply that the current distribution within the neutron and proton 
are quite similar. 

It is easy to show by inverting (3.8) that the mean-square-charge radius 
defined by 


| 
oe aaa [r p(r) dr 
is given by 


(r2)U2 = — 


1 € os) (3.10) 


The radius for the proton is found to be 0.813 + .008 fm. with nearly identical 
results for the corresponding magnetization radius. It should be borne in 
mind that the neutron form factors are experimentally not as well determined 
as those for the protons, the quoted error for the neutron magnetization radius 
being of the order of 20%. 
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This discussion suggests that (2.1) for point particles be replaced by 


1 
ed 5 Ll + rai] 0 (F — 8) (3.11) 


where p is given by (3.8). Such a description is incomplete unless one adds 
the corresponding value of the current. This expression is not available. It is of 
course not needed if we are calculating electric multipoles, for then we may 
use Siegert’s theorem. The details of nucleon structure may also be neglected 
if the emitted (or absorbed) radiation has a wavelength much larger than the 
nucleon size. As we can see from (1.5) the gamma-ray energy would need to 
be of the order of 200 MeV before nucleon structure would play a significant 
role in radiative transitions. 

The quantity po in (3.4) differs from the point-particle expression (2.1) not 
only because the nucleons have a finite size. Expression (2.1) and (3.11), 
which includes finite size effects, is a sum of one-body operators. Again 
because of the exchange of charged particles between nucleons, it is possible 
that a more precise p, would contain two- and more-body operators. Not 
much is known about these terms but it is expected that they will be of impor- 
tance only when the nucleons are relatively close and again this region would 
be of interest only if the radiation involved has high energy. The energies 
involved are generally much larger than the energy of the gamma rays gen- 
erated by nuclear radiative transitions. 

We note that in our comments about radiative transtions in this section we 
have not been able to make very definitive statements about the effect of ex- 
change currents on the divergenceless component of the current operator. 
This has the advantage that such related quantities as the magnetic moment or 
the magnetic multipole operators are more sensitive to the nature of the ex- 
change current. We shall return to this problem later in this chapter. 


4. THE QUANTIZED ELECTROMAGNETIC FIELD 


In this volume we are concerned primarily with the matrix elements of the 
nuclear electromagnetic current j since these provide information with respect 
to the nuclear wave function. However we shall also need to know the matrix 
elements of the probing electromagnetic field A in order to arrive at values 
for the matrix elements of j. This section will be devoted to a discussion of 
A and its matrix elements. Only a brief review is given since this material is 
covered in many quantum mechanics texts [see Gottfried (66) p. 406]. 

The free-field vector potential A in the radiation gauge satisfies the vector 
wave equation: 


Vasc 0 (4.1) 
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The electric and magnetic fields expressed in terms of A are: 
E= — -— (4.2) 


H = curlA 
The space-time dependence of the solutions of (4.1) is given by 
Ar = tka eer OH w, = ck (4.3) 
where e; 1s the polarization vector with the properties: 
fra kK = 0 Sha Eka’ = baa’ (4.4) 


That is the polarization is perpendicular to the propagation vector k; and 
there are two mutually orthogonal polarizations denoted by a. 

Solutions of eq. (4.1) in the spherical coordinate system are also known 
Morse and Feshbach (53) Blatt and Weisskopf (52). There are two types, one 
describing the magnetic 2/ pole radiation, labeled with a superscript M, the 
other describing electric 2/ pole radiation, hence, the superscript E. The 
magnetic multipole vector potential is 


Aim = L [j: (kr) Yinl)] (4.4a) 


“al 
/ i + 1) 
where the time dependence is exp (—iw,t). Here L = (r X grad), j; is 
the spherical Bessel function. Replacement of j; by A, the spherical Hankel 
function, also leads to a solution. A second solution, the electric multi- 


pole case, is obtained by taking the curl of (4.4a). Choosing a particular 
phase and normalization this second solution is 


1 
~ k Sid +1) 


Evaluating the curl operation gives the explicit expression 


1 l d 
CE) a ee ; at a ; 
Aun rG ama 1 | kei Yim + k grad | Yn pa cin | (4.4c) 


Using the small kr behavior of j:: 


Aim curl curl r j; (kr) Yim (r) (4.4b) 


(kr)’ 


yields 
kil 
Ain\® => QI+ 1! A eo grad (r! Yim) (4.4e) 
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In the discussion that follows it will be useful to express these vectors in 
Cartesian coordinates. Suppose the unit vectors in the x, y, z directions are x, 
y, and z, respectively. Let the corresponding spherical tensors of first rank be 


n> Pee a 


Uo = (4.4f) 


U_1 V6) 
Then it can be shown [Rose (55)] that: 
Aim” = (-)) VQ + Dd Ws (mou) Linde (kr) (4.4g) 


and 
A” = (-JIVTF 1 Dw Gao) Yeas 
—~ VI Vw) Vise jal (4.4h) 


We note that the angular mcmentum carried by a photon described by 
A™ or A™ is J in units of %, the z projection is m. The parity of the electric 
multipole is (—)', the magnetic (—)’*?. 

We shall find it convenient to work in a helicity representation of the photon. 
Because of the vanishing mass of the photon its intrinsic spin (S = 1 for a 
photon) can have only two orientations with respect to the momentum ”k 
of the photon. It can be either parallel or antiparallel. The photon state in 
which the photon spin is parallel to k is called a state of positive helicity, 
(A = 1) while when the spin is antiparallel it is a state of negative helicity 
(A = — 1). 

Photons of a definite helicity are in fact just circularly polarized waves, the 
sign of \ being related directly to the sense of the circular polarization. This 
is indicated by the relation between the helicity polarization vectors e;,1, 
€z, 1, which we now introduce, and the plane polarizations fiq. SUPPOSE ex1, 
e,2, and k form a right-handed coordinate system, x, y, z, respectively. Then 


Ch = (ex1 +. iex2) 
oe 2 
(4.5) 
it ; 
Ck—-1 = a/2 (e41 — Lex) 
These helicity vectors satisfy 

CxrCa = Oy (4.6) 
Qn X Car = idK dy- (4.7) 


Cks-rv = — Chor (4.7’) 
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Note that the definition of helicity vectors conforms with the phase convention 
for irreducible tensors of rank 1 as it should be in order to represent a spin 
one system. (See Appendix A, A.2.40, A.2.41). 


These vectors satisfy the eigenvalue equation 
(S -k)u, = AU 
where S is the spin operator for particles of unit spin. If we take the z-direction along 


k, S, = S-k is diagonal with 
Ui = © 


U_jy = —eCL_] 


where we have dropped the & subscript. To complete the eigenvalue spectrum 1, 0, —1, 
of S, we add 
Up = k 


with eigenvalue zero. This eigenvector does not appear in the description of the elec- 
tromagnetic field because of the radiation condition div A = 0. The fact that the elec- 
tromagnetic field has only two degrees of freedom is connected with the zero mass of 
the photon, and is a common feature for all massless particles with finite spin. In a 
matrix representation 


1 0 0 
u,; =| 0 Up = 11 u_, =| 0 (4.7) 
0 0 1 
1 0 0 
S,=|0 0 0 
00 —-1 


It can be verified that the other members of the spin operator that satisfy 


[S:, Sy] = iS, 
are 
, (9 1 0 , (9 -i 0 
S270 4) tear Oe 
v2\o 1.0 v2\o i O 


Since S is the infinitesimal rotation operator, under an infinitesimal rotation 6 of the 
coordinate system, the change in an arbitrary state u is 


du = —IS-6u 


To illustrate let u be uo. Then 
dup = —iIS-Ouy = Sw + ui) + (= ur + Uy) = Gytin — Gatus 


This result can be obtained directly from the vector properties of uy = z. The agree- 
ment obtained establishes the isomorphism between the spin 1 Hilbert space defined 
by (4.7) and the vectors e; ,.. 


QUANTIZED ELECTROMAGNETIC FIELD 683 


The quantization of the electromagnetic field involves the introduction of 
operators that create and destroy photons of definite helicity. Let b,(k) be 
the destruction operator and b{.(k) the creation operator. Since k is a con- 
continuous variable these operators satisfy the commutation rules 


[bx(k), by(k’)] = 0 = [bL-(k), by! (k)] 
(4.8) 
[b,(k), by '(k’)] = 6(k — k’) dy 


The vector field operator A can now be written in terms of these operators as 
follows [Gottfried (66)]: 


A(r,t) - i +3 l= lela Bf (hc) eter 


zie en by (k) ate) (4.9) 


Thus the operator A can create and destroy photons of all momenta and helici- 
ties. If we substitute (4.9) into (1.1) we obtain an interaction Hamiltonian 
that can describe the emission and absorption of single photons. 

The interaction Hamiltonian density 


ine = — = ile D-AC, 1 (4.10) 


is a scalar with respect to spatial rotations. Thus angular momentum is con- 
served in all nuclear electro-magnetic transitions. In order to exhibit this 
important property and for future applications it is convenient to expand A 
in a sum of creation and destruction operators for states of a definite angular 
rather than /inear momentum as in (4.9). 

Toward this end [K. Gottfried (66), M. Jacob and G. C. Wick (59)] let us 
consider a photon moving in the z-direction, that is z = kz, where z is a unit 
vector in the z-direction. Since a particle moving in a given direction can 
have no orbital angular momentum component in that direction, its angular 
momentum in the z-direction is entirely due to its intrinsic spin. Hence the 
z-component of the angular momentum for such a photon is given by its 
helicity \ .Denoting the state of the photon by |kz; \) 


S,|kzj;)) = \|kz3d) (4.10’) 


we can immediately write: 


|Z) = Do |k; jd) (k; pd| kasd) (4.11) 
j=l 
where |k; jm) is the photon state where the photon moving in the z-direction 
has angular momentum j and z-projection m. The summation starts with 
j = 1 since a state with 7 = O cannot have A = +1. 
From (4.11) (we shall obtain the coefficients (k;j\|kz;d) later) it is possible 
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to obtain the representation of a plane wave propagating in an arbitrary 
direction k and of course with the same helicity by rotating the state. The 
effect of rotation as we know from the transformation properties of states 
with a definite angular momentum is to replace 


|k;7X) by =D IK; jm) Dan? (R) (4.12) 


where R is the operator which rotates from kz to k. The photon state 
|k;jm) ) describes a photon of energy ick, angular momentum j, z-component 
m and helicity X. 

Introducing (4.12) into (4.11) yields 


[ksX) = D0 [k3jmd) Dnt (R) (5 pd|kz52) (4.13) 
mj 


Note since R describes the rotation of a single direction and not that of a 
whole rigid body, only the two angles a,@ specifying the direction k relative to 
zZ are required to describe R. Hence 


Dri (R) = Di (28,0) = Dmri (kK) 


The desired rotation is thus obtained by rotating the coordinate axes about 
the z-axis through the angle a until the y-axis becomes perpendicular to the 
plane formed by z and k and then about the new y axis through an angle @ 
equal to the angle between z and k. Since only two angles are involved, the 
D’s satisfy a simpler orthogonality relation: 


a “A A 4 
| [Dm (K)]* Dann” (k) dk = ——— 2 053° Omm! (4.14) 
2aj+1 
(This equation can be obtained from the more general orthogonality relations 
given in Appendix A (A.2.11) by noting that since \ is common to both D 
functions the integration dy is trivial yielding just 27). Employing this ortho- 
gonality relation, we can invert (4.13) to obtain 

‘ 23+ 1 

[ks jd) (kspr| kan) = 2 

Tv 


The D-functions project out of the plane wave the angular momentum state 
characterized by j and m. 

To complete this discussion we shall need the amplitudes (k; j|kz;\). We 
first note the normalization of the state vectors involved in (4.15): 


(k,A|k’,\’) = 6 (k — k’) by. (4.16) 
and 


6 (k — k’) 


(k,jmyd|k'; j’m’N) = kK 55; mm? Onn (4.17) 
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Inserting representation (4.15) into this last orthogonality relation and using 
(4.16) and (4.14) as well as 


) (k aes k’) k A 
ee ge a — k’ 
5(k — k’) = 5 & - BY) 
yields 
i 2] 
(k; px\ kasd) = RcES (4.18) 
Aa 


where a choice has been made for the phase of this amplitude. Inserting this 
result into (4.15) and (4.13) yields 


‘|kijm) = f zl = | [Drad (K)]* [k,X) dk (4.19) 


and 


kay = D eat kes jm) Dia’ (E) (4.20) 


This expansion suggests a corresponding expansion for the creation and 
destruction operators bi(k): 


blo) = a) a Daa’ Ce) Bhan (4) (4.21) 
where 
baa = F a | [Dani (KBE (Be) a (4.22) 
It is easy to verify that the only nonvanishing commutator is 
[Bima (Es Bhrmn(RM = A? bs Bam Bar (4.23) 


These new operators b ;|,, (k) create a photon with the quantum number k, j, m 
and X. From (4.22) it can be verified that b;,, behaves under rotations like the 
mth component of a spherical tensor of rank /. 

To obtain an expansion of A(r,f) in terms of these new operators, sub- 
stitute (4.21) into (4.9): 


A(r,t) = es VY2j+ 1 [5 se to! [Di nr fim (K,r)e@* 


mr 
a L Dimi *(K,re7i##!] (4.24) 


where 


fin(kr) = | en eo Din (ik) dk (4.25) 
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Since \ takes on only the values +1, j cannot take on the value 0. This is a 
consequence of the fact that the photon has an intrinsic spin of one. This is, 
as it turns out, as far as we need to go in the decomposition of A into partial 
waves of well-defined helicity. 

In the long run we shall be concerned with the emission or absorption of 
electromagnetic radiation by states having well-defined parities. Assuming con- 
servation of parity in the transition,* has the consequence that only electro- 
magnetic radiation of a given parity will be emitted. Since the helicity is the 
component of the spin in the direction of motion, it is odd under a reflection 
(see Eq. 4.10’) so that radiation of a definite helicity does not have a well- 
defined parity. 

To determine the components that have a specific parity we consider the 
behavior of the state vectors |k,\) and then |k; jmd) under reflection. Since 
both the helicity and momentum are odd under a reflection we have (P = 
reflection operator) 


P\|k;\) = |—k; — 2) (4.26) 
The constant of proportionality (unity in Eq. 4.26) is obtained by comparing 
the behavior of the transformation function of both sides of this equation 
under reflection. Note that 
(r| —k; — \) = ey. ef" = — Gy eT 
On the other hand 
(r|P|kK,A) = (Pr|k,v\) = —ez eX" 
proving (4.26). 
Applying (4.26) to expansion (4.13) yields 
Dm (k) P[k; jm) = Dn» (—k) |k; jm — 2) 
Using (see Appendix A, A.2.19). 
Din (—&) = Di (a + 1, — B,0) = (—)! Din (a, B, 0) = (—) *De-n (K) 
we obtain 
P|k; jmy) = (—) |ksjm — 2) (4.27) 
It immediately follows that the creation and destruction operators satisfy 


PD jm (—) Dim» (4.28) 


*There is some evidence for the violation of the conservation of parity in the 
nucleon-nucleon interaction. This violation arises from the addition to nuclear 
forces coming from the weak interactions that do not conserve parity. The 
resulting effects are very weak and thus need not be considered at this point. 
We shall return to this discussion after we describe the theory of weak inter- 
actions in Chapter IX. 
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We can now define combinations of b!,,, and b!,,, that will remain invariant 
under reflection: 


birt = re (bbm + (=)? Bbn 1) (4.29) 
where o can take on the values zero or one and 
6 (k — k’) 


[DS (k), bv! (k’)] = 553" 8mm’ Ser (4.30’) 


kk’ 


The operator bS°' is the creation operator for electric multipole radiation 
of multiple order 2/ while b{?' is the corresponding operator for magnetic 
multipole radiation. Under reflection 

P [bSm'] P-? = (—)## Bim" (4.30’) 


so that electric multipoles (¢ = 0) of multipole order 2/ carry the parity (—)/ 
while magnetic multipoles (¢ = 1) of order 2% have the opposite parity (—)*+!. 
The states these new operators create have a well-defined parity. They are 


|ko; jm) = 7 [|k; jml) + (—)*|k3jm — 1)] (4.30’’) 


where according to (4.27), c = O state has the parity (—)’, the o = I state the 
parity (—)*+1. Finally one can construct plane wave linearly polarized states 
that for o = 0 is a linear superposition of electric multipole states, and for 
« = | decomposes into magnetic multipoles: 


1 
ko) = Va [|k,1) + (—)° |k, —1)] (4.30'”) 


We can now rewrite expansion (4.24) in terms of these new operators with 
the result: 


” kedk 
ae = {ovat | Fam On HD emt + oc, (4.31) 
k 


me 3 ima 


where 
fi, = a (fim + (= y” fjm—1) 


Using (4.25) defining fim, and the relations between D,,.“ (—k) and 
Dm,» (—k) (see Appendix A, A.2.19) 


1 ‘ i 
fim = 5 | dk ef: Dn ® (&) [e“*" — (—)* el] (4,32) 
a/2 
When we need to distinguish states of a given parity, it is more convenient 


to use (4.31) while states of a well-defined helicity are most easily considered 
with expansion (4.24). 
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5. EMISSION OF ELECTROMAGNETIC RADIATION 


In this volume we shall restrict our considerations to the case of emission (or 
absorption) of radiation accompanying the transition of a nucleus from a 
state |i) to a state |f). The quantum numbers of these nuclear states include 
the total angular momentum J, its “z’’-component M and the parity II. The 
isospin quantum numbers TJ and M,7 will not be explicitly given until we 
consider isospin-selection rules. We shall assume that parity is conserved in 
the transition. The effects of the weak parity nonconserving interactions are 
outlined after the discussion of the weak interactions in Chapter IX. It will 
therefore be most convenient to let the emitted photon have a polarization o 
(see Eq. 4.30%”) and to use expansion (4.31) to describe its emission. __ 
The probability for the transition is: 


Qe ke 
dw (i > fko) = =e | Mys|2 dO (5.1) 


where dQ is the differential solid angle and o the polarization of the plane wave. 
The factor k?/he is the density of final states appropriate for a plane-wave 
normalization (1/27)?/? e'. We find pr = k’dk/dE where E = fick. The 
matrix element 


M;; (k,c) = (f; ko| Hint|i; 00) (3.2) 
where Hinz is given by (1.1). The matrix element is evaluated at 
E; = E; + ho (5.3) 


where E; and E; are the energies of the nuclear states involved in the transition. 
The dependence of M;; on k and o can be made explicit. We note that 


M;; (Ko) = D2 (ko|ko’; jm) (f; o’jm | Hint|i; 000) 


jmoa! 
= >) (ko|ko’; jm) (f; 000| [b§%", Hint] |7; 000) 
jmo! 


Or 


My; (Ko) = D7 (ko |ko’; jm) | dr (f\j(r)|7)- (000| [bf;", A] |000) 
jmo! 

Inserting expansion (4.31) and using (4.30’) yields 

Ly (ko |k; jmo’) 27 FT (f| Mim 


jmo! 


M;; (k,c) = 


i) (5.4) 


7 167 %w,, 
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where 
MS, = [ee ff -i(r) de (5.5) 


Using definitions (4.30’”’) and (4.30'’) and relation (4.19) yields 


ES 


2S + 1 Dm * ) + (HH Dna * B) 
(f| Min |i) (5.6) 


The dependence of M;; on the direction of emission from which the angular 
distribution will eventually be obtained is given explicitly in the square bracket. 
The dependence on nuclear structure is contained in the matrix element of 
the operator M5; -(See Eqs. 2.3 and 2.4). Since MX is the matrix 


(000| BS” Hint | 000) 


1 


M;; (ko) = — 16,2 


where Hint is invariant against a rotation, it follows that MS, has the same 
behavior under rotation as bY’, that is, it is the mth component of a tensor 
operator of rank j. It immediately follows that (f|_M. MS |i) vanishes unless 


l4y7—-JSJi| <7 G+A) (5.7) 
and 
M, = M; +m (5.8) 


Moreover since the minimum value of 7 is one (see Eq. 4.25) transitions by the 
emission of a single photon from J; = 0 to J; = 0 are forbidden. Finally since 
Hint is reflection invariant the penity carried by the photon, that is, by Dim 
and therefore by MS is (—) if o’ is 0, that is, electric and (—)*+! if o’ is 
magnetic. Hence in a transition 


Il; = (—) I; electric multipole 
(5.9) 
Il, = (—)** IL, magnetic multipole 


Thus an even parity change will involve electric multipoles of even order and 
magnetic multipoles of odd order. Magnetic dipole radiation (j = 1) and 
electric quadrupole radiation (j = 2) are both possible if. the appropriate 
angular momentum selection rules (5.7) and (5.8) are satisfied. 

By using the Wigner-Eckart theorem we can exhibit the angular momentum 
selection rules explicitly: 

Jp fj Si 

(f| Min |i) = WyMy| Mp |J:M;) = (—) ts Je | M; | |Ji) 


(5.10) 


690 ELECTROMAGNETIC TRANSITIONS 


Substituting (5.10) and (5.6) into (5.1) gives: 
dw; MIL; 2 J;M,KI;; ko) 


dQ 
k > Jy J Ji Jy fj Ji 
ee ey ae) 
(128 7) nee, —M, m M,/\—M; m M; 
x Ty || MS? | |Ja) GAL | | MG? | [Jad 


x [DE* (+ (—)ete” DS, (K)] [DEY di) + (—)t2”” DP, (J (5.11) 


Only a few terms of this series, that is, one or two multipole orders are needed 
for the accurate prediction of experiments. As a first step let us consider the 
case often met in practice in which only one multipole contributes importantly. 


A. Single Multipole 


In that event 7 must equal j’ in (5.11). Because the parity change is deter- 
mined by j + o’, parity conservation requires, o’ = o’’ where a’ is fixed by the 
parity change and j. Under these circumstances (5.11) becomes 


dw; MT; = J; MyII;; ko) 
aQ 
Jy fj Si 


| J.11,)|? 


2 
k ay, 
= Sa |tt| | M9 


(Qj + o( 
— M; m M; 


-(| DY} (ke)? + | DQ. (kK)? + 2 (—)ete” DON (EDP, (0) (5.12) 


We observe that the angular distribution is a function of 8 only, where k is 
specified by the spherical angles 8 and a. Because of the last term in the round 
bracket the angular distribution depends on o’, that is, on the multipole type, 
electric o’ = 0, magnetic o’ = 1 involved in the transition. This dependence 
on a’ disappears if a sum over og, that is, over the polarization of the emergent 
wave is performed. Thus one method for determining the character of the 
radiated multipole requires the measurement of the angular distribution for 
a given polarization of the radiated wave. 
If o 1s summed then 


dw(J; MIL; — J; M,Il;; k) 
| dQ 


Jy j Ji’? 
k(2j + ia : 
64r ic? } (ells | | MG? | [Jad |? 
af —M;, m M; 


-([d2) (BYP + [det Gr — 6)P) (5.13) 


EMISSION OF ELECTROMAGNETIC RADIATION 691 


where we have employed the relation from Appendix A (A.2.18’), |d@i (a — 8)| 
=|d@_, (@)|. The round bracket* gives the angular distribution of the 
emitted radiation of a given multipole order in which the detector does not 
distinguish between the two possible polarizations of the emitted radiation. 
We observe that this angular distribution does not depend on o’. In other 
words the angular distribution depends only upon the multipole order and not 
upon its electric or magnetic character; that is not upon the parity of the 
emitted radiation. | 

One result of interest follows from the fact that d} (8) vanishes for B = 0 
unless m = 1. Similarly dni? (7 — B) vanishes at 8 = 0 unless m = —1. This 
means that the intensity in the direction of propagation of the emitted photon 
is zero for all m except |m| = 1. This result is to be expected on the following 
intuitive grounds. We note that the magnitude of the component of the angular 
momentum in the direction of motion of a particle equals its intrinsic spin, 
in this case unity. Thus the component of the angular momentum change of 
the nucleus m = (M; — M,) in the direction of the emission of the gamma ray 
1S unity. 


B. Averaged Cross Sections 


If the various initial magnetic substates, M@;, are equally populated and if the 
final M;’s are not detected, we may then average (5.11) over M; and sum over 
M,;, to obtain the observed transition rate 


dw(J,I1;; J, Ty 5 ko) = 1 3 dw; MII; J;M,U,; ko) 
dQ Ie + amy dQ 
Summing over /; yields the aa transition rate 
Ss Sa i. Sa FTI, | | Mj” | | Je)? 
dQ = peene ay ed ) 


-| Dal + (—)te DB? (5.15) 
where m = M,; — M;. Summing over final polarizations, that is over a, yields 
dw(Jill; — Jjlly; mk) _ k eee (47+ 1) 

dQ 64 5hic? 2J;+ 1 


(JjTLy| | MS" | | JIL)? 
[| D|? + |DBQ|2] (5.16) 


*In other derivations [see Blatt and Weisskopf (52) p. 594] this result is given 
in terms of the spherical harmonics as follows: 


(j + m)(j — m + 1) 
2i(i + 1) 


| ¥5,m—1(8, a) |? + |Y;,m(6, «)|? 


(j — mj + m + 1) 
2i(j + 1) 
Because the absolute values of the spherical harmonics are required this express- 
ion is a function only of £. 


+71 


| Ym +18, a) | ? (5.14) 
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Finally summing over 


Ty | | M5"? | | J.T)? : 


It will be useful to have the results in inverse order; first summing over 
polarization, that is, over o and then over M; and M;. We obtain 


dw; MIL; — J;MyIl;; k) 
aQ 
I, fj Ji Ip Fo de 
2 Gi +1) Qj +1) 


a3 64732 
“(JT | | MI? | | J) Jey | | MP? | | Ja) 
[DEY DE? + DB, DY? 4] (5.18) 


Averaging over M; and summing over M, yields (5.17). 

The angular distribution given by (5.17) is isotropic. This is to be expected 
since we have averaged over the possible orientations of the emitting nucleus 
(i.e., over the various values of M;) and summed over the orientations of the 
final nucleus. There is thus no “‘preferred”’ spatial direction. 

An anisotropic angular distribution can be obtained only if there is a special 
direction selected by the experimental arrangement. For example if the mag- 
netic substates of the initial state were not uniformly populated, then (5.18) 
would be correct, but (5.16) and therefore (5.17) would not be. The angular 
distribution would then be given by the squarebracket terms, the ”’z’’ axis 
being defined by the direction of quantization for the magnetic substates M;. 
If only one value of 7 contributes importantly the, multipole order can be 
determined from the angular distribution. The electric or magnetic character 
can also be obtained if the reduced matrix elements of M,,,.™ for differing j’s 
are comparable in magnitude. Then interference between these differing j’s 
will contribute. The angular distribution would then yield the multipole 
order, the parity of the radiation, and finally the ratio of the corresponding 
reduced matrix elements. 

One procedure that has been used to weight the various M,’s differently 
involves placing the emitting nucleus in an external magnetic field. The 
direction of the field is then the preferred direction. The field splits the magnetic 
substates of the emitting nucleus. If thermal equilibrium is established, the 
population in each level will differ thus achieving the necessary condition 
for the observation of an angular distribution of the emitted gamma rays. 

In another class of experiments of interest in this connection usually referred 
to as angular correlation experiments, the gamma ray can be the second leg of 
a sequential process. Examples are the cascades (7,7) and (8,7) illustrated in 
Fig. 5.la and Fig. 5.1b. Another general class are the reactions (x,yy ) in which 
the emission of a particle y leads to an excited state of the residual system 
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a 


(a) (b) 


FIG. 5.1. Example of angular correlation experiments. 


that then decays via y-emission. The direction of the first particle, a gamma 
ray in Fig. 5.la, a 6-particle in Fig. 5.1b, particle y in the reaction provides a 
preferred spatial direction. For example, taking the direction of the initial 
gamma ray in Fig. 5.la as the z-direction means that M, — M, can only 
equal +1, leading to a nonuniform population of the magnetic substates of 
state |b) as is true, for example, when the spin J, < J;. It is for this reason 
that the final gamma ray w,, can have an anisotropic intensity distribution. 
For further details we refer the reader to monographs in which the theory 
of angular correlation experiments is considered in detail. 

In heavy ion reactions a preferred spatial direction is naturally selected by 
the collision of the ion with the nucleus. Because of the large momentum of 
the heavy ion and the grazing nature of the ion-nucleus collision, one would 
expect that the residual nucleus after the collision would spin about an axis 
perpendicular to the scattering plane. The angular distribution of the gamma 
rays that are emitted after the collision would then be anisotropic. This 
phenomenon is illustrated by the angular distribution of gamma rays emitted 
by excited states of 1Cd that is formed by the reaction %*Zr(18O,4n) 1!°Cd. 
These are shown in Figs. 5.2 and 5.3. In Fig. 5.2 the gamma rays are all 
quadrupole while in Fig. 5.3 they are dipole. The 998 and 401 keV lines are 
magnetic dipole; the 178 keV is a mixture. The characteristic nature of the 
angular distribution is unmistakeable in each group, and consequently a 
unique determination of the multipole order involved in each transition can be 
obtained. 

We turn now to the calculation of the reduced matrix element (J;| | M{” | | J.). 
The operator MS) is given by (5.5). To evaluate it we first expand f{, (Eq. 
4.32) employing the familiar expansion of the plane wave 


eM" — At >) it Y, (r) Y y (kK) i (kr) 
lu 


This yields: 


4 : 
n= ye LPO) Yu) -Y — (- I 


Lu 


| | dk ef D2 ® Yi, &) 
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FIG. 5.2. Angular distribution of electric quadrupole gamma rays emitted in various 
transitions between excited states of 1!°Cd found in the heavy ion reaction °¢Zr(480,4n) 
110Cd.| [from Sunyar [(73)]. 


In order td perform the indicated integration it is necessary to make the 
dependence of ex: on k explicit. The vector e;, can be obtained from the 
fixed set of coordinate directions given by u, (4.4f) by a rotation: 


en = >, u, DY (k) (5.19) 


Using 


u, = (—y Uu_, 
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FIG. 5.3. Same as Fig. 5.2 except that the gamma rays are magnetic dipole radiation 
or in the case of the 178 keV line mixed magnetic dipole and electric quadrupole 
radiation [from Sunyar (73)]. 


and a similar relation for the D-function, (5.19) can also be written 
en = — >), u, D®_1 (kK) (5.20) 


The k-integration may now be performed using the results given in Appendix 
A (A.2.11) to obtain for MS) the following 


ij iMG 1 1 
MS) = — 16n? >> ari ( yom 


Ly 8 \im v p/\L —1 0 


7 dr Yy, (r) j; (kr) u,-j (5.21) 


We shall consider first magnetic multipoles. The matrix element for magnetic 
multipole radiation, o = 1, differs from zero only when / = j. Then 


7 GlN\G 1 
upp = — (9 [Ay 
Sr w \m v p/\L -1 0 


| ae Yin (1) ji (kr) wi 
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Employing (4.4g) and (4.4a) the sum over yp and v can be performed: 


MS? = — if — ——. dr j-LUj<kr) Yim 


We introduce the operator 91%: 


(M) aipl . ; * | 
Min = i+) de j- ( XV) [A (kr) Vin] (5.23) 


Inserting this definition and the value of the 37 symbol: 


Joi ij (—)#+1 
1-10) V2G+D 


yields 
MM = (—i sate | LET ogo (5.24) 
m(2j + 1)j 
It immediately follows that 
oe: j+1 
Sy | | M5 | |Ji) = (— D7! Bae | ———_—~ (| [910 | | Ja) (5.25) 
mj(2j + 1) 


Note that no long wavelength approximations were made in deriving this 
result. Before discussing it further we will find it convenient to derive the 
corresponding result for electric multipole transitions. 


Problem. Show that sv” can also be written as follows: 


1 
c(j + 1) 
Recalling that the magnetization is (1/2c) (r X j) and that the divergence of 


the magnetization is p“™ where p™ is the magnetic pole density [Stratton (41) 
p. 228] we obtain 


at = — / de j(kr) Yin div (FX 9) 


2 
mn = — —— fe i; (kr) Yim p™ 5.26 
For long wavelength 
2 ki 
mig — fa iY, pi 
j+iQarouse™ vin? 


We observe the close connection of 9r{™ with the magnetic multipole given 


in the integral in terms of the magnetic pole density. 
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We turn to the electric multipole case. In (5.21) we now place o equal to 
zero and combine the / = 7 + 1 and/ = j — 1 terms. Note also that 


J i ped - | oe 
1-1 0 227 — D+ I) 


yds aed ee 
= (—)#1 Japoton 
( —1 0 227 + 3) (7 + VY) 


‘Comparing with (4.4h) it follows that 
Bn. MU Oe 
mA Qi + De 


An exact expression for Aj; is given in (4.4c); the long wavelength approxi- 
mation in (4.4e). Defining 


and 


dr j-A\®* (5.27) 


mi = A [oiag (5.28) 
yields 
Min = (—)*? Bre J ar Slaw 
and 
J;| | Mi | |Ji) = (—93 are,| a (J; | [15 | | Ji) (5.29) 
mj(2j + 1) 


We see that (5.29) and (5.25), the corresponding expression for the magnetic 
multipole case, differ only in the operator given by (5.23) for the magnetic 
and (5.28) for the electric case. We shall now discuss each case in the long 
wavelength limit for which 


: (kr)! 
ARN) pn 
and 
ki-1 I+ 1 
A®) — ee a grad (7! Yim) 
Then 


i—] 
aE) — & ke 


Nim = “aye | ier rj Y im 
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or 
1 kf 
OY hae ee ivi 
MN, c+ DI! [ar Yim div j 
Introducing current conservation and 
Op 
—= —-[H 
5 =f P| 
so that 
(f|div ji) = — iF al Ss = (E; ; — Ei) (f\pli) = ike (f|pli) 
Hence 
Oye sear! yt 
Ma oe G+ Di dr v7 Yim p (5.30) 
and 
8x2c(— ik) a j+1 
J,| | Mj | |J) ~ ——-—___, | — = (E)| | J, 
NMI?) ~ Fal aa O19) 6.31) 
where 


O = | dt ri Yim p (5.32) 


are the electric multipole moments. 

The long wavelength approximation when applied to MN yields an ex- 
pression identical to (5.31) except that oO” is replaced by OS”? where from 
(5.23) 


| 
(M) — _ __ | fp pif. is 
pp Gap) erie x) ere (5.33) 


The total transition probability can now be readily evaluated by multi- 
plying (5.17) by 4m and inserting (5.31). The result is 


wi fk) = 2) wej;i-/f) (5.34) 


J 
where 
ee jt+l 
og = CITT posts pre. 5 . 
woj,;i—f) = 8x ie jj + DIF Gj; i—f) (5.35) 
The B coefficients are then 
io | —__—-_—. (J Co)! | J,)? : 
Blois i) = il 10/0110) (5.36) 


where o can be either E or M for electric and magnetic multipoles, respectively. 
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Generally only one multipole of a given type will contribute significantly 
to w. The ratio of w(¢j + 1; i—f) to w(ej; i— f) 1s of the order (KR)?/(2j + 3)? 
where R is of the order of the nuclear radius. For nuclear gamma rays this 
ratio is very small, as can be seen from (1.5), and decreases very rapidly with 
increasing multipole order. States that can decay only by emitting low energy 
gamma rays of high multipole order will have long lifetimes and are thus 
easily observable. As discussed in Chapter 1 (see Fig. I.7.3) these long-lived 
states that are called isomers occur more plentifully as shells close. The 
existence of these isomeric islands was one of the observations that pointed 
to the shell model. 

One word of caution: the reader should bear in mind that (5.35) is a long 
wavelength approximation obtained by replacing j; (kr) with the first term in 
its power-series expansion. It is possible (usually because of the validity of 
some approximate selection rule) that this first term is not in fact dominant, 
and that an accurate answer must include the next term. We shall see some 
specific cases below. 

As the next part of this discussion, we shall evaluate mis employing the 
point charge and point magnetic dipole expression (2.1) to (2.4), which are 
commonly used. The error following from the neglect of the finite size of the 
nucleons and from exchange current has been presumed to be small. The 
details involve only some straightforward applications of vector-operator 
identities. 

We obtain 


1 e ; * A d 3 
ja s LX [1 + 7a(Z)] Y jm (ts) ae [rij; (Ar:)] 


en l 
MC k Lay [(gp a 2n) 
+ r3(i) (8p — &n)) Jz (kri) 63° X Vi) Vim (Fs) 


+ >> [1 + ra] 7? i; (rs) Yim a} ee) 


E 
Mn = — 


Tt, 


The dominant term in the long wavelength limit is given by the first sum 
yielding (5.30) in that limit. 
The result for the corresponding magnetic multipole radiation is 


(my _ _@h 2 1 . ¢Y* YL 
Sejm = 2m,c (j ae 1) d y) [1 =F 7 3(i)] [V: CY jnlti)is)] I; 


J oe dee 
zs 2 De (8p + Bn) + rat) (Sp — Sn) [K?6i-8i Yim (Pi) jj (Ari) 


ee a 
+ [Vi CY jm (Fs) <a oit (5.38) 


a 


700 ELECTROMAGNETIC TRANSITIONS 


In the long wavelength limit 


h ki l 
ST aa an ai 
Ome G+ D2 | fer 


l ; x ” 
+ 7 [gp + &m + tali) (Bp — 80] a “Vi [rit Y jnl(ts)] 


The resulting value of Q{n? is 


8 9m oe dX F a [1 + 7r3(i)] 1: + A [go + Bn + 73(i) (2p — 2n)] | 


Vi (ri? Yim (ts) (5.39) 


The corresponding result for QM can be readily obtained from (5.37) or 
from (5.32) combined with (2.1), the expression for the charge density. It is 


ee 
ym = € DY LL + rai) re? Yim (Fe) (5.40) 


This is as far as the formalism can be carried without explicit consideration 
of the initial and final nuclear states. As we have remarked earlier, the value 
of the reduced matrix elements of QS) is sensitive to the nature of these 
states. An outstanding example is furnished by the collective states. When the 
nuclear states are collective, electromagnetic transitions generally involve a 
change in motion of many nucleons. As a consequence the resulting transition 
probabilities are generally much larger than the probabilities for these tran- 
sitions in which only one particle changes its state. Thus the collectivity of the 
states involved in a transition is measured by the ratio of an observed tran- 
sition probability to the corresponding single-particle transition probability. 

The single-particle transition probability for an electric multipole transition, 
the particle involved being a proton, is proportional to (see Eq. 5.36): 


1 
(27; + 1) 
The single-particle states are characterized by the orbital angular momentum 
J, total angular momentum j, spin 1/2, and radial quantum number 2, the 


subscript i denoting initial and f final state, respectively. 
Using the results tabulated in Appendix A, (A.2.49) we obtain 


( ™ - : (Upji¢| |r| | Zits)? 
—1/2 0 1/2/. ts 
/ / if (; + 7; + j) is even (5.41) 


— | rene jute oe 1 \2 
Bs p(B; i f) = (m5 bl \77 Y,r)| ins 5 Wi) 


By.p (Ej, i f) = 
0 If, + 1; + jis odd or if j does not 
satisfy the inequality 
i -F) <ssGt+yh 
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The calculation of B for the magnetic case is more involved because of the 
presence of the gradient operator in (5.39). We refer the reader to deShalit 
and Talmi’s book (see their equation 17.26) for the details. Their results can 
be further simplified with the aid of some identities among the nj coefficients 
given in Appendix A (Sect 2). The result is 


(* ) Qj, + 1) Qj + 1) 
2MyC An 


Bs.p. (Mj; if) = (Upjg| |r-*| | Dafa)? 


l 2 
{( ~ 4) (2 + DG -— * 


iy Ji J 
+ Q:+ DG: - 1) - J] 
1/2 —1/2 0 


J Pie | 
+ (— yy —lg—(gi-1) | ( / 
J+ '\_172 1/2 0 


VW Gti +I4+ DG +I- IDG +I - I) Gi + dp - 7+ ot (5.42) 


Equation 5.42 is valid when / + 1; + j is odd. In addition the triad /,, /;, and 
j must satisfy the vector addition condition |/; —7,| <j-—1< 1+]. If 
i + 1; + jis even, B,.». (Mj; i — f) is zero. The quantity yu, is the proton 
magnetic moment in nuclear magnetons. 

Equation 5.42 simplifies if 7 takes on its minimum value consistent with the 
angular momentum change in the transition: 7 = |j; — j;|. The second term 

( ko ki J ) 
in (5.42) is zero since the 3/ coefficient is then zero. Hence 
—1/2 1/2 0 


2 + ] 9) + ] Jt J Ji : 
) BAG Day wing 


Bs.y. (Mj; if) = i 
~—1/20 1/2 


2MyC 


: (u = ve =) (i+ DG - D+ Q+DG- LW - lik - HIP 


when jf = [fi — Jg| (5.43) 
In the event that in addition |]; — J;| is equal to j — 1, 
(Qh + DG -HD+Q+ 0G -—1) - li -—F|P = 4 (5.44) 


These results hold if the radiating particle is a proton. If the particle is a 
neutron, the second term in (5.42) is no longer present. In the first term and 
in (5.43) wp — (1/7 + 1) is replaced by up, the neutron magnetic moment. 

Rough estimates of the single-particle transition probabilities that are based 
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on (5.41), (5.43), and (5.44), have been given by Weisskopf and are known as 
the Weisskopf units. The correction to the Weisskopf unit that can be obtained 
from the more precise results (5.41) and (5.43) are of the order of unity. 
The radial integral in (5.41) have been estimated to be 3R*/(j + 3), a result 
that assumes the radial wavefunction is a constant up to a radius R. The 
Weisskopf result for electric multipole radiation is: 


po fy VED 3. \F e 24 
Wap. (Ej; 1 ND Fo + DMP ( ef _ io (KR)?! ke 


~N aout) () Gaew) late | 21 —1 
~ (27 + DINPN + 3) \197 Mev oe) ee ee) 


In calculating the magnetic multipole, the large size of the anomalous mag- 
netic moments must be taken into account. Weisskopf takes the factor yu? to 
be about 10 so that 


Wsp. (Mj; if) = 10 (- =) WEs; if) (5.46) 
Re nae | a as 
Wen. (MIs E> I) Toe 74 3) \197 Mev 10-18 cm 
xX 10?! sec} (5.47) 


The gamma ray width I, may be calculated directly from the transition 
probability 
I, = hw 


Some numerical values calculated by Wilkinson (60) are given in Table 5.1, 
where 


R = ry A¥3 ro = 1.2 fm 
E,, is in MeV, I; in eV. 


TABLE 5.1 Single-Particle Widths (Weisskopf Units) 


Multipole Order Electric Magnetic 
1 (6.8 10-*)A/8E,8 (2.1 10-2)E,3 
2 (4.9 10-°)A43E, (1.5 10-)A?8E,5 
3 (2.3 10-14) A2E,? (6.8 10-45) 443E,7 
4 (6.8 10-71) A8/3E.9 (2.1 10-7)4?E,° 
5 (1.6 10-27) 4198 Fu (4.9 10-%)A88F 


The B(Ej) and B(Mj) to be obtained from (5.45) and (5.47) are 


2 
Bs.p (EJ) = ~(35) (1.2 A?/*)29 (fm)?7 (5.48) 


ISOSPIN SELECTION RULES 703 


and 
10 3 \ A \2 
B,.,.(Mj) = — | -—— 2 All3y(25-2) fm)2s-2 
ty = 2 (=) ca.2 ayene ()" cy 
A \2 
Bs». (Mt) = 1.79 (="-) (5.49) 
2M,C 


6. ISOSPIN SELECTION RULES [WARBURTON AND WENESER 
(69)] 


Nuclear levels are not only characterized by spin, energy, parity, but also by 
the considerably more approximate quantum number of isotopic spin 7. The 
usual radiative selection rules on spin, energy, and parity changes must be 
expanded to include selection rules on isospin changes. An obvious rule that 
follows because the photon is uncharged is 


AT; = 0 


An even stricter condition applies since radiative transitions cannot change 
the number of neutrons or protons: 


AN = 0 AZ = 0 


The isospin selection rules can be obtained from the matrix element 
(f| Mi |i) of (5.4) and (5.6). We must bear in mind that the two symmetries 
of interest, charge symmetry and charge independence, are broken by the 
electromagnetic interaction since protons are charged and neutrons are not, 
the masses of the neutron and proton are not equal, and they have unequal 
magnetic moments. In addition the charge independence of nuclear forces is 
approximate since the masses of the charged mesons and the masses of the 
neutral mesons responsible for these forces are not equal. We shall discuss 
these matters more thoroughly in Volume II [see also Henley (69)]. Their 
existence means that rigorously the total isospin of the initial and final states 
involved in the radiative transition under discussion are only approximate 
quantum numbers. Consider, for example, the Coulomb interaction: 


2 
SEU +r + I 
i<j Vij 
This interaction involves an isoscalar, an isovector, and an isotensor of 
second rank. Hence a state that is approximately an eigenstate of T? with 
eigenvalue 7(T + 1) will in first-order perturbation theory have isospin 
impurities coming from states with isospin T + 1, and JT + 2. We shall not 
discuss the amplitudes of these impurities here [see Soper (69)]. Our major 
purpose here is to point out that the selection rules to be derived below are 
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approximate, and that the extent of their failure is a measure of the isospin 
impurities. 

The isospin character of the nuclear current is the decisive element for our 
discussion. Recalling expressions (2.2) to (2.4) we see that the current and 
therefore the operator M{%) can be resolved into two parts 


J=Jot+ ji (6.1) 
where jo is an isoscalar and 


h= Dr iW (6.2) 


transforms under a rotation in isospace like an isovector. Correspondingly 
My - MS no Ss MSn1 (6.3) 


We now ask: disregarding the isospin symmetry breaking interactions 
discussed earlier what are the selection rules for the electromagnetic transi- 
tions? Let us consider first the weaker condition of charge symmetry. Charge 
symmetry relates the states of conjugate nuclei. A nucleus is said to be con- 
jugate to a nucleus with Z-protons and N-neutrons if it contains N-protons 
and Z-neutrons. Charge symmetry implies that corresponding states of con- 
jugate nuclei are “essentially identical.’ More precisely, if W is the state 
vector for a particular state in a given nucleus, the vector for the corresponding 
state in the conjugate nucleus Y is obtained as follows: 


WO = 74(1) 792)... ro A (6.4) 


Using this result, we can now relate the matrix element for electromagnetic 
transitions between corresponding states in conjugate nuclei as follows: 


(f| Mim |i) = (flro(A).. . 721) Mym ro(1) . . . r2(A)|i) 

Introducing (6.3) and recalling (6.2) we obtain 

(f° | Mym |i) = (f|MGnoli) — (f|M$nali) (6.5) 
whereas between the corresponding levels 

(f| Mim |i) = (f|MGnoli) + 1M Sn |Z) 

Thus a simple relation between these two differing transition amplitudes will 
occur only if one of the two amplitudes, the isoscalar or isovector amplitudes, 
vanish. (Alternatively, by measuring both transition amplitudes, we can deter- 
mine the isoscalar and isovector components.) Since the isoscalar term MS), 
is in fact not dependent upon isospin, its matrix element will vanish if the 
states |i) and |f) are orthogonal as far as their isospin dependence is con- 
cerned. This will occur if i) and |f) have opposite symmetry with respect to 


a proton <> neutron exchange. We thus obtain the result: corresponding 
transitions in conjugate nuclei between states with opposite symmetry under 
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neutron-proton exchange have identical widths. The same result will hold 
approximately if 


If] Mspolid| K | (fl M$ i) 


As we shall see in the discussion to follow, this inequality holds for electric 
dipole (£1) and for magnetic multipole (4) radiation. 

These results as well as others also follow from the stronger condition of 
charge independence. Then both initial and final states have good isospin 
T; and T; as well as “‘z’’ components giving the value of (Z — N)/2, denoted 
by My, and Mr,. The dependence of the radiative matrix element on these 
quantum numbers is given explicitly by 


VJ; M;; T; Mr,| M§n|J:Mi; T:Mr;) 

= (J; M;; T;Mr,|M2, = MS),|J:M;; T:M7;) 
Using the Wigner-Eckart theorem with respect to the isospin dependence 
gives: 


(J; My; T; Mr,|MS92|J; Mi; T; Mr;) 


= (—)y ( J; Mj; T;| | M$no| |JeMi; T:) 
—M Ty O M T; 
T; 1 T; 
alc ( (J;My3 T;|| Mri] [Je Mi; r (6.6) 
—Mr, 0 Mz; 
The reduced matrix elements have been “‘reduced”’ with respect to the isospin 
dependence and thus depend only on the isospins 7; and T;. The dependence 
on J;,:,M;,; and other properties of these states remain. We observe at once 
the selection rule AT = 0, + 1 as is expected because of the mixed isoscalar 
and isovector character of M‘%. [Radicati (52), Gell-Mann and Telegdi (53)]. 
In addition Mr, = M7, which simply says that Z — WN is not changed in the 
transition; again an obvious result. Inserting explicit values for the 37 coeffi- 
cients gives: 
(yM;;T Mr|M&Qo|JiMi; TMr) = VM; | MQo|JiM:) (6.7) 


and 
(T + Mr + 1) — Mr + 1)\)” 
(27 + 3) (T+ 1) QT + 1) ) 
-(JI;My; T + 1||MEi| |I:Mi; T) (6.8a) 
Mr 
[(2T + 1) + IT?” 
-(J;My; T| |M2,| |JiMi; T) (6.8b) 


U;M;; T +1 Mr|MS,|JiMi; TMr) = ( 


M3; T M,| MS? |JiMg; T Mr) = 
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Mj; TM7|M?,|J:Mi; T+ 1 Mr) = 
2 Co Orit) eeter iene 
(6.8c) 


Observe that the transitions AT = +1 given by (6.8a) and (6.8c) are invariant 
against the substitution M; — — Mr. This is just the transformation from 
a nucleus to its conjugate. Thus in the language of isospin, we find that the 
transition probabilities between corresponding levels in conjugate nuclei are 
identical if AT = +1 [Morpurgo (59)]. We obtained earlier a similar result 
based only on charge symmetry. A similar rule does not hold for AT = 0 
since the isovector transition (6.8b) amplitude changes sign when M7, changes 
sign while the isoscalar component (6.7) is unchanged. Relations between 
corresponding transitions in conjugate nuclei for AT = 0 become possible 
only if the isoscalar matrix element is much smaller (or zero) than the iso- 
vector one, as is generally true, or vice versa. The resulting approximate 
rules are derived and listed by Warburton and Weneser (69). 

Experimental probing of the AT = +1, 0 rule has consisted in looking for 
AT = + 2 transitions. In recent years a number of T = 2 levels have been 
located in light nuclei, and one can investigate the selection rules by searching 
for radiative transitions to the T = 0 ground state. Upper bounds of only a 
few percent of the allowed transitions have been established for these isospin 
forbidden transitions [Hanna (69)]. An example of the conjugate nuclei rule 
is obtained by comparing the M1 decay of levels in C!* and N?3 at about 
15 MeV. The widths for the C1* decay is 25 + 7 eV [Peterson (68)] and for 
N?3, 27 + 5 eV [Adelberger, Cocke, Davids, McDonald (69)]. For a critical 
evaluation of this last result, see Warburton and Weneser (69). 


7. NUCLEAR RECOIL AND RADIATIVE TRANSITIONS 


Momentum is of course conserved in a radiative transition. If, for example, 
a proton changes its state by radiation, the rest of the nucleus must recoil so 
that the nucleus as a whole has a momentum equal and opposite to that of the 
radiated photon. This gives rise to an additional current that must be included 
in the calculation of the transition matrix element. This effect is automatically 
included in our results as can be seen if we make the conservation of momen- 
tum explicit. 
Toward this end we introduce the center-of-mass coordinate R 


pas 


R = 


and the intrinsic coordinates é; 


é=r;—R (7.1) 
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where 
»~ & = 0 (7.2) 


Taking the initial nuclear momentum to be 0, the initial nuclear wave function 
y; will be a function of the intrinsic coordinates only while the final wave 
function will be given by 


Lf) = eR (EL... Es) 


where P is the momentum of the nucleus as a whole. We turn now to the 
matrix element for the transition. We need consider only the convective current 
(2.3). (Why?) Thus 


My ~ XD « (fle™ CH, rilli) (7.3) 
~ Dee: (pyle P® oF TH, ra] | ys) 


Now 4H can be decomposed into two parts, the intrinsic Hamiltonian H; 
involving only intrinsic coordinates and the kinetic energy Tr of the center of 
mass. Hence 


[H, r:] =. [H:, E,] a [Tr, R] 
The second term is proportional to the momentum of the center of mass and 
thus gives rise to a term in M;; of the form 
e-(k — P) e*-P°R 


which vanishes upon integration over R. We are therefore left with 


My: ~ XD &: Wyle ® [Hy Ell vs) (7.4) 


This is identical in form with (7.3) except that the coordinates r; are replaced 
by the intrinsic coordinates £;. Equation 5.40 remains valid if this substitution 
is made. The change is not so easily managed for the corresponding magnetic 
multipoles expression (5.39) because of the need to interpret the operator 1, 
in virtue of (7.2). In this case it is best to simply begin with (5.39) and trans- 
form to the center-of-mass and intrinsic coordinates dropping any final 
dependence on the former variable. 
One qualitative change should be commented on. Because of (7.2) 


[H:, Es] = — Dd) LAs, &] 
iA 


Hence the Ath term in (7.4) has the following form 
e- Ws|exp (—ik- 2) &) DU [Hs Elli) (7.5) 
jtA kA 


This is clearly a many-body term. It is thus no longer possible, once the trans- 
formation to intrinsic coordinates is introduced, to say that the current 
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consists of a sum of single-body operators. This statement is correct as long 
as k # 0. In the dipole approximation the single-body character remains 
but many-body terms enter for the higher multipoles. 

Since in many models intrinsic coordinates are not used, it is useful to 
express the multipole operators in terms of r;. Let us begin with the dipole 
moment (j = 1) (5.40) which we shall rewrite in vector form: 


1 
D=ed SU +7] & (7.6) 

From (7.2) and (7.1) we obtain 
D = 5 LW & = 5 (Oo nOr — RD A] (7.7) 


The sum over (1/2) 73(i) is just 73 and hence may be replaced by (Z — N)/2. 
Finally inserting the expression for R in terms of r; yields: 


p= £5 |) -25"]e 


25 


N Z 
p=-| & «(4)- = (4) 78) 


We thus see that for the dipole operator each proton may be taken to have an 
effective charge of (N/A) e, each neutron an effective charge of — (Z/A) e. 
The neutrons do not really radiate; it is the protons that move with the neu- 
trons in the recoil that do. | 

In the course of this discussion we have also derived another selection rule. 
From (7.7) it follows that the dipole moment transforms like an isovector, 
the isoscalar component is zero. Hence the matrix element (6.7) vanishes and 
it follows: 


or 


(a) Corresponding £1 transitions in conjugate nuclei have equal strengths 


(b) AT = 0, El transitions in self conjugate nuclei (Mr = 0) are forbidden. 
It is instructive to develop the corresponding formulae for the quadrupole 
moment that we write in dyadic form: 


] 
Q2= ) > [1 + 73(i)] E:E; (7.9) 


Inserting —; = r; — R yields 
Z—N 
2 


Q2.= = (ee — Re + ~ Dri) rats — Ree — eR] + RR 
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In each term replace R by its expansion in terms of r;. Finally keep only 
single-particle terms. One obtains 


O.™ s(1- 4 Ses ee 2) > rat; + 5(1 — ‘) >, 734) rats 

2 A 
Hence the effective charge for protons [r2(i) = 1] is [1 — (2/A) + (Z2/A?)], 
while the effective charge for neutrons is Z/A®. Thus except for the light nuclei 
the recoil effect on the one-body part of the quadrupole operator is not of 
importance for the E2 transition. The many-body terms are generally neglected 
although accurate evaluations of these have not been made. The effective 
charge for the one-body part of the higher multipoles can be readily deter- 
mined with result 


Effective proton charge = e (1 — al ce)? — Z—)) (7.10) 


1 \2 
Effective neutron charge = eZ (- A 


Similar results can be obtained for the orbital part of the magnetic multipoles. 
In both cases it is clear that effects of quantitative importance are present for 
the protonic component of the multipole moments for light nuclei for the 
lower-order multipoles. 


8. SUM RULES 


When the sum of all the radiative-transition probabilities from a given level 
weighted by some power of each transition energy can’ be given in a closed 
form, generally as the expectation value of some operator, a sum rule is said 
to exist. Clearly such a rule bounds the size of any given matrix element and 
as such provides a useful benchmark for the distribution in energy of any given 
multipole strength. 

Of considerable importance is the direct connection of the sums with 
measureable quantities such as the photoabsorption cross sections. In these 
experiments the attenuation of an incident beam of gamma rays is measured 
and the photoabsorption cross section is deduced. To obtain that cross section 
from the results of Section 5 for radiative transitions, we shall make use of 
the principle of detailed balance discussed in Volume II. In radiative decay 
the photon is emitted, the nucleus making a transition from state f to state i. 
In absorption, the photon is absorbed, the nucleus going from state i to state f. 
The principle of detailed balance states that the square magnitude of the matrix 
element for the transition is the same in both cases. To apply it here, we shall 
first strip off from (5.35 ), the emission-transition probability, those factors that 
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modify the matrix element and then multiply by those needed to obtain the 
absorption. Thus (1) divide (5.35) by the density of final states for photon e- 
mission, k?/hc, (2) divide by 42 to correct for the angular integration over 
an isotropic angular distribution performed in obtaining (5.35), and (3) 
remove the average over the initial spin states of the nucleus. Turning to the 
absorption experiment we must (1) average over the initial photon spin 
degeneracy 2(27 + 1) and (2), to get the absorption cross section per photon, 
divide by the incident photon-current density c/(27)? for the normalization 
used in obtaining (5.35). It is finally necessary to multiply by the density of 
final states. Since in this case the transition 1s to a definite final state, the density 
is a delta function. Rather than carry the 6-function along on the calculation, 
the cross-section is integrated over the possible final energies, a contribution 
occurring Only at a final energy corresponding to the definite final state. The 
result is designated by I. Collecting all the factors 
1 (29)? he 1 


4n oc k? 2027 + 1) 
and multiplying (5.35) by this result yields 


he (2) + IQ + YUP 


The sum rules are concerned with the sum of this result weighted by powers 
of (E; — E;), over all possible final energy conserving states, connected to the 
initial state by a radiative multipole transition. An example will suffice to 
show how they are derived and their possible exploitation. 

Consider first of all 


ie i Sn an 
ie JO} + I la; + Dupe HF) BER I/ (8.2) 


The superscript on S indicates the first power of (E; — E;) in the sum. Com- 
paring with (8.1), we see that 


SO = >> | 


27-2 
7K 


IG — f) = (27) (E; — E;) k**? Boj; if) (8.1) 


SO = 


IGi-f) 


so that S$,“ does in fact yield the total absorption cross section that, summed 
over all possible final states, is a measurable quantity. S;“) may be rewritten 
(See Eqs. 5.32 and 5.36) as 


so ore G+) 
a 


fie + DIP QR ED Py, ~ ™ 


xX [(F|QL eatat Yim (Fa) |i)? (8.2') 
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Here i (and correspondingly f) denote the quantum numbers J;M;; T;Mr,. 
The quantity e, is [1 + 73(a)]/2 for j > 2. For j = 1, that is, the dipole case, 
it is according to (7.8) given by (1/2) [r3(a) — (Z — N)/A]. 

The sum rule will be obtained mainly through closure. We note 


(E; — E:)| (f| Qim|i)|? = ; (i| [O}ms H] |f)(f| Qim|i) 


+5 G1 Obalf) (FIL Qial |i) 


where H is the Hamiltonian for the initial and final nuclear wave function and 
Ojm = Leirii Yin). If both sides are summed over f we obtain 


l 
D (Ey — Ei) | (f| Qimli)|2= 5 (i| [Qlms H] Qim + Qbm LH, Qjm]|i) 
f 


Recalling that Yjm = (—)*Yj,-m, we see that for every term of the type in the 
above equation, there is another in which O'n <— Qjm. Hence 


I 
ds (Ey — E)| (f|Qimli)/? = 5 Ls Gl Qin, HI, Qin] |i) (8.3) 
fm m 


Let us now work out the double commutator, starting with the kinetic- 
energy term: 


Te eas he | ; 
Z| | Oe a Vo’ b Qin 


* A h? ° A 
= ae CnC: IE Y jm(¥s); > mn rb ry Veni é | 


a,t,k 


h? be A : A 
= Im LX ce De Yim (Ta), Va" I, Va? Yim | 


h? A oe ae 
aA 2; €a” Va (7a? Yim(¥a)): Va (To! Y jm (r.)) 


hi? Boe iat ae 
aie >> ea? Va? [Fai Yim (Fa) Yim (Ta)] (8.4) 


In this calculation we have made repeated use of the result 


V2.2 (tai Yim (Ta)) = 0 
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We sum the last result over m using 


2 
X Yn ® Yin ® = “G wae 
Therefore 
1 ji h? jj + 1)? | 
5 || Ole ~ Fp f Om = Se Et ae (8.5) 


We note that the matrix elements of this operator are independent of M;. 
The potential energy contained in A will also contribute to the double com- 
mutator if it is dependent on the isospin. From our present-day understanding 
of nuclear forces (see Chapter I) it is reasonable to assume that in the zeroth- 
order approximation these forces are charge independent so that the isospin- 
dependent terms describing the interaction between particles a and b is of 
the form +(a)-<(b). The isospin-dependent part of H is thus 
U') = Do x(a)-2(b) Var 
a<b 

where V‘“ depends on the spin and space coordinates of particles a and b. 
These terms do not commute with Q;, because of the latter’s dependence on 
73(i). Thus the potential-energy contribution to the double commutator, (8.3), 
1S 

1273+ 1 

8 


5, VO), 1K) rel 


Evaluation of this double commutator is a simple exercise. We obtain for 
(8.3), 


- 2] 1 
: 2 [Oba }, Orn) = — 5 22D VG (rai — rv# Lela) -2(6) — rH(a)76)] 


a<b 


(8.6) 


Again note the independence of the matrix elements of this result with respect 
to M. en 
In the case of a pure Majorana exchange force 


: 1 
Vary a5 (Ue 8280). VO 


The expectation value of VS [x(a)-2(b) — r3(a) 7(b)] for spin singlet, isospin 
triplet is V“ multiplied by 0 and 2 for the two-proton and the neutron- 
proton system, respectively, while for a spin triplet, isospin singlet the multi- 
plication factor is 2. Hence the sign of this term in (8.6) will be determined 
by the sign of V™. If, therefore, 0‘ is a pure Majorana and V™ is negative 
(as would be required in such a theory for say a bound deuteron), its contri- 
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bution to the sum is positive. The identical result holds for the OPEP (the one 
pion exchange potential). 

The final result for S$; is obtained by substituting (8.5) and (8.6) into 
(8.2"): 


2 p+ l)r? (A? | ; 
5,0 = (=) * (i d Cg? Fq2i-? |Z) 


() (pi — p,5)2. Je 7 = -#A aye 
Ee VD (rai — rei)? [x(a)-2(0) — rsa) 700] | »} (8.7) 


The one-body operators coming from the kinetic energy are either model 
independent (j = 1) or related to the 27 — 2 moment of the charge density 
of the target nucleus (j > 2). The latter in principle can be measured by 
observation of the radiative transitions in atoms formed by these nuclei with 
negatively charge particles such as electrons, muons, and more recently pions, 
kaons, and antiprotons. The energy of the x-rays emitted by these particles 
depends directly upon the charge moments. Related information is also 
obtained from electron scattering. The two-body terms originating in 07 
require more detailed knowledge of the target wave function, particularly 
of the neutron-proton correlations. A very rough estimate of the term is ob- 
tained as follows. First factor ro? — rz? into (%4 — rs) (fo 1 +... 4+ ry). 
The spatial expectation value is then approximated by [jr,R*!]? V where rp 
is the range of V{, R is the nuclear radius and V is some average value of the 
potential. The isospin term can be readily evaluated to give — (A + N— Z)= 
— 2Z. Similarly the kinetic term is roughly (h?/m) ZR20-), 7 # 1. Taking the 
ratio of the two-body to one-body terms yields about (42/2m ro? V) a number 
that does not differ greatly from unity. It is thus not possible to neglect the 
potential-energy term. 

It has become customary to write (8.7) as if the potential-energy term were a 
correction V;: 

e (4+ 1)r 


| yp & Gt Vt Me yay 
j>2 Ss ior ie Z (Ps?) TL + Vi] (8.8) 


where 
| ee » beh 5 
(p25) = Z (i| >» Ca" Paul ee, 


For 7 = 1 (see Eq. 7.8) it is easy to evaluate the kinetic-energy term. We 
obtain 


2 h2 
SO = 2x? at + V;) = 60 ~* (1 + V3) MeV mb (8.9) 
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An estimate of V; has been obtained by Levinger and Bethe (50, 51, 60) who 
found it to be between 0.4 and 0.5 for the nuclear-force models in fashion 
at that time. However recent theoretical estimates as well as the empirical 
data (see Brown (73) for a review) gives a value that is considerably larger 
than one. Much of this enhancement originates in the tensor force. 

Similar sum rules can be generated by replacing the factor (EZ; — E;) in 
(8.2) by (EZ; — E,)" where n can be any positive integer including zero. The 
value » = 1 provides a sum rule that is directly connected to the integrated 
absorption cross section for dipole radiation, n = 3 for quadrupole, etc. 
The dipole-sum rule has proven to be especially interesting because of the 
existence of the giant dipole resonance (see Section 11.B) that exhausts a 
considerable fraction of the sum (8.9). Although “giant” resonances have been 
discovered for other multipoles, they do not have the prominence of the electric 
dipole. 


Problem. Derive the sum rule for the form factor 


x (Ey — BE) (Gl Lee™1f) (FLL er rele) 
+ enh Pi aE) 


h? ae 
= — Saad] D ett ot) 
m a,b 


{Kao and Fallieros (70) and Noble (71)] 


Another important type of sum rule is obtained by application of dispersion 
theory. As pointed out by Gell-Mann, Goldberger, and Thirring (54) the 
Kramers-Kronig dispersion relation (see Volume IJ for discussion) can be 
exploited for this purpose. The relation is 


Re [ f(E) — f(0)] = ° | "ae (8.10) 


2m*hec E’? — FE? 


In this equation f(£) is the amplitude for the scattering at 0° of a photon, while 
o(E) is the total photoabsorption cross section including all multipoles. The 
integral is a principal value integral as denoted by ©. An important point is 
that we know the value of f(0) for any system. Since zero-frequency photons 
correspond to a static electric field, the amplitude can only depend upon the 
charge. Its value for a system of charge Z and mass Am is therefore given by 
the zero-frequency limit of the Compton cross section, that is, by the Thomson 
limit 

(Ze)? 

Amc? 


f@) = (8.11) 
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Similarly for a proton and neutron the result is 


2 

f(0)=-—— = — fa0) = 0 (8.12) 
mc 

We note that the photon-absorption process for the neutron and proton has 

a threshold: that of the pion mass, yu. At energies below the pion mass the 

photon-nucleon interaction results only in scattering. Hence the Kronig- 

Kramers relation for neutron and proton becomes 


i © 6, (E’) , 
REE) + Ta ane? | epee Re = 
FE? > 6 (E) 
Re f,(E) = he @ I. BE? _ EB dE (8.14) 


A sum rule results if we make the reasonably physical assumption that, at 
infinite photon energy, the forward- scattering amplitude by a nucleus of 
Z-proton and N-neutrons is just the additive sum of the scattering by each of 
the nucleons: 


f(e) = Zfpo) + Nfl o) (8.15) 
To derive the sum rule we note that 
Re [f(E) — Zf{E) -— Nf{E)| = - | Ce =Z = 
mc mc 
E? pe? ae ; o(E’) — Za,(E’) — Now(E’) 
the | po ple t+ ie E”? — E? ae’ | 


Evaluate this equation at infinite EF, assuming that the second integral con- 
verges with sufficient rapidity. Then 

NZ e 1 
A mc? — 2nhe 


| | " o(EdE + | ; [o(E) — Zo,(E) — No,(E)] aE | 


OT 


NZ 21e? n> 
a hem hi [Zo,(E) + No E)—o(E)]dE —_ (8.16) 


This sum rule differs from the sum rule (8.9) since there is no multipole decom- 
position. Nevertheless there is a close correspondence, the first term on the 
right-hand side of (8.16) being identical to the first term on the right-hand 
side of (8.9). We shall postpone the comparison of these results with experi- 
ment until Section 11.B.* 


/ ° o(E)dE = 


*It turns out that the "reasonably" physical assumption 8.15 is in fact not correct. The 
high frequency limit is modified because of the possibility that a photon can convert into a 
vector meson. (See Weise (73) for a recent review). As a consequence (8.16) is not 
correct. 
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9. EFFECTIVE CHARGE 


In a simple shell-model description, the electric multipole radiation emitted 
in a transition in which a neutron changes its state would be small. It is not 
exactly zero because of the second term in (5.37). This conclusion is in violent 
disagreement with experiment. For electric dipole radiation, we have a ready 
explanation for as we have seen in Section 7 (Eq. 7.8) the neutron has an 
effective charge of — (Z/A) e and the proton charge should be reduced to 
(N/A) e. When the neutron changes its state the rest of the nucleus recoils. 
However this mechanism (Eq. 7.10) will not suffice for the higher multipoles. 
The answer lies in the inadequacy of the simple shell-model description. 
The nuclear states are more complex. Although the principal component of 
the wave function may indeed be a quiescent core plus an excited neutron, 
there will also be components in which the protons in the core are excited. 
For example in the case of 170 the excited state, in which the neutron is in an 
S1/2 level (radiating to a ds;2 level by E2), the wave function will also contain 
a two particle-one hole (2p1h) component in which a proton in the 1/80 core 
is excited from a p12 orbit into a p or f orbit forming a (1p1h/) proton state 
that is then combined with the neutron in its final ds/>_. state (Fig. 9.1). It is 
the excited proton that does the radiating by making a transition to the hole, 
the core returning to its ground state. More complex components such as 
three particle-two hole states (3p2h) will also be present in the exact 170 wave 
function. Because the electromagnetic interaction is a one-body operator the 
radiative transitions of the 3p2h states can only be to 3p2h or 2plh states. 
When the amplitudes of these components are small, their contributions can 
be neglected as a second-order contribution so that the 2plh states are then 
largely responsible for the enhanced radiative-transition probability. 

Another interpretation of effective charge is given by Bohr and Mottelson 
(69). In their description the core is deformed by the nonspherical field 
generated by the valence nucleon. As a consequence the core acquires a 
quadrupole moment. A very rough estimate of the induced quadrupole 
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FIG. 9.1. Core excitation. 
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moment according to Bohr and Mottelson (19) is (Z/A) Qs.p., where Q,.p. 18 
the single-particle quadrupole moment. This argument does not differ qualita- 
tively from the preceding discussion since the multiparticle-hole components 
that the exact wave function contains can correspond to a deformation. 

The core excitations may also be collective. A vibrational state, which in 
first approximation is a constructively interfering linear combination of Iplh 
states, is an obvious candidate. The radiating component would then consist 
of the core in an excited vibrational state, plus the neutron in its final level, 
the radiation being emitted in the deexcitation. If the core is deformed, the 
core excited state can be an excited rotational state of the rotational band 
based on the core. | 

The general phenomenon being described is referred to as core excitation 
[deShalit (61); see also Section 12 and Section VII.19]. The valence nucleon 
polarizes the core ‘by exciting it. As a consequence the core can contribute to 
the radiative-transition probability. Although this effect is most dramatic 
for the “‘radiating’’ neutron, it is of course also present if the valence nucleon 
is a proton. A similar phenomenon occurs if there are several valence nucleons. 
The first excited state of 180 behaves for radiative transitions very much as if 
the valence particles were protons rather than neutrons. 

The consequent enhanced radiative-transition probability can often be 
approximately described by giving the valence neutrons and protons an 
effective charge: 


en = (1 + az)e (9.1) 
Cn = Ane 


with the matrix element calculated with the simple initial and final wave 
functions omitting core excitations. This is of course an empty statement if it 
refers to a single transition since there is then only one experimental number, 
the lifetime, assuming for the moment that we are dealing with a pure electric 
multipole. It becomes a significant assumption if we assert that the same 
values of e, and e, can be used for other transitions in the same nucleus or for 
similar transitions for nuclei in the same shell. 

This concept of the effective charge can be extended to more complex 
model wave functions than the simple shell-model case with which we started 
this discussion. Of course if a complete set of wave functions are used to 
describe the initial and final state, and these are chosen so as to diagonalize the 
Hamiltonian, there is no need for the effective charge concept. However, if 
the Hilbert space in which the Hamiltonian is diagonalized is truncated (ie., 
if diagonalization is performed in only part of the space), there will then 
generally be components outside of the truncated space that can contribute 
to the transition probability, and then the concept of effective charge may 
prove valuable. 

When the shell-model theory described in Chapters 4 and 5 is employed, 
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the core is considered inert, and the residual interaction is diagonalized usually 
with the use of perturbation theory, the wave functions for the valence nucleons 
being restricted to a particular shell, except for special cases where configura- 
tions involving nearby orbitals turn out to be important. The effective charge 
then arises from core excitations in which the nucleons in the core are excited 
to unfilled orbits. It would appear possible that excitation of the valence 
nucleons to orbits not considered in the shell-model diagonalization would 
also contribute. However as shown in deShalit and Talmi (Sec. 37) such 
excitation of a single particle is equivalent to the use of an improved shell- 
model potential that may be deformed. Only when multiparticle excitations 
of the valence nucleons are important components of the exact initial and 
final wave functions will it be necessary to include valence-nucleon excita- 
tions, if, as we emphasize, an appropriate single-particle potential is used. 

For a given shell-model theory the matrix element for a radiative transition 
is linearly dependent on the effective charges e, and ep. By comparing nuclei 
in the same shell one can then check the concept of effective charge and also 
determine their values [Wilkinson (67)]. An example of such a fit is shown 
in Fig. 9.2 based on the £2 transitions in 170, 18O, !8F, 1°F, and !°Ne, nuclei 
with valence nucleons in the s-d shell and with an !°O core. The shell-model 
calculations involved were performed by Elliott and Wilsdon (67), the experi- 
ments by Becker, Olness, and Wilkinson [Becker (64), Becker (67)]. Except 
for 18F, the £2 transitions are the lowest in the nucleus. A given nucleus is 
represented by a straight line. If the concept of effective charge were exact, 
the lines for the various nuclei should intersect in a single point. The rather 
small region defined by the crossing of the lines indicate that the notion of 
effective charge is a good one but not an exact one for these nuclei, and for 
the £2 transition. Moreover, the additional charge a,e and a,e are about the 
same and equal to about 0.6e. This equality would be expected because of 
charge independence of nuclear forces and the charge symmetry of the core 
nucleus. 


FIG. 9.2. X ~ (1 + ap), Y ~ an; ape and a,e are the effective charges to be attached to 
the protons and neutrons, respectively, outside the closed !*O core to gain agreement 
between the predictions with shell-model wave functions and the low-lying E2 tran- 
sition rates in the nuclei shown [taken from Wilkinson (67)]. 
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Effective charges have also been used to describe transitions in the p-shell 
nuclei. In this case the core is *He. Because there are only two protons in He 
and because of the large energies needed for excitation of *He, the main 
contribution to the effective charge comes from valence-nucleon excitations. 
For these nuclei it is found empirically that a, ~ a, ~ 0.5, [Warburton (63)], 
as Table 9.1 makes clear. Shell-model calculations using the Nilsson deformed 
orbitals have been made [Cohen and Kurath (65), Kurath (65), Poletti, 
Warburton, and Kurath (67)] and as expected an explanation of the value of 
the effective charge for the 1p-shell nuclei has been developed. 


TABLE 9.1 The Energies of the States are Shown in MeV. xiheo: is the 
Theoretical E2/M1 Amplitude Ratio without Using Effective Charges; 
Xtheo: is That Ratio Using a = 0.5. 


Nucleus Transition xtheo Xtheo Xexp 
1B 4.46 — 0 —0.123 —0.224 —(0.20 + 0.02) 
as 4.32 0 +0.090 +0.204 +(0.17 + 0.02) 
BC 3.68 — 0 —0.054 —0.100 —(0.096 + 0.025) 
13N 3.51 — 0 +0.030 +0.068 +(0.09 + 0.02) 
14N] 7.03 — 0 +0.361 +0.722 +(0.60 + 0.10) 
15N 6.32 — 0 +0.081 +0.122 +(0.12 + 0.015) 
15Q) 6.18 — 0 0 —0.048 —(0.16 + 0.016) 


The ratios x* are the theoretical values obtained with a, = a, = 0. The im- 
pressive improvement (see column x°) obtained using the effective charge 
Qn & a = 1/2 is apparent. The sign is given correctly in all cases, while the 
magnitude of the E2/M1 amplitude ratio is remarkably close for most cases. 

Analysis of the fz. shell Z2 transitions yields a, = 0.97 and a, = 1.87 
[Zamick and McCullen (65)]. In this case the effective charge of the neutron 
and proton are nearly identical so that the isovector component of the charge 

1 1 
= (ep + en) + = (Cp — Cn) T3 (9.2) 
2 2 
is almost completely quenched. A similar effect, but not as large, occurs 
for the lighter nuclei where a, = a, = 1/2. 

One word of caution! These values of e, and e, are dependent on the size of 
the Hilbert space included in the shell-model calculation. As we mentioned 
earlier, the larger this space, the smaller a, and a,. This phenomenon is seen 
in the calculations of Federman and Zamick (69) on the effective charge for 
(£2) transitions in *8Ni. Using a *°Ca core the average a, and a, are 0.47 
and 0.17, respectively. When ®*Ni serves as a core the values of a, and a, are 
much larger: 1.02 and 0.37, respectively. 
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We conclude this discussion by describing the calculation of the effective 
charge for the case of a single-valence nucleon. A similar calculation that is 
more detailed is given in Section 12 for the effective magnetic moment opera- 
tor. For the single-valence nucleon case, the model wave function for the 
excited state, which is to decay electromagnetically, is 


l 
y(Mod) — ee ean Q (Wed;) (9.3) 


where y, is the normalized core wave function, ¢; the single particle wave 
function for the valence nucleon, A is the number of nucleons in the core, and 
@ is the antisymmetrization operator. Similarly the wave function for the 
final state is 


1 
yo) = T=——— G (Wey) (9.4) 


VAI 
These two functions must be orthogonal. This is achieved by requiring the 
orthogonality of ¢; and ¢,;, and by insisting that ¢; and y, are orthogonal 
when the coordinate of ¢; are identical with one of the coordinates of y,. 
These requirements are satisfied if y. and therefore y,;,; are Slater determinants. 
Under these circumstances the matrix element of the multipole Qjm is 


MyM) = WMD | D7 Din(a) | WiMe® ) = (h(i) | Qjm(¥1) | s(t) ) (9.5) 


where 
O jn(¥1) = ery Yim (r1) 


The effect of the residual interaction, Vz, on the wave function can be 
represented as follows: 


UY, = Ni [1 + Ri] ymow (9.6) 
where W; is the exact wave function. The operator R; is 
Ray; (9.7) 
E; — Hy 


Here Hy is the model Hamiltonian, E; the energy for W;, q; is a projection 
operator that annihilates y;™°%, and N;, the normalization factor. A similar 
description applies to W,. In terms of R; and R; the exact matrix element for 
the radiative transition is 


Mi = (pO (1 + RP Qin CL + Ri) pio ) (9.8) 


where 


Qim = » QO jm (r:) 
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Assuming that first-order perturbation theory is sufficiently accurate NV; = 1, 
E; 1s the energy for y;““° and (9.8) can be written as the sum of three terms, 
M;;, My; and M;;™. M7; is given by (9.5) while 


My? = {Ry vs MX | Qim Ys tor ) (9.9) 
MP = WD | Dim Ri Pe ) (9.10) 


Let us now consider Mj? is some detail. Note that Q;m operating on y,(éo@ 


(Eq. 9.3) will generally contain terms in which the core or the valence particle 
changes state. We restrict the discussion to core excitations only by replacing 
Ojm WiiM as follows: 


Qjm Pio 2 Q (Wer bi) (@ Wer b:| Qim|@ Pedi) (9.11) 


es oes 

(A + 1)??? 
This makes sense only if {@y.- ¢;} form an orthogonal set. This is possible only 
if @; is orthogonal to each y,, when its coordinate and one of y, are identical. 
This condition can be insured only if the set {y.-} of interest here is not com- 
plete. If it were the condition would imply ¢; = 0! The condition is easily 
met when the wave functions are Slater determinants where it simply means 
that the valence nucleon and a nucleon of the core cannot occupy the same 
orbit. This condition is no longer needed if the antisymmetrization is dropped. 
See the discussion in Section 12 for an example of that approximation. 

Turn now to the other factor in (9.9), Rpp;MoY = 1/VA + 1 Ry @ [yy]. 
Since R,; is a symmetric operator, it follows that 


R; @ [bd] = @ [Ry 45] 


Expanding Ry, in core states yields 


R; @ [Wedy] = @ [> Vorhy (Wer | Ry | We )] (9.12) 


Note that the coefficients (y.-|R;|W.) are functions of the coordinates of the 
valence particle. Since R,; is a scalar, the tensor character of these functions 
are determined by the angular momenta of yy, and y,. From the sum (9.12) 
we select only those y,, that appear in the sum (9.11); that is, only those y,, 
that can be generated from y, by Q;,, are of interest since only they can con- 
tribute to the multipole moment. Thus (y.-|R;|y.) will contain components 
that transform like Q;n. But these need not be the only components; though 
in the frequently encountered case where the angular momentum J, of the 
original core state is zero, the behavior of (.-| Ry w.) under a rotation is 
unique and given by the tensor Q;,,. In any event a necessary condition for 
the validity of the concept of effective charge is that the important components 
of (y.-|R;|w.) transform like Q;m. Assuming this condition to hold, we may 
rewrite (9.12) as follows: 


R; @ [Webs] > @ [DE Words REsl (9.13) 
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where 
Renae = (Wer | Ry We) im (9.14) 
‘Ry ¥.). Note that R2“., is a function of the 


that-is, the jm component of (yb. 


coordinates which occur in ¢,. Inserting (9.13) and (9.11) into (9.9) for M Mj 
yields 
My? = ~——— D1 Words Rimsll@ Wer b:1) (@ [Wer $:]| Qin @ [pe b:]) 


(A + 1)? ; 1)? c! cll 
OT 


oe ce Vt a pias 
B= aa Xe rl Rims)’ 2) (@ [Wer :] in| @ [He 1) 9-15) 


The quantity M? can be evaluated in a similar fashion to yield 


P= Gay & Ori Rims 60) @ [obs] Qin] @ Le’ 4/]) (9.16) 
The factors (1/A + 1) (b;| Roos @;) and the similar factor in (9.15) are pro- 
portional to the model-matrix element (9.5), the proportionality factor being 
a ratio of radial integrals. Let these ratios be denoted by 7{° (E)) and 7° (E;). 
Then the addition ae to be added to the original charge to yield the effective 
charge 1s: 


I 
ae = ZU Crs" Ed @ Web] Orel @ Wed) 
+ yi"* (Ey) (@ [vers] | Qim| @ (v6) (9.17) 
It is also possible to define an effective multipole operator Q%n 
Qim + 77 D (Riis (@ Well Qin| @ [er] 
= jm A . 1 jms t chy jm o' Py 


+ Rimsz (@ [Werbi]| Qim| & [¥eG:])} 


From these results we can draw the following conclusions, presuming the 
validity of perturbation theory. First, note that the effective charge is a func- 
tion of the multipole order of the transition. This means that the effective 
charge for say electric quadrupole transitions will not necessarily be identical 
with the effective charge for say (£3) transitions. Second, note that the effec- 
tive charge rigorously depends also upon the initial and final states involved 
in the transition. For the effective charge to be a useful concept it 1s necessary 
that it be approximately state independent for a class of transitions. A neces- 
sary condition following from (9.15) and (9.16) is that the core states involved 
in these transitions be identical. This could be the case for analogous transi- 
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tions in a set of nuclei in the same shell (i.e., having the same core) or ina 
given nucleus involving transitions from differing excited states if the core 
excitation, is the same for each. Another condition for state independence 
has to do with the factors f° (E;) and yi (E;). From (9.14) and 9.7) we 
see that the state dependence of yf (E;) arises from the matrix element 
(Wer |(q;/E; — Ao)| Vew-). Let us investigate in the case of the shell model, the 
circumstances under which this matrix element 1s not sensitive to the final state. 
In that case core excitation occurs by lifting a particle in the core to an excited 
state. Since the parity of the shells, at least for the light nuclei, alternates with 
shells, the excited core particle cannot go to the same shell as the valence 
particle but rather to the next higher shell. Therefore the average value of Hy 
for the states involved will be considerably larger than E; and, therefore, the 
above mentioned matrix element is not sensitive to which of the low lying 
levels the transition occurs. A similar reasoning applies to i" (Ei), that is, 
the value of this quantity is not sensitive to E;, the value of the energy of the 
initial state as long as we are dealing with a low-lying state. A final source of 
state dependence comes from the radial integrals involving the single particle 
wave functions. This dependence will not result in a state dependence if we 
restrict the transitions considered to those involving appropriately the single- 
particle wave functions from the same shell. To all these, conditions we must 
add the important qualification mentioned earlier [see below (9.12)] that the 
most significant component in the matrix element (y,-| Ry.) transform like a 
tensor of rank j, order m, that is, like Q;,, a condition that is satisfied if y, 
(or y.’) has zero spin. From all these requirements it is clear that one must 
carefully choose the class of transitions to which the concept of effective 
charge is applied. 

But these considerations should not becloud the important remark: restrict- 
ing the Hilbert space employed in describing yy and y; will generally result in 
incorrect predictions for electromagnetic transition rates. Some mechanism 
like that of core excitation, which draws upon the excluded portion of Hilbert 
space, must be invoked to obtain agreement with experiment. For the class 
of transitions for which the effective charge concept is valid, the magnitude 
of the correction can be obtained semiempirically. But again recall that the 
correction depends on the size of the Hilbert space. We leave it to the 
reader to apply the qualitative considerations developed above to the E2 
transitions in the light nuclei (Fig. 9.2) to the p-shell nuclei (Table 9.1), and 
to the f7/2 nuclei. Would one expect the notion of effective charge to be valid 
for these nuclei? For a more detailed discussion of the various elements enter- 
ing into the shell model description of effective charge, see deShalit and 
Talmi (63) p. 503 ff. 

The core excited state could of course be a collective state, for example, a 
vibration such as the giant electric dipole resonance (Section 11). This state 
will dominate the sums in (9.11) and (9.12); indeed to first approximation 
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there would be only one term in the series (assuming only one such important 
collective state). If the collective state has a definite value of 7, the isospin, 
its excitation may affect the value of a, and a, differently. This effect is carried 
by the matrix element (¢,,:).' | Ojm|W-/5:). Recall that Q;, is composed of an 
isoscalar and the “3”? component of an isovector. It follows that the effective 
charge is also composed of an isoscalar plus the “‘3’’ component of an isovec- 
tor. In a pure isoscalar c — c’ transition a, = a, while for an isovector c — c’ 
transition a, = — apy. We refer the reader back to the discussion of empiri- 
cal situation. 


10. INTERNAL CONVERSION AND PAIR FORMATION 


An excited nucleus can also decay by emitting a virtual photon that can then 
be either absorbed by an atomic electron or if there is sufficient energy 
(E > 2mc?, m = electron mass) be converted into an electron-position pair. 
The first is called internal conversion; the other internal pair formation (Fig. 
10.1). These processes must of course be included in the calculation of the 
total transition probability. The internal conversion coefficient, a, is defined by 


Wors = (1 + a) wy (10.1) 


where Wops is the observed transition probability and w, is the transition 
probability if only gamma-ray decay occurs. As we shall see, a varies with 
multipole order j and is therefore sometimes more precisely written as aj. 
The electric multipole case is denoted by a, the magnetic by @. If an atomic 
electron in a K orbit is ejected, the conversion coefficient is written a(K). 
These processes are important particularly because the electrons are readily 
observed. In addition, because the longitudinal electromagnetic field can also 


o® pair 
ray 
ere aa 
atomic elect. 
virtual gamma-ray 
excited deexcited excited deexcited 
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INTERNAL CONVERSION INTERNAL PAIR CREATION 


FIG. 10.1. Internal conversion and pair formation. 
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contribute, certain of the transitions that cannot proceed via the transverse 
electromagnetic field such as the 0+ — 0+, the so called EO or electric mono- 
pole, can occur. They are similarly important for the decay of long-lived states. 

We shall not discuss how the calculations are done as the details are not 
especially germane to our subject. We refer the reader to the original memoirs 
(Dancoff and Morrison (39), Rose (58), Sliv and Bond (56, 58), Church and 
Weneser (56, 60)]. 

What is of interest is the sensitivity of the internal-conversion coefficients 
to the energy, to the multipole order and parity change involved in the transi- 
tion, and of course to the radius and atomic number of the nucleus involved. 
Most of this dependence can be qualitatively understood as the consequence 
of the overlap of the electronic wavefunctions and the radiation field that for 
a point source* has the radial dependence h,kr) for multipole order j, where 
h; is the spherical Hankel function and k = (£; — £;)/hc. This function be- 
comes more singular as either kr goes to 0 or as j > © being O [(1/kr)**+!]. 
Hence we can expect the internal-conversion coefficients to be larger for the 
lower energy transitions. Since the radius of the K and L orbits decreases with 
increasing Z, a; should be larger for larger Z. Since h; is more singular for larger 
j, a; Should be greater for the larger multipole order. The dependence on 
parity, that is, the difference between a; and 8; is not as marked but never- 
theless real. These qualitative results are borne out by the following tables 
(Table 10.1) that have been extracted from Rose (60). 

For a point nucleus, the nuclear-matrix elements cancel out in the ratio 
that defines a or 8. This result is not appreciably changed for most transitions 
for finite nuclei if reasonable charge and current densities are used. This 
result is most important since it separates nuclear-structure dependence from 
the dependence on multipole order and parity. Hence by the study of either 
the magnitude of the internal conversion coefficient or by the ratio a(K)/a(L) 
one can determine the polarity of the radiation and similarly the parity by 
comparing the a and @ coefficients. Finally, in the case of a mixed transition 
such as the (£2) + (M1), one can determine the ratio of the two nuclear 
electromagnetic transition probabilities, the so-called (E2)/(M1) ratio if the 
absolute conversion coefficients are measured by both K and L conversion. 

The independence of the conversion coefficients on the detailed structure 
of the radiating nucleus disappears when the gamma-ray transitions are 
inhibited. Then the small effects that originate in the overlap of the atomic 
electronic wave functions and the nucleus referred to as “the penetration 
effect”? become important. 


*Quantitatively it is necessary to take the finite size of the nucleus into 
account. 
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Since the atomic electron wave functions are well known, the penetration 
effect in principle can be exploited to probe the charge and current structure 
of the nucleus. One finds [Church and Weneser (60)] that the operators de- 
termining the internal-conversion transition probability are weighted averages 
of the multiple moment operators. The interaction Hamiltonian, after the 
integration over electronic coordinates have been performed so that only 
dependence on nuclear coordinates remain, has thus the form: 


[a jn: Ajm“% © [1 ++ power series in (r/R)?] (10.2) 


where R is the nuclear radius and jy is the nuclear-current density. The first 
term gives the long wavelength-limit value for internal conversion. We also 
see why, in the approximation in which only the first term in (10.2) is taken 
into account, the internal-conversion coefficient is independent of nuclear 
structure. The remaining terms beginning with (r/R)? are the penetration- 
effect corrections. The origin of these terms can be readily seen from the 
familiar expression for the current-current interaction energy: * 


ik|r—r’ | 
e 
[fis (r)- Tror’] j-(r’) dr dr’ (10.3) 
where j. is the electron current density. Form (10.2) is obtained by integration 
employing the orthogonality properties of the vectors A\2™’: 


y \2 elk [r—r’ | 
[ + power series in (=) | ~ | fase (r) |r—r' 
-j-(r’) dr’ dr — (10.4) 


The essential point that is exploited in the evaluation of (10.3) is the short 
range character of jy(r) and the long wavelength character of j.. Because of 
these features an expansion of the right-hand side in a power series in 7? will 
after integration (10.4) yield a rapidly convergent result for (10.2). Moreover 
the coefficients of each term in the series on the left-hand side of (10.4) are, 
according to the right hand side, independent of nuclear structure. Tables of 
these coefficients have been calculated by Green and Rose (58). As we shall 
see the El and M1 transitions do have large hindrance factors so that measured 
conversion coefficients tend to be anomalous for these transitions. In principle 
information regarding nuclear-structure information can be extracted from 
these anomalies. Examples have been given by Snyder and Frankel (57), 
Reiner (58), Nilsson and Rasmussen (58), and Asaro, Stephens, Hollander, 
and Perlman 60). 

Internal conversion for 0+ — O* transitions must be a penetration effect, 


*The full expression replaces Jy ‘Je in (10.3) by (jv°Je —PwPe). 
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since there is no EO gamma ray. In this case the nuclear matrix element that 


enters 1S 
r 2 
[a PN (+) (10.5) 


where py is the nuclear-charge density. EO transitions can also occur for 
J™ — J* transitions. An example is the 2+ — 2+ transition in 1°°Pt [Gerholm 
and Pettersson, (58)]. For other examples, see Church and Weneser (60). 
The second moment of the nucleon-charge density is also measured by elec- 
tron scattering and can be determined from the spectra of u-mesic atoms. 
We see that the monopole transition case also informs us with respect to this 
important quantity. 


11. THE EXPERIMENTAL SITUATION 


We shall limit the discussion to general remarks and for the most part to 
particle stable states. For detailed accounts and data the reader is referred to 
recent reviews [Perdrisat (66), Marelius, Sparrman, and Sundstrom (68), 
Goldhaber and Sunyar (65), Wilkinson (60), Talmi and Unna (60), Skorka, 
Hertel, Retz-Schmidt (66), and Warburton and Weneser (69)]. 

We begin by noting that there is every indication that the fundamental 
hypotheses employed in the evaluation of the probability of electromagnetic 
transitions are correct. The selection rules (1.6) for angular-momentum con- 
servation are well satisfied. Although there is evidence of a failure of parity 
conservation, this effect, which originates in the weak interactions (see 
Section [X.16), is very small and can be neglected in all the circumstances 
discussed in the preceding sections. The assumption of locality, that is, that 
the nucleon-electromagnetic interaction is a sum of single-particle operators, 
(Eqs. 2.1 to 2.4) seems adequate. It is very difficult to separate the effects of 
model assumptions, that is, the effects of residual interactions from the 
effects of exchange charges and currents (Section 3). To most clearly see the 
effects of exchange currents we must turn to the two- and three-body systems. 
This will be discussed in Volume II, (see also Section 11d). The general conser- 
vation of isospin that implies AT = + 1, 0 has not been until recently tested 
because of the experimental unavailability of the appropriate levels that, for 
light nuclei, are in the continuum. However through excitation of nuclei by 
protons a number of T = 2 levels have been observed in nuclei with T = 0 
ground states. The isobar analog resonance phenomenon plays an important 
role here. If the T = 2 levels decay directly to the ground state, isospin-invar- 
iance violation is involved. As of 1968 [Snover, Riess, Hanna (68)] such transi- 
tions have not been observed. See however recent review by Hanna (73). 
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Generally the transitions of greatest interest are those that are either greatly 
enhanced or greatly retarded with respect to, say, single-particle transition 
rates. A large enhancement may point to importance of configuration mixing 
that in its extreme form leads to the vibrational and rotational collective 
states. The earlier discussion of effective charge in Sect. 9 gives an example. 
On the other hand, a large retardation may express an approximate selection 
rule that might be the consequence of an approximate symmetry principle or 
of the dynamics of the system. Whether retarded or enhanced, insight into 
various nuclear models that predict specific model-dependent selection rules 
is gained. In particular modifications in the model are suggested. 

We turn now to specific transition types. We shall consider only EO, Fi, 
and M1 transitions as these are sufficient to illustrate most of the points of 
interest. E2 and M1 transitions in the deformed region are discussed in Chapter 
VI. 


A. Electric Monopole (£0) Transitions 


A number of transitions of this type are listed in Table 11.1. According to 
(10.3) the average value of (r/R)? can be deduced from a transition. These are 
listed in the second column of Table 11.1. The selection rule for £0 transitions 
is AJ = 0 and no change in parity. EO transitions are most easily observed in 
a Ot — Ot transition because in that case the decays can proceed only by 
either internal conversion or by internal pair formation. But in principle EO 
“radiation” is possible for J™ — J™ transitions but are much more difficult to 
observe because of the competing M1 and E2, etc., radiation. Hence except 
for unusual cases such as the 2+ — 2+ transition in 19*Pt, EO “‘radiation’’ has 
been observed only in 0+ — 0+ transitions. 


TABLE 11.1 EO Transitions (0+ — 0+). p Equals the Average Value 
of (r/R)? [taken from M. Goldhaber and A. Sunyar (65)] 


Energy 
Nucleus (MeV) p 
12C 7.68 =0.5 
160 6.04 =0.5 
70Ge 1.21 =Q.09 
72Ge 0.69 =0.11] 
214P9 1.414 =Q).05 
1529 0.685 (lifetime unknown) 
152Gd 0.615 (lifetime unknown) 
077 1.75 =(0.06 
40C'q 3.35 =0.1 
42Cg 1.84 =0.5 
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Each of the nuclear models make specific predictions about the £0 transi- 
tion and therefore can be tested by comparison with experiment. We briefly 
summarize below the nature of these predictions. 


a. Shell Model. Two single-particle levels with the same value of the 
angular momentum and parity are separated by three shells and have a very 
large energy difference ~120/A1/3 MeV so that one of the levels is not particle 
stable. Hence EO transitions will generally not be observed between single- 
particle levels. Multiparticle states can decay, but the intervention of the resid- 
ual interaction is essential. 


b. Vibrational model (Section VI.13). We consider the case of 2+ phonons, 
which will suffice to illustrate the principle involved. Since the FO radiation 
carries off zero angularmomentum, there is no change in the angularmomentum 
of the nuclear states. Hence the associated change in the number of phonons 
must even. This corresponds to the composition of the 0* states, the first 
excited state, from two 2+ phonons, the ground state being 0+. We recall that 
in the vibration model the radius R becomes a dynamical variable. See Chapter 
VI.13. If we keep only the quadrupole vibrations the variable is written as 


R= R, [1+ Cz2@, Yu @ 4) + af Yu @, 4))] (11.1) 


where (R,6,¢) is a point on the spherical surface and C is a constant. The 
quantities a, are boson-phonon operators with a, a destruction operator and 
a} a creation operator. Since the EO transition amplitude depends non- 
linearly on R (see Eq. 10.3), terms like R? will occur. Hence from (11.1) 
terms that are bilinear in a, will appear. The term a, a_, will permit the 
destruction of the two phonons carrying a total angular momentum of zero. 


The transition amplitude is thus proportional to C? of (11.1). 


c. Rotational nuclei. Since a given value of J occurs only once in a rota- 
tional band, a J+ — J* transition will only occur between bands. Moreover 
because of the K-selection rule 


[Ky — Ki| <j 


where j is the multipole order, the bands must have the same value of K for an 
EO transition. Within the framework of the model the excited K-band is based 
on a vibrational state where the vibrations now are about the deformed shape 
of the nucleus. The selection rules with respect to the phonon number are 
then identical with that of the vibrational model. Calculations of the monopole 
nuclear-matrix element have been made for several values of the initial angular 
momentum. Comparison with experiment for even-even nuclei has been made 
with some difficulties appearing in the rare earth region. For further discussion 
see Davidson (68). 

For odd-even nuclei, with a single-valence nucleon plus a core that may be 
deformed, at least one of the states of the same J* will generally involve core- 


o (y,") mb 
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excitation for low-lying levels. Construction of such states by excitation of the 
valence nucleon requires a jump of two shells. The experimental evidence is 
rather sparse and we refer the reader to Davidson’s monograph. | 

As a final general remark, note that there is some evidence for the existence 
of a giant monopole state. This would mean that most of the monopole 
strength is concentrated in a small energy region probably of the order of 
several MeV in width. The existence of such a giant state would of course 
seriously affect the calculation of EO transition probabilities. (See the next 
section for a discussion of the giant electric dipole state.) 


B. E1 Transitions 


The giant dipole resonance in which photons are either absorbed or emitted 
with enhanced probability over an energy region generally stretching for 
several MeV is of great importance for the understanding of £1 transitions 
in nuclei. An example of a number of such resonances is shown in Fig. 11.1. 
For gamma energies ranging from roughly 15 MeV to 30 MeV and somewhat 
beyond, the probability of gamma-ray absorption is greatly enhanced. This 
phenomenon is widespread as is indicated by Fig. 11.2, which shows the mean 


{ 


(y, 2) 
Threshojd 


15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 
Photon energy (MeV) 


FIG. 11.1. The photoneutron across section of !*O up to 30 MeV. [taken from Bramb- 
lett, Caldwell, Harvey, Fultz (64)]. 
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of = si? Ca As In"® La? Ho®S Pb? 
FIG. 11.2. Giant resonance summary. The resonance energy has been put equal to 
unity. The shaded region indicates the width of the resonance, the number inserted 
gives the mean energy of the resonance. The ground-state spin and parity of the target 


nucleus are given. The numbers at the top give the energies in units of the resonance 
energies at whichX is equal to the nuclear radius [taken from E. G. Fuller (66)]. 


energy and width for the dipole resonance for a number of nuclei extending 
over the periodic table. The resonance energies are shown in Fig. 11.3. For 
light even-even nuclei the resonating states are found to have the quantum 
numbers J™ = 1- and T = 1. 

We shall not review the detailed theory of these resonances, leaving that 
task for Chapter VI.14 and Volume II. For our present purposes a qualitative 
description will suffice. The essential physical point, which can be deduced 
from experiment, is that the state generated, when the isovector dipole moment 
(the isoscalar dipole moment vanishes, Eq. 7.7) is applied to the ground state 
of the target nucleus (assuming an incident photon beam), is an approximate 


E, A‘, MeV 


0 40 80 120 160 200 240 


FIG. 11.3. The giant resonance energy times A?/3 as a function of A [Taken from Hayward 


(65)]. 
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eigenstate of the exact Hamiltonian of the system. Symbolically the generated 
wave function, ¥1, 1s given by 


Wim = Dio (11.2) 
where 


Din = LD 73(i)ri Yim Ts) 


and 
A Wim ~ E, Wim (11.3) 


where £;, is approximately equal to the resonance energy. Of course (11.3) 
cannot be exactly satisfied since the nuclear H and D,, do not commute. For 
one thing y, must decrease exponentially when any one of its spatial variables 
goes to infinity in accordance with bound-state character of Wo. But as is 
clear from experiment the exact state is particle unstable (Fig. 11.1) and the 
exact wave function must be finite at infinity. 

For another thing, if Y1 were exact, the entire isovector dipole strength of 
the ground state would be concentrated in the transition to this one level. 
Only one F1 transition to or from the ground state would be possible and it 
would exhaust the dipole sum rule (8.9). However, since y is approximately 
an eigenstate, transitions to the dipole resonant state may very well exhaust 
much of the dipole sum rule with the consequence that other E1 transitions 
to the ground state would be inhibited. In a microscopic theory of the dipole 
resonance, it is found that such is in fact true, as is indicated by the calcula- 
tions of Elliott and Flowers (57). Here we shall be content with the empirical 
evidence. We compare the sum-rule value (8.9) (just the kinetic-energy con- 
tribution) with the integrated photoabsorption cross section shown in Fig. 
11.4; the integration extends from the threshold for particle emission to 


Problem. Suppose the ground state of 4+He is the solution of an harmonic- 
oscillator Hamiltonian. Show that y is an exact solution of the same Hamil- 
tonian. 


about 30 MeV gamma-ray energy and thus includes the giant resonance but 
not the transitions not involving particle emission and not of course the 
particle-emission cross sections that occur above 30 MeV. All these omitted 
cross sections are included in the sum rule. We observe that for the heavier 
nuclei (A > 50), the kinetic energy contribution to the sum rule is completely 
exhausted leaving only the potential-energy contribution. The latter has been 
estimated to about 1.2 x the kinetic-energy contribution. But part of this 
strength will be present in the unmeasured region above 30 MeV. On the other 
hand for the light nuclei, the giant dipole empirically includes a much smaller 
part of the sum rule. We conclude that on the average electric dipole matrix 
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FIG. 11.4. Integrated cross sections of o(y,n) + o(y, 2n) + o(y,np) vs. mass. [Private 
Communication from B. L. Berman (71).] 


elements for transitions to the ground state for levels lying below the particle- 
emission threshold will be more hindered in the heavier elements. Since giant 
dipole resonances proceeding to and from the excited states also exist (see 
Fig. 11.5), it seems plausible that this greater inhibition should hold on the 
average for all £1 transitions in the heavier elements. This qualitative con- 
clusion is in excellent agreement with experiment, as we shall now see. 

A histogram of the transition probabilities for isospin-allowed transitions 
(= “normal’’) for nuclei with A < 40 is shown in Fig. 11.6 taken from Skorka 
et al. (66) while those for medium and heavy nuclei taken from Perdrisat (66) 
are shown in Fig. 11.7 and Fig. 11.8. Note that the ’hindrance”’ factor is the 
factor with which the Weisskopf single-particle estimate should be multiplied 
to obtain the experimental value. We see that the single-particle estimate is a 
vast overestimate and that generally the heavier elements have larger hindrance 
factors; a mean for transition in light nuclei is about 2.6 X 10-%, in the heavy 
5 X 10-7 — 6 X 10-5. 


27 Al (p, Yo )28 Si 


11.58 
27Al + 

6.27 3* 
4.97 EQ * 
4.61 4t 
1.77 2* 
+ 

28S) 

(a) 


doa/dw (yub/sr) 
90° yield 


8.0 9.0 10.0 11.0 12.0 


4.0 5.0 6.0 7.0 
Ep MeV 


(b) 


FIG. 11.5. Giant resonances and fine structure in 28Si from the 27Al(p,y) 28Si reaction, 
(a) Energy-level diagram of 28Si, showing the transitions observed in the reaction 7Al 
(p,y) 28Si in the giant-resonance region. (b) Differential yield curve for "Al (p,7o) 78Si. 
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FIG. 11.5 Cont. (c) Differential yield curve for 2’Al (p,y,) 28Si[from Singh et. al. (65)]. 


Another general property of £1 transitions that can be readily seen in the 
data is the substantial agreement with the isospin-selection rules discussed 
earlier. These are: 


(a) Corresponding E1 transitions in conjugate nuclei have equal strength. 


(b) T = 0, El transitions in self-conjugate nuclei (A = 2Z) are forbidden. 
Selection rule (b) can be checked for light nuclei. A histogram of the transi- 
tion probabilities for isospin forbidden £1 transitions is shown in Fig. 11.9. 
Their existence demonstrates the approximate nature of isospin invariance. 
Fig. 11.9 should be compared with the allowed transition shown in Fig. 11.6. 
For the latter the mean-transition strength is about 2.6 K 10-* while for the 
forbidden group the mean-transition strength is one-seventh of this value. 
However there is considerable overlap. 


With respect to selection rule (a), only a few cases are available among the 
light nuclei. We refer the reader to the article by Warburton and Weneser 
(69) for details. Fair agreement with rule (a) is obtained. 
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FIG. 11.6. Histogram of E1 transition probabilities. Taken from Skorka et al. (66). 


Special selection rules prevail for the various models. Again we restrict the 
discussion to transitions between low-lying excited states. 


a. Shell Model. Since £1 transitions require a parity change, single- 
particle transitions can only occur for light nuclei if the particle changes shell. 
For heavy nuclei, spin-orbit coupling does bring opposite parity orbitals down 
in energy. Generally spin-orbit coupling is most effective for states of large 
spin with the consequence that it is the high spin states that come down in 
energy, approaching in energy the low spin states in the neighboring shells 
that are not much affected by the spin-orbit potential. As a consequence a 
comparatively low energy gamma-ray transition between a state of very large 
spin and one of small spin will occur. The multipole order will be com- 
paratively large and the lifetime of the state long. These are the isomers dis- 
cussed in Chapter I. Thus the spin-orbit mechanism is not effective for single- 
particle El transitions. These transitions will in the shell model generally 
involve the particle-changing shells. The gamma-ray energy will be compara- 
tively high, being about 40/A!/3 MeV. E1 transitions between low-lying states 
cannot be single-particle transitions. If an El transition between such states 
occurs, the initial or final state must contain many-particle configurations 
that are generated from the shell-model states by the residual interactions. 
For a single-valence nucleon nucleus this must involve core excitations. El 
transitions should thus be sensitive to the magnitude and nature of con- 
figuration mixing and to the residual interactions. Large hindrance factors 
will occur if the amplitude of these multiparticle configurations is small. 

The transition probability will be reduced because of the existence of the 
giant electric dipole resonance. The giant dipole state, as is clear from (11.2), 
is composed of configurations whose transition amplitudes to the final state 
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FIG. 11.7. Medium and heavy odd-A and odd-odd nuclei: Experimental hindrance 
-factors Hw(E]1) relative to the Weisskopf estimate, as a function of the neutron number 
N. X odd-A nuclei; +, odd-odd nuclei; *K-forbidden transitions in deformed nuclei 
[taken from Perdrisat (66)]. 


interfere constructively. Other states with the same quantum numbers as the 
giant-dipole state must be orthogonal to it. As a consequence, the transition 
amplitudes from the various configurations will interfere destructively leading 
to large hindrance factors. This of course is a manifestation of the near 
exhaustion of the dipole sum rule by the giant dipole resonance. We see how 
the necessary reduction in the probability of other dipole transitions is ac- 
complished. It is also clear from this discussion that states which can be mixed 
with the giant-dipole state by the residual interactions will have an enhanced 
transition probability. In fact the mixing in of the giant-dipole state through 
the action of the isospin symmetry breaking Coulomb potential is responsible 
for many of the isospin forbidden transitions noted in Fig. 11.9. 


b. Vibrational Nuclei (see Section VI.13). If the only vibrational quantum is a 
2+ phonon no £1 transitions to the ground state will occur, since it is not 
then possible to build an excited state whose parity is opposite to that of the 
ground state. However, in the presence of a 3- phonon, opposite parity excited 
states can obviously exist. Excited states with the same parity as the ground 
state may exist because of the presence of a 2+ phonon state or two 3— phonons 
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Hindrance factor 
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FIG. 11.8. Even-A nuclei; Experimental hindrance factors Hw(E1) relative to the Weiss- 
kopf estimate, as a function of the neutron number N. O, K-forbidden transitions in de- 
formed nuclei; @, other transitions [taken from Perdrisat (66)]. 


can combine. Transitions such as the 3- — 2+ are then observed. For a detailed 
discussion see Perdrisat (66) who discusses these transitions in terms of equiv- 
alent quasi-particle language. 


c. Deformed Nuclei. For deformed nuclei the following selection rule for 
dipole transitions 


|AK| <1 (11.4) 


applies in addition to the general requirement for a parity change and AJ < 1. 
We have already discussed an important example of forbiddenness because 
of this rule in the J = 8 to/J = 8+ decay of 18°Hf. In this case the hindrance 
factor is 10-15! Selection rule (11.4) is not exact because of interband mixing. 
Empirically one finds that even for values of AK that are allowed, the AK = 
+1 are less probable than the AK = 0 transition. This is illustrated in Table 
11.2 and Fig. 11.10 for odd nuclei. But note that in the figure the hindrance 
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FIG. 11.9. Histograms of E1 transition probabilities [taken from Skorka et al. (66)]. 
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TABLE 11.2 Reduced Transition Probabilities B(E1) for Transitions 
between Intrinsic States in Rare-Earth Nuclei [taken from Perdrisat (66)]| 


Number of Transitions 


AK Range of B(E1) Observed 
0 2 X 109-1.6 x 102 7 
+1 1 X 109-2.6 x 109 5 
—] 2 X 107-4 x 10? 10 
>2 6 X 104-5 x 10’ 11¢ 


2 None of the measured K-forbidden transitions occurs between intrinsic levels. 


factors are taken with respect to the Nilsson model rather than the shell-model 
estimates as is appropriate for deformed nuclei. Indeed using the Weisskopf 
estimate does not lead to as useful classification of the observed matrix element. 

F1 transitions in odd-A deformed nuclei are for the most part single- 
particle transitions. The large energy spacing between neighboring shells dis- 
cussed above is no longer valid for strongly deformed nuclei. As one can see 
from Fig. VI. 10.1 giving the single-particle levels in a deformed potential, 
the spacing between neighboring shells is reduced as the deformation increases, 
with the consequence that single-particle E1 transitions of low energy occur. 
For transitions with AK = 0 the Nilsson model gives the correct order of 


HWNilsson 
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Ga!87 
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© Transitions with AK=O 
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89 9! 95 99 103 107 TT Ns 
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FIG. 11.10. Odd-A deformed nuclei: region of the rare earths. Experimental hindrance 
factor Hy(E1) relative to the Nilsson estimate, as a function of the neutron number N. 
Transitions involving similar Nilsson states are connected by a solid line [taken from 
Perdrisat (66)]. 
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magnitude as is clear from Fig. 11.10. Complete agreement for the AK = +1 
transitions can be obtained if the ratio of the deformations of the initial and 
final states is treated as a parameter. However another effect must be taken 
into account that arises because the spacing of the single-particle level can 
very well be of the same order as that of the rotational levels. Under these 
circumstances small perturbations are very effective, and K will no longer be 
an exact quantum number, and there will be interband mixing. One perturba- 
tion that has been considered by Kerman (56) is the rotation-particle inter- 
action (see Chapter VI) that mixes states having identical parities and total 
angular momentum but with values of K that differ by +1. Considerable 
improvement in predicted transition probabilities is reported [Vergnes and 
Rasmussen (65)]when interband mixing effects are incorporated in the analysis. 

The discussion of F1 transitions for even-even nuclei involves bands based 
on octupole vibrations and is similar to that given earlier in Section 11b. For 
details see Perdrisat (66). 


C. M1 Transitions 


In the long wavelength limit the relevant reduced matrix element (see Eq. 
5.36) is (J;| |u| |J:) where u is the magnetic moment operator. According to 
(5.39)* 


J T3(1 l 
u >= Ho = rae Pe > (gp + Bn) + Ti) (2p — g)] S: (11.5) 


where jy is the nuclear magneton. The selection rules for M1 transitions are thus 


AJ = + 1,0 0—0 a 


no change in parity (11.6) 


AT= + 1,0 0 — 0 forbidden 


Approximate selection rules discovered by Morpurgo (58, 59) depend for 
their validity on the relatively small magnitude of 


1 
5 (Br + Sn) = 0.88 
compared to 


] 
5 (Zp — Bn) = 4.71 


*The value of B (M1) in terms of w is: 
3 [Jy] [wl [Jad]? 
by oe 2 ee 
all lay Bl 7 ee 
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For this reason the isoscalar component of wis relatively small. More explicitly 
let 


— 


Us = 5 Mo Do fh + (8p + 8n) Si] (11.7) 


a 


Replace 1; by j; — s;. Then 


1 
us = 5 wo Du Lis + (Zp + Bn — 1) Si] 
or 
1 
us = 5 Ho [J + (gp + Bn — 1)S] (11.8) 


For a transition, the matrix elements of J will be zero so that 


1 
Us” 5 Ho (gn + 8. —1)8 (11.9) 


where (1/2) (gp + gn — 1) = 0.38. Note the contribution of the orbital angular 
momentum reduces the magnitude of the isoscalar magnetic moment transi- 
tion operator. 


The isovector contribution is 


1 
uy = 5 Mo >, Tad) [li + (Bp — Bn) Si] (11.10) 


) 


Or 
1 
wy = 5 bo 2 TZ) [Ji + (Op — Bn — 1) 8] (11.11) 


It is not possible to rigorously eliminate the dependence on j; as in the case of 
us. However there are special cases in which the matrix element of this term 
is zero. In one example when the particles of one type form a closed shell, 
the transition occurs by changing the state of the other type particles. In that 
case 


Sri jeo+DE = tI 


The transition matrix element of J is zero as in the scalar case. In another case 
the transition involves changing the j-value of a particle, the particle going 
to another orbit with the same value of /. In the limit in which the spin-orbit 
potential is neglected, the radial matrix element for the transition will vanish. 
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In both of these cases the ratio of the isoscalar transition probability to the 
isovector probability is 


(gp + 8n — 1)/(Sp — Bn — IJ? = 0.0082 


showing the relatively low probability of the isoscalar. [For a more detailed 
discussion see Talmi and Unna (60).] 

Recall from Section 6 page 704 and (6.7) and (6.8) the result that applies 
when the isoscalar matrix element is small, compared to the isovector matrix 
element: corresponding AT = 0 (M1) transition in conjugate nuclei are approxi- 
mately of equal strength. Exceptions to this rule can occur if for some reason the 
widths for these transitions are much below the average, for then the isovec- 
tor component is reduced and the inequality may no longer hold. A second 
approximate selection rule states that AT = 0 (M1) transitions that proceed only 
in virtue of the isoscalar part of the interactions (this will be the case of self- 
conjugate A = 2Z nuclei) will be weaker by a factor of 100 than the average 
M1 transition. The validity of these results can be seen from Figs. 11.11, 11.12, 
and 11.13. In Fig. 11.11 we have the A = 2Z nuclei, |AT| = 1 transition. 
Figure 11.12 contains the A = 2Z nuclei with | AT| = 0. The large difference 
in transition strength is immediately obvious, the ratio of the average values 
being 0.008, very close to the rough value obtained above. In Fig. 11.13, 
we give the A ~ 2Z transition, not attempting to distinguish between the 
AT = 0 and AT = | transitions. The average transition strength for these 
transitions is somewhat lower than the 7-favored. 

The average transition strength for these transitions in A < 40 nuclei is 
less than the single-particle value, averaging according to Skorka, Hertel, and 
Retz-Schmidt (66) 0.39 times the single-particle value for the 7-favored 
transitions, 0.10 for the ’’normal”’’ transitions, and .0048 for the T-forbidden 
cases. The hindrance factors are somewhat greater for heavier nuclei (Fig. 
11.14). As was the case for £1 transitions the deviation from the single 
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FIG. 11.11. Histogram of M1 transition probabilities [From Skorka et. al. (66)]. 
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FIG. 11.12. Histogram of M1 transition probabilities [From Skorka et. al. (66)]. 


particle values can be largely explained by the influence of the residual inter- 
action that leads to configuration mixing. 


Special selection rules prevail for the various models. Those for deformed 
nuclei have been discussed in Chapter VI p. 429 in terms of the rotational 
model. In the case of the shell model we note two selection rules of interest. 
In the first case consider a transition between two different states formed from 
a j” configuration of identical particles. In that event the matrix element of 
(11.5) is proportional to J (see Section IV.17) and the transition matrix element 
vanishes. As discussed in Section V.11 the nucleus *!V may be a good example 
of an (f72)’ nucleus, the neutrons forming a closed shell of 28; three of the 
protons going into the f72 orbit, the remaining 20 also forming a closed shell. 
The M1 radiative transitions are shown in Fig. 11.15 [Bhattacherjee (71) and 
Horoshko, Cline, Lesser (70)]. Since the single-particle B (M1) is about two, 
hindrance factors of the order of 400 and more are indicated, which is to be 
compared with the factor of 10 for “normal transitions.’ The selection rule 
for j" configuration is approximately satisfied. A similar conclusion can be 
drawn from the relative value of the magnetic moment of the ground and 
first excited state. For a (/)” configuration the g-factors are identical for all 
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FIG. 11.13. Histogram of M1 transition probabilities [From Skorka et. al. (66)]. 
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FIG. 11.15. M1 transitions in V [taken from Bhattacharjee (71) and Horoshko et al (70)]. 


J-values (see Chapter IV p. 245). The experimental value is 1.471 for the 
(7/2)~ ground state, which is to be compared with the experimental value of 
1.54 + 0.13 for the (5/2)- state [Varga et al. (69)]. Obviously a better experi- 
ment is needed. The existence of decays (and any possible difference between 
g(7/2) and g(5/2)) demonstrates that these nuclear wave functions are not 
pure (7/2). There are admixtures. 

A second selection rule is concerned with the so-called “‘/-forbidden”’ 
transitions. The matrix elements of the operator u vanish unless the change in 
the angular momentum of each of the radiating particles is zero (AJ = 0). 
For example [Talmi and Unna (60)] in N* there are no isovector M1 
transitions from the pie Size (J = 1) to the pie dsj. (J = 2) state. More 
commonly hindrance factors of the order of 100 are reported [(Arima, Horie, 
Sano (57)]. 

The small violation of these shell-model selection rules indicate the presence 
of small admixtures of configurations other than that of the simplest shell 
model. These small components can be understood in terms of the effect of 
residual interaction. The discussion is similar to the discussion in Section 9 
on effective charge. In !*1Xe (Arima, Horie, and Sano (57)] the radiating neu- 
tron makes an /-forbidden transitions from 35s1/2 orbit to a 2d3/. orbit. Note 
that the unfilled shells contain (1g7/2)* protons, (1/41/2)" (2d3/2)? (31/2) neu- 
trons. In the presence of a tensor interaction between the $12 and /41;2 neutrons 
the excited state contains a term in which the s1/2. particle moves to the d3/2 
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orbit while the /4;;2. neutron goes to the fg. The h 9/2 particle radiates thus 
returning to the /41/2 orbit. Note that since the operator that admixes the /g/2 
state is not a magnetic moment type operator (it is of the form [6 Y2],', that is, 
the tensor combination of the spin and Y, that transforms under rotations like 
a tensor of rank 1) this effect cannot be described by simply changing the size 
of the neutron magnetic moment. The effective magnetic moment concept 
needs to be generalized to be applicable to /-forbidden transitions (See Section 
11.d). From the work of Arima et al. (57) it would appear that the lifetime of 
many of the /-forbidden transitions can be explained by the effect of the 
residual interactions employing first-order perturbation theory since the 
admixtures are small. 

Appropriate diagonal matrix elements of the magnetic moment operator 
(11.5) yield the magnetic moment of the ground state and excited states. The 
configuration mixing discussed above also plays a role in these calculations. 
It is thus necessary to understand not only the Ml-transition probability 
but also the magnetic moments of the states involved in the transition as 
exemplified by the discussion of §!V above. We turn now to a discussion of 
the magnetic moments. 

One final word: we have not discussed the effect of giant M1 resonances. 
These have been seen with the aid of inelastic electron scattering in 12C and 
160. To what extent these resonances exhaust the sum rule for M1 is not yet 
clear. 


d. Magnetic Moments. The magnetic moments of nuclei have been dis- 
cussed to some extent in Chapter 1 where the empirical results are outlined, 
in Chapters IV and V where the shell-model theory is applied, and in Chapter 
VI where the results obtained for the rotational model for deformed nuclei 
are discussed. Briefly, qualitative agreement with experimental values was 
obtained indicating that the fundamental pictures underlying each of these 
models are valid. There are however considerable discrepancies as shown by 
the deviation of the nuclear-magnetic moments from the Schmidt lines (Fig. 
I.8.2). These deviations indicate the need for correcting the simple shell- 
model theory by configuration mixing including core excitations. For deformed 
nuclei the rotational model provides a simple way of doing this but again 
there are deviations (Figs. VI.8.1 to VI.8.4). Again configuration mixing 
modifying the simple deformed nucleus shell model is suggested. Clearly 
information on the nuclear wave function can be extracted from these results. 
We shall describe some of that program for the spherical shell-model case 
for the ’’near spherical’ nuclei [Bhattacherjee (71), Talmi (70)]. The analogous 
procedures for other models can be found in Kisslinger and Sorensen (63), 
Bodenstedt and Rogers (64), O. Prior, F. Boehm, and S. G. Nilsson (68). 

Although our discussion will be centered about the effects of the residual 
interaction the possible contribution of exchange currents (Section 3) [A. 
deShalit (51), F. Bloch (51) H. Miyazawa (51)] should not be forgotten. 
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Unfortunately it is not possible at the present level of understanding, to 
empirically distinguish between the effects of exchange currents and configura- 
tion mixing. Since exchange currents involve at least two particles, the corre- 
sponding magnetic moment operator (see Section 3) will be a two- or more 
body operator. But much the same can be said for the effect of configuration 
interaction that results from the action of the residual interaction changing the 
orbit of two or more particles and thereby affecting the magnetic moments. 
On second thought the difficulty of distinguishing between these two effects 
should occasion no surprise since both the exchange currents and residual 
interactions are carried by mesons. 

There is one exception to this ambiguity. As we shall indicate below the 
effect of the residual interaction usually is to move the magnetic moment value 
into the interior lying between the two bounding Schmidt lines. Hence experi- 
mental magnetic moments lying outside the region bounded by the Schmidt 
line will be explained with difficulty by configuration mixing, and will require 
an exchange current contribution. As can be seen from Fig. 1.8.2, the nuclei 

3H and *He are examples of this phenomenon. The magnetic moment »(?H) 
is —2.1276 wo exceeding the neutron magnetic moment in magnitude by 
nearly 10% while » (*He) is 2.9789 wo to be compared with u(2H) of 2.7927 po. 
Detailed calculations demonstrate that configuration mixing will not explain 
these discrepancies from the Schmidt value [Delves and Phillips (69)]. As we 
shall see [u(7HE) + yu (?H)] is independent of the exchange currents, the experi- 
mental value of the sum being given by these calculations [Sachs and Schwinger 
(46), Sachs (47)]. On the other hand, the difference is sensitive to the exchange 
current; the theories of the three-body system failing to yield the experimental 
value [Delves and Phillips (69)]. From this example and a theoretical estimate 
[Drell and Walecka (60)] we can expect exchange effects of the order of 0.1 
to 0.2 po. 

As in the case of transitions, relations exist between the magnetic moments 
of isospin multiplets and mirror nuclei. The operator u has an isoscalar and 
an isovector vector component. Therefore one can expect for an isospin 
multiplet that 


uw = aT) + WT) Mr (11.12) 


The values of two magnetic moments for two members of the multiplet are 
enough to determine the constants a(T) and b(T) and therefore predict yu for 
the other members. Unfortunately there is no case for which this rule can be 
tested. In one case [Talmi (70)] 4 = 12, T = 1, andJ = 1 magnetic moments 
are known, uw (7B) = (1.003 + .001) wo,; w@?N) = (+ 0.457 + .001) po 
yielding the values a = 0.730 wo, and b = — 0.273 wo. We have taken the 
positive value for 12N. Then relation (11.12) predicts up (2C) 71, s=1 to be 
0.730 po. 

Turning to the mirror nuclei, we can see from (11.12) that the sum u (M7) 
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+ u (— M7) depends only upon the isoscalar component. Hence from (11.8) 
one obtains 


w (Mr) + w(—Mrz) = wo Y + (8n + 8p — 1) (Sz) (11.13) 


Note that the exchange current contributions also drop out in this sum since 
that current is an isovector (Eq. 3.7). Only the isoscalar component contri- 
butes for T = 0 nuclei, the isovector component vanishing: 


wT = 0) = FV + (Ba + & — 1) (S.)] (11.14) 


In the case of a j” configuration [Mayer and Jensen (55)] the expectation 
value of S, can be evaluated. Within this Hilbert space the expectation value 
of s (the spin operator for the ith particle) is proportional to j (the total spin 
for the ith particle). The proof of (4.10’) can be adapted to prove this state- 
ment. Then 


sSjj  JG+D0+3/4-/10C+)), 


SP eee — — 
“ J@G+ 1) Ag+) 
1 , l 
3 =I 5 
- ho Ao 
tii 2 
Hence 
8. + gp —1 Bt. 1 
2 jolts 
wu (Mr) + wp (—Mr) = wo 1 + (11.15) 
2(U+ 1) 2 


while the expression for » (Mr = 0) is just 1/2 of (11.15). 

By using empirical values of y it becomes possible to determine (S,) (see 
Eq. 11.13) from experiment and by comparison with (11.15) obtain some 
notion as.to the validity of j — j coupling. The values of (S,) obtained in this 
fashion are shown in Fig. 11.16 [Sugimoto (69)]. Talmi (70) has also compared 
these results with the jj-coupling predictions in his Table I] for Mr = 1/2 as 
well as JT = 0. As an example, experimentally the sum » (°F) + yu ('%Ne) is 
0.742 uo while (11.15) yields 0.576 wo assuming J; = ds;2. On the other hand, 
wu (2Na) + » @4Ne) = 1.724 wo experimentally, the assumption of 1; = dsj2 
giving 1.728 yo. One systematic result is obtained: except for the mirror nuclei 
with A = 37 all deviations of (S,) from the jj model are in the same direction: 
the absolute value of the experimental (S,) is smaller than the jj-model pre- 
diction. These results only check the validity of the jj-model if isospin is con- 
served. 
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The difference of the magnetic moments of mirror nuclei is proportional 
to the matrix elements of the isovector magnetic moment operator (11.11). 


u(Mr) — w(—Mr) = wo [(D, ra) JAD) 
= (Zp — §n — 1) (> 7 3(1) SAi))]ur (11.16) 


Because of the large value of gp — gn — 1, (11.16) is sensitive to the value of 
( >>; 73(i) o (i)). It turns out that the magnitude of this matrix can be obtained 
from the Gamow-Teller matrix element for the B-decay between a nucleus 
and its mirror. We shall discuss this more fully in the next chapter, but for 
the present it will suffice if we note that the 6-decay transition probability 


for the transition Mr = 1/2 — My = — (1/2) is proportional to 
l 
2, |W, MT = 3, Mr = —3| Din oa@ |JMT = 4, Mr = 4)? 
2J + 1 MM!q 


Using the Wigner-Eckart theorem this becomes 


1 yu 
ot 
vr 4 


2 


| 


UT = $|| XW o@| [4,7 = 9) 


SS WT J,T = 3 17 
= art 7 FT = all Lr oI (11.17) 
Similarly the magnetic moment matrix element 
l 1 l l 
VJ, M; = J.T = > Mr; = 5 2 Tali) oAi)|J,M; = J,T = > Mr = 5? 
J is\f 3 13 
= (JT = 3|| 2 7G) oI |J.T = 4) 
—J 0 J/\-—3 0 3 : 
= Jean = 41 Ue o(i)| |4,T = 3) (11.18) 
6/7 + 1) QJ + 1) 


We thus see that the magnitude of the matrix element in the second and most 
important term on the right-hand side of (11.16) is given apart from known 
J-dependent factors by the square root of the @-decay probability. Of course 
this relation does not provide the sign of the matrix element. 

Turning once again to jj-coupling and employing the relation above (11.15) 
to replace j by s, one obtains 


(Mr = 3) — u (Mr = — 3 
= po (Sp — gn + 2) (Dd, Tai) SAi) pa = J =I +h 
wo (Zp — Bn — 21 — 2) (Dd Ai) SLi) Mpa =f = 1-4 
(11.19) 
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FIG. 11.16. Spin parts of the angular momentum distribution of mirror nuclei. Expecta- 
tion value for the state with 7; = + (1/2) is used. The solid lines represent the single- 
particle values, while the broken lines connect the points of the same J” [taken from 
Sugimoto (69)]. 


Thus by determining this difference one can obtain the expectation value 
(>> 73 oz) (see Fig. 11.16). It can also be obtained from B-decay using the 
relation indicated by (11.17) and (11.18). Two examples will indicate the level 
of agreement. For the (°F, !9Ne) pair the magnetic-moment difference yields 
—0.67 for the matrix element while 6-decay gives excellent agreement, a 
magnitude of 0.72 + 0.03. For the (?!Na, 21Ne) pair the magnetic moments 
yield 0.45 for the matrix element that agrees fairly well with the @-decay result 
of 0.56 + 0.05. For further examples see Fig. 11.C.5 and Table I of Talmi’s 
paper (70). 

We turn now to a discussion of the deviation of the magnetic moments of 
odd nuclei from their single-particle Schmidt values in which we shall describe 
the effects of the residual interaction in the spherical shell-model limit. (See 
earlier comment on page 751). For reference the Schmidt value of the magnetic 
moments are given in Table 11.3. As a first orientation, we shall estimate 


TABLE 11.3. -The Schmidt Values for Magnetic Moments in Units of Nuclear 


Magneton po? 
Odd-Proten Nuclei Odd-Neutron Nuclei 
j=1+1/2 j=l!-—1/2 j=l+1/2 j—!—1/2 
States States States States 

51/2 2.793 S1/2 —1.913 

P3712 3.793 Pie —0.264 D372 —1.913 Dive 0.638 
ds /2 4.793 d3/2 0.124 As 12 —1.913 ds3/2 1.148 
Fre 5.793 tie 0.862 Sire —1.913 Sei2 1.366 
89/2 6.793 27/2 1.717 89/2 —1.913 87/2 1.488 
hixs2 7.793 hoje 2.624 hyzse —1.913 hose 1.565 
li3/2 8.793 ly1/2 3.560 13/2 —1.913 hiy/2 1.619 


@ Taken from Noya, Arima, Horie (58). 
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the relative size of the deviation for odd-N and odd-Z nuclei in the ”’’odd- 
group” model [deShalit (53)]. In this model it is assumed that the contribu- 
tion of the even group of nucleons to the magnetic moment as well as to the 
Spin is zero. Second, it is assumed that the expectation value of the spin 
operator S, for the odd-nucleon groups is the same as long as their number is 
identical. Then (11.5) becomes in nuclear magnetons 


b= giJ + (gs a 1) (S.) 
where 


&§s = 


1 protons 4.5856 
Sho 
0 neutrons — 3.8262 


The Schmidt value for a VJ = /)-nucleon is 
Msch = 81d + (8s — 81) (Sz) 

ee 1 

=i (s+! s) forj=lfJ+— 


22+ 1 2 
It follows that 


Au-usen)z cca _ (Bs — Bvt _ Be 1 _ _ yy 


(u—Usch)N odd (gs ome 21)neut Zn 


One must be circumspect in using this result, because of the approximation 
that the even group does not contribute directly to the magnetic moment. 
In fact the effects of the residual interaction will, among other things, depend 
upon the state of the even group, which depends importantly on the number 
of nucleons in the even group. Except for the light nuclei, the NV for an odd-Z 
nucleus is much larger than the Z for an odd-N nucleus where odd N = odd 
Z. Under these circumstances, that is, for the heavier nuclei, the assump- 
tion that S, for odd N equals S, for an odd-Z nucleus (odd N = odd 
Z) is suspect. The above equation furnishes a rough estimate that is generally 
in agreement with experiment for the light mirror nuclei. The important 
qualitative result which follows is that the deviation of the odd-proton nuclei 
from the Schmidt value is slightly larger than the corresponding odd-neutron 
nucleus. 

Turning now to more quantitative considerations we notice that even within 
the shell model the magnetic moment of an odd nucleus whose spin J equals j, 
the value of the odd nucleon is not necessarily given by the Schmidt value if 
the valence shell contain both neutrons and protons and if the ground state has 
good isospin. Of course the Schmidt value is the shell-model value if the shell 
contains only one particle. In particular, suppose the shell contains n-nucleons 
of which N,, are neutrons and N, are protons. Each particle has a spin j, that 
is, jj coupling will be assumed. There are many ways to couple the spins and 
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isospins to achieve J = j and T = 3|N, — N,| for the ground state. In the 
“pairing” approximation (see Chapter VII), [see Section 34 and 35 in de- 
Shalit and Talmi (63)], the lowest state is obtained by coupling pairs of par- 
ticles into units whose spin is zero and whose isospin is one. The final odd 
particle has spin j and isospin 1/2. For a given final T of the whole system, 
the wave function is unique (deShalit and Talmi, p. 444) and the magnetic 
moment can be calculated. [See deShalit and Talmi p. 449, Grayson Jr. and 
Yost (56) for the full story.] The results are: 


N, 
Np < Nn 8 — SY) = [g.4)) — & DI aE DTLD 
odd-Z nuclei: 
: P 2j = l . Ns 
N, > Nn = [gn (i) — & iy — 


47+ D+) 


For odd-N nuclei replace g, <> g, and N, < N,. For most cases of interest, 
the first of these formulas is useful for odd-Z nuclei, che second for odd-N 
nuclei. Note that the Schmidt moment for odd-Z nuclei is obtained when JN, 
is zero or (2 + 1), that is, when the neutrons form a closed shell. For the 
light nuclei the corrections given by the right-hand side of the above equations 
brings the shell-model value into closer agreement with experiment. A number 
of examples are given by Noya, Arima, and Horie (58) (their Table 8). There 
are substantial improvements in some cases but substantial differences from 
experiment still remain. 

To approach experiment more closely the residual interactions must be 
taken into account. These of course modify the nuclear wave functions and 
thus give rise to a change in the magnetic moment. The study of the magnetic 
moments permits us therefore to study some aspects (which we shall see below) 
of the residual interaction and of its effect on the wave function (Section 9). 

Suppose then that 

| y (0) + Wy) 


where VW“) is the first-order correction to ¥. From uw = (u,) we obtain 
w= p + dbp 
where yu‘ is the unperturbed value of the magnetic moment and dy is 
bu = 2 Re (W| ) nD|Y™ dues (11.20) 


Since WY“) is generated from Y‘ by a scalar potential, the total spin/J of ¥“ 
will be identical to that of ¥“. The operator >|; u (i) will generally change 
one of the j’s of the unperturbed state ¥‘ from / + $ to] + 1/2. Note that 
the /’s are the same because ui) can be written as a sum of two terms, one 
proportional to ji) and the other proportional to si), which is independent 
of space coordinates. In jj-coupling the possible components of Y® are 
related to Y as follows [Noya, Arima, Horie (58)]. Suppose ¥ = |7:*1(0) 
Jo"(0) j"(j) J = j) where the notation means n, particles in the j; orbit coupled 
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to zero angular momentum, nz particles in the j. orbit coupled to zero angular 
momentum, and n particles in the j orbit coupled to j so that the total angular 
momentum J is 7. The numbers 7, and ne are even, 7 is odd. Then VW will 
contain components generated as follows: (1) the orbit of a particle originally 
in j, is shifted to j, yielding W) = [fy Gift! Ge) Wi = DIG) J = J). 
The angular momentum J; is obtained by combining the angular momentum 
of the m, group j, with that of the n, group, jz. Since according to our earlier 
discussion this is possible only if j, — je = 1, J: must equal one. (2) the ‘orbit 
of a particle in j, can be moved into orbit 7 yielding ¥. = | jy"! (j)jo” (0) 
it! (J) J = j) where J = jx + Ji; again j, + j = 1. (3) The orbit of a par- 
ticle in j can be moved to the /. orbit yielding 


WsP = | f"(O) jor? Go) i V2) J = J) 


where the (” — 1) particles in the orbit 7 couple to J, and J: couples 
with j. to yield j, and j. + j = 1. (4) The particles in /; (or je) couple to unity 
which couples with jto yield j: ¥4 = |j:(1) j:”(0) j,Cj) J = j). The amplitude 
of these four types of admixture is according to perturbation theory given by 


1 
a (¥,) | Veg | vO) 


where Vz is the residual interaction and AE, is the appropriate energy dif- 
ference, so that the net contribution to dy 1s: 


_ (L|Velyna?) Ha | Du lid| YO ) 
Su = 2Re 2D as 7 ia 


This is in essence the formula used for example by Arima and his collabora- 
tors [Noya, Arima, Horie, (58), Arima and Horie (54)] for the heavier nuclei, 
and by Kurath for the lighter nuclei in their shell-model calculations of the 
magnetic moments of odd nuclei. 

The overall effect of Vz can be seen qualitatively as follows. First, note 
that Ve must have spin dependence in order for it to be able to excite V,“ 
from VW, ©,“ being formed by a spin flip, (the /’s remain unchanged). 
Thus the spin-spin term 6;-6; V, (r:;) as well as the tensor interaction 


[3(6:-rj) (6;-Pij) — 65-6; 74;?] Vr (Fes) 


are relevant.* These are the commonly chosen forms for the residual 
interaction, chosen to conform to the form of the interaction when the 
particles are otherwise free. 

Suppose that the odd particle in this odd nucleus is a proton. The residual 
interaction will then induce configurations to form W,). When interacting 


(11.21) 


*Note that the spin-orbit shell-model potential may, depending on its origin, 
give rise to an additional interaction with a static field H of the following form 
[(¢ -x)r — (1/3)6r?] -H. The operator involved is of the form [Y.(r)6]. 
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ith a proton the spin-spin force will dominate. Notice the potential will be 
rongest when the spins of the two protons are antiparallel. Hence the in- 
iced magnetic moment from the proton-proton interaction will pull the 
agnetic moment value away from the Schmidt line into the region between 
e lines. A similar result follows for the interaction of the proton with the 
‘utrons. If the residual interaction is similar to the free-space nucleon- 
icleon interaction, it follows that the (n -p) potential is stronger in the triplet 
ther than the singlet state; in other words the neutron and proton tend to 
ive parallel spin. But the g-factor for the neutron is negative so that the action 
this term adds to the effect of the residual proton-proton interaction. 
9 sum up: the polarization induced by the proton in the remainder of the 
icleus because of the residual interaction quenches the contribution of the 
in to the magnetic moment. This change is in the direction needed in order 
obtain agreement with the experimental facts. 

This discussion can be taken somewhat further employing the concept of 
e effective magnetic moment operator (deShalit 60, 63) that is suggested by 
e analogous effective charge or more precisely effective multipole moment 
Section 9. Let us suppose that the residual potential Ve is a two-body 
tential. Then 


Ve = DI Ve (ij) (11.22) 
i] 
zp (ij) can be expanded in terms of the irreducible spherical tensors 7,‘*")7 in 
e combined spin and coordinate space: 


Ve (if) = DL Vesrseeror (ey 15) TO") - TE) (11.23) 
833,kk yr 

1e value of s gives the tensor character in spin space. Since the residual 
tential that acts must be spin dependent in order to affect the magnetic 
oment, Vr must depend on g(i) and 6(j). Hence the s = 1 components are 
e ones of interest. The value of k gives the tensor character in coordinate 
ace, k = 0 corresponding to scalar, etc. Finally 7 is constructed by taking 
e ‘‘vector sum” of s and k. From the description of the mixing configuration 
“) above, it follows that only r = 1 components of Ve (ij) will contribute 
du. It follows then that only the combinations of (s,k) s = 1, k = 0 and 
= 1,k = 2 are significant. 
Inserting (11.23) into (11.21) yields 


“es + = 


n ss!,kkl ony A n 


(H, | D7 wli)| Vo) 


(Yo | TC) T (sk Vj) esis ace (7:73) | Vn ) 
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Let us separate off the dependence on the wave function y for the particles 
in the /, m; orbital as follows: 


l ps 
Y= Wai ee = jf) Bo] 


1 
yy, = —=—= @ im = J) P, 
er aay YG J) Pn] 
where ®, and ®, are the wave functions for the rest of system. Substituting 


in the above expression for 6u and neglecting exchange terms yields 


be = (Vol LI duc(i)| Yo) (11.24) 


where 
dui) = T°! (i) 


> I 


nstk! j¢i ALn 


(hy | Tek! (DV ir0s8'K?1 (ri, rj)|Pn) On| De peli) | Yo) 


l 
+ TID). DO (By|T2O) (f)raerer1 (ress) | Pn) (Un | DS weld) | Vo) 


ns'kl ji AEn 
Noting that T0®! ~ s and T°”! ~ [i? Y.(i)s]™ this expression is more com- 
pactly written*: 


éu(i) = 68.(i)s + dgp(i) [i Yi) si} (11.25) 


where 6g,(i) and 6g,(i) can be obtained from the sums multiplying T“! (i) 
and TJ“)! (7), respectively. Note that both of these are functions of r;. This 
result gives the induced magnetic moment that arises from the interaction of 
the nucleons in the valence orbitals with the rest of the nucleus. It is easy to 
verify that both the spin-spin and tensor potentials in the residual interaction 
will contribute. Presuming the accuracy of the shell-model description of 
the nucleus near closed shells, some aspects of the nature of these forces can 
be inferred from the nuclear magnetic moments. 

For recent results and a critical analysis of the concept of the effective 
magnetic moment operator, the reader should turn to Talmi (70) and Bhat- 
tacherjee (71). A very rough qualitative comparison with experiment is made 
by Bodenstedt and Rogers (64). Letting 6g, and 6g, be independent of the 
radius coordinate and giving 6g, a magnitude = — (1/2) g, and adjust 6g, 
so that du is zero for pi2 nuclei, values of (g,)er; = gs + 26 were calculated. 
Their comparison with experiment is shown in Fig. 11.17. Although the 


*Note: [Yo(r)s] ~ 3 (s-cr — s. 
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FIG. 11.17. Effective g, values as function of j for j = /+ (1/2) [From Bodenstedt et. al. 
(64)). 


individual values of the magnetic moments are of course not obtained with 
this crude approximation, one sees an improvement over the simple theory. 

Neither the effective moment operator representation above or the more 
refined perturbation analysis can be expected to give accurate results until 
more is learned about the giant M1 states, or less picturesquely about the 
distribution of the M1 strength associated with a transition to (or from) a 
particular level. Suppose in analogy to the E1 giant dipole, a giant M1 state 
is built on a first approximation by operating with the magnetic dipole 
operator u on VW. Then as follows from (11.24) the principle contribution to 
du, will come from this M1 state. Clearly the presence or absence of such a 
concentration of a magnetic dipole strength and the size of the energy gap 
involved would make a large difference. 
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By the same token it is also clear that any core state ®, that couples pref- 
erentially to @y will be of particular importance. In the case that there is one 
such state (or perhaps a few) it becomes possible to construct a special model, 
the core-excitation model [deShalit (61)]. If this core state is collective its 
effect can be expected to be especially significant. 


12. THE CORE EXCITATION MODEL 


The model will be described for an odd nucleus. The odd nucleon is pictured 
as coupled to a core whose properties are presumed to be very much similar 
if not identical to the neighboring even-even nucleus. In a familiar example 
[Braunstein (Gal) and deShalit (62), deShalit (65), McKinley and Rinard (66)] 
197Au can be thought of as d3/. proton coupled to a core whose properties 
are close to those of the nucleus 19*Pt. The ground state of the nucleus con- 
sists then of the core in the ground state coupled to the valence d3/. proton. 
Excited states of the nucleus can be made up either of the core in the ground 
state and the valence nucleon excited to another orbit or with the valence 
nucleon unchanged but with the core excited. The second alternative is most 
likely when the core-excitation energy is considerably less than the energy 
change involved in the single-particle excitation and if the excited core state 
has special properties, such as collectivity, which lead to a larger matrix 
element for core excitation than for single-particle excitation. These matrix 
elements must not be too large, for then the neglect of other possible con- 
figurations will not be possible. And in addition it would be very difficult to 
identify those states that consist of the excited core plus valence nucleon. If the 
spin of the excited core state is /,* and that of the valence nucleon is /, then 
states with spins J that lie between |j — J.*| and j + J.* will occur. In the 
absence of an interaction between the core and valence particle, these states 
will be degenerate. The presence of this interaction will lift the degeneracy, 
giving rise to 2J,* + 1 levels if j > J.* or 27 + 1 if j < J.*. As an example, 
consider !°7Au once more. In this case J/.* = 2+ andj = 3/2+, giving rise to 
levels with spins 7/2, 5/2, 3/2, and 1/2. These are shown in Fig. 12.1 as 
presented by McGowan, Milner, Robinson and Stelson (71). Including the 
electromagnetic properties of the ground state, » and Q and the Q of the 
core nucleus 1°°Pt, there are sixteen measured quantities listed in Table 12.1. 
As we shall see, the core-excitation model expresses these data in terms of 
five parameters. It is thus possible to test the model. 

It will be useful to use the 197Au case as a guide. Here we note that both the 
ground state and one of the excited states have a spin of 3/2. These states will 
generally consist of a mixture of the states formed by coupling the valence 
nucleon with the core in the ground state (spin = J,) and with the core in an 
excited state (spin = J,*). Thus for J, = 0, J.* = 2, 7 = 3/2, we obtain 


Ground state = |3/2) = A|0 3/2 3/2) + V/1 — A2|2 3/2 3/2) (12.1) 
Excited state = |(3/2)2 )= — ~/1 — A?|0 3/2 3/2) + A|2 3/2 3/2) (12.2) 
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keV B(E2, 42 > 7/2) = 
547.5 (0.447 + 0.022)e2b2 


7 BE2, 42 > 52) = 
278.9% (0.314 + 0.018) e762 
268.8 ™ B(E2, 32 > 3/2) = 


(0.0829 + 0.0058) e7b? 


T = (2.73 + 0.02) ns 


77.3 
u= (0.419 +0.005) nm 
BH = 0.1448 nm 

0 Q= (0.58 + 0.01) b 


FIG. 12.1. The low-lying positive parity states in 1%Au together with some of the ex- 
perimental data. The numbers above each level give the relative intensities of the 
transitions (y-rays + internal conversion electrons) from the state [taken from 
McGowan, Milner, R. L. Robinson, and Stelson (7/1)]. 


The notation of the kets is |J. j J), that is, the spin of the core state, of the 
valence particle, of the total spin in that order. The factor A is a constant that 
is to be determined empirically or in principle from the particle-core cou- 
pling interaction. The other excited states have the simple form 


] 
I5? 


5? 


2 


it) = |23/27/2) 


)2 3/2 1/2) 


|2 3/2 5/2) 


(12.3) 


(12.4) 


(12.5) 
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From this example it is clear that we achieve sufficient generality by consider- 
ing two states of the nucleus that may radiate to one another as having the 
forms 


J) = AlSef J) + V1 — A*|J.* 7 J) 
and (12.6) 
I’) = — VI — Aid’) + Aldo* j J’) 


We may now compute the various electromagnetic properties of the levels 
with the assumption that the reduced matrix element of the multipole Q;, can 
be split into two components, one involving the core Q,, the other the 
particle O,”: 


(J"||Qx||J) = FOr |\J) + OO. ||J) (12.7) 
Inserting (12.6) yields 
(J"|Qzx||J) = A? Fe* FI" Oz|lej J) + AVI — A? [Ue* f J||Qrlld-* FA) 
~ Jj J'\|QrlJei DN — A — A) Jef I QrllJe* iD (12.8) 


Each of the reduced matrix elements can now be reduced to matrix elements 
involving the core or particle separately by making use of (12.7) and the 
relations in the Appendix (Eq. A 2.55). We obtain 


Je* j J'|| Qr\\Jej J) 
— (Fer Is 
= (Heth V/(QT + 1) 2d’ + 1) | (Je*|| Qu‘? ||Je) 
J JI-L 


j J! Je* 


+ (Hettaren v/(2j + 1) (2 + 1) | (i Oz ||) Sed e*) 
L 


Jj 
(12.9) 


Using these results it becomes possible to calculate the radiative transition 
probabilities in terms of the parameters (J.*||Qz,||J.) and (j||Q. ||). The 
The magnetic moment of the state with angular momentum J is 


wV) = AF Jef I|Qie|Jei J) + A — A?) Se* fj I| Qu |Je* j J) (12.10) 

where Q, is the magnetic moment multipole. The matrix elements are given by 

IJ + 1) + J5-Ve + 1) — KG + 1) 
2J + 1) 

4 IJ +1 +5G+ 1 -—J-VUe + ID 
2J + 1) 


Jj J O1.|J-jJ) = gS) 


&(J) (12.11) 


THE CORE EXCITATION MODEL 765 


This result may be related to the reduced matrix element of Q, by the following 
equation giving the g factor for the core or particle state with angular momen- 
tum J: 


reat: eee 
G+tH@s+ VY 


Finally we note that the quadrupole moment Q is related to the reduced 
matrix elements of Q»2 by the following equation 


— oo pd a2 
= (1 mr = 1! on ms = 3) = [( )vioan 
—J OJ 


OT 


1/2 
uJ) = sJ = ( (J|| Qill9) (12.12) 


ie 647 J(2J — 1) 
7 5 V/(2J — 1) 27 27 + 1) 2/4 2) QJ + 3) 
The reduced matrix element can then be expressed in terms of (J.*|| Q2°||J.) 
etc. employing (12.8) and (12.9). 
Returning to the !%”Au case, it is seen that the transition probabilities as 


well as the static electromagnetic properties of the ground and excited states 
can be expressed in terms of the following reduced matrix elements: 


(FQ: 17), CH OQ2[l/), Fe*l]Q1||Je*), Je*l] Q2||Je*) 
and = (J.*|| Qe ||J.)_——((12.14) 


(J||Qe||7) (12.13) 


Note that J, = 0 for this case and for that reason the other possible reduced 
matrix elements are zero. The first and third of (12.14) may according to 
(12.11) be replaced by g, and g., the g factors for the valence nucleon and the 
excited core state, respectively. These then are the five phenomenological 
parameters of the model and are adjusted to fit the experimental results 
listed in Table 12.1 of McGowan, Milner, Robinson, and Stelson (71). 
A sixth parameter is the value of A, which should not differ too greatly from 
unity. In Table 12.1 the values in the square brackets were fitted by choosing 
the parameters appropriately, g, was taken to have the Schmidt value of 
0.083 wo and the remaining values computed. In the A? = 1 limit, B(M1) 
transitions from any of the excited states to the ground state are forbidden 
and the B(E2) transitions to the ground state will have equal values. The most 
glaring discrepancy in that limit is the B(E2) for the (3/2). — 3/2 transition 
for which the prediction is much too large. This can however be fitted by 
making a small adjustment of the value of A as is done in the last column of 
the table. Note that then A is close to unity, indicating the sensitivity of some 
of the transition probabilities to the details of the wave function. Generally 
good agreement is obtained for this very simple model. The only large dis- 
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crepancy is the B(M1) for the (5/2) — 3/2 transition where the predicted value 
is 1/50 of the experimental value. The reader is referred to Braunstein and 
deShalit (62) for that small generalization (essentially bringing in the single- 
particle excitation to the ds,2 level) needed for a cure. As a final test the param- 
eters involving the core should be compared with their values as obtained for 
the core nucleus 1°*Pt. This comparison is made in the last line of Table 12.1 
for the quadrupole moment of the 2+ excited state. The agreement is striking. 
The B(E2) for the 2+ — 0+ transition in !%*Pt is related to (J.*|| Qe ||J.). The 
value obtained by fitting is 32.8 + 1.6 single-particle units while the experi- 
mental value is 44.1 + 1.5 single-particle units. 

Discussion of a number of examples in which the core excitation model has 
been applied with particular reference to the predicted magnetic moments is 
given by Bhattarcharjee (71) in his Tables III and IV. Substantial agreement 
is obtained in many but by no means all cases. A deeper understanding of when 
the model is valid has yet to be obtained. 


APPENDIX 


The apparatus developed in Sections 4 and 5 is needed if exact expressions 
valid to all orders in (KR) and for arbitrary multipole orders are to be obtained. 
However, if we are interested in only the first few multipoles and then only 
to lowest order in (KR) and accept some minor handwaving, it is possible to 
obtain correct results in a simple fashion. Of course one can always go back 
to the main text for justification of any step. The transition probability per 
unit time for radiative decay as given by (1.1) and (5.1) 1s 


2r\ k? 
. at ——— ——E ° 2 
where : 
1 /. 
A; = (f | — =f iA deli (A.2) 


_iker 


The vector potential A for emission is proportional to (27)-?/? ¢ e where 
e is the polarization and k is the direction of propagation of the emitted 
photon. The factor (27)—*/? is the plane-wave normalization corresponding 
to the density of states (k?/fic) in (A.1). For absorption the complex conjugate 
is used. The constant of proportionality is determined by the requirement that 


EF? (27)%w?|Al2 = hw 
Be ce a a ee 
cal ae dn c? 2 
or 
LA? = Ac? 
(27) *w 
so that 
2 . 
A = ql oe ae e~***¥ (emission) (A.3) 
Tv Ww 
Hence 
h oe ee ee 
Hy; =< (2m) % (f| e-je dr |i) (A.4) 


The various multipoles (up to lowest order in KR) can be obtained by expand- 
ing the exponential yielding 


if | je ™ de |i) = YI | eas | (6-8) (e-1) a |i) 
+... (AS) 
767 
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Replacing j by pv, (see Eq. 2.3, point nucleons are assumed), the subscript 
numbering the particles, and v,; by 


v= 5 [Hn] 
where H is the nuclear Hamiltonian, the first term becomes 
(fl f eid |i) = & Cf f wade li) = — io Fife ode fi 
Introducing the electric dipole moment by 


D = [ovat (A.6) 


we finally obtain 


The second term of (A.5) can be broken up into a symmetric and antisym- 
metric part. The latter involves 


Lx Ew 
=e(vr —rv)-k = — e-(pr —rp)-k 
2 2m 
Introducing the vector cross product this term becomes 
h A , hw A AL; 
ea ee k)-L = —— (k : 
5 (@ XW) L = 5 (KX 2-1 (A.8) 


where AL is just (r X p). 
The contribution to (A.5) is thus 
ihw A 
— 2x dif de Loli) (A.9) 


This term can also be written: 
—iwlk X ®)- uy: (A.10) 


where uw the magnetic moment operator. Equation A.9 contains only the 
contribution of the orbital motion of the particles. To obtain the complete 
expression we must add the effect of the intrinsic magnetization (see Eq. 2.4). 
This amounts to adding gs to L. The final expression 1s given by (11.5) for 
point nucleons. In comparing (A.10) and (A.7), note that ¢ is in the direction 
of the electric field, and k X ¢ is in the direction of the magnetic field. Hence 
one can obtain (A.10) from (A.7) by replacing the electric field and the 
electric dipole moment by the magnetic field and the magnetic dipole moment. 
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The chai Daprean term is 
l 
5 (FW + vir:) = ny Fi [A,r] + (AK, rjr: = 7 LH, rir] 


Hence the matrix element yields 


1a) » 


Se (fl | deo rei )-K 
Since e-k = 0, this expression can be rewritten 
ON See ee x 
ae (f| Q |i) -k (A.11) 
<_ 
where Q, the quadrupole moment tensor, has the form 

1 

OFF, = 3 | ae p (vs, = 3 OH r) (A.12) 


the subscript giving the components of r = (71, re, 7s) = (x, y, z). Collecting 
all the terms we obtain 


hw [x 
Ay; = 1 aa? Dy; + (kK X ®)-usi — 5 6 & (Q;:): ‘K+. = (A.13) 


Inserting (A.13) into (A.1) yields the expressions obtained in the main body 
of the text. 


CHAPTER IX 


THE WEAK 
INTERACTIC 


1. INTRODUCTION 


In even a casual examination of the history of modern physics, one is struck 
by the key role played by beta decay of nuclei. The discovery of natural radio- 
activity and the associated phenomena of @-decay as well as a- and y-decay 
signaled the start of nuclear physics. The study of 6-decay eventually led to 
the prediction of the existence of a massless, neutral, weakly interacting 
particle (the neutrino) [Pauli (33), Wu (60)]. The evidence for the neutrino 
relied on the argument that with such a particle it was possible to conserve 
energy and linear and angular momentum in the 8-decay of nuclei [Enge (66)]. 
But as important as these traditional arguments was the realization that the 
energy distribution of the emitted electrons was that predicted for a three- 
particle final state (modified by the Coulomb interaction of the electron with 
the residual nucleus), in which only one of the particles is observed, thus pro- 
viding direct evidence for a third particle in addition to the electron and resid- 
ual nucleus. In order to incorporate these features Fermi formulated a field 
theory for B-decay [Fermi (33,34)]. Up to that time there had been only one 
relativistic quantum field theory, quantum electrodynamics, which was very 
solidly based on a deep understanding of the classical limit. The Fermi theory 
had no such basis. It was constructed as it were out of whole cloth with the 
single purpose of explaining the observed phenomena. It was the first such field 
theory and served as a model for other field theories developed later to de- 
scribe interactions among the elementary particles. 

The Fermi theory assumes that the 6-decay of a nucleus proceeds via the 
B-decay of one of the nucleons making up the nucleus. It thus predicted the 
decay of the neutron. This prediction was later verified. The measured mean 
life of the neutron is (0.935 + 0.014) X 10? sec. 

The neutron was the first of the elementary particles” that was discovered 
to decay with a relatively long lifetime, indicating the approximately stable 
nature of these particles or equivalently the weakness of the interaction pro- 
ducing the decay. The reader is referred to Table I.10.1, which lists some of 
these decays and to the much more complete table given by the Particle Data 
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Group (72) in which the particles of interest are listed under ‘“‘Stable Particle 
Table.”’ In this chapter we shall be mostly concerned with those particles 
whose decay involves the emission of at least one neutrino. Examples include 
the decay of the muon into an electron and two neutrinos, the decay of the 
pion into a muon and a neutrino, as well as its decay into an electron plus a 
neutrino. These decays are said to involve leptons—a term used to designate 
the muon, the electron, and the neutrino. Many of the nearly stable particles 
can decay by emitting pions. For example, the lamda (A) can decay into a 
negative pion and a proton, or a neutral pion and a neutron. However it 
can also 6-decay like the neutron, by emitting an electron and neutrino or by 
emitting a muon and a neutrino. The neutral kaon can decay into two or 
three pions according to whether it is the short-lived kaon K°g or the long- 
lived variety K°,. The latter can also decay by emitting a pion as well as an 
electron (or muon) and a neutrino. The charged kaons decay like the pions 
into a muon (or electron) and a neutrino. 

The theory formulated by Fermi for nuclear 6-decay (some simple gener- 
alizations are sometimes needed) has in very large measure been found ade- 
quate for the description of these decays. Among the first to be carefully 
examined was the decay of the muon. Not only was the Fermi theory found 
to be directly applicable but most significantly the strength of this interaction 
was very close to that required for the decay of the neutron, the very consider- 
able difference in lifetimes (the muon half-life is (2.1994 + 0.0006) « 10-6 
sec.) being almost completely accounted for by the difference in the energy 
released in the decay which is 0.78 MeV for the neutron decay and about 100 
MeV for the muon decay. This near identity that was repeated when other 
weak decays were investigated led to the suggestion that there is a universal 
weak interaction that explained all the relatively long-lived decays of element- 
ary particles, differences in the actual rates being a consequence of simple 
kinematical effects. Thus when the two- and three-pion decay mode of the 
kaon seemed to require the nonconservation of parity in the weak interactions, 
it was natural to turn to a nuclear 6-decay for verification [Lee and Yang (56)]. 
In fact, parity nonconservation was observed first in the classic ®°Co experi- 
ment of Wu, Ambler, Hayward, Hopper, and Hudson (57). In this experi- 
ment the ®°Co (J = 5) nucleus was polarized. It was observed that the elec- 
trons from @-decay are preferentially emitted in a direction opposite to the 
direction of the nuclear spin. In other words the expectation value of J-p 
where J is the nuclear spin and p the electron momentum differs from zero 
and in this case is negative. Since J is even under reflection and p is odd, this 
expectation value can differ from zero only if parity is not conserved. A similar 
test in the t — pw + e decay and the subsequent » decay demonstrated the 
nonconservation of parity that would be expected from the universality of the 
weak interaction [Garwin, Lederman, and Weinrich (57); Friedman and 
Telegdi (57)]. 
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During the next few years many researches directed toward the dilineation 
of the weak interaction were performed and will be reported later in this 
chapter. But equally as important was the immediate challenge to other 
conservation principles. It was found that charge conjugation invariance* 
was also violated in the weak interactions. On the other hand the only viola- 
tion of time reversal invariance** and of invariance under the combined 
operation of charge conjugation and parity inversion found to date has been 
in the conversion of the short-lived neutral kaon (which decays into two pions) 
into the long-lived variety (which decays into three). No evidence for this 
phenomenon has been found in nuclear decays or for that matter in any other 
decay. 

One result of importance was the discovery of two kinds of neutrinos. The 
neutrino emitted in nuclear B-decay is designated by v, while the neutrino 
emitted in pion decay, the y-neutrino 


a 7p +b 


is indicated by the subscript yw. This additional neutrino is presumably a not- 
as-yet understood clue regarding the differing natures of the electron and 
muon. At first glance, the muon appears to be just a more massive electron. 
Its interaction with the electromagnetic field differs in no essential way from 
that of the electron. In 6-decay when it 1s energetically possible both electron 
and muon £-decay will occur. Nevertheless in spite of its greater mass, and its 
otherwise apparent identity with the electron, it does not decay into the latter 
by gamma-ray emission. This fact together with the fact that the neutrino 
accompanying decay by uw emission differs from the neutrino accompanying 
electron 6-decay has suggested that there is some qualitative property of the 
muon that is not possessed by the electron and vice versa. This concept has 
been formalized by the introduction of the lepton quantum number, the elec- 
tron and muon, and their associated neutrinos having different lepton numbers. 
This idea will be discussed in Section 12. For the present, it will suffice to say 
that these lepton numbers are chosen so that conservation of lepton numbers 
in a decay leads to muon emission being accompanied by »,, electron emission 
by v.. This is of course not a “fundamental” explanation but instead a way: 
of summarizing one interpretation of the experimental results. 

As it evolved from investigations into the weak interactions the natural 
variables entering into the description of the weak interaction are the currents 
of the various interacting fields. In the case of the electromagnetic interaction 


*For a discussion of invariance principles see Wick (58). 


**See Appendix A (Sec. 3) for a discussion of this invariance. 
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this is a familiar description, the interaction of two charged fields being given 
by 


2 [fae (r) Ga Or’) A (’) dr dr’ 
KX 


where j,‘! is the current density of the first field. G,, is the tensor Green’s 
function (Morse and Feshbach (53), Chapter XIII). It is the propagator 
for the photons that couple the two charged fields. A similar description is 
attempted for the weakly interacting fields, with however the important 
difference that two sorts of currents are required. The electromagnetic current 
is a polar four vector. But for weak interactions an axial vector designated 
by J,‘ (the polar vector by J, ‘”) is required in addition in order to account 
for the two types of nuclear transitions, the Fermi and the Gamow-Teller, 
and to permit the description of parity nonconservation. A far-reaching and 
profound analogy was found to exist between the polar vector current of the 
weak interaction and the isospin vector component of the nucleon electro- 
magnetic current. This analogy suggests among other things that the weak 
four-vector current J ,‘”) is conserved: 


OF, 6”) 


>» = 0 (1.1) 


5. ORE 


This hypothesis known as the conserved vector current (CVC) theory has thus 
far been borne out by experiment; a particularly important test occurring in 
the 6-decays of !2B and !2N into "°C will be discussed later. An extension of 
the hypothesis (1.1) to the axial current is known as the partially conserved 
axial vector current (PCAC) theory. The PCAC hypothesis furnishes a bridge 
between the strong and weak interactions as exemplified by the Goldberger- 
Treiman (58) relation connecting the amplitude for the decay of the pion 
(xt — wt + »,) that proceeds via the axial vector current, the Gamow-Teller 
coupling constant that originates in the axial vector contribution to the neutron 
decay, and the coupling constant describing the strong interaction between 
nucleons and pions. These relations offer significant implications for nuclear 
physics, which we shall discuss later on in this chapter. 

The question naturally arises as to whether there are particles analogous 
to the photons that “‘carry” the weak interaction. In the absence of such 
particles (or at least the corresponding propagator analogous to the photon 
G.), the weak interactions become point interactions, that is, interactions 
of zero range with a consequent set of divergences and failures of the theory 
at high energies. The experimental search for these particles has been like 
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the quest for the Holy Grail. At this writing these particles have not yet been 
observed. * 

We have emphasized thus far the development of our understanding of 
weak interactions and the role played by nuclear studies. However, one should 
not lose sight of the importance of the 6-decay interaction for studies of nuclear 
structure. We have alluded to this in the preceding chapter. The very weakness 
of the interaction makes possible the probing of the nucleus with a minimal 
disturbance of the system. On the other hand that same weakness makes the 
cross sections very small, and we are thus some distance away fromthe use 
of neutrino beams for the study of nuclear structure. Most nuclear informa- 
tion is at present obtained from the 6-decay of radioactive nuclei as well as 
from the related absorption of muons by nuclei. 


2. SEMPLE THEORY OF 6-DECAY?{ 


In this section, the simpler facts and the description of @-decay as they are 
currently understood will be briefly summarized. For more detail see a more 
elementary text like Enge (66): No attempt will be made to describe here the 
experiments from which that theory was induced. 

Nuclear 8-decay involves the transition: 


Electron emission: (Z, VN) ~-(Z + 1,N—1)+ e+ 2, (2.1a) 
Positron emission: (Z, N) ~(Z —1,N+ 1) + et+4+». (2.1b) 
Atomic electron capture (Z, N) + ee ~>(Z-—1,N+ 1) +». (2.1c) 


The bar on », in (2.1a) signifies that an antineutrino is emitted in this process 
while in (2.1b) a neutrino is emitted. Capture describes a process in which an 
atomic electron is captured by the atomic nucleus. If the electron is captured 


*A recent theory of these particles that puts them and the photon on compar- 
able footing, thus unifying the electromagnetic and weak interactions, has been 
proposed by Weinberg (67, 72). As expected the particles that transmit the 
weak interactions are vector (spin 1) particles, they are massive, and in Wein- 
berg's formulation there are neutral as well as charged particles. One of the 
accomplishments of the theory is that it is renormalizable in spite of the presence 
of charged spin 1 fields. 


{Because the energies of the leptons in 8-decay are large compared with 
their rest mass, it is necessary to employ relativistic wave functions for them. 
These are described in the Appendix to this chapter. 
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from the K-shell it is referred to as K-capture. The elementary processes in- 
volved in (2.1a) and (2.1b) are thought to be 


n—>p+e +B, 
(2.2) 
prontett+»p, 


Since the neutron is more massive than the proton only the first of these 
reactions occur in free space with observed mean life, of (0.935 + 0.014) x 10° 
sec. [Particle Data Group (72)]. Positron decay can occur in heavier nuclei 
because of the coulomb energy gained in the replacement of a proton by a 
neutron. The energy release Ey in electron decay is 


Ey = [M(Z, N) — M(Z + 1, N — 1)] c? (electron emission) (2.3) 


where M@ is the atomic mass. Bear in mind that the recoiling residual nucleus 
will have a small but finite kinetic energy. In the case of positron emission 


E, = [M(Z, N) — M(Z — 1,N +1) — 2m] 2 (2.4) 


where m is the electron mass. The energy balance in atomic electron capture 
gives the energy release 


E\& (MZ, N) —- M(Z—-1,N+ 1] e (2.5) 


Comparing (2.4) and (2.5) we see that there is a range of atomic mass differ- 
ences for which atomic electron capture is possible but positron emission is not. 
K capture is always possible when positron decay occurs. 

The energy released in 6-decay may be as low as 20 KeV as in the decay of 
SH or as much as 20 MeV in the decay of *B. The important point for us here is 
the associated electron and neutrino wavelength. For the electron 


Sey 
— V/ ee — I 


where e¢ is the total energy of the electron including the electron rest mass in 
units of the electron rest mass (0.511 MeV). An electron with kinetic energy 
of 2 mc? (1.022 MeV) has a wavelength/2z of 137 fm; X% for a 40 mc’? electron is 
9.5 fm. Similar numbers are obtained for the neutrino wavelength/27. We may 
thus conclude that the wavelength/2z of both the electron and neutrino are 
much larger than the radii of the residual nuclei so that to a good approxima- 
tion the corresponding wave functions are constant over the nuclear volume. 
Finally we comment on the recoil energy of the residual nucleus. This is given 
by 


(2.6) 


1 
En = —— (pe + By) 
R aug Pe + 
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whose maximum in the limit of large electron energy is given by 


EE? é” 


2MAc2 3672A 


me (2.7) 


(ER) max = 


Thus for a 2mc? beta ray and a medium weight nucleus (A ~ 100) Ep is about 
13 eV. For the most part, this recoil energy will be neglected in what follows. 
However it is observable and, in fact, its observation is essential for the 
determination of the electron-neutrino angular correlation in 8-decay (see 
Section 8). 

Experimentally the electron neutrino mass has been found to be less than 
60 eV [Particle Data Group (72). Thus the zero mass for the neutrino that is 
used throughout this chapter is consistent with experiment. 

From Volume II, Chapter 12, the probability per unit time for emitting an 
electron with momentum between ” k, and A(k. + dk.) and an antineutrino 
with a momentum between fk, and i(k, + dk,) is 


or d k, d k, 
ane gear ser 
hi (2n)* (21) 


dwy; = 5( Lo — EF, — E,) (2.8) 


Sums over the spins of the final states and averages over the initial spins must 
be performed. Since the interaction is weak, perturbation theory may be used. 
The operator A in (2.8) is then just the interaction Hamiltonian density. The 
electron and antineutrino wave functions are normalized to unit plane waves 
at infinity. Because of their wavelength these wave functions will be assumed 
to be constant over the nuclear volume. Since they appear only in the final 
state, | H;;|? is proportional to the electron and antineutrino density, and these 
can be factored out of the matrix element H;;. Summing over the electron and 
antineutrino spin, the antineutrino density relative to the unit density at 
infinite is also unity. The electron density relative to unit density at infinity 
will depend on the nuclear charge, the radius, and the electron energy. It will 
be written p (Z, R, «). Once these density dependences are removed from 
| H;;|? the remainder should depend principally upon the nuclear states in- 
volved in the transition. The delta function in (2.8) insures the conservation 
of energy. The recoil energy has been neglected. 

To obtain the energy distribution of the electrons we integrate dw;; over 
the antineutrino momentum and over the direction of motion of the electron. 
Spin and isospin sums over final nucleon states and averages over the initial 
nuclear states are also performed. One obtains 
dw; ; mc? T? 


de i On 


p (Z, R, €) | Myi|? (eo — €)? ee? — 1)? (2.9) 


where €9 = (E)/mc?) 
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Here we have placed 
| Hyi|? = 9? op (Z, R, €) | My: |? (2.10) 


where the bar denotes the spin and isospin average and sum referred to above. 
We have assumed that | M;;|? is dimensionless, independent of k, and k, and 
is defined (see 2.22) so that it has unit order of magnitude. The factor g in 
(2.10) then indicates, explicitly the size of the interaction. The constant I is 


pa & ‘) (2.11) 


As can be seen from (2.9) it is I that is nondimensional and therefore more 
properly measures the size of the interaction. Empirically the time 


h 23 
mc T? 


is found to be about 9000 sec by fitting (2.9) to the decay of !4O and !4N. The 
corresponding value of dimensionless I is 3 X 10-12. These numbers are only 
meant to set the scale. We shall give more accurate values later. The use of 
constant electron and neutrino densities is correct only for the so-called 
allowed transition that in the present case can be defined as those for which 
| M,;|? differs from zero. 

The electron-energy distribution obtained from (2.9) is illustrated by Fig. 
2.1 and 2.2 taken from Wu and Moskowski (66), showing the effects of the 
Coulomb field and the dependence upon the total energy €9, which is identical 
with the end point of the spectrum. As the energy increases (€) > 1) the Z = 0 
spectrum becomes more symmetrical, the symmetry about ¢)/2 becoming 
exact as €) — ©. The Coulomb field increases the electron density at the 
nucleus and decreases the positron density since the electron is attracted 
while the positron is repelled by the nucleus. Since the attraction is more 
effective and therefore the density increase larger for the slower charged 
particles and less effective for the faster particle, the energy distribution will 
be skewed toward the lower energy for electrons and toward higher energy 
for positron spectra. This can be seen directly if we examine the explicit form 
for p. In the nonrelativistic case it is sufficient to take the value of the density 
for a point nucleus: 


(2.12) 


nonrelativistic (2.13) 


oA(Z, R = 0, €) = Rene 


where 


for eF) (2.14) 
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OE ae mc?! UKE.) ~0.5 MeV 


—— Z=0 
—--—--Z=80, B- 
—— Z=80,f* 


FIG. 2.1. The energy distribution dw,;/de for residual nuclei Z = 0 and Z = 80. The maxi- 
mum energy is 2 mc, Coulomb corrections are included [taken from Wu and Moskowski 


(66)). 


and we have replaced e?/fc by 1/137. The relativistic density for a point 
nucleus is infinite at the nucleus. As a consequence Fermi (34) took the value 
of the density at the nuclear surface to be the p of (2.10). The value of p is then 


(1 + s) j}e™7/2 Ts + 1 + in) 
s? + 7? Ts + 1) 


Zz 2 
Oe Y ae Pos 
= (=) 


Tables from which p can be calculated are given in a National Bureau of 
Standards Table (52). [The factor |e ™/? [(s'+ 1 + im)| is given in Handbook 
of Mathematical Functions (64). See also Gove and Martin (71).)] 

The Fermi prescription for calculating p has been improved by a number of 
authors. An example is furnished by the results of Behrens and Biihring (58) 
who evaluate p at r = O of the finite nucleus. The corrections to the matrix 
element that arise because of the variation of the wave functions over the 


2 


p = 2 2QKR)26-) relativistic (2.15) 
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(K.E.) . * 2 MeV 


FIG. 2.2. The energy distribution dwy/de for residual nuclei Z = 0 and Z = 80. The maxi- 
mum energy is 5 mc2. Coulomb corrections are included [taken from Wu and Moskowski 


(66)). 


nucleus (= error because of long wavelength approximation) are small 
[Blin-Stoyle (69)]. 

The standard method for examination of the 8-ray spectrum is the so-called 
Kurie plot proposed by Kurie, Richardson, and Paxton (36). In this method 
one plots 


N(E.) , (2.16) 


pee’ — 1 


where NdE,’is the number of 6-particles with energy between E, and E, + dE,. 
According to (2.9), assuming that | M;,;|? is energy independent, this quantity 
is proportional to (Ey) — E.). Hence the experimental K(£.) should be a straight 
line with slope equal to —1. In the early pre-World War II days there was 
considerable debate whether K(E,.) was in fact a straight line. Deviations 
from a straight line would possibly be caused by a finite neutrino mass. The 
effect due to such a mass would occur, however, only near the end point. 


K (E.) ag ( 
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With an upper bound of 60 eV for the neutrino mass a deviation from a 
straight-line dependence over a considerable portion of the spectrum would 
have to be ascribed to an energy dependence of | M;;|?. As it turned out for 
allowed transitions, the straight-line dependence is experimentally verified 
so that | M;;|? is in fact energy independent for these transitions. 

An example of a Kurie plot is given in Fig. 2.3. The deviation: from the 
straight line at low energies can be ascribed to deviations from the Fermi form 
(2.15) used [Wu and Moszkowski (66)]. The reader should recall that (2.16) 
is appropriate for allowed transitions. 

The total probability for decay is obtained by integrating the right-hand 
side of (2.9) over the electron energy to obtain 


mc? T?2 


Wee = 53 |Mrl* SZ, R, ©) (2.17) 


where 
J (Z, R, 6) = in de p(Z, R, €) (eo — €)? ee? — 1)” (2.18) 
1 


For tables of f see Gove and Martin (71). In the limit of no Coulomb field 


4 3 2 2 
S(O, R, €0) = (eo? — 1)!” (s bee =) 


5 
+ 7 log (69 + Yeo? — D) > ee (2.19) 


We see that the transition probability goes up very rapidly with eo. Thus the 
short lifetime of the u-meson (2.2 & 10~° sec mean life) compared to that of 
the neutron (.93 10% sec mean life) is primarily caused by the much larger 
energy release (~105.7 MeV) in y-decay. * 

These kinematic factors can be removed by considering the ratio f/w;;. The 
usual procedure uses the “‘ft’? value where f1/2 1s the half-life related to the 
mean life w,; as follows 


fi 2? _In2 
mc? JT? | M;;|? 


Str = (2.21) 


*Of course (2.19) does not apply directly to u-decay. However the various 
differences do not affect this qualitative conclusion. For the correct expression 
for the u-decay probability see (12.5). 
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FIG. 2.3. The Kurie plot of the H? 6- spectrum [taken from Curran (52)]. 


Since f is a known function and ft. an experimental number it becomes 
possible to determine | M;;|? for each nuclear transition. The value of I? is 
obtained by examining transitions in which | M;;|? is thought to be known. 
This matrix element carries the nuclear information which @-decay lifetime 
studies provide. 

Those nuclei for which the ‘“‘f’”’ values are smallest are the allowed transi- 
tions. Even these break up into two groups (Fig. 2.4). Those for which log fot1/2 
(fo is given in (2.19)) is of the order of 3.5 and those for which log foti;2 has 
the range 5.7 + 1.1. The first group is called superallowed. Decays with larger 
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FIG. 2.4. Histogram showing the number of radioactive nuclei versus their ft,;. value. 
{taken from Gleet, Tang, and Coryell (63)]. 
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values of log fot (larger than 5.7 + 1.1) will belong to forbidden transitions 
of higher order. For these |M;,;|2 vanishes. We must then return to | Hj; |? 
and calculate it more carefully. For example, one can no longer assume the 
electron and neutrino wave functions are constant within the nucleus. But 
there are other terms as well. It is necessary to have a more complete de- 
scription of H;; before proceeding further. 

It is possible to determine the character of |_M;;|? for allowed transitions 
from general principles. We assume that the operators involved in H;; are in 
the first approximation single-body operators. This is reasonable since, first, 
the free-neutron decays and, second, its lifetime is consistent with the life- 
time of decaying nuclei, such as *H. Moreover, since the vectors k, and k, 
as well as the spin orientation of the electron and neutrino have been averaged 
over, M;; can only involve nuclear coordinates. Third, since a neutron at 
rest decays, the operators in M;; must be nonzero even if the decaying nucleon 
is at rest. Fourth, again because of neutron decay and translational invariance, 
the transition operator cannot depend upon spatial coordinates. There are 
only three such operators: the unit operator, the spin 6(i) and the isospin +(Z). 
Finally the operators must transform a neutron into a proton for 8 decay 
and vice versa for 8+ decay. This is accomplished by the isospin operators 


t |p) = 3 (71 — ire)|p) = |n) 


7 |n) = 0 
) |p) = Qu + fr) |p) = 
™ |n) = |p) 


The matrix element M;; must involve the isospin operator only through 7 
for positron emission or 7“) for electron emission. The dependence on ¢ is 
fixed by the requirement that | M;;|? is rotationally invariant. These conditions 
determine the form | M;,;|? can take to be 


Cr|? 
|Myi|? = eal’ ra 2, | <f| Ze (k)\i)? 
| Cer|? 7 ne 
toi Al 2 7) 6 (DIF) (2.22) 


where J; is the spin of the initial state, Cp and Cgr are constants and 


MA De a = LO MALO Oa W li)! 


Here j refers to the different components of the vector 6(k). The sum over k 
is a sum over different nucleons of the decaying nucleus. A simplified notation 
that is often used replaces (2.22) as follows: 


| M;i|? = |Cr|? |Mr|? + |Cer|? | Mer|? (2.23) 
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where 
Dc l ; 2 
Melt = EM Dew 1d) (2.24) 
and 
Merl? = EMA EHO He@ ll? — 25) 


For electron emission use 7); for positron emission 7r—. The first of these 
(2.24) is referred to as the Fermi matrix element since the interaction he em- 
ployed [Fermi (34)] led directly to (2.24). Hence the subscript in Cr. The 
second (2.25) is the Gamow-Teller matrix element [Gamow and Teller (36)]. 
Each of these have characteristic selection rules: 


Fermi: AJ = 0 no change in parity 


AT = 0 AT; = 1 electron emission (2.26) 

= — 1 positron emission 
Gamow-Teller: AJ = + 1,0 (0 — 0 forbidden) no change in 
parity (2.27) 


AT = + 1,0 (0 — 0 forbidden) 
AT; = + l 


The Fermi selection rules follow because the Fermi matrix is a spatial scalar 
and because 


> 7) (k) = T#) (2.28) 
k 


commutes with 72. The Gamow-Teller rules follow since 
Dd 7 (k) 6 (k) 


transforms as a vector in coordinate space and as a vector in isospin space. 

The existence of these two types of matrix elements and selection rules is 
well substantiated by experiment. An example of Fermi type transition is the 
decay 


Cl >is S + et + pv (2.29) 


in which the transition is from a J! = 0 state in *Cl to a J® = Ot in 4S. 
On the other hand any AJ = 1 transition requires the Gamow-Teller matrix 
element. Such is the case for the transition 


MBH 2C +e +p (2.30) 
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The spin and parity of !*B are 1* while that of !2C is 0+. On the other hand in 
the decay of the neutron 


yn—ipte +> (2.31) 


contributions come from both Fermi and Gamow-Teller matrix elements. 

The selection rules (2.26) and (2.27) indicate that in a Fermi transition the 
electron and antineutrino carry off a net zero angular momentum while in 
the Gamow-Teller case they carry off a unit angular momentum. 

When superallowed transitions occur, the matrix elements My and Mer 
have their maximum value. For M, this can occur for the light elements and 
when the initial and final state are members of an isospin multiplet. The 
reason is that under these circumstances there is a maximum overlap between 
the initial and final nuclear wave functions, the beta transition replacing a 
neutron in an orbital by a proton in the identical orbital. In the transition 
between mirror nuclei, with T = 1/2 from T, = — 1/2 to 7; = 1/2, the wave 
function generated by the transition is shown in Fig. 2.5. It is identical with 
the 7, = 1/2 state of the final nucleus. 

When the initial and final state are members of an isospin multiplet, the 
Fermi matrix element can be immediately obtained: 


\Mrl? = | (fITP|O|? = TH+ 1) -— TAT, + 1] e& decay 


(2.32) 


MAT O? = 74+) - 7,0; -— YD] e+ decay 


where T; has the value of (Z — N)/2 for the initial nucleus. Thus for the transi- 
tion given in (2.29), T = 1, T; = 0, and |M,y|? = 2. On the other hand for the 
decay of a neutron into a proton (2.31), T = 1/2, 7, = — 1/2 so that |M,|? = 
l. 

The Gamow-Teller matrix elements are not so readily obtained except for 
neutron decay. In that case 


N | & 


3 
| Mr|? = 5 Dd | dm;|ox|mi)|? = 


m4,my 


Dd, (m;|m;) = 3 
mf 


Hence for the neutron decay 


|Myi|? = |Cr|? + 3 |Cer|? neutron decay (2.33) 
gr decay 
rs) n p n 


Super- allowed Transition 


FIG. 2.5. Wave function overlap in superallowed transitions. 
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As in the case of the electromagnetic transitions it is possible to obtain a 
““single-particle’’ value for M;; that provides an order of magnitude estimate. 
The jj shell model is assumed. It is also assumed that a single nucleon changes 
its isospin when @-decay occurs. The @ decay transition operators do not 
depend upon space coordinates. Hence the orbital amgular momentum of 
transforming particle will remain unchanged. Thus in the single-particle model 


Al = 0 (2.34) 


The single-particle value will assume that it is possible to satisfy this require- 
ment. The estimate obtained in this way can be quite wrong. It may be the 
case that the appropriate orbital for the product particle will be occupied so 
that (2.34) cannot be satisfied, or the jj model may not provide a good de- 
scription of the nuclear states. For example, core-excited many-particle 
excitations may make significant contributions to the wave function. Then 
the matrix element is reduced considerably from the single-particle estimate 
we shall now calculate. 

In the single-particle limit described above the isospin operators in (2.25) 
can be replaced by unity. In terms of spherical tensors for 6, T,, 


l > 
|Mar|* = 55 je) ( ; T ) ( / T«é ) (2.35) 


[re = (31d ;my | E&© | $1] ;m;) (2.36 ) 


where 


Here / gives the orbital angular momentum of the decaying nucleon. Since 6 
does not involve any spatial dependence, / is not changed in the course of the 
transition. From the Wigner—Eckart theorem we have 


JI, 1 J; 
| TO = (—yrny (BU; | |T| [302 
—Msr kK mM; 
The reduced matrix can be further reduced according to (A.2.55): 


alJ;||T| |Zl;) 


ta 
= (— eesti / (Qs, + 1)QK +1) | (3 | |T@| 12) 
J, Jy 


Finally from (A.2.47) 
G||T||3) = V6 
The second factor in (2.35) is given by: 


* 
( | T°) = (41 ,m;|T_.© | 4lJ;m;) (2.37) 
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Obviously the analysis used to evaluate (2.36) is immediately applicable to 
(2.37). 
Combining these results yields 


1 2 4) yoV Jd ooVMd 
pe 
J; Jy l —Mr K Mj; —MN; —kK My 


1 ml 1 2 
2 2 
| (2.38) 
Je Jy 1 


Inserting explicit values for the 67 symbol yields the following table 


= 


|Mer|? = 6(2J; + 1) 


Or 


|Mer|? = 624, + 1) 


TABLE 2.1 Single Particle Gamow-Teller Matrix Elements 


|Mer|? 
J; 1+ 1/2 1-1/2 
J; 
cre Iytd 98 (Pa 
J; Jy 
pa 2, +1 rp 
Jp +1 Jp +1 


These results are to be substituted in (2.23) to obtain the single particle 
| M;;|*. It is to be expected that the value of | M;;|? obtained in this way will 
give reasonable values for the light nuclei but will fail for the heavier nuclei 
since for these nuclei it will be more difficult to satisfy the single-particle 
selection rule (2.34). Some typical single-particle values obtained from 
Table 2.1 for transitions in the light nuclei are given in Table 2.2. 


TABLE 2.2 Values of Single-Particle Gamow-Teller Matrix Elements 


Decay J; (=J,) I; | Mer |? 
1C —+B 3/2 D3/2 5/3 
14Q) — EN 1/2 P1/2 1/3 
17F —>+170 5/2 ds/2 7/5 
1G _, 3Ip 1/2 Si/2 3 
3C] — BS 3 /2 d3/2 3 [5 


SC — “Ca 7/2 fr/2 9/7 
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3. DETERMINATION OF THE WEAK COUPLING CONSTANT AND 
THE RATIO C;/Cer 


The most accurate determination of the weak interaction coupling constant 
involves the measurement of the lifetime of 0+ — 0+, T = 1 superallowed 
B* decays in light nuclei, together with a careful measurement of the energy 
released. For 6+ decaying T = 1 nuclei, |M,r|? = 2 according to (2.32) so 
that the ft:;2 value for such decays should be equal. The ft:/2 values as ob- 
tained by Freeman et al. (66a, 66b, 68, 69a, 69b) and tabulated by Blin- 
Stoyle (69) are shown in Table 3.1. 


TABLE 3.1 fti/2 Values and Resultant Crg for Superallowed 0+ — 0+, 
T = | Positron Decays 


fty/2 
(with radiative 


Decay ft, ;> (raw) corrections) Crglerg cm*)10*? 
10C 5 108 2973142 302074? 1.439 79-0102 
14Q —, MN* 3050 + 11 3098 + 11 1.4089 + 0.0022 
26mA] —> %Mp* 3040 + 4 3090 + 4 1.4103 + 0.0010 
34C] — 346% 3045 + 7 3097 + 7 1.4092 + 0.0015 
42Sc — 42Ca 3064 + 9 3111 + 9 1.4060 + 0020 
6V > 8Tj 3072 + 8 3115 + 8 1.4051 + 0.0018 
5oMn — 5°Cr 3059 + 9 3102 + 9 1.4080 + 0.0020 
54Co — *4Fe 3063 + 17 3103 +17 1.4078 + 0.0039 


* The starred cases were recently presented by Freeman et. al. (73). 


The corrections and uncertainties in the fti;2 value have been discussed by 
Blin-Stoyle (69). Of these we have included the radiative correction that is 
of the order of (e?/hc) ~ (1/137) in the third column of the table. This cor- 
rection arises because of the possible emission and absorption of virtual pho- 
tons by the charged particles involved in the decay as illustrated in Fig. 3.1. 
This is a logarithmically divergent process requiring a cutoff and because of 
this requirement its evaluation remains not completely satisfactory. The cor- 
rections given in Table 3.1 are based on the calculations of Kinoshita and 


photon photon photon x 
p ; et fe) { e* p e* 
8 NA 
n Ve n Ve n Ve 


FIG. 3.1. Radiative corrections in gt decay. 
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Sirlin (59) who take the cutoff at the nucleon mass. A more recent discussion 
is given by Brene et al. (68 ). New developments, the Weinberg theory of weak 
interactions, may remove the need for a cutoff. An uncertainty of 3%, theo- 
retical in origin, which is model dependent remains. This together with other 
nonstructure dependent uncertainties discussed by Blin-Stoyle (69) give rise 
to a total uncertainty of 1% in the absolute magnitude of the ft1;. values 
although he emphasizes che relative error is considerably smaller. 

The radiative correction changes the /t:;2 magnitudes but not their relative 
values especially. The agreement shown and illustrated in Fig. 3.2 demon- 
strates the validity of the isospin conservation and the isospin purity of the 
nuclear wave functions. The value of Crg can be calculated from the /t1/2 
values obtained for !4O, ?®™Al and °4Cl decays. We shall adopt the value: 


Crg = 1.4100 10-49 erg cm? (3.1) 


h 3 
~ 10-5>{-——_] Mc? 
(sr) : 


where M is the nucleon mass. 
Let us turn next to the determination of the ratio |Cgr/Cr|. For this pur- 
pose note from (2.21 ) that 


ftrjo[|Cr|?|Mr|? + |Cer|?|Mer|?] 


equals a universal constant and must therefore be the same for all nuclei. Then 
by comparing two nuclei with known matrix elements it becomes possible to 
determine |Cgr/Cr|?. For example, comparing !4O and neutron decay yields 


(ft1/2)149 2| Cr|? = (ftrj2)n[|Cr|? ae 3|Cer|?] 


FIG. 3.2. fti;2 values for superallowed 0+ — 0+ gt transitions. 
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Inserting the ft:;2 value for 14O decay of 3098 from Table 3.1 and the value of 
ftij2 for neutron decay, 1092, from which | Cgr/Cr| = 1.248 + 0.010 [Particle 
Data Group (73)] indicating the close relative strength of the Fermi and 
Gamow-Teller interactions. This calculation assumes that Cer and Cr do 
not depend upon the nuclear species decaying. 

Once the value of Crg and the ratio | Cgr/Cr| are determined, we can deter- 
mine the combination |Mr|* + |Cer/Cr|?|Mer|*? from experiment and 
compare the result with model predictions such as the single-particle results 
in section 2. 


4. ALLOWED TRANSITIONS IN LIGHT NUCLEI; p-SHELL NUCLEI 


As a first step, let us consider 8-decay of a nucleus into its mirror, an allowed 
transition. Some of these together with the associated single-particle transi- 
tions taken from Konopinski (66) are listed in Table 4.1. The agreement be- 
tween the single-particle value of ft (the value of M;, is taken to be 1; Mer 
is given by Table 2.1) listed in the column (/f)the. and (ff)exp 18 not partic- 
ularly impressive. A considerable improvement is obtained if the single- 
particle evaluation of Mgr is replaced by the semiempirical value given by 
(Eq. VIII.11.19 ) obtained from the measured difference between the magnetic 
moments of mirror nuclei. To obtain this expression, j 7 coupling is assumed. 
It is also assumed that the isospin is a good quantum number. The resulting 
values are labeled (ft), in Table 4.1. It can be seen that the agreement with 


TABLE 4.1 Decay in Mirror Nuclei [from Konopinski (66)] 


Single-Particle 


Parent Daughter Transition (ft)itneo (sec) — (Ft,) (ft)exp 
3H 3He Sij2 — S12 1092 953 1137 + 20 
{Be SLi P312— P3ze2 1730 2300 2300 + 78 
a @ 1B P312 — D372 1730 3025 3840 + 70 
13N &°C Pir2 — Prre 3876 3515 4700 + 80 
150 tN Pii2 — Prise 3876 3765 4475 + 30 
g/F ue) dsj3— As /2 1915 1925 : 2330 + 80 
12Ne 19 S1/2 — Si /2 1092 1230 1900 + 100 
Al 23Mg dsi2— ds;2 1915 2960 4280 + 350 
7iSi 27Al ds 12 — As/2 1915 3080 4500 + 100 
72P 23Si Sij2 — Sty2 1092 3247 4750 + 200 
31S iP $1/2 — Sy/2 1092 4160 4820 + 250 
Cl 338 a3). —> A3/2 3090 5642 6000 + 500 
3A 3°Cl A3;2 —> As/2 3090 5088 5680 + 400 


3eCa 9K A312 —> A3i2 3090 86.4764 4150 + 300 
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experiment is greatly improved. This improvement verifies the inadequacy of 
the single-particle description. However, large differences still remain that 
may be due in part to the assumption that My = 1. In general My will be 
less than one, which would have the effect of increasing (/t),, which is gen- 
erally the direction to improve comparison with experiment. Beyond this 
one must turn to deviations from isospin symmetry induced by Coulomb 
forces and to the effects of configuration mixing. 

We turn next to.6-decays of other light nuclei. A recurrent theme’ in this 
and the preceding chapter has been the value of the electromagnetic and weak 
interactions as probes of nuclear structure. This is demonstrated in the present 
context by the sensitivity of the static moments and the transition amplitudes 
for radiative and 6-decay to the wave functions of the states involved. The 
excitation energies of low-lying energy levels and their quantum numbers, spin, 
and isospin are not in themselves sufficient. As we know from the variational 
principle the error in the energy is second order in the wave-function error 
whereas the error in moments or transition amplitudes is first order. But this is 
not all. Because the usual calculations have many phenomenological param- 
eters that are to be fixed by comparison with experiment it becomes possible 
by suitable choices of the parameters to obtain equally good fits to the observed 
energy levels. A further selection among these various models may sometimes 
be obtained by comparison of predicted and observed transition amplitudes 
as well as with the static electromagnetic moments. 

To illustrate let us consider the case of “‘p-shell’’ nuclei, that is, nuclei with 
5 < A < 16. In the simple independent-particle model there are four nucleons, 
two neutrons, and two protons in 15,/2. orbits, forming a core. The remaining 
particles are in 1pi/2 or 1p3/2 orbits, the p-shell being completely filled for 1°O. 
The simplest shell model proceeds by assuming a central shell model potential 
including a spin-orbit force that essentially provides the splitting between the 
Ips/2 and 1p1/2 single-particle energies as well as a central residual interaction. 
This Hamiltonian is diagonalized using states formed from single-particle 
1piy2 and 1p3;2 states. Energies are computed relative to the ‘He core, which 
is assumed to be quiescent. This simple model has been developed by Inglis 
(53, 54), Lane (53, 55), Lane and Radicati (54), and Kurath (56, 57, 60). 
Briefly, reasonably good fits are obtained if the strength of the central spin- 
orbit potential is assumed to be weak at the beginning of the shell so that LS- 
coupling is valid there but increases as the more nucleons are added. This 
model, referred to as the intermediate-coupling model, will fit a large majority 
of the low-lying excitation spectra of the p-shell nuclei [Kurath (56, 57) ]. 

We shall discuss more fully a less ambitious approach as formulated by 
Cohen and Kurath (65) and applied by them as well as Poletti, Warburton, 
and Kurath (67) to the calculation of magnetic dipole moments, M1 transi- 
tions, the ratio of £2 amplitudes to the M1, and Gamow-Teller beta decays 
of p-shell nuclei. The Talmi method will be used. It will be recalled (Page 338) if 
the residual interaction V is a two-body interaction, the matrix elements of V 
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for a multiparticle system can be expressed in terms of the two-body matrix ele- 
ments. In the Talmi method these matrix elements are treated as empirical pa- 
rameters. In jj coupling there are 15 such matrix elements, ( j; jo JT | V|j3 j4 JT) 
of which 10 are diagonal. In the first scheme labeled by Cohen and Kurath 


Problem. Prove this statement. Remember that for two identical particles 
J + T must be odd. 


“2BME’’, these 15 matrix elements plus the single particle pi. and ps2 
energies are treated as parameters, making 17 in all, which are adjusted 
to give as good a match as possible to the binding energy and energies of a 
selected number of excited states. Nuclei with 8 < A < 16 were used. In the 
second method labeled, ‘““POT’’, the two-body matrix elements were calculated 
in the LS-scheme (LSJT|V|LSJT). There are 11 matrix elements, 10 diagonal. 
The radial wave functions for the p-states are assumed to be identical and the 
nucleon—nucleon interaction symmetric. Adding in the single particle energies 
give 13 parameters to be adjusted to give the best fits. Note that since we are 
dealing with p-particles only, the party of the states being considered is (—)4. 

A few of the nuclear spectra fitted in this way are shown in Fig. 4.1. Both 
models, the POT and 2BME, provide an equally good fit for these and for 
the other nuclei in the range 8 < A < 16. However the fit is by no means 
perfect and in one case, °Be, a low-lying level unobserved thus far is predicted. 
The magnitude of the matrix elements involved is given in Table 4.2. 

We turn next to the magnetic moments (Table 4.3) and the ft values for 
Gamow-Teller transitions (Table 4.4) taken from Cohen and Kurath (65) 
and a private communication from Kurath (71 ). In the latter table the values 
predicted assuming pure jj coupling (Table 2.1) and pure LS-coupling are 
also given. Also given are the results obtained using the intermediate coupling 
model of Inglis; the parameter (a/k ) measures the ratio of the strength of the 
spin-orbit potential to the central residual potential. In Table 4.5 M1 transi- 
tion between the low-lying odd parity levels of 11B as well as the (11) — (00) 
transition in !2C are compared with the values predicted by the POT model 
as well as by the simple j j- and LS-models. Finally in Table 4.6 the ratio of 
the E(2) to the M1 amplitude is given. In the column labeled x (E2/M1 )* the 
E2 amplitude has been enhanced by assuming that both proton and neutron 
have an additional charge ap = a, = (1/2)e (see Section VIII.9 and Table 
VHI.9.1). 

From Table 4.4 listing the ft-values note that the simple j j- and LS-models 
differ substantially in their predictions from each other and from the more 
sophisticated Inglis, POT and 2MBE models. In Table 4.5 a similar comparison 
made for n(@'!B) and the (11) — (00) transition in !?C again demonstrates 
the inadequacy of the simple models. Once more we see that at the very least 
the wave functions for the states must be linear combinations of the various 
states with a given J and TJ, which can be constructed from the two-single 
particle p12, P3/2 States. Or in the language of LS-coupling, various states 
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FIG. 4.1. Some representative level schemes [(a) of 1°B, (b) of 14N, (c) of !3N, and (d) of 
12C] obtained using the POT and 2BME models. Column 1 is experimental, Column 2 
results from the POT scheme, Column 3 from the 2BME scheme. Each level is labeled by 
J and T. Levels with identification on the right were included in the energy fits while 
those with identification on the left were subsequently predicted from these fits [taken 
from Cohen and Kurath (65)]. 
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TABLE 4.2 Matrix Elements <jij2JT|V|jsjaJT> Determined 
Empirically in the 2BME and POT model? 


2. + ie) 2 (is + ja) J T POT 2BME 
6 6 0 1 —3.33 MeV —3.19 MeV 
6 6 2 1 +0.09 —0.17 
6 6 1 0 —3.44 — 3.58 
6 6 3 0 —7.27 —7.23 
6 4 2 1 —1.74 —1.92 
6 4 1 0 +3.21 +3.55 
6 2 0 1 —5.05 —4.86 
6 2 1 0 +1.77 +1.56 
4 4 1 1 +0.73 +0.92 
4 4 2 1 —1.14 —0.96 
4 4 1 0 —6.56 —6.22 
4 4 2 0 —4.06 —4.00 
4 2 1 0 +1.20 +1.69 
2 2 0 1 +0.24 —0.26 
2 2 1 0 —4.29 —4.15 

€1/2 +2.42 +1.57 
€3/2 +1.13 +1.43 


2 The matrix elements are labeled by (2/,; + 2/2), (273 + 2j4), J and T. €1/2 and €3/2 give the 
single-particle energies [taken from Cohen and Kurath (65)] 


with a given J and T that can be formed with differing values of Z and S enter 
into the description of a given nuclear state. Kurath (71) points out that the 
substantial difference between experiment and the simple j /- and LS-schemes 
show how greatly the ground state of !°C differs from spherical closed-shell 
nucleus predicted by both of these models. This conclusion is reenforced by 
the comparatively close agreement between experiment and the POT model. 
From Table 4.4 the simple LS-coupling appears to be most accurate at the 
beginning of the p-shell, that is, for the He decay. It is very much in error for 
14C and 14O decays. 

Again referring to Table 4.4 note that substantial differences occur between 
the Inglis, POT, and 2BME models. This is not always the case (see A = 6, 
12, 13) but, for example, in the A = 10 nucleus the difference is large and 
indicates in agreement with the experimental ft-value that the Inglis model is 
not valid for that nucleus. Comparing the POT and 2BME models is more 
difficult especially since the 2BME model contains more empirically adjusted 
parameters. Each model yields quite good agreement with the experimentally 


ALLOWED TRANSITIONS IN LIGHT NUCLEI; p-SHELL NUCLEI 795 


TABLE 4.3. Magnetic Moments in the p-shell in nuclear magnetons 


J EXP Inglis (a/k) POT 2BME (2BME)’ 

Li 2 1.653 1.326(1.5) 1.367 1.377 1.556 
Be 3/2 ~1.177 — .975(3.0) | —1.270 —1.324 
10B 3 1.801 1.768(4.5) 1.812. 1.812 
nB 3/2 2.688 1.910(4.5) 2.631 2.488 
BC 4/2 702 0.670(6.0) 757 .700 
BB 3/2 3.177 3.150 
14N 1 0.404 0.347(6.0) 0.331 0.326 


¢(2BME)’ refers to a fit using j j-type matrix elements including data from 6 < A < 16 
rather than only 8 < A < 16 as in 2BME. Taken from Cohen and Kurath (65). The under- 
lined value is from Kurath (71). 


observed magnetic moments, Table 4.3, with substantial improvements over 
the Inglis model. Agreement with the experimental transition strengths, Tables 
4.3 and 4.4, is generally better for the strong decays as compared to the weak 
decays. This is not surprising. The method should work best when a descrip- 
tion in terms of pi/2 and p3/2 orbitals is accurate. When these states give large 
transition probabilities, the contributions of the omitted small components 
involving for example excitations to the s and d shells can be omitted. But of 
course this is no longer correct when the transition probabilities are small. 

A major point of interest is the decay of !*C and !4O both of which are 
remarkably long-lived. The model results obtained are still far from the ex- 
perimentally observed (ft) values of 2 K 10° and 2 *.107. However, note 
that substantial improvement over the Inglis model is obtained in the 2BME 
model that gives 2.6 X 10° for both decays. Small changes in the wave func- 
tions and or small admixtures of s and d orbitals would provide the change 
needed for the almost complete cancellation to occur. This is the tenor of 
other attempts to understand this phenomena [Visscher and Ferrell (57), 
Sherr et al. (55)]. One is always suspicious of “‘accidental’”’ cancellations of 
this kind. Is there a symmetry principle operating here? 

Finally, the E2/M1 mixing ratios of Table 4.6 emphasizes the point made 
earlier (section VIII.9) that £2 transition probabilities agree more closely 
with experiment if the effective charge is increased, a, = a, = 1/2. This means 
that significant contributions to the wave function from outside the p-shell 
have been neglected; contributions that cannot be simulated by pi/2 and p3/2 
wave functions and a two-body interaction. 

One method for including configuration mixing effects is the use of a de- 
formed potential, that is, the Nilsson model. Filling up the single-particle 
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TABLE 4.4 ft Values in Units of 10% sec for Allowed Gamow-Teller Transitions 


Inglis 
Parent Daughter Exp LS ij (a/k) POT 2MBE 
Mass Iso- 
Number Spin J spin T Spin 
6 oOo 1 1 81 +.03 .73 1.32  — .74(1.5) 0.79 
8 2 1 2 ~~ 500 467 (1.5) 58.9 336. 
9 3/2 3/2 3/2 316 115 (3.0) 47.9 56.3 
5/2 50.1 112 (3.0) 97.7 89.1 
1/2 138 (3.0) 46.8 83.2 
3/2* 77.9 (3.0) 53.7 214 
5 /2* 725 (3.0) 115 51.3 
i oOo 1 1 1.0 73 1.32 6174.5)  .89 —-.87 
1* 63 +38 1.0 (4.5) 7.4 5.25 
2 1 1 + O 13.1 +01 3.96 13.5 (4.5) 14.2 12 
2 115 +410 63 (4.5) 69 95.5 
1 3.5413 41 (4.5) 4.5 4.3 
13 3/2 3/2 1/2 105405 3.3 6.2 (6.0) 9.2 7.8 
3/2 295434 2.6 24 (60) 52.5 38.9 
5/2 235 + 5.0 40 (6.0) 170 955 
1/2* 426488 81 
4 0 41 1 2 xX 108 73 6.58 10 (6.0) 28.2 263 
0 1 1 (21 40,310! .73 6.58 10 (6.0) 31 263 
1* = 1,20 + 0.15 0.91 


The final isospin equals T — 1. Taken from Cohen and Kurath (65), the underlined values 
from Kurath (71). 


levels yields an intrinsic wave function (see Section VI.I/ ) that when combined 
with the proper rotational wave functions yield the wave functions for the 
states. Such a model has been developed by Kurath (59, 65), Kurath and 
Picman (59), and Clegg (61, 62). In this model the ground state of !°C is 
oblately deformed, the p3/2 levels splitting with increasing deformation, both 
levels decreasing in energy from their zero deformation value. By comparing 
this fit of the p-shell nuclei with that obtained from say the POT fit discussed 
above, a measure of the expected effective charge can be obtained. The details 
of this comparison are discussed by Poletti et al. (67) with the result that 
Qp = ay, = 1/2 seem quite reasonable for the transitions in Table 4.6 con- 
sidering the limitations of the models. 


TABLE 4.5 M1 Transitions in ''B and '2C Compared with Experiment 
(from Cohen and Kurath (65) and Kurath (71)] 


Spectrum ‘ E 
7/2 6.74 
Ground state magnetic moment, yp 
3 /2* 5.02 | 
Exp POT 2BME dj LS 
5/2 4.44 —__—_— a = -aas —— 
2.69 nm 2.63 2.49 3.79 3.43 
1/2 2.12 
3/2 —— 0 
Transition 
(J; — Jy) By: (Exp) nm? By, (POT) nm? 
1/2 — 3/2 1.10 + .05 2.00 
5/2 > 3/2 0.53 + .05 0.53 
3 /2* — 3/2 0.99 + .07 1.31 
—+ 1/2 0.96 + .07 0.85 
—> 5/2 <2.4 + .2 2.84 
7/2 — 5/2 >0.005 0.01 
M1 Transition in !2C Compared with Experiment 
J E 
Transition By, (Exp) POT ji LS 
1+ 12.73 MeV re 
0+ —— 0 1—0 0.95 0.77 3.75 0 


TABLE 4.6 Experimental Values of the Mixing Ratio and Values Calculated from 
the Cohen and Kurath (65) Wave Function” 


Nucleus Transition x(E2/M1)* = x(E2/M1)® Kexe 
13C 3.68 — 0 —0.054 —Q.100 — (0.096_0.021t®-939) 
13N 3.51 > 0 +0.030 +0.068 +(0.092 + 0.02) 
15Q 6.18 — 0 0 —0.048 —(0.16 + 0.016) 
15N 6.32 — 0 +0.081 +0.122 +(0.12 + 0.015) 
1B 4.46 — 0 —0.123 —Q.224 —(0.20 + 0.02) 
uC 4.32 >0 +0.090 +0.204 +(0.17 + 0.02) 
14N 7.03 — 0 +0. 361 +0.722 +(0.60 + 0.1) 


¢ The values in the column labeled x* were obtained without enhancement of the E2 rate 
while the values in x° have been increased using an additional effective charge an = a, of 1/2. 
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5. ALLOWED UNFAVORED TRANSITIONS 


When the Fermi or the Gamow-Teller matrix elements differ from zero the 
transition is said to be allowed. The selection rules that must be satisfied are 
given in (2.26) and (2.27). The parity and spin selection rules are absolute 
but the isospin-selection rule is not because of the presence in nuclei of iso- 
spin-breaking interactions, such as the Coulomb interaction. Empirically the 
allowed transitions divide roughly into two groups—those which are referred 
to as superallowed discussed in Sections 2, 3, and 4 and those which will be 
discussed in this section. The superallowed transitions occur only in light 
nuclei, for only in that mass region is it possible to obtain good overlap be- 
tween the incident and final nuclei. This is illustrated in Fig. 2.5. However, 
in the 8-decay of medium and heavy nuclei the overlap cannot be as complete. 
In these nuclei the number of neutrons is greater than the number of protons 
and in the shell model different particle levels are occupied. In positron decay, 
in which the proton converts into a neutron, the final states that give maxi- 
mum overlap will generally be occupied. On the other hand in 6~ decay the 
final proton level will not be occupied but now there will be a mismatch in 
energy because of the Coulomb interaction that shifts this particular proton 
level in the heavier nuclei toward positive energies. 

The empirical evidence for these remarks is presented in Tables 5.1 and 5.2. 
Note that the log ft values are much larger than those which prevail for the 
data presented in Tables 4.1, 4.2, and 3.1. For these, except for the “‘accidents’”’ 
of 14C and !40, log ft ranges from about 3 to about 4. In terms of the single- 
particle value, the last column in Table 5.1 shows hindrance factors that range 
from 0.08 to 0.004. Table 5.2 provides a list of several nuclei for which the 
shell model decay is forbidden since selection rule (2.34) A/ = 0 is not satis- 
fied. These decays are called /-forbidden decays. It is to be emphasized that 
these decays are all allowed insofar as selection rules (2.26) and (2.27) are 
concerned. The explanation for the reduced values of the matrix elements can 
be understood in much the same way as the hindrance factors for electro- 
magnetic decays, discussed in Chapter 8. Take for example the case of /-for- 
bidden decay of *1Si into #!P. The shell-model state of #481 is a (d5/2)®, v(ds/2 )® 
(51/2)? d3/2. Through the action of the residual potential a d;;2 proton is excited 
into the s,/2 level (Fig. 5.1). The d3;. neutron can now decay into the resultant 
ds; proton hole. Just as in the / forbidden electromagnetic transition (Chapter 
VIII, p. 756) the residual interaction changes the nature of the ground state of 
the decaying nucleus so that the nucleus can decay. Configuration mixing in 
the final nucleus state may also contribute. In any event one can expect a re- 
duction in the matrix element for the decay from its maximum value since 
the state illustrated in Fig. 5.1b is only acomponent of the total wave function 
required to describe the ground state of *!Si. In analogy with the discussion 
of magnetic moments (Chapter VIII, page 759) it is possible to introduce an 
effective one-body operator including in this case the combination +_ [¢ Y2 ]. 


TABLE 5.1 Allowed Transitions among Odd-A Nuclei [Konopinski (66)] 


Hindrance 
Parent Daughter loguolfflexp |Mer|2exp Transition |Mer|*theo Factor 
356, Cla 4.98 0.048 dap > dejo 0.6 0.080 
37 Aig 17Cloo 5.04 0.040 d3/2, = d3/9 0.6 0.067 
$2C aos o19C24 5.94 0.005. Sie — fie 1.28 0.0039 
se lios 919C24 4.59 0.110 Sie — fir/2 1.28 0.086 
31 5Co8 291 197 5.06 0.038 Sije — fire 1.28 0.030 
49V/ 54 Tis 5.10 0.035 fry —> fro 1.28 0.027 
8'CO34 osNi33 5.20 0.028 Sie — fisjo 1.71 0.016 
85CUze osNi33 4.94 0.050 P3/2 — D3/2 1.67 0.030 
83735 o9CUg4 5.40 0.017 D3/2 — P32 1.67 0.010 
887N39 31Gage 4.37 0.186 Pi/2 — P3/2 2.67 0.070 
21Ge39 31G a. 40 4.30 0.219 Pi/2 — P3/2 2.67 0.082 
21 ASse 32G39 5.80 0.0069 Ssi2 —> f/2 0.71 0.0097 
27 AS44 349€ 43 5.76 0.0076 P3/2— Pi1/2 1.33 0.0057 
Bras 3490 43 5.36 0.019 P3/2 — Pile 1.33 0.0014 
81S 47 35BY 46 4.72 0.083 Pii2 — P3312 2.67 0.031 
344g $8 Brag 5.22 0.026 pi > Dare 2.67 0.010 
S3Br 4g 36K 0 47 5.13 0.032 Ps5/2 — Pise 1.33 0.024 
soMogg = SEN s0 5.72 0.0083 = p32 > Die 0.33 0.025 
22Nbs4 42M; 5.08 0.036 S912 > B72 1.78 0.020 
Nb 42MOs5 5.35 0.020 8912 > B72 1.78 0.011 
11TSNe1 491Neo 4.69 0.089 27/2 — B9/2 2.22 0.040 
121Sn 71 519070 5.00 0.044 d3/2 =a ds 2 2.40 0.018 
te ales 521 €69 5.05 0.039 ds/2 —> d3/9 1.60 0.024 
123S1173 519072 5.27 0.023 A312 — dsio 2.40 0.009 
127 Te 75 53k 74 5.66 0.0096 ds) =. ds /2 2.40 0.004 
13'CS1 54077 5.50 0.014 ds — ds /9 0.60 0:023 
132Xe7¢ 55S 78 5.58 0.012 As /2 =? ds 12 2.40 0.005 


TABLE 5.2 Apparent I-Forbidden Transitions Among Odd-A Nuclei 


[Konopinski (66)] 


Parent Daughter Transition logiolft)exp 
31Sii7 31P 16 As) — S1/2 5.51 
isPis $917 Sij2 —> A372 5.05 
oaNiss 39CUs4 fiz > Pie 6.56 
osNis7 39CU36 Ssi2 — Dayo 6.56 
302135 g3CUse S512 — Dare 7.34 
39CUsg 302037 D312 — S512 6.30 
320037 $1Gass Ssi2 — Dsi2 6.4 
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FIG. 5.1. /-forbidden decay of #!Si into #!P. 


Again we emphasize the sensitivity of these matrix elements to the nature of 
the residual interaction. 

The analogy with electromagnetic transitions can also be exploited to 
understand isospin forbidden 8 transitions. It will be recalled (Section 
VIII.11.B) that £1 transitions among low-lying nuclear states are inhibited 
because most of the strength of F1 transition is contained in the giant El 
resonances based on the low-lying levels. This could be deduced from the 
empirical fact that the sum rule for £1 transitions to or from the ground state 
was to a great extent exhausted by the giant resonance. A substantially 
similar situation prevails for B-decay, the role of the giant resonance being 
played by the isobar analog resonance; the matrix element affected is Mp 
[Blin-Stoyle (69) ]. 

The empirical situation is shown in Table 5.3 taken from Bhattacherjee 
et al. (67) as quoted by Blin—Stoyle (69). [The last column in this table will 
be discussed after (5.3) ]. This table is not exhaustive. Lists of values have 
also been given by Bloom (64, 66), Daniel and Schmitt (65), Behrens (67), 
and Damgard (68 ). There is considerable disagreement with respect to specific 
values but the order of magnitudes are all similar to that given in the Table 
5.3. We observe that the hindrance factor is of the order of 10—§, which is 
smaller in magnitude than the hindrance factors for El decay (Fig. 
VIII.11.6). On the other hand, consider the hindrance factors for the B- 
decays listed in Table 5.1. These transitions can also proceed via the Gamow- 
Teller matrix element Mgr (2.25) showing that this matrix element is at least 
an order of magnitude larger than My. Daniel and Schmitt give a table of the 
tatio M;/ Mer, which indicates that this result is fairly general. 

The relation of these observations to the existence of isobar-analog states 
will now be discussed. We briefly review the nature of the isobar-analog reso- 


ALLOWED UNFAVORED TRANSITIONS 801 


TABLE 5.3 Values of Mr for Isospin-Forbidden Decays 
[from Bhattacherjee et al. (67)| 


Parent Daughter 1; Ty [Mr] K 108) = | <WalHe yy > | (keV) 
20R 20Ne 1 0 2.0 + 3.5 12 +22 
24Na 4Mig 1 0 0.7 + 1. 2.6 + 3.7 
24 Al 4Mg 1 0 0.3 + 3.7 1.1 + 13.5 
oA HK 3 S 40 + 11.4 12.7 + 3.6 
44S 44Ca 1 2 84 + 3.0 16.7 + 6.0 
32Mn 52Cr 1 2 10 + 1.8 30+ 54 
38Co 56Fe 1 2 0.5 + 01 144 0.3 
STNi 57Co 5 5 6144 + 2.46 54+ 10 
S5Ni S5Cu 3 z 1.3 + 1.9 3.6 + 5.7 
156Ry 156Gq 15 14 1.02 + 0.05 3.34 0.2 
7Tu Z0Vb 144 15 1.03 + 0.15 25+ 0.4 
234Nip aU. 24 «8«025 4.2116 10.8 + 3.6 


nance restricting the discussion to those elements that are relevant for @-decay. 
A more complete discussion is given in Volume II. (See also Chapter I, page 
103.) The two nuclei of interest have Z-protons, N-neutrons, and (Z + 1)- 
protons, and (N—1)-neutrons, respectively. The first is called the parent. In 
its ground state it has an isospin (VN — Z)/2 labeled 7, and a value of T; = 
(Z — N)/2. In the present context we are concerned with a parent nucleus 
which 6-decays, although this is not generally true. The ground state of the 
resultant nucleus will have an isospin equal to (N — Z)/2 — 1, labeled Te. 
The energy levels of each nucleus are shown in Fig. 5.2 in the absence of the 
Coulomb interaction. Although the number of nucleons in both cases is the 
same and although charge independence is taken to be exact, the ground state 
of the smaller isospin lies lower. This is because the nuclear states with the 
smaller value of T will have a wave function that is more symmetric in space 
and spin and therefore more able to take advantage of the short ranged 
nuclear forces. The corresponding levels of the (Z, N)-nucleus are present in 


= Proton emission threshold 
“— occurs well above the neutron 
threshold when N > Z 


’ 


Neutron emission threshold 
Ca (energy-level spectrum is a 
continuum above this energy) 


T< (z+1,N—1) 


FIG. 5.2. Schematic energy-level diagram in the absence of the Coulomb interaction 
[taken from Feshbach and Kerman (67)]. 
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the (Z + 1, N — 1)-system; for the heavier nuclei they lie in the continuum 
above the threshold for neutron emission. However, they remain bound 
states because their isospin differs from that of the isospin of the continuum 
levels. When isospin is conserved, there is no connection between these bound 
states and the neutron unstable states. 

The introduction of the Coulomb force has three effects. Because of the 
Coulomb repulsion the entire spectrum of the (Z + 1, N — 1)-nucleus is dis- 
placed upwards (Fig. 5.3). Second, because of the repulsion, the protons are 
more readily emitted, and the proton threshold is lowered with respect to the 
neutron threshold. The 7, states in the (Z + 1, N — 1)-nucleus are the analog 
of the low-lying levels in the (Z, N)-nucleus. They can be observed for ex- 
ample in the elastic proton scattering by the (Z, N — 1)-nucleus where their 
presence results in a narrow resonance. The narrow width indicates the weak 
coupling between the 7, and the T< states. In the light nuclei these analog 
levels are stable against particle emission. We restrict the discussion to the 
heavier nuclei where the situation illustrated in Fig. 5.3 obtains. A third 
effect of the Coulomb repulsion is the loss of isospin purity. The T, and T< 
states will no longer be exact eigenvectors of the operator T?, that is, the 
Coulomb force will mix in components with other values of T so that the wave 
functions will have an “isospin impurity.”’ Thus the states JT, will now have 
T< admixtures. Since the isospin-symmetry breaking interaction is weak, a 
perturbative calculation of the admixture will suffice. 

In the preceding discussion the situation pertaining to 8- emission has been 
described (Fig. 5.4a). A similar effect can also occur for 6+ emission from the 
excited state of the daughter nucleus to the‘parent state as illustrated in Fig. 
5.4b. Since the Coulomb interaction is a tensor in isospin space (Chapter I, 
p. 33) the isospin of the decaying level can differ from the analog state by as 
much as two units. Of course the value of 7; remains at — (T — 1). Note that 
the magnitude of the matrix element of the tensor component of the Coulomb 
interaction is smaller than that of the isovector component, which is much 
smaller than that of the isoscalar component. 

To see the importance of this phenomenon for the Fermi matrix element, 


27 
27s 
ZFS 
Pe a 
“7 e . 
27 age Neutron emission 
PDs threshold 
LoeseF — 
22 ee Proton emission 
es | threshold 
(2,N) (Z+1,N—1) 


FIG. 5.3. Schematic energy-level diagram in the presence of Coulomb interaction 
[taken from Feshbach and Kerman (67)]. 
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Analog of 8B” decaying state 
| T= M4 13+ -(T-1) 


a oe Analog of final state 
T= M2 132 -(T-1) 


T! 


(Z,N) 


2 (b) 
rete 


T3 = -T 


FIG. 5.4. Influence of isobar analog state on g* decay. 


consider the 6- decay of the, ground state of a (Z, N)-nucleus to the (Z + 1, 
N — 1)-nucleus (Fig. 5.4a). 


Mr = Wy; |TOY:) 


In the absence of the Coulomb interaction, that is, when y; has a definite 
isospin, Ty, is a state with the same isospin in the (Z + 1, N — 1)-nucleus. 
These are just the analog levels. These analogs because of their high energy 
cannot serve as final states. Energetically the transitions can only go to the 
Tz less states for which My then vanishes. In another language the transition 
strength is, in the absence of the Coulomb interaction, entirely concentrated 
in the analog state Ty, with the consequence that the matrix elements for 
transitions to other nuclear states are zero. Transitions occur only because 
of the isospin impurities in the nuclear states. Thus the observed decays are 
often referred to as “isospin-forbidden 8-decays.”’ 

Let us calculate the contribution to M, originating in the isospin impurity 
of the wave function given by the overlap of ¥,; with the analog state wy: 


vy =V(T-—1,T7; = T—1)4+ Wally WaT, T —- 1) (5.1) 


The contribution of the isotensor Coulomb term is not included as it is ex- 
pected to be of a much smaller magnitude. We obtain (W4|¥;) by perturbation 
theory: 


Hw | 
Walvs) = — Wal 2a AE = E, — FE; (5.2) 
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where H, is the isospin symmetry breaking potential. Its principal component 
is the Coulomb interaction. AE is the energy difference between the analog 
state and the final state y,. Then 


es (bal Habs) . 
[Mp|? = | APE) | wal Tv)? 
_ = (Wa | Hops) ; 
= TT + 1) — T3043 + 1)]) eal ie 
Finally, 
2 _ (ba| Hos) : 
|Mr|? = 27 |" (5.3) 


From the empirical value of |M,|? and AE one can now obtain the value of 
the matrix element of the isospin breaking interaction H,. These are given in 
Table 5.3. One word of caution. The very small values of | M@y|? may not be 
accurate because of the possibility that the transition will proceed via a second- 
forbidden transition that is present when finite wavelength of the electron 
and neutrino are taken into account. Since AE is of the order of 10 MeV it, 
follows that the isospin impurity as measured by (Wu|y,;) as given by (5.2) 
will be of the order of 10-%, thus providing evidence of the isospin purity of 
these states. We also see that the diagonal matrix elements of H. which give 
the nuclear Coulomb energy are very much larger than the nondiagonal ones. 
This conclusion also follows from the narrowness of the analog resonances, 
since the lifetime of these states is determined in part by the coupling of the 
analog state via H,. This point is emphasized by Fujita and Ikeda (66a) who 
establish the connection of the analog width and M,. 

The theoretical calculation of the My from a nuclear model provides a test 
of these models. For a summary of the recent work in this field see Blin— 
Stoyle (69) as well as the papers of Fujita and Ikeda (65, 66a, 66b ). 

The hindrance factors for the Gamow-Teller matrix elements do not have 
as obvious an explanation as that for My. Fujita and Ikeda (66a) propose 
the existence of an analog resonance connected to the parent state by the 
application of the Gamow-Teller operator 


DL 8(i)r*(i) 


to the parent state in analogy with the analog resonance state discussed above 
that was formed by applying T“™ to the parent state. In order that the effect 
not be as pronounced as on the Fermi case, the width of this resonance would 
have to be of the order of a few MeV as is clear from 5.2 and Table 5.1. In 
the isobar-analog case the analog involves the production of a constructively 
interfering proton particle-neutron hole states with J7 = O+ and T = 0. 
Similarly in the Gamow-Teller case the particle-hole combination would 
have J™ = 1+, 7 = 1. 
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In general the hindrance factors will come from configuration mixing. The 
Fujita-Ikeda hypothesis is one possibility. It would be interesting to see if 
their analog resonance can be observed directly as in the case of the isobar- 
analog resonance. 


6. ORBITAL ELECTRON CAPTURE 


This process has been briefly mentioned at the beginning of Section 2. The 
elementary one-body transition involved. 


pte—-nt»y (6.1) 
is closely related to positron emission 
pont+ets+»y, (6.2 ) 


Of course the latter cannot occur in free space because the neutron’s atomic 
mass is greater than the proton’s. However both processes are possible in nuclei 
if Eo the energy release as given in (2.4) and (2.5) is greater than zero: 


E, = [M(Z,N)—-— M(Z -—-1,N+4 1) — 2m]c? positron emission (6.3 ) 
E, = [(M(Z,N) — M(Z — 1, N+ 1)]c’? orbital capture (6.4) 
Since 
E> (orbital capture) = E, (positron emission ) + 2mc? 

— electron binding energy (6.5) 


it follows that there will be decays in which orbital capture will be energetically 
allowed but positron emission will be forbidden. This is the case in the decay 
of 387A: 


STA 4 e- —> SIC] + », (6.6) 


The energy release in this process is 0.81 MeV, not sufficient for positron emis- 
sion. On the other hand, when positron emission is possible, capture can al- 
ways occur. The ratio of the probabilities for these two processes is, as we 
shall see, independent of the nuclear matrix elements My and Mgr. 

A second difference occurs because reaction (6.6) involves a two-body 
final state whereas positron emission involves a three-body final state: the 
positron, the neutrino, and the daughter nucleus. The energy of the emitted 
positrons thus form a continuous spectrum extending up to Ep (see Eq. 2.9). 
The energies of the neutrino and the recoiling nucleus in capture are unique. 
If the momentum of the neutrino is E,/c the momentum of the recoiling nu- 
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cleus is also E,/c and the recoil energy is (neglecting the binding energy of the 
electron ) 
Ey? 


| ee 
* IMye2 


(My = nuclear mass ) (6.7) 


while 
ER oi E, = Eo 


Neglecting Er in this equation so that EF, ~ E, and 


2 
= 139~ eV (6.8) 


where ¢€o is Ey in units of mc?. For the 3A case of (6.6) where the energy re- 

lease is 0.816 + 0.004 MeV, Er equals (9.67 + 0.08) eV, which is to be com- 

pared with the experimental value of (9.63 + 0.06) eV of Snell et al. (55a, 

55b ). Observing this recoil and its unique energy is a demonstration of the 

existence of the neutrino, assuming of course the conservation of linear mo- 

mentum. For a summary of these experiments see Kofoed—Hansen (65 ). 
The transition probability per unit time for orbital capture is given by 


dk, 
(27)? 


dw. = = | Hy; |? 6(E) — E,) (6.9) 
Sums over the final spin states and averages over the initial must be performed. 
In comparing with positron emission, we note in that case the sum over the 
spin of positron was required whereas with present case an average over the 
spin of the capture electron is needed. However in K-capture, that is, capture 
of an electron in a K-orbit, note that there are two electrons in the K-orbit 
with opposite spin orientation. Since both of these contribute, the averages 
and spin sums give rise to identical factors for both cases. There are differences 
of course: for example, the electron density at the nucleus differs from that of 
the positron. Following (2.10) we write in the present case 


| Hy:|? = g?p| My: |? 


where p is the orbital electron density within the nucleus. We shall discuss it 
later. | M;,;|? is given by (2.23). Integrating (6.9) over k, yields 


2 T2 h, \3 e 
Wk = ied = (=) p| M;;|%e,? (6.10) 


where I is the dimensionless coupling constants (2.11), and «, 1s the neutrino 
energy in units of mc?. We have used the subscript, K, to indicate (6.10) 
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applies for capture from the K-orbit. The ratio of the K-capture probability 
to that for positron emission is from (2.17) given by 


WK 212 (h/mce )* pe,” 
Wet 7 f(-Z, R, €o) 


(6.11) 


This ratio is independent of the details of the weak interaction but it does 
depend upon properties of the nuclear systems through the density p. This 
result is reminiscent of the situation that prevails for the internal conversion 
coefficient of Section VIII.10. In analogy to that case, nuclear information is 
more easily extracted if the 6 decay matrix elements are unusually. weak. 

The density factor (h/mc)%p determines the overall behavior of wx with 
the nuclear charge. Using the nonrelativistic expression (2.13) for p at the 
nuclear center 


oe (6.12) 


where a> is the Bohr radius yields 


3 
(=) p= y (aZ )8 
mc 7 
where a is the fine structure constant. This yields the obvious result that the 
K-capture probability grows with increasing Z, reflecting the increasing attrac- 
tion between the K-electron and the nucleus as Z increases, which leads to an 
increasing orbital electron density at the nucleus. The branching ratio (6.11) 


can also be evaluated in the limit of large eo, for then the simple limiting result 
(2.19) is valid for positron emission. One obtains 


3 
WK/Wet or 607 (*2) (6.13) 
showing that for large energies positron emission becomes relatively more im- 
portant. The source of this more rapid dependence of w,+ on energy 1s 1n the 
three-body final state nature of the 6+ decay. The “phase space’’ for three 
body increases more rapidly with increasing energy than the two-body final 
state ““phase space.” 

These features can be seen in the calculated branching ratios for allowed 
transitions shown in Figs. 6.1 and 6.2 [Feenberg and Trigg (50) ]. The simple 
density (6.12) is replaced by its relativistic counterpart, a correction that is 
especially important for heavier nuclei. More precise atomic electronic wave 
functions that take screening and finite nuclear size into account have been 
in use in calculations of capture. For a critical review see the papers by Bou- 
chez (52, 60) and Berenyi (63 ). The substantial agreement with theory is in- 
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logiof 


FIG. 6.1. The wx/w.+ ratio low energy. [taken from Rose (60) attributed to Feenberg 
and Trigg]. 


dicated in Table 6.1 given by Bouchez. Tables of the ratio (6.11) are given by 
Gove and Martin (71). 

It is of course possible to capture electrons from L and higher orbits. Since 
electrons in these orbits are more weakly bound than the K-electrons there 
will be a range of energies for which K-capture will not be energetically allowed 
and L-capture will be. Outside of this relatively small energy range K-capture 


TABLE 6.1 The Ratio of K-Capture to the Positron Emission Transition 
Probability [from Bouchez (60)] 


Parent (wx/We +) (theory) (wx/w*) (experiment) 
18R 0.029 0.030 + 0.002 
48 1.066 0.068 + 0.02 

52Min 1.77 1.81 + 0.07 

107Cq 310 320 + 30 


11S p 1.5 2.9 + 0.25 
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logiof 


FIG. 6.2. The wx/w.+ ratio high energy. [taken from Rose (60) attributed to Feenberg and 
Trigg]. 


can be expected to be more probable than L-capture since the overlap of the 
nuclear and electronic wave functions will be more complete for the K-electron. 
For details see Brysk and Rose (58) and Gove and Martin (71). 

Another phenomenon associated with orbital capture is electromagnetic in 
origin. There are of course x-rays that are generated when the hole left in the 
K-shell by the capture is filled by orbital electrons. But in addition radiation 
is generated because of the change in nuclear charge from Z to Z + 1. This 
is present in both K-capture and §-decay and is referred to as “inner 
bremsstrahlung.” It is of some importance in K-capture because the maximum 
energy of the radiation equals the energy released in the decay. Measurement 
of this end point provides the most reliable method for determining FE, in K- 
capture. For a review see Petterson (65). 

As a final comment we note that orbital electron capture is one example of 
a widespread phenomenon of absorption of an orbital particle by an atomic 
nucleus. Other examples involve the u~, 7—, K—, and the antiproton. The first 
of these also involves the weak interaction and will be discussed in this chapter . 
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(Section 18). The others involve the strong interactions and will be described 
in Volume II. In each case the particle is captured in an outer atomic orbit 
and by ordinary atomic radiative transitions descends to orbits of smaller 
and smaller radii until because of its interaction with the nucleus is absorbed 
by it. In each case the absorption transition probability per unit time depends 
upon the overlap of the atomic orbital wave functions with the nucleus. This 
is true not only for the absorption but also for the x-rays emitted as the particle 
changes orbits, since these orbits eventually lie within the nucleus. In either 
event, absorption or x-ray energies, information on nuclear structure can be 
extracted. 


7. ANTINEUTRINO ABSORPTION 


An obvious variant of orbital electron capture of (6.1) is antineutrino absorp- 
tion. The elementary process is 


pt+peont+et (7.1) 
Another example is 
n+veopt+e (7.2) 


Processes (7.1) can be observed for a hydrogen target if the energy of the 
antineutrino is sufficiently large. Both processes can be seen if the target is a 
nucleus 


(Z,N) +77 (Z-—1,N+1)+ et (7.3) 
while (7.2) in nuclei leads to 
(Z,N) +»y—7(Z+1,N-—1) +e (7.4) 


The antineutrino needed for reaction (7.3 ) are produced plentifully in reactors. 
Here the principal 8-decays are from neutron-rich elements so that the rele- 
vant decay process 


(Z,N)-(Z+1,N—-—1) +e +5, 
Another source of electron neutrinos is the decay of y-mesons: 
we + e+ ry 
(7.5) 
per = Ve ARF. 
However, nuclear experiments with these neutrinos lie in the future as this 1s 
written. 


Antineutrino (.) absorption has been observed, the target material in one 
experiment being CdCl,, the antineutrino source, the Savannah River high- 
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flux reactor. The most recent experiment of this type that was initiated by 
Cowan, Reines et al (56) was performed in 1966 by Nezrick and Reines (66) 
who obtained the absorption cross section 


exp = (0.94 + 0.13)10-4 cm? 


One of the problems in this measurement, and we mention it because it is 
common to all measurements of neutrino-induced reactions, is the determina- 
tion of the incident antineutrino flux. In this case it is necessary to determine 
this flux as generated by the reactor in question. 

It is easy to derive the cross section for antineutrino absorption. The result 
will suffice; the details are left as an ‘‘exercise”’ for the student. It is 


272 
GC = (*) —. | M;:|%e €? = ] (7.6) 
Tv 


where ¢ is approximately the positron energy in units of mc’. 

In the discussion thus far it has been tacitly assumed that the antineutrino 
emitted in neutron decay differs from the neutrino emitted in proton decay 
(2.2). There is no necessity for this assumption and indeed Majorana (37) 
developed a theory in which the neutrino and antineutrino are identical par- 
ticles. If this were the case the inverse of the reaction 


s7A + e~ — 37C] + yp 
namely 
IC] + vy — FIA + 7 


could be induced by antineutrinos as well as neutrinos. Since the reactor pro- 
duces antineutrinos as discussed above, the Majorana hypothesis can be tested 
by seeing if *“Cl would absorb reactor antineutrinos. This experiment was 
performed by R. Davis (55) who found a cross section of (0.1 + 0.6) X 
10-45 cm? that is to be compared with the cross section 2 K 10-4 cm? calcu- 
lated from (7.6). Thus, to within background errors arising from neutrinos 
developed from the decay of cosmic-ray muons, the neutrino and antineutrino 
do differ. 

We shall discuss other experiments yielding the same conclusion such as 
double 6-decay later in this chapter. 


8. ELECTRON-NEUTRINO ANGULAR CORRELATION 


In calculating 6-decay lifetimes in the preceding sections we have summed 
over the spins and directions of emission of the electron and neutrino. In this 
section we shall investigate the dependence of the transition probability on the 
angle between the direction of motion of the electron and of the neutrino. We 
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shall see that this dependence provides important information on the nature 
of the weak interaction. This electron—neutrino angular correlation is experi- 
mentally determined by measuring the angular correlation between the elec- 
tron and the recoiling nucleus to which it is directly related because of the 
overall conservation of momentum and energy. For a description of these 
experiments and a summary of results see Wu and Moszkowski (66). 

Let us begin by describing on an intuitive basis the origin of the correlation, 
and for simplicity let us begin with the Fermi matrix element. In that case it 
will be recalled (see page 785 ) that the electron antineutrino pair are emitted 
in a singlet spin state (S = 0), that is, their spins are antiparallel. Suppose 
(Fig. 8.1) that the electron is emitted in a given direction with negative helicity, 
that is, the spin of the electron is opposite to its direction of motion. If the 
antineutrino has positive helicity, its spin will cancel the spin of the electron if 
it moves in the same direction as the electron only as shown in Fig. 8.la. 
Hence more generally we expect that under these circumstances that-it will be 
more probable for the electron and neutrino to be emitted in the same direc- 
tion. In terms of the canonical form for the angular correlation to be derived 
in Section 11 


1 + ape’ p> (8.1) 


where p, and p; are the electron and neutrino momenta, the constant a is 
positive. On the other hand, if the antineutrino helicity is negative the electron 
and neutrino go off in opposite directions as shown in Fig. 8.1b. The net 
angular correlation will thus depend upon which is more probable, the emis- 
sion of a positive or negative helicity antineutrino, a matter of some importance 
for the fundamental B-interaction. These conclusions are not changed if the 
electron has the opposite, that is, positive helicity, the relative helicity being 
the crucial element. If it is more probable for the antineutrino to have a helicity 
opposite to that of the electron, the constant a is positive for the Fermi transi- 
tion. 

Turning next to the Gamow-Teller case in which the electron—neutrino 
pair are emitted in an S = | state, it is clear from Fig. 8.2 that the constant 
a is positive if emission of the antineutrino with the same helicity as the elec- 
tron is more probable, negative if the emission with opposite helicity is more 
probable. 

This is as far as we can go without a more detailed description of the p- 
interaction, which will shortly be given (Section 11). But the qualitative dis- 


(a) (b) 
FIG. 8.1. Electron-neutrino angular correlation for a Fermi transition. 
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(a) (b) 
FIG. 8.2. Electron-neutrino angular correlation for a Gamow-Teller transition. 


cussion given above permits us to conclude the following from the experi- 
mental results: for both Fermi and Gamow-Teller transitions it is more 
probable for the antineutrino and the electron to have opposite helicities; that 
is, the constant ain (8.1 ) is positive for Fermi transitions, negative for Gamow-— 
Teller transitions. The analogous result holds for positron emission. In that 
case, the helicity of the positron and the neutrino are opposite. 


9. THE HELICITY OF THE NEUTRINO, ELECTRON POLARIZATION 


A most important property of the 6-ray interaction is that the neutrino (or 
antineutrino ) emitted in a 8-decay has a definite helicity. A priori it would be 
expected that the antineutrino of Fig. 8.1 could have both helicities illustrated. 
This is not the case; the antineutrino exists in only one helicity state, that 
shown in Fig. 8.la. It is possible to demonstrate this fact directly for the 
neutrino. An ingenious experiment for this purpose has been devised and 
performed by Goldhaber, Grodzins, and Sunyar (58). The first element is a 
neutrino source for which the neutrino direction of motion can be determined. 
This is provided by a K-capture neutrino, the direction of the neutrino emis- 
sion being determined by observing the direction of motion of the recoiling 
nucleus (Section 6). A second element is the associated emission of a gamma 
ray, whose helicity is directly related to the helicity of the neutrino. The helicity 
of the gamma ray, that is, its circular polarization can be determined by its 
transmission through magnetized iron. 

The reaction used by Goldhaber et al. is shown in Fig. 9.1. The helicity of 
the photon emitted in the transition !52Sm* to 152Sm is related to that of the 
neutrino by the conservation of angular momentum. In this experiment the 
helicity of the photon whose direction of motion is opposite to that of neutrino 
is determined. Choosing the neutrino direction to be the “z’’-direction, the z- 
components of the angular momentum of the K-electron, neutrino, and the 
spin of 152Sm* must satisfy the following equation 


(spin of Ketectron )z = (spin of neutrino), + (spin of 15?Sm*), 


Thus if the helicity of the neutrino is —1, the component in the z direction of 
the spin of 15*Sm* is either 0 or 1. The emitted gamma ray must then have a 
helicity of 1 in order to deexcite the (+1) substate of 15*Sm*. This can be most 
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J=0: IS2ey 
K capture 
Jet 152. Sm* 
y 
J=0O* IS2Sm 


FIG. 9.1. Decay scheme for !52Eu. 


readily seen from the overall balance since the spins of the initial and final 
nuclei are zero. Hence 


(spin of K..), = (spin of neutrino), + (spin of photon), (9.1) 


Thus if the neutrino has a negative helicity, the photon must have a positive 
helicity if (9.1) is to be satisfied (Fig. 9.2). Of course if the helicity of the 
neutrino is not definite, that is, if there is an equal probability for the emission 
of a neutrino or negative helicity, the photon will also show no definite 
helicity. 

For a description of the experiment and the way in which the various ex- 
perimental conditions were met see the original paper [Goldhaber et. al. (58 ) ]. 
The results show that the neutrino has an excess of negative helicity, the 
amount being very close to a value that would be obtained if the neutrino 
helicity were exactly —1, that is, the results show that the neutrino is left 
circularly polarized. 

An immediate consequence of the results quoted in the preceding section is 
that in'a positron decay the positrons are polarized since in the decay the 
helicities of the positron and neutrino are opposite. Moreover the polarization 
of the positrons should be positive. Applying a similar analysis to the electrons 
emitted in 8— decay, the polarization of the electrons is negative as in Fig. 8.1. 
These electron and positron polarizations have been measured by a number 
of methods summarized by Wu and Moskowski (66) and these conclusions 


neutrino photon 


FIG. 9.2. Angular momentum conservation in the decay of !5Eu. 
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verified. The polarizations are of the correct sign and of the order of magni- 
tude v./c where v, is the velocity of the electron or positron.* 

But there is still another consequence. Our world is one in which all neu- 
trinos are left circularly polarized. There are no right circularly polarized 
neutrinos. The state (e.g., right circularly polarized neutrino ) obtained from 
one known to exist (e.g. left circularly polarized neutrino) by reflection 
(r — —r) is not realized in nature. Thus states that remain unchanged under 
reflection cannot be prepared. In other words parity is not conserved in the 
weak interactions. 

As discussed earlier, the “fall of parity” was first clearly observed: in the 
classic experiments of Wu et al, (57). We turn now to this experiment that 
involved the 8 decay of a polarized nucleus. 


10. THE *“*FALL OF PARITY’’; B-DECAY OF A POLARIZED NUCLEUS 


This writer remembers with great vividness the excitement that swept the world 
of physics upon the discovery that parity is not conserved in the weak inter- 
actions. The possibility had been voiced by many in connection with the 
7-0 puzzle. In more modern terminology the neutral kaon was found to have 
two modes of decay, with two pions and three pion final states, respectively, 
with a short (S) and long (L) lifetime. 


But these two final states were found to be of different parity (the pions are 
in S-states and have intrinsic negative parities ). A parity-conserving model 
in which there were two kaons whose masses were accidentally equal was 
suggested. It was the brilliant suggestion of Lee and Yang (56, 57) that by 
examining the weak interaction of other systems the issue might be resolved. 
Implicit was the concept that the weak interactions had universal properties; 
that is, if parity is not conserved in K-decay it is not conserved in nuclear 
B-decay. 

Let us briefly discuss the notion of parity conservation. In an elementary 
form it states that, by operating on an eigenstate WY of a Hamiltonian H with 


*It is interesting to note that the first evidence for the polarization of B-ray 
electrons is present in the early work of Cox et al. (28). However the effect was 
small and uncertain because of several technical problems. 
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the inversion operator R(R#1xR = —x), a new state RW is formed that is 
also an eigenstate of H. The condition on H which must then hold is 


[R, H] = 0 (10.1) 


From this condition it follows directly (see Volume II) that the transition 
operator* 3 commutes with R and, therefore, that the transition operator is 
invariant under inversion if parity is conserved: 


[R, 3] = 0 
or 
R23R = 3 (10.2) 
3 generally will be a function of momenta and spin operators; 3(p, 6). Result 
(10.2 ) reads 
R'3(p, 6)R = 3(—p, 6) = Ip, 8) (10.3 ) 
since 
R'pR = —-p and R'16R = ¢ (10.4) 
Result (10.3) holds only if parity is conserved. We can now see formally why 
the experiment of Goldhaber et al. (58) demonstrates the violation of parity 
conservation. The nondegeneracy of the nuclear states involved is assumed. 


The quantity describing the spin state of the emitted neutrino is the expectation 
value of (6-p/|p| ) that is 


4) é-p é-p , o-p 

—) = Wrl — ler) = vil — [5¥e) = Wil S™— 5[ ve) 

Cr er asad P| P| 

This result holds for a given initial state. Averaging over the initial state yields 
é-p\ Das Wil 5+ (6-p/ |p| )3lyi) _ tr 3'(6-p/|p|) 
—=—j)- ve eee SBS ee a“ (10.5 ) 
|p| Doi Wil vs) trl 


Assuming parity conservation, that is, 3 can be replaced by R-143R according 
to (10.3) so the numerator of (10.5) can be written 


6: 6: 6: 
tr RostR P RogR = tr stR oP RO = — tat 2? 5 


|p| |p| |p| 


*3 is the operator whose matrix elements between initial and final states 
gives the transition amplitude. 
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In obtaining this result the theorem tr AB = tr BA and (10.4) were used. As a 
result we have 


Or 


(=?) = 0 ___ if parity is conserved (10.6 ) 


In general for any operator O(p, ¢) 
(O(p, 6) = (O(—p, ¢)) if parity is conserved (10.7) 


In the experiment of Goldhaber et al. ((6-p/|p| )) for the emitted neutrino 
differed from zero, being in fact negative. Hence, parity is not conserved. 

This rather heavy-handed proof furnishes the justification for saying that 
the nonzero expectation of a pseudoscalar quantity demonstrates the noncon- 
servation of parity. 

In the experiment of Wu et al (57), the pseudoscalar quantity investigated 
p.-J where p, is the momentum of the emitted electron and J is the spin of the 
emitting nucleus that is polarized by placing it in a suitable environment. The 
decay scheme of the radioactive nucleus employed ®°Co is shown in Fig. 10.1. 
The nucleus was lined up by the strong internal magnetic field of the crystal 
[2 Ce (No3)3-3 Mg (NO3)2; 24 H2O ]. It was found that (p.-J) is negative, 
that is, there is a preferential emission of electrons in the direction opposite 
to that of the nuclear spin, proving that parity is not conserved. 

This result can be readily understood in terms of the angular momentum 
balance, the positive helicity of the antineutrino and the electron negative 
helicity. The ®°Co transition is from a J = 5 toaJ = 4 state. Thus the elec- 
tron antineutrino pair must have a unit angular momentum in the direction 
of the ®Co spin. The balance is shown in Fig. 10.2. In order to obtain the 
total spin of unity the antineutrino must travel in a direction along the direc- 
tion of the nuclear spin, the electrons in the opposite direction. Again this 
conclusion can be tested by measuring the electron polarization. 


Decay scheme of ©°Co 


FIG. 10.1. Decay scheme for ®°Co. 
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FIG. 10.2. Angular momentum balance in 8 Decay of Co. 


11. FORMAL £-DECAY THEORY 


It is time to make the arguments of the preceding sections more precise and 
quantitative. For this purpose it is necessary to formulate a theory of @-decay. 
In this section the historical pattern will be followed, but in later sections it 
will be shown how the consequent description is part of a universal theory of 
weak interactions that applies not only to nuclear 6-decay but also to the 
decay of relatively long-lived baryons (e.g., A — p + w~) of mesons (e.g., 
at+— p+ »v,) and of the muon (u- > e~ + », + ¥). 

The theory as first developed by Fermi (34) was patterned after the field 
theory of quantum electrodynamics. In analogy with that theory the starting 
point is a postulated interaction Hamiltonian density 3C expressed in terms of 
the electron—neutrino and nucleon fields. The Hamiltonian density is taken 
to be Lorentz invariant. (For interactions that do not involve derivative 
couplings, Lorentz invariance of the interaction Hamiltonian density follows 
directly from the Lorentz invariance of the Lagrangian density ). The Lorentz 
invariant forms we shall employ are suggested by the electromagnetic inter- 
action Hamiltonian density: 


e : 
R= —-)) fA, (11.1) 
Cc Le 


where j, is the four-vector current and A, is the four-vector potential. The 
current itself is a bilinear form. Non-relativistically the convection current 
(VIII.2.3) is 


aA 


h A A A A A 
j= am (y*Vy — yVy*), p= 
Im 


Relativistically (the Dirac equation and operators are described in the ap- 
pendix p. 910) 


ju = ioby (11.2) 
where . 
vy = vy 
j= clay p= Vy (11.3) 
The Hamiltonian density in terms of (11.2) is 3, = — ie DY Wry 


Since the operator y destroys (creates ) an electron (positron ) and y does the 
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e 


FIG. 11.1. The e-ey electromagnetic vertex. 


reverse creating (destroying ) an electron (positron ) the structure of (3C,) can 
be represented by the diagram of this elementary vertex as illustrated in 
Fig. 11.1. 

The corresponding diagram for 6- decay is shown in Fig. 11.2. Comparing 
the two figures suggests an analogy between the electron-—electron combina- 
tion of Fig. 11.1 and the proton—neutron lines of Fig. 11.2, with the photon 
line of Fig. 11.1 replaced by the electron—neutrino combination. [In principle 
it is possible to associate the electron and proton line and the neutrino and 
neutron lines, for example. However it can be shown that this produces no 
real change in %, if the original form is sufficiently general. The transformation 
that proves the identity of the various possible pairings in Fig. 11.2 is known 
as the Fierz transformation (Good (55)).] This analogy suggests that forms 
bilinear in the nucleon fields and in the lepton fields be contracted to form 
the Hamiltonian density. For example one such term could be 


DX vovdaberuy + hee. (11.5) 


where h.c. = hermitian adjoint. In the first term of (11.5) the fields have the 
following effects: db, creates an antineutrino or destroys a neutrino, Ye creates 
an electron or destroys a positron, y;, destroys a neutron or creates an anti- 
neutron, and Vp creates a proton or destroys an antiproton. The processes 
that the first term in (11.5) can describe include 


n—>ptpe + ec 
Ve Th Dee 
erf+n—->pt+ 3, 

prmn+7y +e 


The expansion of a spinor field in creation and destruction operators that 
lies behind this statement is 


v= >) WYO, 5)éys + YOO, 5)bty 5] (11.6) 
p,S 


n 


oe 
p = 


FIG. 11.2. The weak interaction vertex. 
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Here y+ (p, s) is the positive energy solution of the Dirac equation with mo- 
mentum p and “z’’-component of the spin, s, while y~ is the negative energy 
solution. The operator 4,,, destroys an electron of momentum p in spin state 
s described by wave function y“ (p, s) while bts creates a positron of mo- 
mentum (—p) spin state —s, whose wave function is obtained from y™ (p, s) 
by charge conjugation 


ve = —rv2lY(, s) F (11.7) 


The abbreviation “h.c.’’ requires the addition of the hermitian adjoint 
operator in order that the total expression be hermitian. In the case of (11.5) 


hc. = >> VarebWrabe (11.8) 


In one of the transitions such a term describes, a positron, neutrino, and neu- 
tron are created and a proton destroyed; in other words, positron B-decay. 
There are many other invariants that can be formed besides (11.5), the 
analog of the electromagnetic case (11.4). To classify these it is useful to list 
the various bilinear combinations with specific behavior under a Lorentz 
transformation. We shall omit subscripts for the field operators since this 
classification will apply to both the baryonic and leptonic fields. 


TABLE 11.1 Bilinear Covariants 


Scalar y 
Vector Yu y 
Tensor } 


Axial vector 


Gp Gp Gp Gp Sp 
: 
<< 


Pseudoscalar 


The pseudoscalar behaves like a scalar under a Lorentz transformation. 
However under an inversion (r — —r) it changes sign. Under an inversion 


v a vay 
so that 
vrs > brassy = —drw 


Similarly the space components of the axial vector do not change while the 
fourth component changes sign: 


Wrevsw =2 WV ave sy = Vruvsw 


Pray > vray = —bvarl 


FORMAL 6-DECAY THEORY 821 


This behavior under inversion is opposite to that of a four vector. 
A combination of terms of the form 


>; VoraWe (Crp + CVn s Ww, a 1.9 ) 
Be 


where Cy and Cy. are constants, is Lorentz invariant. It is not invariant against 
an inversion and thus will not conserve parity. 

It will be convenient for later considerations to use nucleon wave operators 
instead of specifying whether one is dealing with a neutron or a proton. This 
is simply done by introducing the appropriate isospin operators so that in 
(11.5), the wave operator y is now being a two-element matrix in isospin 
space: 


Vo 


Vn 
Then (11.9) can be written 


» Urry bbe (Cyyn + Cc’ VYRY5 Wr 
be 


Following this as an example it is easy to see how to write down the most 
general Lorentz invariant interaction that does not necessarily conserve 
parity. And one can go systematically through the various experiments dis- 
cussed earlier and finally select that interaction which yields closest agreement. 
This is too long a program to be carried out here. The details can be found in 
various monographs and review papers [Wu and Moskowski (66) and 
Konopinski (66 ) ]. 

We restrict the general discussion in this section to allowed transitions only 
and even so will give only a few typical calculations rather than present an 
exhaustive and exhausting discussion. 

For allowed transitions the full relativistic description is not needed for the 
nuclear matrix elements. (They do enter in forbidden transitions.) We may 
therefore take the nonrelativistic limits of the forms in Table 11.1 with the 
understanding that the ’s refer ‘to nucleons and not to leptons. The results 
are given in Table 11.2. (Note: ¥ = py.) 

As expected only terms that eventually lead to Fermi matrix elements, 
yy, and to Gamow-Teller matrix elements, ~'é~ survive. The connection 
with the Fermi and Gamow-Teller operators is established by the following 
relationships between the field operators and the isospin operators: 


VrOp > DOE) Pry > DF rH) 


which represent the usual relationship between field and configuration space 
operators. Introducing the Fermi and Gamow-Teller operators 


M,;® = >) 7 (a); Mert = >, +r (i)6(i) (11.10) 
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TABLE 11.2 Nonrelativistic Limit of Bilinear Covariants 


Scalar W =Pypoyvy 

Vector V Ve y +0 
ee 

Tensor wou oo, (i,j, k cyclical) 
v C4; p — 0 

Axial vector v VEY y > ito, 
vriysb 0 

Pseudoscalar vrs > 0 


we can write the most general 8-decay interaction for allowed transitions as 


Hg = 75 Me [Pe(Cs + Cg'ys + Cyva + Cr'vavs Wr] 


ne Sap. Wevsd(Ca + Calys + Crys + Cr’vers)v] 
/2 
+ hic. 


The values of the constants Cg, Cs’, etc., are to be chosen from experiment. 
The final result is so remarkably simple that we restrict our discussion to it: 


& 


Hp = 
B 4/2 


CyMp (Deva(1 + vs )vr} +- Wei CiMer 


. {Peys(L + -ys)b} the. (L11) 


Comparing this with (11.10) we see first that the parity nonconserving 
component is maximized (i.e., Cy = Cy’, Ca = Ca’) and second that there 
are no tensor and scalar components (i.e., Cs = 0, Cr = 0). For this reason 
the interaction is often referred to the V—A interaction. 

To see how these results are in accord qualitatively with the experimental 
results it is necessary to understand the factor (1 + y;s)y,. Toward this end 
consider the equation satisfied by y, for a massless neutrino: 


c(e-p)y = Ey, (11.12) 
Since |E| = cp for a massless particle 
y5(6-p yy = —pwh (11.13) 


It is easy to verify that the following four expressions are solutions with the 
indicated values of E. Choosing the “z” axis to be along p and placing 


y = uexp [(i/h)(p-r — Et)] (11.14) 
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we obtain 
a 6B 
ul = Ur = 
a 
oZ,Uy = Uy O2U1l = —Uiil 
(1+ ys)ur = 0 (1 + ¥5)un1 = 0 
E = |p| > 0 ——————— E = —|p| < 0—————-_ (11 15) 
B a 
uy = uy = 
— £6 = 
o,Uyi = —Uit O2Uiv = Uv 
1+ 7s I+ 5s 
ae “Uy = Ui ) ulv = Uuiv 


The spinors a and 6 are the two-element Pauli spinors corresponding to spin 
“up” and spin “down,” respectively.* The Dirac spinors u have four elements; 
ui, for example, is given by 

1 


0 
1 
0 


uy = 


Solution I describes a neutrino with positive energy whose spin is in the same 
direction as its direction of. motion. However solution I cannot enter into the 
6-decay interaction (11.11) since (1 + ys)y is zero. The positive energy solu- 
tion with a finite value of (1 + 7s)y is solution II. Note that for this neutrino 
state the helicity is negative. In other words the direction of the spin is opposite 
to the direction of motion in agreement with the experimental results sum- 
marized in Section 9. The antineutrino wave function is proportional to the 
charge conjugate of the negative energy solution IV (see Eq. 11.7), the particle 
created (see Eq. 11.6) having the momentum —p and spin-state B as one 
readily determines using (11.7). For the antineutrino it follows that the states 
in which it is found in nature have positive helicity. Its spin and direction of 
motion point in the same direction. 


*Not to be confused with the a and @ Dirac matrices. 
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Not only do the neutrino and antineutrino have negative and positive 
helicity, respectively, as required by experiment but the accompanying positron 
and electron have the appropriate opposite helicity. This can be immediately 
seen from interaction (11.11). Let us take the Fermi term as an example 
using the term appropriate to positron emission 


br + ys 


In the limit v, — c for which case the wave functions for y. approach those 
tabulated in (11.15), we see that again positive energy solution II and negative 
energy IV solution are selected by the operator (1 + y;). For the limiting 
electron solution II, the helicity is negative; that is, the spin of the electron is 
opposite to that of its direction of motion. For the positron the helicity is 
positive, and the spin is in the same direction as the direction of motion of 
the positron. This perfect polarization obtains only in the limit v, — c. The 
actual polarization will not be unity but rather of the order of v./c as we shall 
see. The important result to be gathered from this discussion is that inter- 
action (11.11) is in agreement qualitatively with the experimental data. The 
next step in the discussion will show that this agreement is also a quantitative 
one. 

Let us consider the case of allowed 6- decay induced by the terms given 
explicitly in (11.11). For simplicity we shall neglect the Coulomb interaction 
between the electron and residual nucleus. The matrix element H;; entering 
expression (2.8) for the transition probability is: 


Hy; = Fi Cy(f| Me |i) (1 (pese)3 1B», 5) |Wera(1 + 75)%r10., 0,) 


+ 5 C4 (f| Mer |i)- (1 (pS); 1(B,8,)|Vers6 (1 + 15 )Wy| 0c, 0, ) 


The states |i) and |f) on the right-hand side of this equation are the initial 
and final nuclear states. The leptonic matrix elements describe the creation 
from the vacuum state |0.,0,) of a state containing an electron of four momen- 
tum p,. and spin s., as well as an antineutrino of momentum p, and spin S,. 

Evaluating the leptonic matrix elements by using expansion (11.6) and 
relation (11.15) yields: 


AA;; Se Cy (f| Mr |i) a(pes Se)ya(1 = Ys u( — Pv, — §,) 


se Ca (f|Mer™ |i i): U(pe, Se yas (1 + Vs u( — Pv, —,) (11.16) 
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The next step in the calculation requires the evaluation of 


> |Apl? (11.17) 


Se,8p 


where the sum is restricted to positive energy electrons and antineutrinos. This restric- 
tion can be lifted if a projection operator is appropriately introduced. This operator 
must be zero for the negative energy states and unity for the positive energy states. Let 
us consider a typical term in (11.17) of the form 


S= >) ap. 8.) A u—p», —s,) ][(—B», —5,)ysB yau(pe, 5.) ] 
se,8y,(Ke,Ey>0) 


where A and B can be either y.(1 + ys) or y.6(1 + ys). This expression has a somewhat 
simpler appearance if we use u! rather than @: 


S= ) Wwo., s)v.Au—pr, —5,) lul(—p,, — 3,)Bryw(pe, s-)] (11.18) 


se3v.(Ee,Hy>0) 
To obtain the projection operators note that 

[ca-p + yamc? Ju(p, s) = Eup, s) 
Reversing the energy yields 


[ca-p + ysamc" Ju(p, —s) = —Eu(p, —s) 


Hence 
z 2 
Meo ere ae TN es ay ce lS) 
2E 
(11.19) 
. 2 
ca-p + ae + Sy: ees 
and 
—_ s a. 2 
AEP) ee FE up, 8) = 0 
(11.20) 


—c(a-p) — yamc? + E. 


aE (p, —s) = ulp, —5) 


Hence S can be written 


; 2 
oe > (“i 5.) a CL cay -3) 


Sesy Lek y 2E. 


c(a -p,) + E, 


ul —Dy, —Sy 
( (—p ) oe, 


Bly u(pe, :)) 
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where in virtue of (11.19) and (11.20) no restrictions need be placed on the sum; both 
positive and negative E’s are included. More compactly 


: 2 
S= 23. (Wo. gy reese Au(—py, —Sy) 


Se8p,EeEy 2iE. 


= = Dvr 
-ul(—p,, —5,) bai 7 sBly (Des Se) 
2iE, 


Since all four solutions of the Dirac equation are now included in the sum, S can be 
written as follows: 


2 


6; : a 
S=- en { LyuPen + imc lAyr»pyrxysB"y,} (11.21) 


where a sum over yu and J is understood. Thus the calculation of (11.17) reduces to 
the calculation of traces of various assorted Dirac matrices. Note 


tr 1 — 4 
try, = 0 
trys = 0 
LS ie 08 be = 46,» (11.22) 
tr VuVrYr = 0 
tr VW x%e = 48 vr0 — Syrdsy + 8,9 ] 
tr Ys = 0 
tr -yu¥s = 0 
4if uyAw = 1, 2, 3, 4 or an even permutation 
Vn Yo YX Yo Y5 = 4éwrx» = { thereof. —4 if yyw is an odd permutation of 


1, 2, 3, 4. 


To illustrate the evaluation of (11.21) let us consider the case A = B = y,(1 + ¥5). 
This is the only term present in | H;;|? for a pure Fermi 0—0 transition. We consider 


Cc’ 


S=- ras tr fyuPen + imeclal + vid Pyval + vs)] 


To obtain (11.17) for this case multiply S by |Cy|?/2| (f| Mr |i |2. When we use 
the anticommutation rule ysy, = —7xys and (1 + ys)? = 201 + ys), S becomes 
Cc? 


S=- IEE, tr [yuPen + imeclyal + ¥iAMDPwy 
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Next, note that the m, term will not contribute since its coefficient has a zero trace. 
Hence 


S = tr e 1 v 
ee (YuPewVal + Ys)VrxDwrV¥4 


or 


SS a - E, ——— tr (VV VrV4PeuDrn + VV Ar 4Y 5DeuDv») 


We see that the term containing y; does not contribute. Using (11.22) for the first term 
yields 


2c? 


S=-— EE, (25,48n4 Te 5u»)PeuPvr 
2c? == = 
= — = = = E.E, ar e°’ Py 
22 ( C? P) 
Pe: Py 
= 1 2 11.23 
2/ +¢ re ay ( ) 


Note that the nonparity conserving terms in the Hamiltonian (11.10) do 
not change the form of the result from that which would be obtained in its 
absence. The only change is the normalization factor of 2. In retrospect this 
is no surprise. The violation of parity would be indicated by the presence of a 
pseudoscalar in S. But it is not possible to form a pseudoscalar from p, and 
p, the only vectors available in a Fermi-type decay. Hence observing the 
angular correlation or transition probability in this type of decay will not 
shed any light on parity conservation. However the correlation between the 
electron and antineutrino momenta: 


Pe z Pp, 
E.E, 


lt ee ~* cos 8 (11.24) 


where 6 is the angle between p, and p,, and y, is the electron velocity is char- 
acteristic of the vector interaction, showing in this case that it is more probable 
for the electron and the antineutrino to go off the same direction. If the more 
general interaction above (11.11) is used for a 0 — 0 transition, (11.24) is 
replaced by 


1+|* cos 6 


[Cv |? + [C’v|*? — |Cs|? — |C's|? | 
[Cy]? + [C’v|? + [Cs|? + |Cs’|? + (2m./E.) Re (C8Cy + C’sC’v) 


(11.25 ) 
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We note that if the interaction were scalar (Cy = C’y = 0), then the prob- 
ability that the electron and antineutrino would travel in opposite directions 
would be greater. Experiment showed the opposite and, as noted earlier, 
agreement (Section 8 ) with experiment is obtained if Cs = C’s = 0, Cy = C’y. 

Let us now turn to the more general case, that is, to transitions for which 
both Fermi (vector) and Gamow-Teller type interactions are effective so 
that both terms in (11.16) contribute. One important result that can be ob- 
tained with very little effort applies to the case in which the emitting nucleus 
is unpolarized and the lepton polarizations are not observed. In that event 
the only lepton variables that can occur in (11.17) are (p., E.) and p,, E,) 
while the only nuclear terms must be | (f|Mr@|i)|? and (f|Mer |i) |2. 
From these variables it is not possible to form a pseudoscalar. Hence there 
will be no observable effect of the nonparity conserving component of (11.16) 
in the B-ray spectrum or in the electron-antineutrino correlation. Hence the 
discussion in Sections 2 to 7 of the allowed 6-transitions of unpolarized nuclei 
remain valid in the presence of a parity nonconserving interaction. This in- 
teraction becomes observable only when the emitting nucleus is polarized 
or in the polarization of the emitted leptons. The pseudoscalar that can be 
then formed is the scalar product of the average spin direction of the emitting 
nucleus or emitted lepton and lepton momentum. 

These results can be verified by examining the final result for 11.17: 


Dy [Hyl? = gt/Cr|*|Mel2 (1 + BF) 


+ g?|Ca|? | Mor: Me (1 = eh) 


eA [(Mer-p.)(Mer-p,) + (Mer-p,)(Mer-pe)] + i(Mer X Mer) 


TE 
7; ns ; cp, cp. . ic?(p. X Pp.) 

ee _ .|a san ln ATE 11.26 
( zy 4 Re C4yCyMer E ne E. + EE, | ( ) 


where we have abbreviated (f| Mr |i) by Mr and (f|Mer\ |i) by Mer. 
Averaging over the spin of the target nucleus yields 


1 g? De ne) 
Hy; |? = Cy|?|Mr|?(1 + ¢ 
We 1a, ri Akl An rit(1 + BF 
* ] e* Dy 
re Cal? | Mor-Mer (1 - , hk) | (11.27) 


where we note that the average of Mer, and Mer X Mer are zero while 


Average (Mer-p-Mer-p,) = 3p--p, Average Mer- Mer 
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Note that the angular correlation of the electron and antineutrino in a Gamow-— 
Teller transition is smaller and of opposite sign to that seen in a Fermi transi- 
tion. This result is in agreement with the discussion of Section 8, remembering 
that the helicity of the electron is negative, that of the antineutrino is positive. 
Experimentally, this has been verified for the pure Gamow-Teller decay of 
He®( J/;7 = 0+, Jy7 = 1+) where Johnson et al. (63) obtained the value 
—0.334 + 0.003 for the coefficient of the c’p.-p,/E-H, on the second line of 
(11.27) 
Averaging (11.27) over neutrino direction yields 


41 yy (|Cv|?|Mr|? + |Ca|?|Mer|?) 
a result identical with (2.23) and, thereby, verifying the identity of the “‘C”’ 
coefficients in (11.16) with those given in (2.23) Cy = Crand Cy = Cérz. 
Let us consider two of the experiments that do demonstrate the noncon- 
servation of parity. First, consider the experiment of Wu et al. (57) that deals 
with the angular distribution of electrons emitted by a polarized nucleus in a 
Gamow-Teller transition. Since experimentally the direction of motion of 
the antineutrino does not concern us, we integrate (11.26) over neutrino mo- 
menta keeping only the Gamow-Teller term: 


g? 


Q ‘ ; x Cpe 
| dL, | Hyl? = .97|Cal? (Mor: Mr — i(Mer X Mer): *) 


(11.28) 
We shall need to sum over the spin of the final nuclear states, while the prop- 
erties of initial nuclear states will be inserted later. Take the first term in the 
brackets. Note that it will not contribute to that part of the electron angular 
distribution which indicates a violation of parity conservation. But it does 


act as a background term and it must be evaluated before the measurability 
of the second term in the bracket can be determined. We have 


Dd Mer-Mer = >» (J;My|Mer |JiM:)- (JiMi|Mar™® |JyM;) 
My 


If we now insert the spherical tensor expressions for the components of Mgr, 
this expression becomes 


ps (— )*( J;M;y|M.© |J:M;)( J:M;| M_© |JyM;) 
frk 


Applying the Wigner—Eckart theorem one obtains 


J; l Ji 
2, Mer-Mer = Dd) (—)e(— Prem 
My My,K _M, a? 


old 
x (Ji| | Mer| |J¢)(J¢| | Mer| |Je) 
—-M; —« M; 
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Employing M; = « + M; and [see Edmonds (57), p. 78 ] 


(Ji| | Mér| |Jz) = (— 71 S;| | Mer |Ji) 
it follows that 
J, 1 J; \? 
y Mer-Mer = | (Js||Mer| |Ji)|? 20 ( 


Mpk\_M, «x M; 
OT 


| (J¢| | Mer| |Je)|? (11.29) 


* 1 
Mer-Mer = ——— 
2 or MGT O74] 


Consider next the second term in (11.28). Only the component of Mer X 
Mor along p. is of interest. Choosing therefore the ‘“‘z” axis to be along p., 
only the matrix elements of the z-component of (M * M*) are needed. We 
need only evaluate 


>, [I¢My| Mo |JiMi)( IiMi| My |J;My) — (J;My|M, |JiM;) 

My 

xX (JiM;|M |JyMz)] = i>) ((I¢Mz| M1 |JiM,) ( Ji:Mi| My |J;My) 
My 


— (J;My| Mi |J;M;)( J:M;|M_1™ |J;Mz)) 
or 


=D i(— yrrvemsee( Jy|| Mor |Js)(Jil |Mbr| |) 
f 
ool J, ows 
yA 
—_M, -1 M,/\—M, 1 M; 
Ir 1 J; ( J; 1 J; 
—_M, 1 M,/\—M; -1 M; 


The first pair of three j symbols require M; = M; — 1, the second pair M; = 


M; + 1. Both terms enter in the final expression because of the sum over M,;. 
After some elementary manipulations the sum becomes 


> (Mer X Mer): = i| (Js| | Mer! |i)? 
f 


J; Jy bY? J; Jy 1\? 
x = (11.30) 
M; —(M;+1) 1 —M; M;—1 1 
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Since this expression is odd under the transformation M; — — M,, it follows 
that is an odd function of M;; as we shall see, it is linear in M,, vanishing 
as a consequence if the initial nucleus is unpolarized. The values of 3/ 
symbols can be introduced in (11.30) to obtain 


l [4 1 
ig | & E JH? = | Cal? 557 | Cir! |[Mer| [J]? 


Sey 


l 
ras J Fi 4 
CDez l 
1 M; < — ———_-. f Jy = J; 11.31 
a oe I(ditl) : hen) 
+ | oe es | 


If P; is the probability that the initial nucleus is in the substate M;, then the 
polarization of the emitting nucleus (J) is given by 


(J). = dD) PiM; 


Hence the angular distribution of the electrons with respect to the direction 
of polarization of the emitting nucleus is 


1+ a( Ji)“ - (J) (11.32) 


where according to (11.31) 


l | 
a(J;) = Tate +1) Jp = J; (11.33) 
1 
Ji : 


The third possibility corresponds to the conditions of the Wu experiment 
since J; = 4, J; = 5. The electrons in that case should then be preferentially 
emitted in the direction opposite to the polarization of ®°Co*. This is precisely 
what is observed, as discussed in Section 10, on an intuitive basis. 


Problem: Derive the angular distribution of the electrons emitted from a 
polarized nucleus when both Gamow-Teller and Fermi terms contribute 


832 THE WEAK INTERACTION 


(AJ = 0). Show that the interference between the two terms averaged over 
the antineutrino momentum and summed over final states is given by 


e WJ . (J| |r| |J)(J| |M J 
gave Wy, Re | CaCy (J||Mr| |J)CJ||Mer| | , (11.34) 
c VJI(J+1)Q7 + 1) 
The second experiment to be discussed is the polarization of the electrons 
emitted from unpolarized nuclei averaging over the antineutrino direction of 
emission. The polarization is specified for a given state of the electron by the 
expectation value of the helicity ¢-p, for that state. If P, is the probability 
that the helicity is positive and P_ that it is negative, the expectation value of 
6-p, 1S: 
P, — P_ 
Pol = (6-p.) = ———— 11.35 
ol = (6-pe) P,P. ( ) 
The probability P; is proportional to transition probability for the formation 
of a state with the helicity +1. This can be extracted from the probability 
for the transition without regard to helicity by inserting a projection operator 
that is one for positive helicity and zero for negative helicity: 


P, = 3(1 + 6-p.) (11.36) 
The corresponding operator for negative helicity is 
P_ = i3(1 — 6p.) (11.37) 
Note | 
(P,)? = Pi, P,P_=0 (11.38) 


The total transition probability can be obtained from (11.16). Since the nu- 
cleus is unpolarized, the interference between Gamow-Teller and Fermi 
matrix elements will not survive. Therefore the general term will involve the 
form: 


|U(Des S. )Au(—Dpy, —&,)|?| Mal? 


where A can be either ys(1 + ys) or yad(L + vs) and M,, correspondingly, 
is the nuclear matrix element of Mp or Mer. Summing over antineutrino 
Spin and momentum yields 


| dQ, D) Wipe, 8.)MsAu(—py, —3,)) (Pr, —3 \MaysAly au (pes Se)) 


sy, Hy>0 


P, and P_ are proportional to 


Ps ~ | aa 25 (U(pes Se )M,Au(—p,, —&§,))(u(—p,, —%,) 
syEy>0 * = 
° -MaysAyaP 4U (De, Se)) 
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Taking for example P,, P,u(p., s-) will vanish for that component of u(p., Se) 
which has negative helicity and will give unity for the positive helicity compo- 
nent. We will be able to perform the sum over §, by following the technique 
described below (11.17). The result is (see Eq. 11.21) 


7 Yn Por 
|i ied v é93 é A 
n [a (il Des Se)M a a 


iby 


yA! MaysPsu(pe Se)) 


The antineutrino momentum occurs only in the factor p,,. Only the \ = 4 
component will survive so that (dropping a 4m factor ) 


Ps ~ 3 (U(De Se)MsAA'MgysP.u (pe, Se)) (11.39) 


This gives the result for a particular electron spin state u(p., s.). To obtain 
the total P, it is now necessary to sum (11.39) over the spin states for positive 
energy. The final result (see Eq. 11.21) is (dropping numerical factors ) 


Ps ~ tr [(v,pen + imec)MsAA'MaysPs | 
Substituting this result in (11.35) one obtains 


_ tt LOaPen + imec)MsAA'M 7:6: e] 


Pol * 
tr [ypPen + imec)MsAA'M gy] 


(11.40) 


or 


_ 1 LypPenMsAA'Mae8 Be] 


Pol = 11.41 
tr [yuPenMsAA'M ays] } 


The value of this expression can be readily evaluated. If the initial nucleus is 
unpolarized, (11.41) yields the identical result for both Fermi and Gamow- 
Teller interactions: 


Pol = — 7 unpolarized nucleus; 8 emission (11.42) 


The spin of the electron thus points in a direction opposite to the direction of 
motion. The result for position emission has the magnitude of v,/c but the 
helicity is positive 


Pol = y,/c unpolarized nucleus, 8+ emission (11.43) 


This essentially maximum polarization is a consequence of the equal magni- 
tude of the parity and nonparity-conserving components in the interaction as 
symbolized by the (1 + y;) factor. 
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One corrollary shall be needed later. The polarization (11.42) is identical to that 
which would be obtained if the electron wave function were of the form 


u_ ae — — Ve / ayy 
1+ ve ie 
where u_ is a state of negative helicity, ui one of positive helicity. This is one member 
of the complete set for positive energies; the other is 


us — .|_—————__&_ 
1+ v/e 
One may regard the first of these as the electron state developed by the 6-ray interaction 


choosing, however, an appropriate u(p., Ss.) upon which to operate. We note that the 
probability of the electron having a positive helicity is 


3(1 — v./c) (11.44) 


To conclude this section we write down the 8-decay Hamiltonian that is 
consistent with all these experiments including of course the 8-neutrino cor- 
relation, the angular distribution of electrons emitted from polarized nuclei, 
and the polarization of electrons emitted from unpolarized nuclei. In (11.10) 
we take C's = Cs’ = 0, Cp = Cr’ = 0, Cy = Cy’, Ca = Ca’. Then returning 
to the relativistic form (see Eq. 11.9) we have 


Aig = X Fi [Cyber (1 I 15 Wry 
— Caen + vs Wrst Py] + he. (11.45) 


Note yvs(1 + vs) = yva(1 + vs) and 


gCy = 1.4100 X 10-49 erg cm? 
and 
C4/Cy = —1.248 + 0.010 (11.46) 


These last equations summarize the present understanding of nuclear B-decay. 
Using perturbation theory the various phenomena listed above are correctly 
described. To this must be added the result that this agreement holds not 
only for allowed transitions (the only transitions discussed thus far ) but also 
for forbidden transitions to be discussed in Section 17. However it should not 
be forgotten that there is some experimental uncertainty remaining. 
The elegant form (11.45 ) can be modified by the addition of small terms with- 
out contradicting experiment. 
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12. MU-MESON DECAY; THE UNIVERSAL WEAK INTERACTION 


It is a remarkable fact that weak interactions, of which 6-decay is the proto- 
type, act between all elementary particles. It is even more remarkable that the 
weak interaction has identical properties for each set of interacting particles. 
The word “‘identical’’ will be defined more precisely below. For the present it 
will suffice to say that the strength of the interaction as well as the effective 
Hamiltonian corresponding to (11.16), including its consequences such as 
nonconservation of parity and the maximal polarization of (11.42), are the 
same to first approximation for all. It is possible to construct a formalism 
that makes this universality of the weak interaction explicit. It is our intent 
to describe this theory in this section. 
We shall begin by discussing briefly muon decay and muon capture: 


poe +t+yt u-decay (12.1a) 

wu +tponty p-capture (12.1b) 

Some features of these reactions should be noted. The u-decay involves only- 

leptons. The strongest interaction that can exist among these particles is elec- 

tromagnetic. The yu-capture involves the strongly interacting neutron and 
proton as does ordinary 6-decay or orbital capture: 

nopte+tp, (12.2a) 

e+tpront+»y, (12.2b ) 


Note that there are two kinds of neutrinos distinguished by the subscripts u 
and e. The yu-neutrino is also produced in pion decay 


an 7p +h (12.3) 


The helicity of the u-neutrino is observed to be the same as that of the electron 
neutrino y,, that is, negative, assuming the V—A interaction. This differentia- 
tion of various kinds of neutrinos is based on experimental evidence [Danby 
et al. (62), Bienlein et al. (64)] that show that », neutrinos cannot replace 
the electron neutrino vy, in the capture reaction 


n+verp+e 
In fact the absorption of y, results in the emission of muons: 
n+ Vy — Pp zi ae he 


There are thus two kinds of leptons that can be involved in the weak inter- 
actions. The electron mode (v., e~ ) of (12.2) and the muon mode of (12.1b). 
The description of electron capture is identical to muon capture except for the 
important difference between the electron and muon mass. The connection 
between the two lepton sets provided by u-decay (12.1a), is again weak. 


836 THE WEAK INTERACTION 


The most quantitative justification for the universality of the weak inter- 
action comes from comparing the strength of interaction for nuclear B-decay 
and y--decay. The former was discussed in Section 3 with the favored value 
for Cyg being 


Cyvg = 1.4100 X 10-* erg cm? (12.4) 


The calculation of the (transition probability/time ) for y-decay is a straight- 
forward generalization of the procedures of the preceding section. The V—A 
interaction form is used placing Cy = Caz (a point to be discussed later in 
Section 14). The analog of the neutron is the u-, of the proton, the e-, etc. 
[compare Eqs. 12.la and (12.2a)]. The calculation is however lengthier be- 
cause of the high energy of all the emerging particles in y-decay, while in 
(12.2a) one can in first approximation neglect the energy of. the recoiling 
proton. We shall therefore quote only the result [see Wu and Moskowski 
(66) ]. The transition probability/time for u-decay is 


e  1920HT 


5c4 (12.5) 


where G, is analogous to Cyg for B-decay. The experimental lifetime is 2.198 
10-° sec yielding [Lee and Wu (65)]: 


G, = (1.4350 + 0.0011) x 10-9 erg cm? (12.6) 


some 2% larger than Cyg. 

Other features of the V—A interaction are demonstrated by the observed 
helicities of the v, We shall cite three examples. In the first, pionic decay 
(12.3), since the spin of the pion is zero, the spin of the yw and the spin of 
the >, must be opposite and because of momentum conservation, they move 
in opposite directions. If the helicity of the %, is positive (opposite to the 
helicity of the v,), the reaction can proceed only because the u- has some 
probability of having positive helicity, the probability being given by (1/2)- 
(1 — v,/c) according to (11.44). In other words the observed y- have positive 
helicity. In the second, suppose we discuss y~ decay assuming that the w~ are 
produced in the w-y decay of (12.3) so that they have positive helicity. Then 
as we shall now show the angular distribution and polarization of the e~ in 
the u-decay will characteristically depend upon its energy. When the electron 
is of high energy, both neutrinos must go off in a direction opposite to that 
of the electron in order to conserve momentum. Since they have opposite 
helicity, the-spin of the electron must be the same as the helicity of the p-, 
that is, positive (Fig. 12.1). Hence it must move in a direction opposite to 
that of u- spin direction. On the other hand for soft electrons, the neutrinos 
will go off antiparallel. Since the helicity of v, is negative and #, positive, the 
the %, must move in a direction along the direction of the spin of the y—. The 
electron moves in the same direction as the 7,, its negative helicity serves to 
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FIG. 12.1. Helicities and direction of motion in the decay of uw" e-+ 5, + », for fast and 
slow electrons. 


cancel out the helicity of the one of the neutrinos. Hence it moves in the 
forward direction, that is, in the direction parallel to that of the u- spin (Fig. 
12.1). 

This description is in agreement with the experimental evidence. The polari- 
zation of the muons has been measured by Alikhanov et al. (60), Backenstoss 
et al. (61), and Plano (60). The angular distribution of the electrons in p- 
decay has been observed by Garwin, Lederman and Weinrich (57) and 
Friedman and Telegdi (57 ). 

As a third and final indication of the universality of the V—A interaction, 
that is, that the neutrino has a well-defined helicity and that e- is paired 
with 7,., consider r—e decay: 


wm —>e +53, (12.7) 


As in the case of z—y decay this reaction can proceed only because the e~ has 
a small probability 


2(1 _ ve/ Cc) 
of having a positive helicity. This is much smaller than the corresponding 
probability for the y- to be right-handed since 


1 — v./c 2m? m,2 +m? m.?(m,? + m,7) 


l1—v/c m?2+m.2 2m,,? m2 (m,2 + m.2) 


This has the consequence that 7—e decay is considerably retarded compared 
to ap» decay. A detailed calculation gives the ratio of the transition prob- 
abilities to be 1.23 XK 10-4, which is to be compared with the experimental 
value of (1.24 + 0.03) 10-*. The close correspondence furnishes another 
experimental proof of the universality of the weak interaction. 

There are many more examples of this universality; but the above should 
be sufficiently convincing. We now proceed to formalize the concept of a 
universal weak interaction by developing a Hamiltonian that incorporates 
this feature. We recall the discussion following (11.4) where the analogy be- 
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tween the 6-decay and electromagnetic interaction was first mentioned. Let 
us make the analogy more explicit by introducing the currents 


a A C PA 
F,* = Worn (1 ae ys] Vn (12.8) 
V 


pO = Hear + vse. (12.9) 
The 6-ray interaction can then be written 


C C v& 
V2 

We now ask how this interaction can be generalized to include the y-decay 
and u-capture (12.1) as well as nuclear B-decay. Their relationship is sum- 


marized in Fig. 12.2, the so-called Puppi triangle. In analogy with (12.8) we 
now define a muon-neutrino “‘current”’: 


RO = —Ayn(l + rsh, (12.11) 


Then all the features of the three interactions of the Puppi triangle are ob- 
tained with the Hamiltonian 


Hg = X AMO + he. (12.10) 


_C 
5 5 FMAM + FRO] AAMHO} 4+ hrc. (12.12) 


where 
jr for = 1,2,3 


4 


—},! for nN 


A further generalization that is referred to as the current-current hypothesis 
employs the total current 


J, = TM) + + Ste 2) Sos (12.13) 
n,p 
Ce Hayy, 


FIG. 12.2. The Puppi triangle. 


MU-MESON DECAY; UNIVERSAL WEAK INTERACTION 839 


where the dots refer to currents for other particles, such as other baryons and 
mesons. We shall discuss their form later. In any event, using (12.13) the 
current-current weak interaction has the form 


Cvs 
/2 
This Hamiltonian certainly contains all the terms in (12.12). But it contains a 


good deal more. The new terms that are added are called the diagonal terms 
(Gell-Mann et al. 69). In the present case they include 


DY AMA, Dy Ar, Dy AMA, (12.15) 


The last two lead to such processes as the scattering of electrons and muons 
by the appropriate neutrinos: 


or > (Ath + hic.) (12.14) 
A 


e+pypeo-ect+py, 


(12.16) 
w+ ye TM 


processes that have yet to be observed. The first term in (12.15 ) leads to addi- 
tional nucleon-nucleon scattering that will not conserve parity. That is, 
nuclear forces will have a very small component that violates parity conserva- 
tion. This has been recently seen and will be discussed in more detail later 
in this chapter (Section 16). ~ 

Another result that is implicit in the currents (12.8), (12.9), (12.11) is 
lepton conservation. As one can see from these formal expressions or from the. 
Puppi triangle, the process 


ee eee ee (12.17) 


is not allowed. If e~ is emitted it can, according to (12.9), be accompanied 
only by #.; similarly w- and », are coupled. We have remarked earlier that at 
least in nuclear 6-decay, this correlation has been demonstrated experimentally 
by R. Davis (55) (Section 7). The existence or nonexistence of reaction 
(12.17) still remains to be investigated. 

This pairing (e-, %.), (u-, %), etc. can be formalized by introducing a p- 
and e-lepton number /, and /, and by requiring conservation of lepton number 
of each type, the total lepton number being obtained by addition of the in- 
dividual lepton numbers. The lepton numbers assigned each particle is listed 
in Table 12.1. 
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TABLE 12.1 Lepton Quantum Numbers 


Particle L Particle I, 
e7 1 tm 1 
Ve J Vu 1 
et —1 pt —] 
Ve —1 Vy —1 


The nucleons and other hadrons are presumed to have a zero lepton number. 
The particles at each vertex of the Puppi triangle have a total lepton number, 
obtained by addition of their individual lepton numbers, of zero. Hence, re- 
actions in which the particles at one vertex are transformed into the pair at 
any other vertex are allowed. On the other hand reaction (12.17 ) is not allowed 
since the muon lepton number of the right side of the equation is (—1), on 
the left-hand side it is (+1). Similarly the reaction 


Pt»won+tert 


is not allowed. A reaction in which an electron or e-neutrino converts into 
a muon is not allowed. Thus 


ptieon+ pt 


is not allowed, as described earlier in this section. 

. The conservation of lepton number is not at this writing a settled question. 
However in nuclear 6-decay, because of the Davis experiment (see p. 811 ) and 
the double 8-decay results to be discussed it seems to hold to within present 
experimental accuracy that would permit deviations of the order of several 
percent. 

It is convenient at this point to mention a further modification of (12.13) 
that enters because of the existence of strange particles. This requires a change 
in the hadron current. There is only one component of that current in (12.13): 
J,™), When strange particles such as A, 2, = particles are included a strange- 
particle current must be defined, A“. Then A“ in (12.13) is replaced by 


AO — cos Oe) + sin 0 (12.18) 


where 0, is the Cabibbo angle. We note that the nuclear decay transition am- 
plitude will be proportional to cos @, (strange particle 6-decay to sin 0.) while 
p-decay involving only lepton currents will be unaffected. Thus the difference 
noted earlier between Cyg and G,, (12.4) and (12.6), can be used to give a 
measurement of cos 6,. The resulting value of the Cabibbo angle is then about 
0.20, which is close to the value 0.21 obtained in the comparison between K 
and p-decay. However, as can be seen from Table 3.1, the value of 6, obtained 
from nuclear 6-decay is uncertain in the second significant figure. 
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13. CONSERVED VECTOR CURRENT (CVC) 


The preceding discussion has been based on first-order perturbation theory 
with Hyeax aS the perturbation. However the nucleons are strongly interacting 
particles, and the question naturally arises as to the modifications that can 
be introduced because of their coupling to, say, the pion field (others might 
be the p, w, etc. fields). The diagrams of first order in the meson-nucleon 
coupling are shown in Fig. 13.1. The y-decay, however, does not involve 
particles that couple strongly with other particles. Nevertheless the coupling 
constants G, and gCy, except for the small Cabibbo effect, are equal. 

A solution to this problem is suggested by the solution to a similar problem 
for the electric charge. Although a proton and an electron have very different 
couplings to, for example pions, their couplings to the electromagnetic field, 
as described by their electric charge, are identical. The analogy to the weak 
interaction is really quite complete. This is indicated in Fig. 13.2 where we 
see a one-to-one relationship with the diagrams of Fig. 13.1, the single-photon 
line taking the place of the (e-, ».) combination, the incident and final par- 
ticles are now protons and both are charged. One can of course build further 
structures on each of the pion lines, but it is clear that identical features can 
be built into the corresponding diagrams of Fig. 13.1. If we recall the original 
considerations described in Section 11 that led to the formal B-decay theory 
this one-by-one correspondence should occasion no surprise. But it has im- 
portant consequences: that if we organize the weak interaction theory so that 
it has the same formal elements as electrodynamics, then the equality of the 
muon and nucleon weak-coupling constants would immediately follow. 

In electrodynamics the essential element is charge conservation. The in- 
troduction of virtual particles such as pions will not change the net charge 
of the system since charge conservation occurs at each vertex, that is, at each 
interaction. The effect then of these couplings is to surround the bare particle 
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FIG. 13.1. First-order pionic corrections to B-decay. 
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FIG. 13.2. First order pionic corrections to the electromagnetic p-p-y vertex. 


with a cloud of charged and neutral particles whose net charge is zero. This 
cloud may very well have a size and a structure (e.g., the electron—proton 
scattering probes the proton structure ). But at infinite wavelength only the 
total charge counts and, thus, the effect of the cloud of virtual particles van- 
ishes. The electric charge is defined in this infinite wavelength limit. 

This argument although substantially correct is not rigorous because of the 
divergences of the theory. For example it is known that there is a renormaliza- 
tion of the charge in quantum electrodynamics. The rigorous argument pro- 
ceeds as follows. The conservation of charge has the Ward identity as one of 
its consequences. This identity [Bjorken and Drell (65 )] relates the electro- 
magnetic interaction to the propagator for the charged particle so that we 
need only discuss the propagator. The first correction to the propagator is a 
photon-electron bubble as indicated by Fig. 13.3. The photon line has of 
course corrections but these will be independent of the particle which gen- 
erated the virtual photon in the first instance. Hence, if the bare charge of 
each of the charged particles were the same, the interaction effects will preserve 
their ratio. 

These results follow from conservation of charge. If p is the charge density 
operator then 


Q= iE dt (13.1) 
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FIG. 13.3. Corrections to the electron propagator. 


is a constant of the motion. In differential form the conservation of charge 
becomes 


d 
ee (13.2) 


das 


To carry over this result—the independence of the ratio of charges to inter- 
action effects—to the weak interactions we shall postulate that the four- 
vector component of the currents A“, V,“, satisfy the continuity equa- 
tion satisfied by the four-vector 7, ‘°. This four-vector component is 


V,™) = ibyyr DY (13.3) 


The same also holds for the hermitian conjugate vectors. For completeness, the 
remainder of J, is referred to as the axial vector component, the symbol A) 
now being employed. Thus 


FOO* = YM + Ay (13.4) 
where 
A,™ = ibyyyst Hp (13.5) 


Note that conservation of the axial current is not postulated, the electrody- 
namic model being slavishly followed. Actually, as we shall see, exact con- 
servation for the axial current would result in the absence of the decay 7 — 
uw + v, and thus would contradict experiment (see p. 854). 

Returning to the vector component of the current, we now postulate current 
conservation [R. P. Feynman and M. Gell-Mann (58), Gershtein and 
Zel’dovich (55) ] 


O . 
Bes (13.6) 
x OX 
and* 
| Vo dr is a constant of motion (13.7) 
where 
Vi = iV (13.8) 


*In the presence of an electromagnetic field @,, (13.6) becomes 
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With this postulate the ratio of the observed coupling constants gCy and G, 
equals its “‘bare’’ value. And these are now assumed to be related by 


gCy = G, cos 6, (13.9) 


Postulate (13.6 ) 1s referred to as the weak conserved vector-current hypothesis. 

The strong CVC is obtained by comparing the nucleon-vector current (13.3) 
with the nucleon electromagnetic current. The latter can be written as linear 
combination of an isoscalar and an isovector (see Eq. VIII.2.4). In field 
theoretic notation 


RD = 5¥n(l ree) (13.10) 


The charge density is 
p= WL + nw (13.11) 


| py dr 


is proportional to the total number of nucleons and, according to the prin- 
ciple of the conservation of baryon number, is conserved. Hence both the 
isoscalar and isovector components of (13.10) separately satisfy a continuity 
equation: 


Note that 


» my = 0 (13.12) 
» OXx 
OA re 
D5 yard = 0 (13.13) 
» GXr 


Compare this last equation with the conservation conditions satisfied by the 
nucleon current (13.6): 


Similarly 
te 
5 | rab (13.14) 


as well as 


| VrDY dr (13.15) 
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are conserved. The strong form of the conserved vector current hypothesis 
suggests itself: The hadron vector current of the weak interaction is related to 
the isovector component of the electromagnetic current by a rotation in isospin 
space. This is true for the nucleon current considered here 


Wy 
The important point is that this relation between the weak current and the 
isovector component of the electromagnetic current holds for all hadron elec- 


tromagnetic currents. For example, the isovector component of the current 
for the nucleon plus pion system is 


iBbrevd — [#*T:Ont — @Qxt)*Ts* ]} (13.16) 


where 7 is the pion field and T; is the isospin operator for unit isospin. Accord- 
ing to the CVC hypothesis the weak current J will contain the term 


DX = ifr Pyd — GTHT — Qe!"TOVE] +... (13.17) 


Combining this with the lepton current we see that the CVC hypothesis pre- 
dicts 1-decay 
atom +tet+yp (13.18 ) 


One of the triumphs of the CVC theory is the prediction of the lifetime of this 
decay. 

Let us now consider the application of CVC to nuclear 6-decay. Because of 
the relation between (13.16) and (13.17) it becomes possible to relate electro- 
magnetic transition matrix elements and B-decay matrix elements for members 
of an isospin multiplet. There are two ways to proceed. One is to evaluate the 
matrix element of the nucleon current between neutron and proton and then 
to simply generalize it to finite nuclei that is, to a many-body system. Another 
procedure that has been pioneered by Kim and Primakoff (65, 66) treats the 
transitions between the nuclear states directly. Let us discuss the first of these 
now. 

The matrix element of interest is 


Ms = 2d (esp! fa Vi. (er (F)|[ 72) (13.19) 
nN 
Because of translational invariance (there is no unique origin ) 
exp (—iP-r)V), (0) exp GP-r) = YM (r) 


and similarly for 7,°°. We obtain 


Vi. (rj, (r) = exp (—iP-r)V,.™ (0), (0) exp (iP-r) 
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Here P is the total momentum operator. Then 
M; = >, | acevo exp (—iP-r)V, (0)}, (0) exp (iP-r)|n) 
d 
Evaluating yields 


Ms 


pe fa exp [7 (Dn — Pe — Pp — Pp)-8 ] (emp | Vi (0), (0) [2) 


(2m )°5(Dn — Pe — Pv — Pp) Dy (e7|fx (0) (0) (p|Vi™ (0) | 2) 


The delta function provides for conservation of momentum, which is thus 
a consequence of the homogeneity of space. The next two factors give rise, 
in the nonrelativistic limit for nucleon motion, to the first term of (11.16), 
the lepton current matrix element yielding the bilinear term in u while the 
nucleon current matrix element becomes the Fermi matrix element. Let us 
concentrate on this term. 

From general covariance it follows that 


(p|Vi™(0)|2) = %pOnun (13.20) 


where u are the Dirac spinors discussed earlier. O, is an operator in spinor 
space (there can be no dependence on r ) that transforms as a four vector.* It 
must involve the Dirac operators 7, o),, etc. and the momenta of the neutron 
and proton. Since p,? = p,” — E?/c? = — M,?c? with a similar relation for the 
neutron momentum, there is only one four-dimensional scalar, which we 
choose as 


kK? = (Pn — Pp)? (13.21) 
For momentum variables we choose 


ky = (Pn)x — (Po) 
(13.22) 


Ky = (Pa) + Wo) 


The most general four vector involving k,, K,, and the Dirac matrices is then 


O) = ayn + b » oyyKy + ck) + d>, opyK,y + eK) (13.23 ) 
where the coefficients a, b, etc. are functions only of k?. The matrix elements 


*To be completely independent of representation, it is more accurate to say 
that J,O)u,, transforms as a four vector. However it is convenient to use the 
simplified statement. 
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of these operators are not independent because u, and u, satisfy the Dirac 
equation** 
[(vyPn) — iM,c]u, = 0 
(13.24) 
Up[(yPp) — tMyc] = 0 


where (yp) = > YrPr 


The consequence is that all dependence on K, can be eliminated as we shall 
now show. Multiply the first equation in (13.24) by apy, from the left and 
the second equation from the right by y,u,. Subtract the two equations and 
express p, and p, in terms of k and K to obtain 


tp [2vv(v¥K) — 307K) yy + dr(vk) + vk) — i(M, — My)cy Jun = 0 


oT 
r 


By adding the two equations (13.24) one can similarly show that 
UpK Un = itp(M, + Mp )cyun — Wponkyun 


Hence the K, terms in (13.23 ) are not independent of the other terms. Return- 
ing to (13.20) the most general form of the matrix element of V),“ (0) is thus 


: I I 
(PIVi% (0)|n) = Melgvn + gw oMe 2 tke 8s 7 ky Ju, (13.25) 


v 


where the factors Mc have been introduced so that the factors gw and gg are 
dimensionless. The coefficients g are functions of k? and are real if time- 
reversal invariance holds. Note that this form is not identical with the form 
that would have been obtained if zero-order perturbation theory had been 
applied to V,“. The differences should then be ascribed to interaction effects. 

To obtain a measure of these, the CVC hypothesis will be applied. First 
suppose the coupling constant Cyg is given its empirical value 


gv(o) = 1 (13.26) 


the argument preceding (13.9) applying to infinitely long wavelength for the 
leptons. To proceed further the strong form of CVC is needed. We must com- 
pare (13.25) with the electomagnetic form factor (see Eq. VIII. 3.8) 


(pi| Va? (0)|p2) = (rr) | (nn + Fe (2) DE onky|u(po)) (13.27) 


**This is true for free protons and neutrons. For protons and neutrons inside 
nuclei (13.24) must be modified, leading to two-body, three-body, etc. cor- 
rections to the dominant one-body term. 
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where F\‘”) and F,‘”) are the isovector form factors (the coefficient of 73/2 ). 
In the limit of zero momentum transfer 


— Kn 


OTe 


RMOo)=1 FM (0) = (13.28) 


where x, and x, are the proton and neutron anomalous magnetic moments in 
units of the nuclear magneton wo. Comparing (13.25) and (13.27) yields 


gv (k?) = Fy (k?) gv(o) = 1 (13.29 ) 


xy. gw(k?) = F,\”) (k?) Zw(0) = kp — kn = 3.706 (13.30) 
We note that no term of the scalar type, gs, appears. This is a consequence in 
the electromagnetic case of the application of the electromagnetic current 
conservation. The same proof does not obtain for form (13.25) because the 
mass of the proton does not equal that of the neutron, as can be seen from the 
following argument. 

The matrix element of Z0V,“%)/O0x, according to the conservation law must 
zero while according to (13.25 ) 


2, (P| 


= 


as, ye Bog ISS 1 / 
- |n) eh a 5; Up Lever) + 388 te | u (13.30°) 
Employing the Dirac equation (13.24), (13.30’) becomes 


= gvy(M, — 


Recalling that gy and gg are functions of k? it follows that gg is zero to within 
the isospin symmetry breaking interaction responsible for the mass difference 
between the neutron and proton. Recall that the conservation of the vector 
current is valid only in the limit in which this interaction vanishes. 

The induced scalar can also be eliminated if one invokes G-parity conser- 
vation. The strong interactions that do give rise to the induced terms such as 
Zs and gw conserve G-parity to within the electromagnetic isospin breaking 
interaction and, therefore, to this approximation one might ask that the form 
(13.25 ) have a unique G-parity. Let us examine this argument now reviewing 
first the definition of G-parity. 


We first recall the behavior of the electromagnetic current under charge conjuga- 
tion. Let C be the charge conjugation operator with the property that the charge 
conjugate spinor corresponding to a spinor u is given by Cu* (Appendix A.C.6). 
The current for this charge conjugate spinor is 


Cu*y,Cu® = —tynu (13.31) 
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so as expected the current changes sign. The same result does not hold for the weak 
hadron current, %,7,Un, since the two spinors do not refer to the same particle. This 
difficulty can however be remedied by including a rotation about the “2” axis in 
isospin space of 180° so that G is given by - 

G = eC (13.32) 
which for isospinors is 

G = IT oC 
Thus the effect of 72 and C is to change not only the particle into an antiparticle but 
in addition to change it from a proton to a neutron or vice versa. Then it can be shown 
that 


On the other hand the scalar term that modifies gs, @ u, will not change sign under 
this transformation and thus has a differing G-parity from the leading term. It is thus 
plausible that this term is not present in (13.25).* 


Problem: Using C = —7. (11.7) show that 


ito>Cuy* AlroCun = —UpyVsy2AT yoy 4Un 
—] if A= 1, Y59 YAY5 
= (u,Au, )- 
1 if A = Vrs Tvnr 
Note that yoy.?y2 = ye and yoysve2 = —Y¥: 


Finally, with gs = 0 


(p|Vi% (0)|n) = ity Lr (k? yy, + Fy (k?) > ok ux (13.33) 


2Mc 
This is a most remarkable formula, the nucleon structure effects in B-decay 
being determined from proton and neutron electron scattering. Of course the 
usual momentum changes that occur in 6-decay are small so that the only 
values of k? close to zero are involved. (Somewhat greater momenta changes 
occur in y-capture. ) In that limit 


n a Ky — Kn 
(p|\V,%(0o)(n) = itty (mn cig rrr »e cuks Un (13.34) 
The second term was referred to as “‘weak magnetism”’ by Gell-Mann because 
of its relation to the anomalous magnetic moments of the nucleons. In both 


*Some objection may be made to this argument since it involves a comparison 
between particle and antiparticle currents, the latter being hardly accessible. 
However the same argument is valid when C is replaced by the product of time 
reversal and parity inversion. 
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cases, the anomaly as well as the weak magnetism are the consequences of the 
strong interactions the nucleons have with other particles. Weak magnetism 
is a specific prediction of CVC with no undetermined constants. The extraor- 
dinary thing is that it agrees with experiment verifying the strong CVC hy- 
pothesis. 

Before describing the experiment it is useful to obtain the nonrelativistic 
reduction of (13.34). For the \ = 4 component the result up to O(1/M?) 
remains 


lipYUn —> UbUy 


The spatial components can also be readily obtained by noting that the opera- 
tor in (13.34) is the electromagnetic current operator. Therefore the reduction 
will yield the same result as in that case for which y;, contributes the ‘‘normal”’ 
Dirac value of one magneton which when added on to the anomalous term gives - 
the total magnetic moment. 


Mp ~ Mn 
2Mc 


C : 
(pi e|H’|n) > 73 uti + y5)u; — u),6Uy-te(K xX x) 


x (1+ vant +he. (13.35) 


where y = (71, Y2, 73). Note that k when expressed in lepton variables is 
given as a consequence of the conservation of momentum by 
k=p.+ DP, (13.36) 


The induced term is of the Gamow-Teller type and represents a small correc- 
tion to the principal term of that type that comes from the axial vector compo- 
nent of J,“%». However it is momentum dependent, vanishing as expected as 
the momentum transfer k goes to zero. It is this momentum dependence that 
permits this effect to be seen in the presence of the dominant momentum in- 
dependent axial interaction. The electron energy distribution will be modified, 
and the Kurie plot of Fig. 2.3 will no longer be a straight line. 

The effect can be amplified by comparing positron and electron emitters 
since, as we shall now show, the deviation from the Kurie plot for 8+ emitters 
will be exactly opposite to that for @- emitters. The weak magnetism term 
must be added to the axial vector term. The essential point is that the relative 
sign between the matrix elements for these two contributions will be different 
for the two kinds of decay. 


This can be seen from the following argument. When the electron-antineutrino operator 
pap, 


is rewritten in terms of the charge conjugate field operators, that is, ¥.— is replaced 
according to the following 


y.- = —yWer 
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it becomes 
YU )*y.Ayabs® = —psly,ATyap.t 
where we have included the change of sign that comes from the anticommutation of 
spin 1 /2 wave operators. This is not yet the term we want. It still gives the 6- emission. 
To obtain the appropriate term for 6+ emission we need to take its hermitan conjugate 
which yields finally 
—W ly Ayre 


giving the operator for positron decay. We now note that A is of the form (4’ + A’ys), 
the second term being the axial part and 


VAA! + A'ys)\¥2 = Y2A'¥A1 — Ys) 


proving that the relative phase between the vector and axial vector for 6- decay is 
opposite to that for e+ decay. 


Gell-Mann (58) suggested an experiment exploiting these features. The 
nuclear levels are the members of a T = | triad all decaying to a T = 0 level 
(Fig. 13.4). The spin of the T = 1 levels are J” = 1+ decaying by a pure 
Gamow-Teller transition 6~ and 6t, and electromagnetically (for the transi- 
tion involving the corresponding nuclear states) by a magnetic dipole transi- 
tion. Thus we can compare the two 6-decays as suggested in the above para- 
graph. By using the isovector part of the transition magnetic dipole moment 
that dominates the electromagnetic transition, it becomes possible to calculate 


T=1 12.y Tz = 1 
iy 2 me? (10.95 + 0.05) 
X 1073 5. 
T=1 '2¢ T, = 0 
1+ ry = (53 + 11) MevV- 
T=1 '2B T; = —-1 
1+ | (20.30 + 0.1) 
X 10-3 sec 
+ 
- (16.327 + 0.009) MeV 
15.11 MeV 
3 
(13.369 + 0.0001) MeV 
O+ 12¢ 


FIG. 13.4. The A = 12 triad [taken from Wu and Moskowski (66)]. 
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the magnitude of the matrix element of the weak magnetism term for 6-decay 
and, therefore, the magnitude of the deviation from the Kurie plot. The nuclei 
in question are the A = 12 triad. 

We shall not go through the details of calculating the new energy distribu- 
tion as they are straightforward. The comparison between CVC theory and 
the experimental electron and positron spectra is shown in Fig. 13.5. The 
agreement is excellent. The theoretical predictions to be compared with the 
figures in parenthesis are (0.55 + 0.12)% and (—0.55 + 0.12)%. 

We have not discussed several possible corrections. These are contributions 
coming from the finite wavelength of the electron and neutrino wave functions, 
electromagnetic effects that the CVC hypothesis neglects, and second-forbidden 
matrix elements (See Wu (64)). A recent experiment (Garvey and Tribble 
(73 )) avoids these difficulties. 

In the preceding discussion the CVC theory has been applied to the ele- 
mentary transition of the nucleon. Kim and Primakoff in a series of papers 
[Kim and Primakoff (65a), (65b), (66), Primakoff (69 )] have applied CVC 
directly to the nuclei. The electromagnetic form factors of (13.33) for the 
nucleon are replaced by the corresponding form factors for the nucleus. This 
has the advantage that these form factors can often be directly determined 
from electron nuclear scattering. The more traditional method, from this 
point of view, is essentially a calculation of these form factors from the form 
factors of the elementary nucleons. 
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FIG. 13.5. Comparison between experimental electron and positron spectra and pre- 
dictions of CVC [Lee, Mo, and Wu (63), Wu (64)]. 
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14. PARTIALLY CONSERVED AXIAL VECTOR CURRENT (PCAC) 


Let us now apply some of the reasoning of the preceding section to the axial 
currents. The analogs of (13.20) and (13.23) are 


(p| Ax (0)|2) = tipPhitn (14.1) 
where P, is a pseudovector operator.* After eliminating K,, P, has the form 
ae 
2Mc 


In addition to the original pseudovector term, there are induced pseudoscalar 
and tensor terms. The G parity associated with the tensor term is opposite to 
that of the other two that are even, the tensor term being odd. We shall dis- 
cuss the experimental evidence that bears on the existence of this term later. 
We have already alluded twice (pages 753 and 790 ) to the relation between the 
first term in (14.2) and the spin component of the magnetic moment operator 


Mp — En. 
we = (5 ) 0 


The nonrelativistic approximation for the first term in (14.2) (see Table 11.2) 
involves the operator for 6— decay 76 so that in this limit the principal axial 
vector term and u, are members of a vector in isospin space. This relationship 
has been exploited in the discussion following (Eq. VIII.11.19) and on p. 790. 

The value of g4 is 1.25 according to (11.46). The universal weak interaction 
(12.12) postulates this factor to be unity in the original unrenormalized in- 
teraction. The renormalized value of (1.25) (which does not occur in the 
lepton terms ) must then be a consequence of the strong interactions. One of 
the triumphs of weak interaction theory is the prediction of this number. 

We begin by discussing the possibility that the axial current also satisfies a 
conservation condition, always in the context of universality. Conservation 
of the axial current is not possible because it would result in a zero probability 
for the decay of the pion into a muon and neutrino [Taylor (58 ) ]. Since the 
pion is a pseudoscalar particle the weak Hamiltonian for this decay must be 
of the form 


1 
Py = i| gar a gpyskyr + Mc® yz oer (14.2) 


> 7, *A (14.3) 
A 


where 7,“ involves the muon and », fields. The matrix element for the decay 
will involve the matrix element 


(0|A,|7) 
Since the pion is a pseudoscalar it follows that 


(o|A, | 7) —= ik, F (k?) 


*See footnote p. 846. 
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where ky is the pion momentum and F is a scalar function of k?. It is convenient 
to describe pion decay in a system in which the pion is at rest. Then k? = 
—m,”. Suppose now that 


OAy 
Ox, 


23 


Taking the matrix element of this equation we have: 


oA 
(o| du = ln) ~ iky(0|Ay|7) ~ —m,2F(—m,?) = 0 


proving the point that conservation of the axial current leads to zero proba- 
bility for w-decay. 

It was suggested by several authors [Gell-Mann, Levy (60), Bernstein, 
Fubini, Gell-Mann, and Thirring (60a), Bernstein, Gell-Mann, and Michel 
(60b), Nambu (60) and Chou (61)] that A, is partially conserved, that is, 
it is conserved in some limit. Since A, is an axial vector its four divergence 
must be proportional to a pseudoscalar field. The one of lowest mass is the 
pion field and was thought to be the most important possibility. Let us then 
initially assume that 


.~ O « 
=A, Ges 4.4 
DS As = a (14.4) 


where a is a constant. To determine a we follow the procedure of Adler (65 ). 
We shall need the matrix element (14.1) 


(p|A,™ |) = Up (sar 5 aYF gopysky T OM Me >> oukes Un 
r 


If we take the matrix element of the left hand side of (14.4) evaluating it at 
k? = 0 we obtain 


— 


(p| LX 


ae w-0 = — (1/h) 4%, 2 (gakyynxV5 )Un| 12=0 


Mc 
= 21 8a (0 ip ysttn (14.5) 


On the other hand the matrix element of the right-hand side of (14.4) (p| on |n) 
may be evaluated as follows. The pseudoscalar pion field is generated in the 
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presence of nucleons according to the inhomogeneous Klein—Gordon equation 
(Volume IT) 


E a (=<) i (p\¢x|n) = = IV 28 pon (kK? Ji pY sun 


where 2p is the coupling constant between the nucleon and pion fields. 
Empirically from studies of the one pion exchange part of nuclear forces, and 
from pion—nucleon scattering [Lomon and Feshbach (68 ) ] 


2 ae 2 
Sver(— Mr) _ 149403 


4rhe 
Then 
- in/ 2h? 
(P\or|") = ~ ie cae De ng Spprlpy 5Un (14.6) 
Comparing (14.6) and (14.5) at k? = 0, according to (14.4) 
272 
_ V2(Mem,%c*) ga (0) (14.7) 


h’ Lppr (0) 


Relation (14.7) is known as the Goldberger—Trieman relation [Goldberger 
and Treiman (58) ]. 

Assuming the universality of relation (14.4), we can use it to compute the 
lifetime of the pion against u-decay. One may then evaluate a from the meas- 
ured lifetime and compare it with the value calculated from (14.7). Or one 
can eliminate a and determine g,(0). This is the procedure we shall follow. 

The w-decay transition probability w is given by 


2r G,? = | 
dw => |X COlAala aan + ys )url oy (14.8) 
8uS8>7 X 


where p;, the density of final states, is given by 


1 E/E, 


dQ, 
(Qnitc)® E, 


Pf — 


In the reference frame in which the pion is at rest, E, = m,c’. To get the total 
probability of decay it is necessary to integrate over Q,. 

The matrix element (o|A,|7) is related to constant a. To exhibit this rela- 
tion take the matrix element of both sides of (14.4) 


io — Ay|n) = ateiauie) (14.9) 
rN Xr 
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The right-hand side can be directly evaluated 


ahc/ V/2E; 


The factor multiplying a is the normalization typical of a boson field. We have 
encountered it in our discussion of the electromagnetic field in the Appen- 
dix to Chapter VIII. The left-hand side of (14.9) can be evaluated as follows. 
We first observe 


O . - 
(o| >) 5x, ale? = i>) k(o|A,|r) 
» OX) 


where fk, is the four momentum of the pion. Second the matrix element 
(o|A,|a) must be proportional to k,, the only vector in the field. We there- 
fore write 


ee Ac 
(0|Ax|a7) = hy ag BCom") (14.10) 


where F, the axial pion form factor, is a function of k?. Employing (14.10) 


O “4 , he he 
ren er 2 pa Fe Rh 
0] 20 5 Ania) = — 20 ke! ae F(—met) = ae 


It follows that 


m,C 


a=-— SS k,2F(—m,?) = ( i ) F(—m,") 


Returning to (14.10) one obtains 
“ h \? he 
(olAs|x) = tha (*.)’ 7 (14.11) 


It is now a straightforward matter to perform the spin sums in (14.8) and 
integrate over dQ,. The final answer is 


G,,” 2 2\2 
WG oe (1 = | a? (14.12) 


Finally we can introduce the Goldberger—Treiman relation, with the result 


G,2 {m,c\? [Mc\2 ([m,c\ he m,2\2 
W(r > pwy,) = g4°(0) Foe (™) (=) ( z )s (1 -_ me (14.13 ) 
ppt © 


Introducing the masses, the pion-nucleon coupling constant and the empirical 
value for w [the mean life is (2.6024 + .0024) x 10-® sec] yields a 
value of g4(0)G,, which is 3% greater than the experimental value. This is 
well within the experimental error both of g,(o) and of the pion-nucleon 
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coupling constant to which must be added the error associated with (14.13). 
This is a striking confirmation of the PCAC hypothesis. 

In the evaluation of (14.13), the value of gy), at k? = —m,? is employed 
rather than its value at zero k?. It is thus assumed that k? dependence of 
2° ope 1S Weak in the range —m,? < k? < O. Perturbative investigation of the 
source of such an energy dependence indicates that it might arise from the 
corrections to the unrenormalized nucleon-nucleon-pion vertex. These cor- 
rections involve intermediate states generated by the virtual emission and 
absorption of the heavier bosons such as the p. This suggests that the “‘small 
parameter’’ measuring the energy dependence Of 2g’ p57 1S (m,/m, )? ~ 0.02. 

As a second consequence of PCAC, it is possible to obtain an estimate of 
the size of the coefficient gp in (14.2). The physical process in which gp, the 
induced pseudoscalar term, originates is illustrated in Fig. 14.1. In a pertur- 
bation theory, this diagram would give a contribution proportional to 


l 


ene) (r|A,|oyiern(l + vs)us (14.14) 


(LpprilpY5Un ) ( 


the first term in parentheses coming from vertex labeled 1 in the figure, the 
second the pion propagator going from vertex 1 to vertex 2 where the pion 
decays according to the process 7 — e~ + 3,. Since (r|A,|0) is proportional 
to ky, we see that the form of the resulting term is identical with that of the 
pseudoscalar term in (14.2), dpysk,un. This is a perturbation calculation. With 
the PCAC hypothesis it is possible to make a nonperturbative calculation that 
is outlined as follows. 

For this purpose we evaluate (p| >>, 0A,“/0x,|n) but this time we shall 
evaluate it at a finite value of k?. In that event (14.5) is replaced by 


_ 


(P| 


or using (14.2) 


In) = 2D kn (P|Ay?(0)|n) 


sa ] ik? 
(p| yy ae = — 5 Up 2. (ky ys +5 Fe 8r1s | 
l 2 
= => x Up ( 2iMcg 4 +- ) va 
P > e~ 
n a oe 


FIG. 14.1. Pionic correction to 6-decay. 
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Employing (14.4) and (14.6) 


wp A gy = aie 
x OX k2 + Mz2C? Epprliyy 5Un 
so that 
4/2ah3 | k2 
~ ep mre Beer = 2M CBA — TT BP (14.15) 


Since g4 and 2p, are assumed to be slowly varying, it immediately follows 
that near kK? = —m,? 


4M? 


gp => ke mee ga(O) (14.16) 


where a has been replaced according to (14.7). The next approximation to 
this equation for gp is a constant term proportional to the first derivative of 
Zppr (k?) evaluated at kK? = —m,?’c?. Employing (14.16) is thus consistent 
with the assumption made above that gy,, and g, are constant in the range of 
k? of interest, —m,2c? < k? < 0. Of course (14.16) becomes more accurate 
the closer k? is to —m,?c?. Returning to (14.2) we see that the magnitude of 
the term modifying ys is 


2Mc 


k2 + m,2¢? Ky 


For nucleon 6-decay k, ~ m,c, while for u capture k, ~ m,c. Hence the mag- 
nitude of the induced pseudoscalar terms for nucleon 6-decay is 


2(Mc)(m.c ) 2Mm, 
Gncy + mre 84 = ne + mB (nucleon B-decay ) 
oe 0.0524 
(14.17) 
For y-capture the magnitude of the pseudoscalar term is 
2Mm, 
Rae 14.18 
m,,” + mM,” BA SA ( ) 


Thus at least for the allowed nuclear 6-decay the effect of the induced pseudo- 
scalar term is not of much importance. On the other hand it is expected to be 
of importance in y-capture, the simplest case being capture by a proton. In 
that case [Quaranta et. al. (69)] the value obtained is (5 + 2.5)g4, which 
within the rather large experimental error is in agreement with (14.18). 
Beside these numerical agreements, the qualitative point should be stressed 
that the PCAC condition (14.4) provides a connection between strong inter- 
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actions and the weak interaction currents. As a consequence, properties of 
the strong interactions can be investigated by examining the connected weak 
interaction whose form can be more readily deduced from weak decays, at 
least for the range in momentum transfer involved. Such applications have 
proved of importance in recent developments in modern physics. It is not 
appropriate to discuss them here. However there is one connection between 
strong and weak interactions, the Adler—Weisberger relation, [Adler (65), 
Weisberger (65 )] which is of importance for our subject. It will not be pos- 
sible to give all details of the calculation. But we shall carry it far enough so 
that the elements that enter into the final result are visible. Essentially Adler’s 
method is used. 

For this purpose the analog of the charge operator for the vector current 
is defined for the axial vectors. Let 


* | Z és 
0. (1) = 5 | wrsd dr = [?. dr (14.19) 


and 
0.4) (t) = [red dr = [do dr (14.20) 


where Q and y are Heisenberg operators. If ~' and y satisfy the free field 
anticommutation rules these charge operators satisfy the commutation rule 


[Q,% (1), 9 @] = 20. (14.21) 


We shall assume this result to hold generally, one of the hypotheses of the 
current algebra approach. Q;‘Y) is familiar since it is the isovector component 
of the electric charge operator. . 

To exploit (14.21 ) we shall first use PCAC to connect the charges 0,” which 
are intimately related via the weak processes to the strong processes. This is 
essential since we shall use only the equality between the first and third quan- 
tities of (14.20) to define 0,4). Starting from this definition we have 


= Qu = [Aca 


Upon assuming that A vanishes at large distances we can add in div A to 


0A,/dt to obtain 
dQ\4) 
dt 7 [x2 OX sad 


Hence from (14.4) 


(}( A) - 
a | 6. dr (14.22 ) 
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Since ¢, is a pion field operator, it is clear that, as a consequence of PCAC, 
Q‘) connect states that differ in pion occupation number by unity. For ex- 
ample, if |p) is a state containing one nucleon and zero pions, and |k) is a 
one nucleon plus one pion state then 


a h a 
(1 O|k) = ae Ol [dearly (14.23) 


(E> 
If we are considering the matrix element of Q,‘”, then |k) is a state with a 
neutron and a positive pion. On the other hand Q_‘) connects a state |k) 
involving a proton and a negative pion with a neutron. 

Relation (14.23) holds in all momentum frames. Fubini and Furlan (65) 
exploited this fact by considering (14.23 ) in the frame in which the momentum 
p is infinite. In this limit the four-momentum transfer 


E,E 
(p— ky = 2 (Ft ~ p-k) — M,%c? — Mi2c? 
Cc 


tends to zero. M;, is the invariant mass of the intermediate system in state 
|k) while k is its three momentum. To prove this statement we observe that 
p = k. [Prove it by employing translational invariance to show that the 
matrix element on the right-hand side of (14.23) is proportional to 6(p-k). ] 
Then 


E,Ex 
2 


= [M,7c? + p’ })? [M,2c? + p?)? 
Cc 


|. M,2c? 1 M,2c? 1 
samt 3 pe +5 pe +95) | 


Hence 


p - k= 0(%) +0 as pp 


Thus, if the mass of the pion described by ¢, were zero, the matrix element 
in (14.23) would conserve not only momentum but also energy. It can then be 
shown that it is proportional to the pion—nucleon forward scattering amplitude 
for zero mass pions. We refer the reader to Adler (65) and to Chapter IV 
in Adler and Dashen (68) for the details. 


Returning to (14.21), take the matrix element with respect to a proton 


a 


(214 G — QM |p!) = (p[2Qs |p’) (14.24) 


Expand the left-hand side in a complete set of intermediate states. These will 
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include the one neutron state |”) as well as the nucleon + one-pion state 
|k).. Then the left-hand side of the above equation becomes 


Dd (p| Qn) n| QO |p’) — (p| Q- |n) | QL |p’) 
+2) Cp] Qa |) (k| QO |p’) — (p| Q- |k) (| a |p’) 


where the sum over 7 goes over the spin and momentum of the neutron. The 
one-nucleon intermediate state terms can be evaluated in terms of the form 
factors (14.2), (see Eq. 14.20) and will therefore involve g,?. The matrix 
elements in the remaining terms, as we have indicated above, can be related to 
the pion—-nucleon scattering amplitude for zero mass pions. It is thus not 
surprising that it can be shown [Adler (65) ] that the sum over k can be re- 
lated to the zero mass pion—nucleon scattering cross section. Thus the left- 
hand side of (14.24) will involve a term proportional to g,? and another term 
involving an integral over Ex (see Eq. 14.23), or equivalently over the inter- 
mediate state pion energy, of the zero mass pion—nucleon scattering cross 
sections. The right-hand side is easily evaluated from (14.19) 


(p|2Q3 |p’) = 2(p|Ts|p’) = 5(p — Pp’) 


These remarks outline the procedures that are used to obtain the Adler- 
Weisberger relation. [For further details see the original papers by Weis- 
berger (65), Adler (65), Fubini et al. (65), the account given by Adler and 
Dashen (68), and by Gasiorowicz (67). ] Considering (14.21 ) in the infinite 
momentum frame and placing the pion mass equal to zero, one obtains 


l= gu? + = a! | [o (a, p; Ex) — 0 (nt, p; Ex)] (14.25) 
It is of course no surprise that the renormalization of g4 for nucleon 6-decay 
is related to the nucleon—pion interaction but it is a surprise that the relation 
should involve the zero pion mass total cross section o, which can be esti- 
mated by extrapolation from the cross sections for finite mass pions. There 
are uncertainties because of this extrapolation and this as well as other un- 
certainties result in an uncertain value of g4. However the results obtained 
from (14.25) are within a few percent of the empirical value. 

With the astonishing agreements, (14.14), (14.18), and (14.25) one is left 
with the mysteries, the justification of the PCAC and charge commutator 
postulates (14.4) and (14.21). But perhaps “‘justification” is the wrong word 
to use here. Perhaps these currents, vector and axial, are the appropriate 
dynamical variables for these systems, while PCAC and (14.4) must then be 
regarded as fundamental postulates in analogy to the dynamical variables r 
and p and the commutation relation between these variables of ordinary 
quantum mechanics. 
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The Adler—Weisberger rotations have been generalized to finite nuclei by 
Kim and Primakoff [Kim and Primakoff (66) ] where now the pion—nucleon 
cross sections are replaced by the pion—nucleus cross sections and the nucleon 
axial form factor g4 is replaced by the nuclear axial form factor. The reader 
is referred to the original papers for details. 


15. SECOND-CLASS CURRENTS 


The discussion thus far has not touched upon the induced tensor form factor 
gr of (14.2). As pointed out by Weinberg (58 ) the G-parity of this term differs 
from the other terms, such as the axial vector term in (14.2), and thus origi- 
nates from currents whose G-parity differs from that of tipyyysun. Weinberg 
refers to these currents as second-class currents. The existence or absence of 
second-class currents is important for our understanding of the nature of the 
weak interactions. According to Weinberg (72) their presence would pose a 
serious problem for the modern theory. 

With respect to nuclear @-decay the argument is made that since the strong 
interactions satisfy G-parity invariance (as well as parity invariance) only 
those terms are induced that have the same G-parity as the original term. Hence 
the observation of a term similar to the induced tensor term would indicate 
the existence of G-violating terms. In interpreting the experimental values it 
should be realized that G-parity invariance is broken when isospin symmetry 
is broken by interactions such as the Coulomb interaction. 

The induced tensor term can be distinguished from the other terms by com- 
paring the ft-values for the decay of mirror nuclei [Huffaker and Greuling 
(63 )]. We have already noted that the spectrum of a Gamow-Teller decay 
will differ for mirror nuclei because of the weak magnetism term (page 850). 
However it can be shown that the weak magnetism term in a first approxima- 
tion when Coulomb effects are neglected [Wu and Moskowski (66)] does 
not affect the ratio of the ft values for mirror nuclei. The 6-spectra are changed 
but the electrons that are removed from the distribution for E, > E,/2 are 
compensated by the electrons that are added for E, < E)/2. This compensa- 
tion does not occur for the induced tensor term. Therefore, by comparing the 
ft-values for corresponding decays of mirror nuclei the presence of this term 
can be detected. The dependence of the ft-ratio on the energy release E,+ and 
E, in B= decay is of the form. 


_ Yt)sr 
(ft )s- 
where b is proportional to g4gr. Hence the ft ratio will be a linear function of 


the end-point energy. Recent experiments [Wilkinson (70)] yield an upper 
bound to gr 


6 


= 1+ b(Ect + Eu) (15.1) 


lgr| < 2.5 (15.2) 
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There is then still some distance to go before we arrive at the limit set by iso- 
spin-breaking interactions. 

It has been recently pointed out by Delorme and Rho (71 ) that additional 
second-class currents can be present when the interaction between the decaying 
nucleon and the other nuclear nucleons are taken into account. G-parity can 
be carried off by the rest of the nucleus so that it need not be conserved in the 
elementary decay. According to these authors off-the-mass shell contributions 
might be as important as the induced tensor terms. Further experiments are 
required. According to Greuling. and Kim (64) the electron—neutrino and 
electron—nuclear spin correlation are also sensitive to the presence of second- 
class currents. For further discussion see Delorme and Rho. 


16. OTHER TESTS OF THE THEORY OF WEAK INTERACTIONS 


A. Double 6-Decay 


In the process of double 8-decay a nucleus (Z, N) decays spontaneously to 
the nucleus (Z + 2, N = 2) by the emission of two electrons (or positrons ) 
accompanied by two antineutrinos (or neutrinos ) according to the weak in- 
teraction theory developed above. Double @-decay is described by second- 
order perturbation theory. The first step is a transition from the original 
(Z, N) nucleus to a (Z + 1, N — 1) nucleus plus an electron and anti- 
neutrino. This intermediate state then decays into the final (Z + 2, N — 2) 
nucleus by the emission of another electron—antineutrino pair. This decay is 
known as the two-neutrino decay. In the theory described above it is not 
possible to make the transition to the final nucleus by absorbing the anti- 
neutrino emitted in the first leg, since a neutron can transform into a proton 
only by neutrino absorption. Hence the no-neutrino decay is not allowed. 
Clearly, observing double 6-decay and particularly the extent to which no 
neutrino decay occurs will provide a test of the theory. 

Only a few nuclei are stable except for double 6-decay. In particular, single 
B-decay to the intermediate nucleus must be forbidden energetically or, if 
allowed energetically, strongly inhibited because of the large angular mo- 
mentum change involved. Nuclei that satisfy these conditions are shown in 
Table 16.1. The column labeled ‘“‘two neutrino”’ gives the value of the lifetime 
as obtained with the standard theory while the last column gives the lifetime 
if no-neutrino decay is allowed. We observe that the no-neutrino theory life- 
times are a factor of 10° shorter. The reason for this large ratio lies in the virtual 
character of the neutrinos emitted and absorbed in the no-neutrino process, 
the available phase space being thus larger than in the two-neutrino case. 
Another and related difference between the two possibilities lies in their elec- 
tron spectrum. In the no-neutrino case the sum of the energies of the two elec- 
trons is a constant (neglecting as usual the recoil energy of the decaying nu- 
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TABLE 16.1 Double G-decay [from Rosen and Primakoff (65)] 


Half-life (years) 
Energy Release 


(MeV) Theoretical 
Decay Process Experimental 
Two-Neutrino No-Neutrino 
130Te;. — 0XKes4 3.0 >10 + 0.127!-44 8 K 107142 8 & 1015+2 
238U) 95 — 238PU 94 1.0 > 6 x 1018 1 < 10262 Z x 1018+2 
124Snsq — !24Tes2 Lad >1 x 10'¢ 2X 10%+2 5 & 10!6+2 
>1 x 10!’ 
oS 2 JOM 
>5 X 1016 
>i xX 10!" 
N6Cdig — "6Sns0 24 >1 X 10" 1 X& 102242. 2 & 10!6+2 
>6 xX 1046 
100M04. > Rug, 2.3 =2 X 1016 2 1042 5 & 1()16+2 
>3 X 10}? 
106C dug —> 1° Pdi 0.9 >6 X 10!6 8 X 1078+2. 6 & 102042 
%7 rap —> ®MO4e 3.3 >2 X 1016 4X 10742 6 & 1015+2 
>5 x 10!” 
Cac — Tice 4.3 =2 X 10!” 1 X 107+2¢ 3 & 1015+2 
>2 X 10 
10Ndeo —> Smee 3.7 >4 x 10!8 8 x 107042 2 & 1015+? 
2647 N39 —> S4Niog 1.1 >1 x 1016 1 X 103942 3 & 1026+? 


¢ On the basis of shell-model type estimates of the relevant nuclear matrix elements, Belyaev 
and Zaharyev and also Meichsner obtain a half-life = 10!9 years for the two-neutrino 6-B-- 
decay of 48Cao 48T hoo. 

’ KK-capture. 


cleus ) while in the two-neutrino case only the maximum of the energy sum 
equals the energy released, since the two neutrinos can carry off energy. 

These two differences, lifetime and electron spectrum have formed the main 
bases of the various experimental attempts that have been made to observe 
the double 8-decay process. It was recently seen by Kirsten et al. (68) by 
examining the tellurium ores of a known age. The ore was found to contain 
130X%e in an abundance far greater than that contained in atmospheric Xenon. 
These authors show that this excess could only have resulted from the double 
B-decay of 1°°Te. The half-life was found to be 10?!-344°.12, Comparing with 
Table 16.1, we see that the two-neutrino theory fits experiment and that the 
pure no-neutrino theory is incorrect. A small component of the no-neutrino 
process cannot be excluded because of experimental error. This possibility 
has been investigated by Primakoff and Rosen (69) who were able to set a 
rather small upper limit on this possibility. 
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B. Parity Nonconserving Nuclear Forces 


Thus far in our discussion only particular terms of the weak interaction 
Hamiltonian (12.14) have been considered: those involving cross terms be- 
tween different kinds of currents. Nuclear 6-decay involves the nucleon and 
electron-neutrino currents;u- decay this last current and the muon and p— 
neutrino current. There are, however, “diagonal terms” (see Eq. 12.15). There 
is, for example, the product 


Crvg a 
— Ce) «9, (2) 4. hic. 
4/2 Ds Ir*r e 


which leads to the scattering of electrons by neutrinos and antineutrinos: 
Dp te 7 +e (16.1a) 
Veterrvete (16.1b) 


The predicted cross sections for these processes are. very small. For the first 
process it is of the order of 


(0.56 10-*4 cm?) X E, 


where E£, is neutrino energy in MeV. The second process (16.1b ) cross section 
is three times this number. To this date only an upper limit for (16.1a), which 
is 2.5 times the above estimate, has been established [Reines and Gurr (70) ] 
by scattering the anti-neutrinos available at reactors. Electron neutrinos are 
generated in yu“) decay and thus experiment (16.la) may be eventually per- 
formed at accelerators that produce muons with sufficient intensity. The im- 
portance of these processes for the understanding of weak interactions has 
been recently emphasized by Gell-Mann et al. (69). 
There are of course other ‘‘diagonal terms.’’ One of interest for us is 


Cvg 


4/2 


The diagram for this term is shown in Fig. 16.1. It clearly leads to a nucleon-— 
nucleon interaction. The important point is that since (16.2) does not con- 
serve parity there is a component of the nuclear force that does not conserve 
parity. One immediate effect is that nuclear states have mixed parity. The 
wave function may be written 


Y = Wnorm + Fx (16.3 ) 


where Waormal 1S the wave function in the absence of the parity nonconserving 
potential. The amplitude Fy is the addition generated by that potential. The 
parity of x is opposite to that of Waorm. If x is normalized |F| measures the 
size of the effect. 


DY HAMAR + hie. (16.2) 
ny 
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FIG. 16.1. Weak proton-neutron interaction according to Eq (16.2). 


Experimental approaches directed toward the determination of F have 
been of two types. In one, a transition that would be forbidden if parity is 
conserved is examined. A case of this kind that has received considerable 
attention 1s [Segal et. al. (61)] the a-decay of 8.88 MeV 2>- state in !*O to the 
0+ ground state of °C (Fig. 16.2). If parity is conserved the width for this 
decay is zero. By observing the number of alphas of the appropriate energy 
and comparing to the known decays, an estimate of the width of this state 
can be obtained. Waffler (72) obtained a parity-forbidden alpha width of 


T, = (1.0 + 0.2) X 10-!% eV 


from which the estimate 
|F|2<3 xX 10-14 (16.4) 


was obtained. Theoretical estimates have been made by a number of authors. 
These calculations all predict T, ~ 107!° in agreement with experiment 
[Gari (70) ]. This experiment is of some importance since it will tell us if the 
nonparity conserving potential has an isoscalar component, the isospin of the 
2- level, and the ground state of 1?C being identical. 

Successful observation of nonparity conserving transitions have been made 
by examining the character of electromagnetic transitions. The advantages 
of this method were first described by Wilkinson (58). For example, if the 
principal mode of decay of a state is by an electric dipole transition, the normal 
amplitude, the presence of the small Fy component would add a small mag- 
netic dipole component, the abnormal amplitude. Since this magnetic dipole 
radiation amplitude is opposite in parity to that of the electric dipole, the 
interference between the two amplitudes will produce a component of the 
intensity that is odd under space inversion, indicating the presence of a non- 
parity-conserving interaction. The strength of this odd term is proportional 
to F not to |F|? as in the experiment just discussed and should therefore be 
much more easily observed. 

Several methods of observing this effect have been employed. If the gamma 
Tays emitted by an unoriented nucleus are partially circularly polarized, 
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FIG. 16.2. Energy level diagram, branching ratios and approximate absolute widths of 
relevant T = 0 states in £0 produced by the f-decay !*N [taken from Henley (69)). 


parity is not conserved in the transition since, as noted in Chapter VIII, the 
state of a photon with a given helicity is of mixed parity, the vector potential 
having the form e + i(e X k), the sum of a polar and axial vector. The vector 
k is in the direction of propagation of the photon. In another experiment, the 
asymmetry of the gamma rays emitted in the capture of polarized thermal 
neutrons with respect to the direction of polarization is evidence of parity 
nonconservation. If P is the polarization direction, then in this experiment 
the expectation value of P-k where k is the direction of motion of the photon 
is determined. This expectation value is zero if parity is conserved since P-k 
is a pseudoscalar, polarization being a pseudovector. (For the spin 1/2 case 
P = (¢é).) The asymmetry is a consequence of the interference between the 
normal and abnormal amplitudes. If only a single multipole is involved, the 
asymmetry is absent (see Eq. VIII.5.13). 
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Because of the small value of F, these experiments, even though the effect 
depends linearly on F, are still very difficult. The “background” out of which 
one wishes to extract the effect involves at the very least the normal transitions 
so that one way to improve the visibility of the effect is to search for it in cases 
where the normal transition probability happens to be reduced. As we have 
noted in Chapter VIII that is the case for electric dipole transition and magnetic 
dipole transitions because of the action of isospin-selection rules (Chapter 
VIII p. 734). In rotational nuclei, highly K forbidden transitions present 
another possibility. 

Several such measurements have been made. These are listed in Table 16.2 
taken mostly from Gari’s review article (72). In several of these experiments, 
the decays in !75Lu, 18!Ta, 1!4Cd, and !®°Hf the uncertainty is sufficiently small 
and there is agreement among several experiments so that there is no question 
that the presence of nonparity-conserving nuclear forces has been observed. 
However, substantial quantitative differences do still remain and more experi- 
mental work is essential. The large value obtained for ?H is unexpected theo- 
retically. [Hadjimichael and Fischbach (71), F. Partovi (64) ]. 

Let us now return to the theory of these processes. We shall not attempt to 
derive the nonparity-conserving forces but just to point to significant features. 
Particular attention will be paid to their isospin character and range. Let us 
first consider the nonstrangeness changing part of the hadron current-current 
interaction arising from the non-strangeness changing currents. This will have 
the form (16.2) 


Hyi™ = e, Cos? 6, D, [AMHLMO 4+ AMOR OH | (16.5) 
nN 


where J.) has the same isospin-transformation properties as the isospin 
operators, T+). Thus the transformation properties of Hw: are those of 
THT + TOT where 7; transforms like a vector in isospin space. Hy), 
since it is bilinear, might behave like a linear combination of an isoscalar, iso- 
vector, and an isotensor. However, since Hyi\? is symmetric, there can be no 
isovector component so that Hw,“ can induce T = 0 and T = 2 transitions, 
both of which can occur in the nucleon-nucleon systems. In terms of the nu- 
cleon—nucleon isospin variables the nucleon-nucleon interaction will involve 
terms like 7172 + 7,072 where the subscripts number the nucleons. 
Turning now to the range of this interaction we observe since the various 
currents entering into (16.5 ) are evaluated at one point, that the range of the 
force is zero. This is however ‘not correct since the effect of the strong inter- 
actions are important as we know from the renormalization and form-factor 
effects that are present in B-decay (Fig. 13.1 and p. 841 ). In the present process 
the bosons can be exchanged between all four particles (the incident nucleons 
and the final nucleons). An estimate of the maximal range can be obtained 
by asking for the minimum mass of bosons with isospin T = 0 and T = 2 
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that can be exchanged between the nucleons. The minimum mass is provided 
by two pions corresponding to a range of (h/2m,c) or about 0.7 fm. Single 
pion exchange is not allowed in this theory. 

Single pion exchange is permitted in the contribution to the potential of the 
strangeness-changing part of the hadron currents. The Hamiltonian involved 
is (12.18) 


Gu. erpsee 
Hy = —=sin? 6 >) AO" h™ (16.6) 
i V2 nN 


Recall that J,“ is responsible for the decay of the A into a proton plus a nega- 
tive pion. Since A has zero isospin the current might involve a T = 1/2 com- 
ponent and possibly a 3/2 one. However, experimental evidence very strongly 
suggests that only the TJ = 1/2 component is present in J,“. From this it 
follows that a component of Hy.“ given by (16.6) will transform like a 
vector in isospin space. In terms of the nucleon-nucleon isospin variable, 7, 
and <2, the only vector is t; X +2. In this case, since the exchanged boson can 
have T = 1, a pion 1s the candidate with a minimum mass with the consequent 
range of (h/m,c) or 1.4 fm. We leave it as an exercise for the reader to devise 
a process in which according to (16.6) a nucleon can weakly decay into a 
nucleon plus a pion. Hywe“™) appears to be considerably smaller than Hy. 
by the factor tan? 6,. However the much larger range of Hy.“ plus the small 
probability of finding two nucleons close together because of the hard core 
in the parity-conserving part of the nucleon-nucleon interaction makes the 
potentials obtained from Hyi™ and Hyw.“™) have about the same importance 
for the determination of F. 

Some remarks on the procedure involved in obtaining finally the nonparity- 
conserving potentials follow. [For details see, for example, Blin—Stoyle and 
Herczeg (68 ).] It is necessary to evaluate the matrix element 


(N’\N’2| Hy | NN) 


where Ni. and N’,. refer to the initial and final states of the two-nucleon 
system. 

The assumption is made that the only intermediate states of consequence 
are single-nucleon states. The consequences as shown for the first term in 
(16.5 ) is 


(NUN |AMAORMO + D)MOPMH | NiNg) ~ (N11 | APH |) 
X(N |AMO|N2) + (N's | J, |.N) (Ng | OH |N2) (16.7) 


To obtain the parity-nonconserving component (PNC) we write 4, = Vy + 
A, and keep only the cross terms between V, and A,. The diagonal terms 
V,V, and A,A) conserve parity and are completely negligible compared to the 
terms generated by the strong interactions. One may then employ (13.25 ) for 


(69) Sure “Y OIL I F 9'0)— = 
(ZL) ‘Te 19 HeqIy “TI ‘f£ *-O1(S' I F O'9)— = 
(L9) ‘Te 30 SuIUIVM “A 
-OW7'7 F S'Z—- = 
(¢9) ‘Te 19 AOQY ‘DH ‘NA 


s-0166'0 F L'€)— = 


(99) TeACQY'O NA 4+-O1ZT = S')— = 'V 1Z tO +1 APA SO'6~ = POmm 
(ZL) wosdr] pur ‘wysog ‘uepesjiepueA =o -01(0'7 F 0'9)— = “d WW “UE +2/§ AP TO SVar 
(p9) Hapayuey “_ -O1(0'9 F 0'°%) = “d IZ -7/T . -7/€ APMP bT le Fr 
(09) Josney pue wiqs0g -O1Q'€ F 7%) = “V 
(69) ‘Te 19 AoYyseqo’T “W ‘A -O1(E'0 F 61) = “d 7H +7/€ e -7/L A? 1671 > te 
(OL) souleg pur “194q ‘STOW ‘aUTOW| »-O17'S F Eb) = “V WW +7/T . -7/T = APA OTT or 


(OL) ‘Te 19 AOYSEQqOT ‘W ‘A OST F SI (A+ p<-—d+u) 


[eurey4 
(TL) ‘Te 39 AOYSeQqoTT “WW *A -O1L'0 F L'I)- = “d IZ 'de + "Se — St A® 77 Hz 
IW 
saousj9joy s}jNsoy SUOI}ISUDAL SUOIJISUDA] J|DUWAON A6.aug SN9|ONN 
|Dyusuedxy jOwsouqy uoIJISUD.)] 


‘[AHsow (Z 7) 14D4) Woy] SUd’INENY PEZLD}OYg JO auNjdD> Jay poeyiwy suoyoUg 10} “yw AsyowAsy auy puD 
SUOIJISUDAL ADSIINN Ul poyiwy ‘Ag ‘suojOYd JO UOHDZIIDJOg ADINDIID OUY JO SjUaWaINsDSW jDJUsWIIEdXZ ZOL FIGWL 


870 


(89) HepoyUBY pue wuyoog s-O1(0'€ F 07) = “d IZ +@/L —— +7/$ APM EVE 
Catt Ww 
(OL) ‘Te 19 481g “MA -O10'E F Sb) = “PV 
(69) WYys0g pue uspesjJopueA -O1(8'0 F 79) = “d 
(L9) ‘Te 39 AOYsEqoT ‘W ‘A -O100'T * Oy) = “d WW +t/L ——— -7/6 A? 96E 0 Tout 
CWT 
a 
-O10'7 F OZ)-— = ‘PV WW +07/$ —-7/€ = APHSL 
TH 
(TL) 1494915 pur ‘sozIg ‘uas[O Souery 
-OU(Z'E F O'E)— = “V IZ =7/$ — -7/€ A? 6P Ate 
TW 
-O10'r F 7D— = “VY IZ +0/€ — 42/6 A®I 97Z 
TW 
(TL) ‘Te 39 ouRTy “Ss “yy 
-O10's F LI) = “V lq +Z/€ — +2/6 A? 8r€ 


TH 
a ee eee a ae ee ee 
(IL) UepesfiopueA pue “WiYyeog ‘uosdr] -O10'S F OT)— = “d 
(TL) ‘Te 39 oueTY ‘§ “ -O18'T FT I— = “d WW +0/€ —-7/E APH EOE QLect 
; oc § 
a a 


(09) Jesney pue wysog e-O1S'T F $1) = “V IZ +0/L — +7/$ AS 18 BD eet 
IW 


871 


(69) ueUTyaAA pure ‘zuUdTYDS ‘AV’T “}pojsuapog 
(TL) ‘Te 39 UoUsTUTeEgeq ‘d 


s-O19'0 F 8°%)— 


OIL F Z— 


(69) uoyTUeF] pue esn4ip s-O1(0'9 F 0'6)— = “d 
(TL) axYosuer pue yoog -~OlEl F Ty)- = 
(L9) ‘Te 19 AOYseqoT “W “A -O10'T F O— = 
(OL) WYys0g pue Uspsa]opueA -OlZT F 6E)— = 
(TL) UspssfiopueA pue “uYya0g “uosdrT OS 7 F Te)—- = “d 1d +0] L —— 42/¢ A®I 78 BList 
CAatiNn 
(99) toddoyog pur “ayxyosuer “yoog 4 (€ F EWM— = 
(L9) 
Jaqeyupfopn- greys pue ‘uMosypy ‘Med 4 (19 * 6S) = “d A 0+8 <— 8-8 A®I S°LS 
TH 
(89) ood pure joaog -O1L'0 F PD- = “d 
(99) ‘Te 19 S1aquin|g *H Lot > “d 
(TL) eA9Ig pur ‘sazig ‘ues[Q “suey = c-OL(ST'O F OD)— =" 
(TL) Heyeyuey pue ‘wuneg ‘eydny --019'0 F 8 D— = 
(TL) UapssfiapueA pue “wYys0g ‘uosdrT] 0190 F €'7Z)— = 
(OL) Jog pue syyosuse—_ g--OI(S7'0 F 8 W— = “d ca +09 <———_ -88 A®4 TOS JHost 
(¢at+zW) 
(09) Jasneyy pue wys0g s-O1O'EL F O'€) = “d WW -7/6 — +7/6 A? 807 JH 
TH 
seoudsajoy syjNsOY suOIJISUDA] SUOHISUDI] J[DWAION ABuouy SNSI|INN 
jojyusuiedxg jouoUgy uolISUDA] 
N 
(Penuyuod) SOL JIGVL 06 


(OL) uoyTWey pure Joyxeg s-O1(0'8 F 09) = “*V 
(IL) wepssjropueA pue “‘wYysog ‘uosdIT = 5-OT(0'0I F O'b)— = 
(ZL) uosdry] pue ‘wiysog ‘uepssfiapueA, 0100'S * 07) = 
(89) Hejeyuey pue wysog -~OIO'E F O'Z— = 
(TL) HefeyUey pue ‘wneq ‘eydny 0100'S F O'€) = 
(OL) 91QeYD puke uoUsTUTeS 9q ‘d O18 + O'€)— = “d IZ £308 A? 6L7 TLeoz 
CatIW 
(TL) ‘Te 39 suey “Ss “yy OIL T F 8'?— = “VY 
(TL) usposjiopueA pure ‘urysog ‘uosdrT] -Ol0r F S2- ="“d 77+ IW 400 += =CC AX 6811 Mazar 
CMTE 
(L9) ‘Te 19 ucfooy ueA ‘f -O10'L F L'0) = 
(99) HojsyuBy pue wuysog -O10'r F OD- = 
(TL) Heyeyuey pue ‘wneg ‘eqdny —~OI0'r F 07) = (p,}U09) 
(¢9) szaddoysg pure yoog -OIO'IZ * 0'€) = “d BLret 


873 


874 THE WEAK INTERACTION 


the matrix element of the vector current and (14.2) for the axial current. 
Finally to obtain the potential in coordinate space it is necessary to take the 
Fourier transform from momentum space to coordinate space. 

The result as given by Blin-Stoyle and Herczeg (68 ) is instructive* 


Vupc? = c X 62)-rfa(r) + (61 — 62): Pe hale) 


X [er-t2 — (71)3(r2)3 ] (16.8) 


where r = r,; — Fe. Since 6; does not change sign on parity inversion and r 
and p; do, it is clear that V3. is odd under this transformation. Note that 
Vitc is symmetric under the exchange 1 < 2 and is time reversal invariant. 
The factors f, and h, are directly related to the form factors of (13.25) and 
(14.2) 


G, h i\8d 
fa =- Py laia be aay. RE {() <f [gv(k?) + gw(k?) ]ga(k?) 


X exp tir) at (16.9) 


ha = — Sr 00s" 0. > Re (5) feraren (k?) exp (kr) di (16.10) 


We have dropped the gs and gr terms. The vector form factors gy and gy can 
be obtained by CVC from electron—nucleon scattering. The momentum de- 
pendence of gy, is not so nearly well determined and only reasonable guesses 
have been made so far. The range of f4 and h, are given by (1/k) where k is 
roughly the value of k beyond which the form factor products in (16.10) are 
not appreciable. Figure 16.3 shows h, and f, as obtained by Blin—Stoyle and 
Herczeg. 

The evaluation of the matrix element (N’,N ">| Hw. | NiN2) and the deter- 
mination of the consequent nuclear potential [McKellar (67), Fischbach and 
Trabert (68)] cannot be readily understood without substantial discussion 
of SU(3) classification of particles. This will take us too far afield. But the 
form of the answer can be made reasonable in terms of Fig. 16.4 which corre- 
sponds perturbatively to the actual evaluation which relies on PCAC as well 
as SU (3) theories. In this diagram weak interaction theory enters at the weak 
interaction vertex where the weak decay Ni — N’; + x occurs. The emitted 
pion is then absorbed by N, via the strong interaction involving then the strong 


*Note that for two-particle systems 0, X a2 > — i (o, — o>). 
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FIG. 16.3. Form factors hy, and f, obtained by Blin-Stoyle and Herczeg (68). 


coupling constant g,,,. The weak decay probability is determined from the 
pionic decays of the A, 2, and & hyperons making use of properties of the 
SU (3) group that relates these decays to the weak nucleon decay. It is found 
that the matrix element y for the process n — p + aw is + (4.2 + 0.8) X 10°, 
the sign not being determined by this method. The corresponding nucleon-— 
nucleon potential 


VOoc=+ bee : (=) m,c*[(¢1 + ¢2)- x Je-* (5 ae 5) («1 X *2)3 

84/2 fe ee (16.11) 
where 

x = ee (r; — re) 

Note that V&%_ conserves the spin of the two-body system while V{}¢ does 
not. At the pion compton wavelength both V{}}c and V&b¢ are of the order 
10-7 MeV while the parity-conserving nucleon-nucleon potential is of the 
order of several MeV, at the same internuclear distance. As x gets smaller 
Vatc will eventually dominate; at x = 0.4, VOn~o ~ 10 Vdc. 

Observation of such a small interaction, one of the order of electron volts, 
in the presence of the much stronger parity-conserving nucleon-nucleon po- 
tential is indeed remarkable. However, in comparing theory with experiment 
one must consider that there are several approximations involved in deriving 
this force. In the derivation we have pointed to the approximations involved 
in obtaining (16.7) and to the unknown momentum dependence of g4. Other 
uncertainties are present in V@ . But in addition one must now use these 
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FIG. 16.4. One-picn exchange weak interaction originating in the strange current— 
strange-current interaction. 


potentials together with nuclear models for the nuclei involved. At the present 
moment there is considerable difference in the results of these calculations. 
In the case of !®!Ta [the experimental value for circular polarization is — (0.6 + 
0.1) X 10-5] McKellar (68) obtains (—2 + 1) X 10-5 if positive y is used, 
(—3 + 1) for negative y. Fischbach and Trabert (68) obtain similar values 
but Desplanques and Vinh Mau (71) obtain much smaller values. Such a 
large difference is partially caused by differing treatments of the hard core of 
the parity-conserving potential. 

Further study of nuclear structure effects are obviously in order. But as was 
suggested some time ago, Blin-Stoyle and Feshbach (61), many of these 
difficulties might be avoided if the simpler nuclei such as *H, *H, or *He were 
involved. These authors and F. Partovi (64) have considered the effects of 
Vypc on the photo disintegration of 7H as well as neutron capture by protons 
and 7H. In experiments involving the deuteron asymmetry and polarization 
effects of the order of 10-* — 10-7 were predicted but in (n, d) capture larger 
effects are predicted. Danilov (65 ) and Tadic (68 ) have shown that the polariz- 
ation in (”, p) capture depends only upon the T = 0, 2 components of Vypc, 
that is, on V&%c, while the asymmetry in the capture of polarized neutrons by 
protons depends only on V¥$c. The deuteron experiments have been per- 
formed recently by Loboshov (70, 71). For a theoretical discussion see the 
papers by Partovi (64) and Hadjimichael and Fischbach (71)]. The (n, d) 
capture process seems more promising but of course the interpretation will 
be more difficult [Moskalev (68 ), Hadjimichael, Harms, Newton (71 )]. 

Light nuclei also present possibilities because the wave functions are better 
known. In addition one can choose levels for which E1 is retarded. Recall 
(see page 739) the approximate selection rule that states that £1 
transitions in self-conjugate nuclei are forbidden (Fig. VIII.11.9). Similarly 
isoscalar M1 transitions (Chapter VIII, page 746 and Fig. VIII.11.12) are ap- 
proximately forbidden. This suggestion that was made by Dashen et al. (64) 
has been recently investigated by Henley (68) who finds that the transition 


OTHER TESTS OF THE THEORY OF WEAK INTERACTIONS 877 


2~(5.105 MeV) El 1* (0.717 MeV) in 1°B and 0-(1.08 MeV) El 1* (g.s.) 
in 18F are promising.* 


TABLE 16.3  Isospin Analysis of Experiments in Parity Violation? 


Experiment |AT| =O |AT| = 1 |AT| = 2 Performed 

a-decay 

16QO(8.88 MeV) > 8C + a D4 Yes 
n+tped+y 
Circular polarization xX Yes 
nt+pedt+y 
Angular asymmetry Xx No 
n+dett+y 
Circular polarization xX XxX In progress 
Complex nuclei (8Ta, etc.) X xX X Yes 
at+d-thi+y X Yes 
Self-conjugate nuclei 
(8F, 1B, etc.) X No 
et+d-et+d »4 No 


¢ The cross (X) indicate the isospin terms in Vypc to which the experiment is sensitive 
{from Fischbach and Tadic (72) ]. 


C. Neutral Currents; Time-Reversal Invariance; Nonparity-Conserving 
Potential 


The discovery that kaon decay is not time-reversal or CP invariant (C = 
charge conjugation, P = space inversion) [Christenson, Cronin, Fitch, 
Turlay (64)] has stimulated much theoretical and experimental activity. On 
the experimental side besides attempting to elucidate the kaon decay, a search 
has been made for other examples of time-reversal invariance violating transi- 


*In a recent excellent paper, Fischbach and Tadic (71) review the current 
(1972) status of the origin of nonparity-conserving potentials and their effect 
on nuclear transitions. Unfortunately it arrived well after the material in this 
section had been written so that it was not possible to include relevant aspects 
of their discussion. We shall however include one of their tables that gives the 
sensitivity of the various experiments to the isospin components of the parity- 
nonconserving potential (Table 16.3). Another even more recent review has 
been made by Gari (72). 
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tions without success. Because of the association of the one observed case with 
weak decay, the nuclear 6-decay has been subjected to considerable scrutiny. 
Possible experiments of this type were first discussed by Jackson, Treiman, 
and Wyld (57). The principal involved is analogous to that used in the in- 
vestigation of nonparity-conserving 8-decay—to observe the expectation value 
in the final state of a quantity that is not time-reversal invariant. One example 
involves the measurement of the antineutrino momentum (obtained from the 
recoiling nucleus ), and the electron momentum as emitted from a polarized 
nucleus. One then asks for the expectation value of P-(p. X p;) where P 
is the polarization vector for the emitting nucleus. Since P transforms like a 
spin, it is odd under the time-reversal transition as are p, and p,. The reader 
can easily form other examples of such noninvariant quantities. For a recent 
discussion of these experiments as well as those involving electromagnetic 
decay of nuclear systems and nuclear reactions, see Henley’s article (69). An 
example of the latter, nuclear reactions, is shown in Fig. 16.5 where the de- 
tailed balance between the reactions *4Mg(a, p) ?“Al and ?"Al(p, a) 74Mg is 
examined. The authors claim an upper bound of 3 & 10~ for the ratio of re- 
action amplitude odd under time-reversal compared to the amplitude even 
under time reversal. The discussion of electromagnetic transitions takes ad- 
vantage of the fact that if time-reversal invariance holds it is possible to choose 
the phases of the nuclear wave functions so that the matrix elements for the 
transition are real. Hence a violation of time-reversal invariance is implied 
if the relative phase of say an E2 matrix element and an M1 matrix element is 
observed to be other than 0 or w. For a discussion of these experiments see 
Henley (69). 


Problem. Discuss other 6-decay measurements that would test time-reversal 
invariants. An example is (6.- (Pp. X pys)) where 6, refers to the electron spin. 


From a theoretical point of view one can insert a lack of time-reversal in- 
variance phenomenologically by making the form factors in the effective 
nuclear B-decay Hamiltonian gy, gu, ga, etc. complex. From a more funda- 
mental point of view, one procedure involves keeping the current—current 
interaction form but adding currents that do not preserve CP- or 7J-invariance. 
One such theory [Oakes (68 )] adds neutral currents, suggested by the SU(3 ) 
classification, to the isospin current used in the theory, as discussed up to this 
point. The latter currents are charged, that is, one of the particles involved is 
charged, the other neutral (see Eqs. 12.8, 12.9, and 12.11). Neutral currents 
were introduced much earlier by d’Espagnat (63) in order to guarantee the 
AT = 1/2 rule in nonleptonic weak decays [Gasiorowicz (66) ]. For the dis- 
cussion here it is important to note that these currents have a large effect on 
the nonparity-conserving potential discussed in Section 16c. The new feature is 
that a component of the neutral currents as introduced by Oakes transforms 
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like T; (and also is nonstrangeness changing ) breaking the symmetry of the 
TOT) + TT (see discussion below Eq. 16.5). The 73 combines with 
T™ and T@ to obtain, in addition to the isoscalar and isotensor of the charged 
current-—current interaction, an isovector as well. Because the current-—current 
interaction will now have a T = 1 component, it follows that the range of the 
resultant nucleon—nucleon force can be the order of one pion Compton wave- 
length and, therefore, will contribute to V@},~; moreover the factor of sin? 6, 
of that term will be replaced by cos?6,. The consequent enhancement of 
Vic according to McKellar (68) is a factor of 30, making V@&_ dominant 
and increasing correspondingly the effects in nuclear transition of nonparity- 
conserving potentials. 

It is important to realize that such a pion term can only occur if the effec- 
tive interaction H.;; does not conserve CP. To prove this consider the most 
general effective local AS = 0 interaction that does not conserve parity 


Fess ~ | ae leFdud. + Co 2 deri 5 a C3 2 dwowtn = obs 


Ox)OX, 
(16.12) 


where c; are constants, y is the nucleon field, and ¢, is a pseudoscalar neu- 
tral field like that of the 7° (but it could also be the 7°). Recall that under 
charge conjugation ¢, is even and that WwW is even under P and C. If H eff is to 
conserve CP, the first term must be dropped. It is odd under P since ¢, is a 
pseudoscalar but even under C. If we integrate the second term by parts we 
see that it vanishes when we employ (13.25 ) for the matrix element of yyy, 
(a vector current) and realize that the initial and final nucleon are identical 
and thus have the same mass. Finally the c; term in (16.11) vanishes because 
of the antisymmetry of o, and the symmetry of 0?/0x,0x, with respect to the 
indices \ and vy. The conclusion is that the effective Hamiltonian cannot con- 
serve CP, strangeness and at the same allow for single neutral pion exchange. 
The addition of a CP violating neutral current is required. 

Thus by observing nonparity-conserving transitions we not only confirm 
the existence of the diagonal baryon—-baryon weak interaction, but also from 
quantitative interpretation one should be able to determine the existence of a 
neutral CP violating current. 

Unfortunately at the present moment there seems to be a disagreement in 
the calculations: McKellar (68 ) finds, when including neutral currents, that 
the circular polarization effect for 1*'Ta is (—10 + 5) & 10-> compared to 
his no-neutral current value of —3 X 10-°. Vinh Mau and Bruneau’s (69) 
value rises from —0.08 & 10-5 to —1.55 & 10-5. Both calculations reflect the 
strong effect of the neutral current. Since the experimental value is — (0.6 + 
0.1) X 10-> McKellar claims the absence of a neutral current while Vinh Mau 
and Bruneau predict its existence. This disagreement, which is partially a 
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consequence of different treatments of the hard core of the parity-conserving 
nucleon-nucelon interaction, is undoubtedly transitory. As soon as it is re- 
solved (or further experiments on better known nuclei are performed ) the 
existence of neutral currents will be established. The reverse would also be 
true; if these experiments ever were to become more routine (and Vypc better 
known ), they would permit further studies of aspects of nuclear wave func- 
tions. For a recent review of the status of these calculations [see Gari (72) ]. 


17. FORBIDDEN 6-DECAY 


In discussing nuclear 8-decay we have made a number of approximations, 
which limit the validity of the results obtained, to the allowed transitions of 
Section 2. These approximations need to be improved upon when (1) the 
Fermi and/or Gamow-Teller selection rules of (2.26) and (2.27) are not 
satisfied, and/or (2) when the electron or neutrino wavelength is so small that 
the approximation that these lepton wave functions are constant over the 
nuclear volume is invalid. Under these conditions it is no longer correct to 
take the nonrelativistic limit (Table 11.2) of the nucleon operators. In addi- 
tion one must also include the effects of the strong interactions, as given by 
the momentum dependence of the form factors gy, gw, ga, and gp. We shall 
place the second-class current form factors gs, gr equal to zero. We shall now 
improve upon the earlier simpler theory in order to take these effects into 
account. : 

When these effects are taken into account, finite values are obtained for the 
nuclear matrix elements for transitions that are not allowed according to the 
selection rules (2.26) and (2.27 ). These transitions are referred to as forbidden 
transitions. As will be discussed the spatial variation of the leptonic 
wave functions is describable in terms of a multipole expansion, so that 
the forbidden transitions can generally be classified according to the angular 
momentum and parity carried off by the leptonic fields. This is completely 
analogous to the various electromagnetic multipole transitions that arise 
because the photon field similarly contains components of various angular 
momentum and parity. 

The selection rules and degree of forbiddeness are also affected by the rela- 
tivistic corrections to the nonrelativistic nucleon operators that are carried 
out below to first order in vy/C where vy is the nucleon velocity. As we shall 
see the consequent form for the effective 8-decay Hamiltonian is not sensitive 
to the errors in this first-order approximation. The quantitative conclusions 
are correct to the extent that the nuclear wave functions used in the evaluation 
of the matrix elements of this Hamiltonian already implicitly contain higher- 
order relativistic effects. 

Let us begin by first developing this effective Hamiltonian. 
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We shall first generalize the one-body nucleon amplitude (see Eqs. 13.25 
and 14.2) 


(p|Vi™ (0) + Au (0)|n)Li(0) + 2 (P|Va (0) + Ae (0)|2)La(0) 
1 
= [4(0 july ty. [gv (k?) + vsga(k?)] + sage Berks + yb » cake Un 
— 2 La(0 Jip byelev(k?) + ysga(k?)] 


i 1 
+ Mc oP Ye + ace 2 cake} Un (17.1) 


The factor L, (0) involves the lepton wave functions: 
Do) = ven + 15) 
while k, is the momentum transfer 
ky = (Pa) — Doh (13.22) 


Equation 17.1 applies to B- decay. For positron decay, the form of (17.1) 
(assuming time-reversal invariance) is unchanged. Of course p is exchanged 
for v in the initial and vice versa in the final states while LZ) is replaced by 


Ly = wy (1 + 15 )We 


In obtaining the matrix element for the nuclear transition several approxima- 
tions will be made. First, we assume that (17.1), which is valid for the free 
nucleon, is not modified inside the nucleus. This assumption can in part be 
described as neglecting the influence of the strong interactions with the other 
nucleons in the nucleus upon the #-decay interaction. Since these effects will 
depend not only upon the coordinates of the decaying nucleon but also upon 
those of the other interacting nucleons, the resulting corrections will add in 
many-body terms, involving the coordinates of two or more particles. The 
mesonic exchange considered by Bell and Blin—-Stoyle (57) provide an example 
of this phenomena. It is closely related to the mesonic exchange currents that 
were discussed in Section VIII.3 for electromagnetic transitions. The results 
to be obtained below will thus contain only the one-body part of the nuclear 
G-decay interaction. (See however p. 894). 
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Effective Nuclear 6-Decay Hamiltonian 


We are now left with the problem of putting the nucleon matrix element 
into a form suitable for nuclear transitions. Coordinate space representation 
seems most convenient. To determine its form we recall that H is given by 


= SEX [ari sion @)|1) (17.2) 
Factoring out the ee contribution yields 
_C¢ 
~ve V3 | ae fl 5O*(€) lin er lA@ (Io) 


The second bracket is proportional (there is a factor of —i) to Z)(r). The 
first factor is rewritten as follows: 


: dp’’ 
(far (lin) = [a fae ‘late (2th )8 
- (fw |r’) de’ |p’) (p|Jx*(r) |p’) (p’” [r’”) (r’” | inv) 


But 
(p’|A,%*(r)|p’’) = exp [ — i/h(p’ — p’’)-r] <p’ |A%*(0) |p”) 


and 
(p’’ |r’) = exp (ip’’-r’’/h) 
so that 


(fr |Jx*(r) )lin) = =) so kode a. a < fu |r’) ’’ lin) 


xX Fy (®- ae r) - exp [—i/h[(@’ — p’’)-r + p’-r” — p’-r’]] 
where 
1 rR 
oN (; (p’’ — P’)) = (p’|A%™*(0) |p’) (17.3) 


Integrating over (p’ + p’’)/2 yields as a factor 6(r’ — r’’). Integrating over 
r’’ one finally obtains 


(far |AxO?* (©) [in ) = [rie a’ | Fy(k) exp [—ik- (@ — r’)](r’ lin) 


= [ae ule’ ye —r’)r’ lin) (17.4) 


where J, is the Fourier transform of F). 
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In this equation r’ is the nucleon coordinate. In going to many nucleons we 
must sum over the various nucleons in the decaying nucleus. Hence the effec- 
tive Hamiltonian is 


- <H fat D hee — Le) +E hee ~ rE) (17.5) 
where | 
he) = G5 ay | a exp — (ik-r) al + vega (k2)] 
ers ae gpysky + ew 2X onvk 7 (17.6) 
Or for the spatial components* of A: 
I(r) = ylGv(r) + vsGalt)] + ¥s _ VGe(r) 


aM °° x V )Gwi(r) + sa 3 aGyw (17.7) 


where for example 


Gy(r) = On aay | o* (—ik-r )gy(k?) dk (17.8) 
For the fourth component 
E, ihe 
Le) = valGv@) + 1Gale)] — 525 Ge@) — SO Gre) (17.9) 


In the limit of zero momentum for the leptonic field gy, g4 constant, gp, ga, 
Zero, 


Gr(r) = gvd(t) Galt) = gad) (17.10) 
Nonrelativistic Reduction 
To convert these expressions to forms convenient for nuclear transitions it is neces- 


sary, in virtue of the nonrelativistic description of the nuclear many-body problem 
commonly used, to approximate the nuclear Dirac matrices by nonrelativistic forms. 


*The fourth component of k, ks, equals i (E, + E) Zic which by energy con- 
servation equals (iE)/ 7c). Eo is the energy release in the decay. 
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This is simple because of the low momentum transfer to the nucleus. The general prob- 
lem is the evaluation of %, O u, where O is a Dirac matrix. However u, and u, may be 
written to first order in the recoil momenta as follows :* 


uz 1 oO uz 
um] <6-p is 6-p “3 
2Mc 2Mc 


where uz is a two-component wave function, the subscript L denoting the “large” com- 
ponent. The small component is given to the order of vy /c where vy is the nucleon 
velocity. The normalization condition involves a second-order correction. To first 
order 


1 (6-p)/2Me 1 0 1 0O Unt 
%,Ou, = Urry Ou, — (Uz0) O é-p 
0 0 0 —-!1 2Mc 0 0 
* p 6-p 
= Upy } Orn — =— Ost + O1s = Unt (17.11) 
where 
Orr O 1s 
0= (17.12) 
Ost Oss 


and the left-facing arrow on p implies that this operator acts on up, Thus the relativistic 
operator O may be replaced by 


€ 
G-p 6-p 

oO’ (+) O;;, — —~O Org — 17.13 

—T ( LL Me sp + wat) ( ) 


where O’ is to be taken between the nonrelativistic Pauli spinor wave functions em- 
ployed in nuclear theory. Various O and their corresponding O’ are listed in Table 17.1. 


We now apply these results to the 6-ray Hamiltonian below 


Cryg 


Hg = V2 | Len(G + ysGa) + y-L(Gv + y5sGa) 


ih 
= Me (6 X v)-LGr | 
(17.14) 


*More precisely, if the nucleon Dirac equation describes a particle moving in 
a four-vector potential then (6 -p/2Mc) in the above equation is replaced by 


c/(E — V + Mc?) 6-[p — (1/c) Al. 
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TABLE 17.1  Nonrelativistic Limits of Dirac Operators 


O O' 


‘ (| é-p  6-p 
=— = ae 
2 
1 0 Mc 2Mc 
QO —1 
vay ( sie I 
4y¥s = es poe 
2 
1 0 2Mc Me 
0 —id ; 
ea. 
= — — [(é-p)6 + d(a- 
2 g . >Me [(é-p)é + d(d-p)] 
id ) 
i € > € > 
= — — i[é me 
ome (P+ B+ Al X (p—p)]} 
is ) 
Y¥s5 = id 
Q —ié 
0 6 i a6 
C4, —@ = — Sg. = 
2Mc 2Mc 
6 O 


1 < > € > 
SS — id 
ome p+idéX(pt+p] 


The term proportional to Gp has been dropped because of its small effect for 
B-decay (see Eq. 14.17). Separating out the first order (in nuclear v,/c) terms 
we have: 


Ag-(r = r;) = os [hg— = A(r = r;)rt ] (17.15) 


where 
hp— = (iGy + i6;-LG4 jr (17.16) 
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and 


-p:Ga + G46;° -p: | T OMe Me 6% x Vv; iGw )- -L 


5 <3 aa, (Or L)Gy + Gyr(L-p.) + [6: X (p.Gy — Gyp;)]-L} (17.17) 


Note that the operator p; can operate on G4, Gy, and Gw since they are func- 
tions of the nuclear coordinates r; but not on Ly since it is a function of r. Hs- 
reduces in the limit of constant gy and ga (see 17.10) to the combination of 
Fermi and Gamow-Teller terms employed in discussing the allowed transi- 
tions with the difference that L, and L in (17.16) are not necessarily constants. 
Note that the weak magnetism term involving Gy is new in the sense that the 
pre-CVC theories did not include this term. It combines with a similar term 
involving Gy. We rewrite A as follows: 


A = 7 (6: X Vi) L(Gw + Gr) + = [pe LG — i6:GaLs) 


where the direction of the arrow on p; has been reversed by assuming that the 
wave functions it operates on describe bound states and assuming that even- 
tually an integration over r; will be performed. Introducing the explicit forms 
for L, and L yields 


hep- = [Grbvevs(. + ys)¥y — Gas Veva(] + 75 )6v, pe (17.19) 
and 
h _ 
A= -— Me [6; X. Vi(Gw + Gr) ]-vevsCl + 95) 6, 
Cc 
1 = 
ra Mc [veya os 15 )dp,- (p.Gy + Gvyp:) (17.20) 
Cc 


— Peyl + v5) (6: PGs + Gasi-pi)] 


This is as far as one can go formally in reducing the nuclear decay amplitude 
to order (1/M). The functions Gy and Gy are ““known’’ via electron scattering 
and CVC. Very much less is known about Ga, although some information in 
principle should become available from an analysis of nuclear B-decays. In 
using CVC for Gy and Gy one should not forget that the simple CVC rela- 
tionships hold only when the isospin symmetry breaking parts of the hadron 
interactions are neglected. 


888 THE WEAK INTERACTION 


Selection Rules—Effects of the Spatial Dependence of Lepton Fields 


Thus far, we have made explicit those contributions that are generated by 
the form factors and by the relativistic components (the ‘‘small’’ wave func- 
tions ) of the nucleon Dirac wave functions. We turn now to the spatial de- 
pendence of the lepton fields that is neglected in the calculation of allowed 
transitions. If we use plane-wave descriptions of the electron and antineutrino, 
the lepton functions will be proportional to 


exp [— (i/h)(p. + p»)-r] = exp [—(i/h)@. + py) Ti] 
x exp [— (i/h) (pe at p,)- (r a r;)] 


The second factor will be integrated over r. The first factor can be expanded 
in a series involving Yim(r;), the first term (J = 0) giving the allowed transi- 
tion. The order of magnitude of each term is 

p. + Pp, 


(4) 


where R is the nuclear radius. The maximum value of this factor is approxi- 


mately 
(ie) 
he 

where E, is the energy release in the reaction. This factor is very small com- 
pared to one for nuclear B-decay. (See Eq. (2.6). 

The contributions to a given order of forbiddenness are then a combination 
Of Yim and Yimé from (17.19); Yimée, Yimp, Yimp-¢é from (17.20). The corre- 
sponding selection rules are given in Table 17.2. 


TABLE 17.2 Selection Rules 


Nuclear Angular 


Momentum Change Nuclear Parity 

Transition Type AJ Change 
Allowed l=0 AJ = 0 No 
l=0 AJ = +1, 0 No 
First forbidden @ = 1) AJ = +1,0 Yes 
@ = 1) AJ = +2,1,0 Yes 
(i = 0) AJ = +1,0 Yes 
Second forbidden @ = 2) AJ = +2,1,0 No 
(/ = 2) AJ = +3, 2,1 No 
@ = 1) AJ = +2, 1,0 No 
(i = 1) AJ = +1,0 No 


FORBIDDEN (6-DECAY 889 


The 7 = 0 terms in the first forbidden and the / = 1 in the second forbidden 
class come from the A term (17.18). The magnitude of the amplitude for the 
nth order of forbiddenness in the plane-wave approximation is (E£)R/hc)* if 
the term is generated from (17.19). If its source is A, the magnitude is 
(E,R/he "1 (3h/McR) or (E,.R/hc)""1(vy/c) depending upon whether the 
source is in the first term in A or the other two. The factor of three modifying 
(i/McR) takes the anomalous magnetic moment contribution coming from 
Zw into account. (See Eq. VIII.5.46). Since (E)R/hc) ~ R/X is a small num- 
ber the nth order amplitude is significant only if the (n — 1)th amplitude 
is zero or anomolously small. 

The factor (E)R/hc )! is a measure of the effect of the angular momentum 
barrier for the electrons and neutrino. However, because of the Coulomb 
field between the electron and the nucleus, this factor may be modified, the 
effect being of importance for low / for which the “centripetal”? potential and 
the Coulomb potential may be comparable. The Coulomb field introduces a 
“momentum” (Ze?/Rc) where R is the nuclear radius. The Coulomb param- 
eter that can replace E,R/hc is obtained by replacing the lepton momentum 
E,/c by this momentum. The result is (Ze?/hc) and can be used in place of 
(E,R/hc ) in the estimates given above when the Coulomb potential domi- 
nates (p. 892). Of course for high / the angular momentum barrier will domi- 
nate. 


Electron Polarization in Forbidden Decays 


It will be observed that the leptonic factors in (17.19) and (17.20) are iden- 
tical with those which occur in the allowed transition matrix element. In the 
case where the spatial dependence of both the electron and neutrino 
amplitudes are given by plane waves, the spinor lepton factors are t.ya: 
(1 + ys)us and wys(1 + ys5)éu; identical with the results obtained in the 
allowed case. The nuclear matrix elements are no longer the simple Mr and 
Mer but are modified. We define an Ir and Wer where 


M;; = (f| Da drHg—-(r — ri)|i) 


C 
= <5 [Merders(1 + ys)us + Mer-deras(l + y5)6u5] (17.21) 


where the nuclear matrix elements Wr and Wer are defined by 


Mr = 2 (fvle() | exp — (k-r) 


a 


1 
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and 


Wer = >| (fink oC) fd exp (—ik-r) 
x 2G Gd 6: X Vi(Gw + G rae p.Gy +G 
A8i + 7 [¢; i(Gw v)] Mc (p:Gy + Gypi)? lin) 


(17.23 ) 
where k is the momentum carried off by the neutrino-electron pair 
ik = p. + p, (17.24) 


Equation 17.21 provides a completely general form for M;; in the plane-wave 
approximation for the leptons while (17.22 ) and (17.23 ) provide approximate 
expressions for Mr and Y¢r to first order in (vy/c). We see that any result 
obtained in Section 11 for allowed transitions will hold generally if it is inde- 
pendent of My and Mer. The polarization of electrons emitted from an un- 
polarized nucleus is such an example, the result given by (11.42) being valid 
to all orders in the plane-wave approximation. 


Unique Forbidden Spectra 


The electron energy spectrum for a given order of forbiddenness and change 
of angular momentum (AJ) and parity is generally dependent upon nuclear 
matrix elements simply because several terms in (17.22) and (17.23 ) can con- 
tribute. There is one exception to this rule, when AJ takes on its maximum 
value of (n + 1) for the mth-forbidden transition. There is only one term that 
contributes: G4é;(k-r)" with the consequence that there is a unique forbidden 
spectrum in these cases. As an example, consider the first forbidden transition 
with AJ = +2 and with a change in the parity of the nuclear state. The nu- 
clear matrix element including the dependence upon k is 


Dd, kat fv |ro8|in ) 


This vector should then be inserted in place of (Mgr) in (11.26) after which 
the appropriate averages over spins and lepton momenta can be performed in 
order to obtain the electron-energy spectrum. The term that contributes to 
the AJ = 2 transition only is the traceless tensor part of 740,. We therefore 
define* 


Bar = (frl 3 (Laos +- Ona) — 25asK- 6 in ) (17.25 ) 


*<fylreoplin> = 3 <fylr-é dasliv> + 3 <fulra os — recalin> + Bas 


The first term 6,5 transforms as a scalar, the second term as an axial vector 
(r xd)- where c is cyclically related to (a, b). 
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Thus for this transition with AJ = 2 
Mer = k-B (17.26) 


Inserting into (11.26) and averaging over the direction of the neutrino emis- 
sion it can be verified that the average of the cross term and that the average 
of the combination 


Mer ' per: p, + Mer ° per: | We aes Mer : Word. : p, 


vanish leaving only the average of Ster- Wer. If we now also average over the 
direction of the electron motion, we finally obtain for the average 


h? (Mor: er) = 3(p2 + P.) D, BarBas (17.27) 
ab 


The important point here is the additional energy dependence contained in 
the factor 


a =p?+p, = [(& —1)4+ (eo — e)* mc? (17.28 ) 


which modifies the phase-space factor (é — ¢«)?(e)(e — 1)!" of (2.9). Bear 
in mind that we are dealing with the Z = 0 limit. The energy dependence of 
(17.28 ) weights the high energy end of the electron spectrum and therefore is 
readily observable. The Kurie plot (see Eq. 2.16) will now be a straight line 
only if the Kurie function for allowed transitions (2.16) is replaced by 


K attowea/*V/ a1 


The effect on the electron spectrum has been observed in a number of nuclei. 
The first clearly observed example, that of Langer and Price (49) is shown in 
Fig. 17.1. 

Unique spectra with n greater than one have also been observed. The factor 
k? = (p.2 + p,”) obtained for n = 1 is just (p. + p,)? averaged over the neu- 
trino emission angle. For larger n it turns out [Konopinski (66)] that the 
factor modifying the allowed electron energy distribution is simply the similarly 
averaged value of 


(ik) = (pe + py) 
Labeling the resulting averages by a, one obtains 
a = p.” + py” AJ = 2 (yes) 
A, = De® + 7g" Pe'Py” + Py" AJ = 3 (no) (17.29) 
a3 = pe’ + Tp.‘p,? + Tp.pyt + p® AJ =4 (yes) 


For a further discussion of the empirical evidence for unique forbidden spectra, 
see Wu and Moskowski (66), Konopinski (66), and Weidenmuller (61 ). 
These authors also include the effect of the Coulomb electron—nuclear inter- 
action on these spectra. 
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E/mc? 


FIG. 17.1. Comparison between the predicted spectrum for a unique AJ = 2 (yes) transi- 
tion in %Y and experiment [Langer and Price (49)]. The ordinate is K allowed/ +/a; 
where a; is given by (17.29). 


Coulomb Effect for First Forbidden Transitions 


It is convenient at this point to mention another Coulomb effect that is 
important for the first forbidden ] = 1A/J < 2 decays. As was discussed earlier 
(p. 889) the estimate for / = 1 transition probability, (EoR/hc )* times the 
allowed transition probability, is correct only if the height of the angular mo- 
mentum barrier is large compared to the Coulomb energy at approximately 
the nuclear radius. If the opposite condition holds: (this is the relativistic 
version for / = 1) 

Ze? 


— E 
R77 


OT 


Ze? ER 


— 17.30 
he “a he ( ) 


the rough order of magnitude estimate for the transition probability mentioned 
above is no longer valid, the factor (E.R/hc) being replaced by Ze?/he as 
discussed above (p. 889). In that event it can be shown that the electron spec- 
trum for the first forbidden transition under discussion will have an allowed 
shape. Condition (17.30) is more likely to hold for large Z nuclei where for 
example the energy spectrum of electrons emitted in the decay of 1**Au is 
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close to that of an allowed transition, the Kurie plot being nearly a straight 
line. For a large order of forbiddenness this effect is not important since the 
angular momentum barrier becomes eventually dominant. The Coulomb 
effect is important for si. and pi. electrons but is already much reduced in 
importance for p3/2 electrons, the principal type involved in the n = 1 unique 
first forbidden transition. 


Forbidden 6-Transitions and Electromagnetic Multipole Moments 


A second point of interest calls attention to the contributions of the nuclear 
current Vy: the terms in (17.22) and (17.23) involving Gy and Gy. These 
terms are, except for the replacement of 73 by 7, identical with the isovector 
electromagnetic current of Chapter VIII. This can be readily seen if one con- 
siders the case that gy and gw are constants equal to unity and $(g, — gn), 
respectively. Then 


Grr = r;) = d(r = r;) 
Gw(t — ri) = 3(8p — Bn) 6 — ri) 


Comparison can now be made with (VIIJ.2.3) and (VIII.2.4). First this 
weak interaction nucleon current satisfies the continuity equation. Second its 
reduced nuclear matrix elements are simply related to those of the electro- 
magnetic current by a rotation in isospin space that rotates 7; into 7. How- 
ever the multiplying vector 


L= —teys(l + y5)éu; exp (—ik-r) 


the analog of A, the vector potential does not satisfy a condition analogous to 
the radiation gauge condition satisfied by A, div A = 0 (Eq. VIII.4.1). There 
are some longitudinal contributions. Hence it is not possible to take over 
entirely the results of Chapter VIII. However the (6; K V;)(Gw + Gy) term 
is divergenceless. For this term, only the divergenceless part of L can con- 
tribute to the transition amplitude. In this case it is thus possible to obtain 
the contributing components of the nuclear matrix element from the corre- 
sponding electromagnetic matrix elements after replacing 73 by 7. Finally 
the transition probability involving these terms, summed over the electron 
and neutrino spins is similarly related to the square of the reduced matrix 
element of the isovector component of the magnetic multipole operator 
(Eq. VIII.5.38). 

The remaining terms in (17.22) and (17.23) combined with divergenceless 
part of L 


—teys(1 + y5)[6 — k(6-k) Ju; exp (—ik-r) 
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will yield results analogous (i.e., 73 — 7) to those obtained in the electro- 
magnetic case as given by the isovector term of the electric multipole operator 
(8.5.37). However the longitudinal component 


—tteya(l + ys )k(o-k us exp (—ik-r) 


will remain. This term will then need to be expanded in the longitudinal modes 
1 A 
Am©™ = k grad ji (kr) Yim (kK ) (17.31) 


which together with Ain‘ and Ain™ of (VIII.4.4a) and (VIII.4.4b ) form a 
complete set of vectors. We shall not carry out this analysis here. Detailed 
results for forbidden transitions are given by Konopinski (66). 


Siegert’s Theorem for the Weak Interactions 


An analog of Siegert’s theorem (see discussion following Eq. VIII.3.1) can 
be formulated, with an important and interesting difference from the electro- 
magnetic case because of the differing isospin dependence. We recall the argu- 
ment of Chapter VIII. In that discussion, the approximation 


eexp (ik-r) ~ grad [(e-r) exp (ik-r)] + O(KR) (17.32) 
was made. In the present circumstance ¢ is replaced by 
| = UnysT + V5 )GUy (17.33 ) 
so that 
L = lexp (—ik-r) 
Replacing the ++(i) dependence by using the commutation relation 
TOG) = —FT, 3] (17.34) 


permits the direct introduction of the isovector part of the electromagnetic 
nucleon current j.;“) including the 7; dependence. Hence the Yer term in 
(17.21) becomes 


—32)>) (fv 7, actt-ia _- 2: Gal-6i73(i) ] exp (—ik-r) | |i ) 
(17.35) 


Consider only the term depending on j..“?: 


M;; = —3(fn| jr, f dein” exp (—-r) |in ) (17.36 ) 
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Employing approximation (17.32) in the form 
lexp (—ik-r) ~ grad [l-r exp (—ik-r)] 


integrating by parts and using the continuity equation yields 


6) 
M;; = —3(fn| 1, [a (5. pai) l-r exp (—ae-r) | |in ) (17.37) 
Inserting 

Op 7 

oe es oo 


where Hy is the nuclear Hamiltonian yields 
M;; = — a (fn | fatre, [Hy, pe ]]l-r exp (—ik-r)|in) 


To evaluate the double commutator we first employ the Jacobi identity: 
(T+, [Hw, per ]] = —[Aw, [oe , T+] — [ea , (T+, Hw]] = (17.38) 
The matrix element of the first term on the right-hand side of (17.38 ) can be 
reduced to the matrix element of the commutator [p.;?, T™ ]: 

(fw| — [Hy, [ea™, T+] ] iv) = Ei — Ey) (fw | Loe, T+ ][in) (17.39) 


This term is in the form expected from the electromagnetic Siegert’s theorem. 
The second term on the right-hand side of (17.38) 1s new and is present only 
in virtue of the isospin symmetry breaking terms in the nuclear Hamiltonian 
such as the Coulomb interaction and the neutron—proton mass difference. 
Denoting this interaction by H, we have 


[Hy, TP] = [HT] (17.40) 


a commutator that is familiar from the theory of isobar analog resonances. 
In order to write the second term as a correction to the first it has been cus- 
tomary to make the following approximation. Using identity (17.38) once 
again we have 


[pa (Tt, He]] = — (Tt, Les per ]] — [Hes Lee, T*]] 


The commutator for [p, H.]1is usually taken to vanish since both H, and p 
are assumed to depend only upon 73(i). The matrix element of the first term 
is then customarily [Ahrens and Feenberg (52) ] approximated by assuming 
that H, is diagonal. Hence 


(fw| Loe, (TP, Hel] lin) ~ —(fw| LHe, Loe, T J] in) 
~ [in| Helin) — (fw| Hel fv)] 
X (fw| Lea, T Jin) 
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Finally 


M;; = a | dew [per, T™ Jl in ){ (Ei — Ey) — (in| Alin) 


Oh , 
+ (ful Helfv)) 7-41) 


The curly bracket can be easily evaluated in terms of the neutron—proton’ 
mass difference and the Coulomb energy to yield 
i i6 
——{& — [My — M AE.out = -—-z = : 
ag | 0 [My Pp] + AE out} 7; 8- decay (17.42) 
defining 6 and where AE,.,ui is the increase in Coulomb energy that occurs 
because of the replacement of neutron by a proton. The main difference term 
and this Coulomb term will have an opposite sign for; positron emission. 
With this approximation the 6-decay analog of Siegert’s theorem becomes: 
the matrix element M;; defined by (17.36) can be calculated to O(KR) by 
making the following replacement : 


| 15 
—[T, b- je] — [T?, per ]l-r 


Inserting the current that contributes to 0p/Ot via the continuity equation we 
obtain 


I. X Fnle@ f de (p:.Gy ++ Gyp;) exp (—ik-r)|iv) 


tke 1. > (Firlr@ | deGor exp (—ik-r)|in) 


B— decay (17.43 ) 


The deviation from the CVC result (6 = E,) is a consequence of the breaking 
of isospin symmetry. In the case of B-decay it is one of these corrections, that 
resulting from the nuclear coulomb interaction, which dominates 6. This 
point and others are discussed by Wu and Moskowski (66) and Konopinski 
(66 ). Aa 

We shall stop our discussion of forbidden nuclear 6-decay at this point. 
We have chosen to discuss the specially important unique forbidden transi- 
tions and those terms that are significantly related to electromagnetic transi- 
tions. The latter transitions do not have unique nuclear matrix elements. Con- 
tributions originate not only in the vector and weak magnetism terms but also 
in the axial vector interactions indicated by the form factor G4. To obtain a 
complete expansion for 3Wg¢r in multipole moments is not difficult. The 
results for the “‘magnetization” term (~é; X V;) have been given in terms of 
the isovector component of the magnetic multipole operator. The remaining 
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dependence on Gy has been transformed via Siegert’s theorem (17.43) into a 
form that can be readily expanded in terms of spherical harmonics Y,,,(r ). 
The axial component of Wer is also simply treated requiring only the decom- 
position of 6Y;,(r) into spherical tensors. Turning now to Sp the term in 
Gy will upon expansion of the exponential involve simply the spherical har- 
monics Y;,,(r). It is most convenient to use the same expansion for the re- 
maining terms in 9p since 6;-p; is a scalar. We shall not give the rather com- 
plicated results here. Detailed expressions are given by Konopinski (66) who 
includes the effects of the electron—nucleus Coulomb interaction that have 
been omitted in this section’s discussion. 

The reader is referred to Konopinski (66, Chapter 8), Wu and 
Moskowski (66, Chapter 3) and Weidenmuller (61) for a discussion of the 
experimental material and the insight into the validity of nuclear models it 
provides. 


18. MU ABSORPTION BY NUCLEI 


When a yp“ is stopped in matter it is possible for the muon to be captured into 
an atomic orbit forming a u-mesic atom. Then it undergoes a series of transi- 
tions to more deeply bound orbits accompanied either by x-ray emission or 
ejection of atomic electrons, this process stopping when the muon is in the K- 
orbit.* During this process it becomes increasingly possible for the muon to 
be captured by the nucleus via the elementary process 


wu + pont wy (18.1) 
which for nuclear capture becomes 
uw + A(Z,N)- A(Z-—1,N+4+ 1) 4+», (18.2) 


The probability for this process reaches its maximum when the muon is in 
the K-orbit. Actually this orbit is within the interior of a medium weight and 
heavier nuclei. It is the probability for absorption from the K-orbit that we 


*This process will be described in more detail in Volume Il where the relation 
between the observed energies of the yu-mesic atoms and the charge distri- 
bution of the nucleus will be described and comparison made with results 
obtained from the elastic scattering of electrons by nuclei. 


{The Bohr radius for a muon moving in the Coulomb field of a nucleus of 
atomic nucleus Z is 


h2. me 


Zm,e”  Zm, 


2.6 
(0.53 * 10-8 cm) ~ - X 10-4 cm 


Taking the nuclear radius to be ~(1.2 10-3 cm) A!/3 the ratio of the muon 
Bohr radius to the nuclear radius is ~200/ZA!/3 which equals one for medium 
weight nuclei becoming less than unity for heavier nuclei. 
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will consider here, although capture from larger orbits when compared to K- 
orbit capture can be related to the relative matter distribution at the outer 
edges of the nucleus. 

The elementary decay process 


ee ees ee ee (18.3) 


competes with nuclear capture. The issue as to which occurs first depends on 
the ratio of the lifetime of the free muon (2.2 * 10-6 sec) to the sum of the 
times for the atomic cascade process and the lifetime against capture by the 
nucleus. This sum decreases rapidly with Z so that nuclear capture dominates 
for Z = 11 while decay (18.3) is the more important process for Z < 11. 
However even capture in hydrogen is present and has been observed, the 
capture rate being 1/1000 of the spontaneous decay rate. 

Nuclear »- capture is analogous to K capture of atomic electrons (Section 
6). There are however important energetic differences because of the greater 
mass of muon (106.6599 + 0.0014) MeV. As a consequence there is a large 
energy release so that the residual nucleus can be left in a variety of excited 
states. In the elementary process (18.1) we find from momentum and energy 
balance that the neutrino has an energy of about 100 MeV while the neutron 
carries off a kinetic energy of about 5 MeV. In a nucleus, the average excita- 
tion energy can be as much as ~15 to 20 MeV, an estimate obtained using the 
Fermi-gas model of the nucleus. Not only are more nuclear levels excited 
than in the case of electron orbital capture but also the excitation energy range 
includes the giant dipole state (see Fig. VIII.11.2), a matter of considerable 
importance as we shall see. 


Qualitative Considerations for Heavy Nuclei 


The capture rate particularly by heavy nuclei has been studied extensively by 
Primakoff (59) and collaborators [e.g., Fujii (59) ], by Tolhoek [e.g., Luyten 
et. al. (63)] and Telegdi (62). For a recent review see Walecka (73). The 
Primakoff formula as far as its dependence on atomic and mass number can 
be made plausible as follows. The capture rate (see Eq. 6.10, for the capture 
rate for orbital electrons ) will be proportional to the muon density within the 
nucleus times the square of the matrix element describing the nuclear transi- 
tion. The first of these factors is for a hydrogenic wave function proportional 
to Z*. We now estimate the Z- and A-dependence of the nuclear factor. Note 
that the momentum transfer to the nucleus is approximately equal to the 
neutrino momentum 100 MeV/c since the momentum of the captured muon 
is relatively small. The corresponding wavelength/27, 4, is of the order of 2 
fm. Because this distance is comparable to the distance between the nucleons 
in the nucleus, it is unlikely that any appreciable part of the transition prob- 
ability involves a major fraction of the nucleus acting coherently. Most of 
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the transition probability originates in the interaction of the muon with a 
single proton. Hence the transition probability will simply be proportional to, 
Z, the number of protons. 

This result must however be modified by the effects of the Pauli principle. 
We have discussed this point earlier in Section 5 in connection with nuclear 
B-decay. In the present context some of the possible states for the neutron 
produced by muon absorption are not allowed because they are occupied. 
Roughly speaking we would expect that this Pauli effect would be proportional 
to the fraction, number of neutrons in the nucleus, (A — Z)/A so that the 
nuclear factor in the capture rate instead of being proportional to Z as far as 
its dependence on A and Z is concerned is proportional to 


A-—-Z 
Ziil—6 
(1 - 6) 
Here 6 is a constant of proportionality for the Pauli effect. Roughly speaking, 
it measures the degree of overlap of the produced neutron wave function and 
the original nucleon neutrons. It is assumed to be relatively insensitive to Z 


and A for the heavy nuclei. Combining leads to the following for the transition 
probability per unit time: 


WaG 
~ zl — 5 
d ( 2A ) 


Finally we recall that for heavy nuclei, the muon K-orbit is inside the nucleus 
so that the Coulomb potential it sees is generated by a charge Z.+;, which is 
less than Z. The final formula is then 


ww ZenZ (1 ae =" i) (18.4) 
Plausible values for Zi, have been calculated by Sens (58). This result can 
be tested by plotting the experimental capture rate/Z2, Z against (A — Z)/2A. 
The result should be a straight line. This plot is shown in Fig. 18.1. We see 
that the major effects in the dependence of w on Z and A are well represented 
by Primakoff’s formula (18.4). Primakoff also gives the constant of propor- 
tionality in (18.4) and calculates 6, values that compare favorably with the 
values obtained from Fig. 18.1. From the figure 6 ~ 3 and the constant of 
proportionality is ~10—?° cm/sec. 


Quantitative Theory of Muon Capture 


We turn now to more formal considerations with the view in mind of con- 
structing a theory for muon capture by atomic nuclei. It will differ from the 
theory of nuclear 8-decay described in Section 17 in the nature of the approxi- 
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FIG. 18.1. Comparison between experimental muon (capture rate)/Z3.4Z and Primakoff 
theory [Taken from Telegdi (63) Telegdi’s (9) = Z|¢|2a4v where ¢ is the atomic muon 
wave function; (9) ~ Z%2¢:Z. | 


mations employed. In both cases the motion of the nucleons is nonrelativistic 
so that the reduction carried out in Section 17 to nonrelativistic variables can 
be used here. There is one exception: the induced pseudoscalar term is to be 
kept for the present problem. The reader will recall from Section 14, (see dis- 
cussion following Eq. 14.16) that the induced pseudoscalar coupling 
constant gp is more than six times the axial coupling constant g,. This com- 
bined with the relatively large energy release makes this term appreciable. 
When we turn to the lepton amplitudes, it is of course necessary to use the 
appropriate atomic wave function for the muon rather than the plane wave 
employed in the expressions for Mr and Wer of (17.22) and (17.23). It is 
however possible for most nuclei to use a nonrelativistic muon wavefunction, 
a procedure we shall sometimes adopt. 

There is one other approximation which is traditionally employed in this 
field. Instead of carrying out the transformations outlined on page 883, effec- 
tive coupling constants are used by evaluating gy, gu, etc., at a particular value 
of the nucleon momentum transfer, k?. In u-capture, if one neglects the initial 
muon momentum, k? is given by 


k? = 2m,cp, — (m,c)* 


Using an average neutrino momentum estimated to be about 0.8m,c by Prima- 
koff (59) and Luyten et al. (63) 


k? = 0.6(m,c) (18.5 ) 
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The various constants in (17.1) are then evaluated at this value of k? 
g'y = 1 — gk? (7,*) = 0.98 


gia = g4(0) = 1.2 


1 2Mc 7.5 
Sool pes pee egy 18.6 
2Mc® "2 + m,2c? = MyC g4(0) ( ) 
g'w Kp — Kn , 3.7 


2Mc 2Mc °" Me 


Because of this approximation the forms (17.7) and (17.9) are no longer 
appropriate. Returning to (17.11) and employing Table 17.1 one obtains 


Lt) = 6") fe’y — satus (p+p)+ ae Gay Bhs (p — B) 
1 

* OMe QMey? ™ [p — p + i X 6+ (18.7) 
and 
I(r) = 6@ 

+ gp kfe-(6 — 3)] - 22 xk) 
(2Mc)* 2Mc 
al | ee + D1] (18.8) 
(2Mc)* 


The operator p is replaced by p, and p by p,. Remember we are considering 
p Capture so that the final nucleon is a neutron, the original a proton. Ne- 
glecting the momentum of the muon 


DP — DP = Pn — Pp = —P, (18.9) 
while 
p+ p = 2p, — p, (18.10) 


Note that k, = (p,),. The nonrelativistic approximation may also be used 
for the muon wave function. If we write 


Up 
v= (18.11) 
Oo 
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and 
1 ( - 
——— (18.12) 
v2 6° pu, 
it follows that 
Lh = wy + ¥5)va > Ot, uy (1 — 6-p, ut, (18.13 ) 
and 
L=tyd +h A us (1 — 6-p,)éu, (18.14) 


These then are to be combined with (18.7) and (18.8) according the formula 
for H given by (17.5 ). The result to be given below is obtained after a number 
of simple manipulations. One example is furnished by combining the two 
terms 


/ 


g’vLs Sst pee 


yL 
2McP | 


The p,-L contribution comes from the p + p terms in (18.8) and (18.10). 
Inserting (18.14) this term becomes 


o gv u. ne — Ph) oo, = giv Dot Ce - 6-Pr) 
2Mc—sC V2 mE UMc*” ” ON/. . 
so that 
g’yl4 +i ZY y,. Loe'r(1 +5 PY i 


The total result obtained by Foldy and Walecka (64) is: 


Hass = — 2X t(j) tects + iL(r;)- [ ras) =o l' pp, (6(/)-p,) 


+ g'vps/Me — gab, 22? al (18.15) 
Mc 
The matrix elements of this Hamiltonian taken between the initial and final 
states gives the matrix element in a non-relativistic approximation defined 
above for the absorption of a muon by a nucleus with the emission of a p- 
neutrino. The spatial dependence of ZL) (r;) is given by 


exp (—ip,-r; ou (r;) 
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when ¢, is the muon atomic wave function evaluated as the position of the 
absorbing nucleon, r;. The constants I'y etc. are 


DP» 
Ty = @’ 
eae (1 T pe) 


C4 = e's ie [g’v + s'w]| 


Tp _ (7.524 — ga + 2'y + 2'q} (18.16) 


It is now relatively simple to calculate the transition rate in which the capturing 
nucleus goes from state |iy ) to state | fy). Two simplifications are often made 
(i) the average value of the atomic muonic density over the volume of the 
nucleus is used to take this quantity out of the matrix element and (11) nucleon 
recoil terms of the order of p/ Mc are neglected. The total transition rate to all 
possible final states is then 


Sees | bu | 24vG,’ 


ah2cn,2 [Ty?My? + 3T 42M 4? + (Tp? = 20 pl, )Mp?] (18.17) 
” 


where 
h 


MyC 


ste BC (ty 
2rh?ch,? 2 \M/ \Mc 


The squared matrix elements My”, M4’, and Mp? are 


Ay = 


and from (3.1) 


1 dK ss _ 
2) ee ; 2 (7) —ik.,-r.)l7 2 
My J; ee 1 x x (kisha)? | Gar |< fr | py Tj exp ( ik; r;)|in)| 
(18.18) 
1 
Moa Kihy)? 
b= gpph = we 
dhe, , se 
x re Rena pe 756; exp (—ikiy-r;)|in)| (18.19) 
j 
1 dks Js 5 aa 
Mp? = De de (kik)? (fv | 2 PB: 6; exp (—iKiy-t3) [in| ) 
2J; + 1 Ms f An j 


(18.20) 
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Here 
1 
Kkiy = Bo/hs hig = = [rmyc® — (Ey — E:)] (18.21) 


where the binding energy of atomic muon has been neglected. 

Because of the large number of final states that are excited by muon cap- 
ture, one can in a very approximate way ccnsider 6; in these formulas to be 
classical and that all directions of these vectors are equally probable. Under 
these circumstances 


My? =~ M,2~ M?p? (18.22 ) 


The proof of these results for doubly closed-shell nuclei in the shell model or 
in the closure approximation in which the set| fy ) is assumed to be complete 
has been given by Luyten et al. (63) [for additional references see Walecka’s 
review (73 )]. Inserting this rough relation into (18.17) yields 


re ly |2avG? 


2th? ch,” [Ty? + 2P4* + (Te — Ta) |My? (18.23 ) 
I 


From this point on calculations, for example those of Tolhoek et al. (64), 
have for the most part proceeded through the use of models. By comparing 
(18.23) with experiment the induced pseudoscalar coupling constant gp can 
be obtained and then compared with the predictions of PCAC. This compari- 
son [Quaranta et. al. (69) ] was referred to in Section 14. 


The Matrix Element My and the Giant Dipole Resonance 


The preceding discussion is appropriate for the heavier nuclei. At the aver- 
age excitation energy the density of levels for these nuclei is sufficiently 
great that it becomes possible to use the statistical arguments leading to 
(18.22). It is thus not expected for the detailed properties of the levels to play 
an important or particularly visible role. This is not quite so true for the light 
nuclei for which the levels are considerably sparser. It may then become pos- 
sible to observe transitions to particular final states and thus obtain the aver- 
aged momentum transfer (K.;) dependence of the vector, axial and pseudo- 
scalar square matrix elements. Allowed 6-decay gives these values for nearly 
zero momentum transfer. In addition the excitation of levels with “unnatural” 
parity, 0-, 1+, 2-, etc., becomes possible via the axial current, as is seen from 
expression (18.19) for |M.|?. [For recent reviews see Uberall (66) and 
Walecka (73). ] 

Observation of the transition to a given level is however difficult because 
generally these levels are not only unstable against gamma-ray emission but 
also against the emission of particles such as neutrons. The levels are thus 
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quite broad and overlap so that it becomes a nontrivial problem to disentangle 
the observed particle or gamma-ray spectrum. However as T. Ericson pointed 
out [the first published works are those of Foldy and Walecka (64) and of 
Balashov, Beliaev, Eramjian and Kabachnik (64); for later references see 
Uberall (66) and Walecka (73)] transitions to giant resonance should domi- 
nate and may be more visible. This suggestion was stimulated by calculations 
of Luyten, Rood and Tolhoek (63) for the muon capture rate in !*O and 
40Ca. These authors used a shell-model description of these nuclei adjusting 
the single-particle potential so as to obtain the charge radius as given by elec- 
tron scattering and the average separation energy of the last nucleon. Their 
results gave a muon capture rate by 1*O which is approximately twice the ex- 
perimental value. In addition, and this is most important, they found that the 
capture process in 1*O was dominated by the transition to the I~ states in 1®N. 
This is expected since these states occur in the excitation region of roughly 
20 MeV, the average excitation energy following w- capture. But these are 
just the giant dipole states (the isospin partner of the well known state in 1*O ). 
These are collective states whose properties cannot be predicted by the simple 
shell model. It is necessary to take the residual nucleon-nucleon interaction 
into account (Section VI.13). Indeed, Barlow et. al. (64) showed by shifting 
the energy of the dipole states calculated by Luytens et al. (63 ) to their greater 
experimental value that the discrepancy between the calculated and observed 
capture rates could be removed. 

As Foldy and Walecka (64) point out these results strongly suggest that it 
would be useful to relate the muon capture matrix elements from the ground 
state of 1*O to the giant dipole states in !*N to the dipole transition from the 
ground state in !*O to the corresponding giant dipole state in !*O. In the 
following we shall sketch how these authors obtained that relation and the 
consequent comparison with experiment. 

Their starting point is (18.23). They consider nuclei with T = 0, T; = 0 
and assume isospin conservation. The relation to an electro-magnetic process 
involves the same device (17.34) as that used in the derivation of Siegert’s 
theorem for 6-decay. In this case we use 


ry = 3ITO, 195] (18.24) 
Inserting this result into (18.18), one obtains 


ae pL Gay fF 1 fl Ova 


X exp (—iky-r;)|in)|? 


M,’? = 


eae 


Writing the commutator out, inserting a complete set of states, and noting 
that (T = 0 for |iv)) 
T@ | I v) = 0 
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we obtain 


dk, 
M,y* = 5 (ihe | ‘ (in | X 73; exp (ik.y-r;)|f’) 


M; preg 
(fT | fv) fu |TOS VF | La 733 exp (—iKis-¥5)| iv) 


From the properties of T*, | f’), | fw), | f’’ ) must belong to the same T-state. 
Since the sums in the first and last factor transform like a vector under rota- 
tions in isospin space and the isospin state of iy is T = 0, T; = 0, it follows 
that the isospins of | f’) and | f’’) are unity. Moreover the isospin sum over 
the product 

(fT? | fv) (fw [TO | fF") 
yields 26;-;,. Hence 


2J; in 1 2 xu Bw) f lf? | ys 737 ©XP (—ik.s-r;)|in)|? 


My? = 


(18.25) 


The quantity k., is still given by (18.21 ) but it is now more convenient to refer 
it to the state | f’) as follows 


ki = > Em — (Ey — BD) (18.26) 
he 

where E,,, is defined as the neutrino energy when FE; = E,. The states | f’) are 
excited states of the initial nucleus |iy) with JT = 1. They are the isobar 
analogs of the states excited in the final nucleus. Inserting now the assumption 
that only the dipole states are important we find that the matrix element in 


(18.25 ) becomes 


‘ihr BYE 


|Mp|? = |(f'| Do racKep-3 ——— 
j 


where D refers to dipole. 
Since the operator involved in Mp is a single-particle operator and since | /” ) 
and |i) are antisymmetrized 


ean |i jy |? 


| Mp|? = A?| Cf" | 73a 3; ——— 


where the subscript j refers to any one nucleon coordinate. If now the assump- 
tion that | f’) is a giant dipole state is inserted by assuming that the only non- 
zero matrix element of 73;ki;-r; is (f’|73;kKey-rz|i), | Mp|? becomes 


|Mp|? = |(f'|3 2) radkiy-rslé)|*1G (kis) P (18.27) 
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where 


ee) 
(ky) = | A? py 


Relating | f’) and |i) according to the assumption leading to (18.27) the ex- 
pression for G can be replaced by a diagonal matrix element with respect to 
|i). Assuming harmonic-oscillator functions for |i) it follows that G? is pro- 
portional to F? where 


F = (i) = exp (iky-t5)|2) 


j 


= | o¢e)exp (ik;;-r) dr 


where p is the ground state density. F is the elastic scattering form factor. 
[For other derivations of this result see Fallieros, Ferrell, and Pal (60) and 
Goldemberg et al. (63)]. F is evaluated at the neutrino momentum pz» re- 
quired for excitation of the giant dipole. The first factor in (18.27) is just the 
required squared electromagnetic dipole matrix element and can therefore be 
related to the photoabsorption cross section. The final result is 


Bh F° (vp) En \t [®"(En — E)*o,(D)(E) 
Sale as 2m? (e?/he Ay? (=) [ E,,4 E ae 


(18.31) 


With this result one finally relates mu meson capture with the dipole photo- 
absorption by nuclei. It is a result that permits a quick albeit somewhat rough 
evaluation of |My |? and thereby of the muon capture rate. 

The results obtained by Foldy and Walecka correctéd by contributions from 
other multipoles as well as from nucleon recoil terms neglected in (18.17) are 
shown in Table 18.1. The substantial agreement with experiment verifies that 
muon capture is dominated by transitions to dipole giant resonance. This 
positive result encourages the search for other types of resonances by exami- 
nation of the y and neutron decay spectra. We shall make no attempt to de- 
scribe the results so far obtained. Much more data on giant resonance states 
obtained in this fashion can be expected once the more intense muon sources 
to be provided by accelerators now being built are operational. For the present 
we refer the reader to the review paper of Walecka (73) for references. A 
most recent treatment for closed-shell nuclei is given by Donnelly and Walker 
(70). 

Finally we mention the relation of these studies to the 6-decay of very highly 
excited nuclei. These nuclei that have an excitation energy of several MeV 
can 8-decay to many levels of the daughter nucleus. The branching ratios to 
these levels have an interesting structure that seems to be connected with 
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TABLE 18.1 Total Muon Capture Rates [from Walecka (73)] 


Element oa in sec— Wee, in sec— References° 
Ca 31.8 xX 10° 25.5 + .5 X 10° Sens (1958) 
16Q *1.07 105 98 + 0.05 X 10° Barlow et al. (1964) 


97 + 0.03 X 10° Eckhouse (1962) 


.39 + 0.01 < 10° Eckhouse (1962) 
HC .36 X 105° 37 + 0.01 X 10° Reiter et al. (1960) 
36 + 0.01 X 10° Lanthrop et al. (1961) 


4He 278 364 + 46 Block et al. (1968) 
336 +75 Bizzarri et al. (1964) 


>’ Includes the allowed contribution to the ground state of B®. 
¢ For complete references cited in this table, see Walecka (73). 


groups of levels for which the transitions are enhanced or inhibited. These 


phenomena have become accessible only recently. See for example Duke 
et al. (70). 


19. CONCLUDING REMARKS 


In this chapter we have seen how the weak interaction can be used to probe 
the structure of the nucleus and how the nucleus can be used to uncover 
properties of the weak interactions. This is a continuing process. One of the 
more fundamental questions of weak interaction physics relates to postulated 
neutral currents. Experiments that measure the strength of the parity-non- 
conserving nuclear forces will help to reveal the presence or absence of these 
currents. But as we have emphasized elucidation of this process will not only 
require a superb experimental effort but also very solid theoretical interpreta- 
tion. 

This complementarity between probing and investigation of nuclear struc- 
ture and the study of the probing interaction is characteristic of all of nuclear 
physics. And of course it applies most directly to the nuclear force itself. In 
studying nuclear structure we are at the same time attempting to discover the 
characteristic modes of nuclear excitation, and to uncover the essential ele- 
ments in the nuclear forces that are their origin. 
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In Volume II we shall ask what is the nature of nuclear dynamics as re- 
vealed by nuclear reactions. Again the first question will be: what are the out- 
standing features? Again it will be necessary to study systematically a number 
of cases before the salient aspects can be discovered. And each time the range 
of experimental variables or accuracy is extended new significant features will 
be revealed. Again the question will be: how are these related to nuclear 
forces? And finally what do we learn about nuclear forces from these experi- 
ments? As the energy of the probes increase other forces will become of in- 
terest—the pion—nucleon, the hyperon-nucleon, the kaon-nucleon, and the 
various unstable bosons and the nucleon. Indeed for many cases it will be 
only inside the nucleus that these forces will become accessible to investiga- 
tion. The understanding of nuclear structure and nuclear dynamics will be 
essential for these tasks; yet at the same time their study may reveal new facets 
of nuclear properties. 


APPENDIX 
DIRAC EQUATION 


1. NOTATION 


Energy-Momentum Four Vector. p, (u = 1, 2, 3, 4) consists of a spatial three 
vector p,(k = 1, 2, 3) and a fourth component ps = iE/c. 


Coordinate Four Vector. x, (u = 1, 2, 3, 4) consists of a spatial three vector 
x,(k = 1, 2,3) =r and a fourth component x, = ict. 


Gradient four Vector. 0/Ox, (u = 1, 2, 3, 4) consists of a spatial three vector 
0/Ox;,(k = 1, 2,3) =V and a fourth component 0/0x, = 0/O(ict). 


Four-vector potential. A, (u = 1, 2, 3, 4) consists of a spatial three vector 
A,(k = 1, 2,3) = A, the vector potential and A, = ig where ¢ is the scalar 
potential. 

The invariant sum 2A,B, where A, and B, are four vectors is sometimes 
written as (AB). 


2. DIRAC MATRICES 


These are 4 x 4 matrices that we shall write as two by two matrices each ele- 
ment of which is a two by two matrix. For example 


0 0 1 0 
0 1 00 01 
Pp} = ae = 1 0 0 0 (2.1) 
01 °0O 0 
Define also 
0 -i 1 0 1 0 
n= ) | ) 1=( (2.2) 
i 0 0 -1l 0 1 
where 
pip2 = Ip3 pip2 + pop, = O p;? = | (2.3) 
Define 


36 0 
é = (2.4) 
0 6 
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In terms of p; and G: 


0 6 
a = ps6 = , a= 8 (2.5) 
6 0 


yay + by = 26 (2.6) 
QO —ié 
Ye = poo = ; ys = B (2.7) 
id 0 
Yao + Wn = 28 yr (2.8) 
Ys = VWV27v3%4 = — Pi (2.9) 
Vs Vu t Y¥n¥s5 =O (2.10) 
l 
op = dj Vu» =, Ven) (2.11) 
l 
1 
= UY BAY 
] a 
ij = TOW; = OK i, j, k, cyclical (2.12) 
l 
hs = —O4n = Ok 
an = lysyx (2.13 


3. DIRAC EQUATION: HAMILTONIAN FORM 


Hy = ihoy/ot (3.1) 
H = ca: (> — <a) + mc?B + ed (3.2) 


where A and ¢ are the electromagnetic vector and scalar potentials respectively. 
If 


v= (3.3) 
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then 
v= (Wy v2, va, V4) 
satisfies 
y' E (5 + a) — mc’?B — 6 | = ihoy'/dt (3.4) 
current density J = ecw! aw (3.5) 
p = ey (3.6) 


4. DIRAC EQUATION: COVARIANT FORM 


| e 
b> 1 (» — £ 4x) = ime |v = (4.1) 
mn 
adjoint of y = y = wy, (4.2) 
- e 
zb> ve (pe + £4,) + ime | = 0 (4.3) 
mn 
four vector current density: j, = iecWy,W, js = icp 
Ojn 
pli 2% 4.4 
2 OXpn oF 


5. FREE PARTICLE SOLUTIONS OF THE DIRAC EQUATION (4, = 0) 


(a) Zero momentum. The four solutions of the Dirac equation are: 


l 0 0 0 
0 1 0 
yu) = ys _ yu) = yu) — (5.1 ) 
0 0 1 0 
0 0 0 1 


OT 


a B 0 0 
\O 0 a 


FREE PARTICLE SOLUTIONS OF DIRAC EQUATION (Ay = 0) 


where 


The corresponding energies’and spin directions are 


E mM, 
yu) me? — 
y) —mce? + 
u —mce? — 


(b) Finite momentum p. Let 
E(p) = Vat Fp 
and H(p) 
H(p) = c(a-p) + Bmc? 


then the four normalized solutions of the Dirac equation are 


1 
GY ei eae ere eee ee an (4) ; 
VO = Tee mary LAB + EC) mM exp [(i/t)p-r] 
Explicitly, 
l 
0 
E = E(p): ee 2E(P) yo = 
E(p) + aoe cp./ [E(p) + mc?] 
c(pz + ipy)/[E(@) + mc? ] 
X exp (i/np-r) 
0 
E = E(p): a re LoS 
EQ) +m c(ps — ipy)/[E(p) + me?] 


—cp./[E(p) + me? ] 
X exp (i/hp-r ) 
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(5.3) 


(5.4) 


(5.5) 


(5.6) 


(5.7) 


(5.8) 


(5.9) 
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—cp./[E(p) + me? ] 


2 Ee: oo oN v9 = a [E(p) + me? } 
0 
x exp (i/Ap-r) (5.10) 
—c(pz — ipy)/[E(p) + me?*] 
E = —E(p): ee 2EP) yw cp./ TE(p) + me*} 
E(p) + ne 0 


l 


x exp (i/ip-r) (5.11) 


6. CHARGE CONJUGATE SOLUTION y,. 


If y, satisfies 


ca (> + <A) + mc’?B — 6 | yy. = hi hd, (6.1) 


then 
Yo = —yo¥* (6.2) 
where y satisfies (3.1). 
Example. If yy = y™ of (5.11) then 
l 


PN pe ae 0 
QM = —yyY(O* = E(p) + me? 
" - \ 2E(p) —cp./ [E(p) + me?] 
C(pz + ipy)/ [E() + me?) 
xX exp (—i/hp-r) (6.3) 


y.“) describes a particle not only of opposite charge to that of y but also of 
opposite spin, momentum, and energy. 
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7, SOLUTION OF DIRAC EQUATION IN COULOMB FIELD OF 
NUCLEUS 


[ca-p + Bmc? + V(r)y = Ey (7.1) 
V(r) = —Ze?/r electron 
= Ze?/r positron 
Let 
y= (“) (7.2) 
Then 
c(é-p)v = (E — mc? — V)u (7.3) 
c(é-p)u = (E + mc? — V)v (7.4) 
Let 
Ym(is 1) = 2 Gmeleni| jm )x1j2 Ms YYrmi (7.5) 


where x,/.(1/2) = a xy2(—1/2) = B, and Yim is defined by appendix A, 
(A.2.37). 


Let 
G 
u= Ua l) 
r 
yv 72 —id-T )Yn(j, l) (7.7) 
Then 
ume = Vie ee =O (7.8) 
C or r 
ene ppl Vyas ge AO (7.9) 
Cc or r 
where 


—-(j+ 1/2) for l=j+-1/2 


J+ 1/2 for }=j—-—1/2 
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Solutions. 


G = (e + 1)/?N, Re [exp (id, ) exp (—ikr)(2kr)*F(s + in; 2s + 1; 2ikr)] 


(7.10) 
f = (e — 1)¥2N, Im [exp (id, ) exp (—ikr)(Qkr)*F(s + in; 2s + 1; 2ikr ) ] 
(7.11) 
where 
S=VKP-—-He=vVYVJUt 1/2) — & 
_ 4 __ aemc _£E 
mage, he Pp” © me? 
ITis+1+im)| 
2. k= 
Ne = Fee Ly exp (= aa/2) p/n 
. \ _ & — lamc/p ar a a(a + 1) x? 
ce Ch) aoa a BAG ee oo 1) 2 
G(r > 0) > (e + 1)'/2N, cos $, (2kr)* (7.12) 
f(r—-0)— (e — 1)/2N, sin ¢, (2kr )° (7.13) 
G(r ~)— (e + 1)? cos | + 7 log 2kr — 5 + | (7.14) 
fr7 e©)> -(e-— 19% sin | kr + nog 2kr — + 3 | (7.15) 
5 = k + tamc/p V(s + 1 — in) (7.16) 


Ss — in r(s + 1+ in) 


APPENDIX A 


It is assumed that the reader is familiar with the principles of quantum me- 
chanics as expounded in Gottfried’s (66) and Messiah’s (63) texts. This 
appendix will be used to fix notation (Section 1) and to collect some of the 
results involving rotations, angular momenta and coupling coefficients (Sec- 
tion 2) and time reversal (Section 3 ) that are frequently encountered in these 
volumes. 


1. NOTATION 


(a) Dirac notation: this is primarily used when a state vector is de- 
scribed in terms of its quantum numbers a. 


“ket” = la) 
State vector: 
“bra’”’ = (a| 


Scalar product: (a’|a) 
Matrix element of an operator O: (a’|O|a) 


(b) In another notation capital Greek letters will be used to denote a 
state vector. The scalar product is then 


Scalar product: (|W) 
Matrix element of an operator O: (@| OW ) 
(c) The hermitian adjoint of an operator O is: O'. It is defined by 
(6|O¥) = (O'@|¥) 


OT 


(a’|O'|a) = (a|Ola’)* 


where the * denotes complex conjugation. 
The transpose of O is: O? 


Definition: (a’|OT\|a) = (a|Ola’) 
The complex conjugate of O is O* 
Definition: (a’|O*|a) = (a’|Ola)* 
Hence O' = (O7T)* = (O*)? 
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It will be occasionally necessary in order to avoid confusion to make explicit 
the operator nature of a quantity. In that event a “hat” will be used so that p 
is the momentum operator, y is the field operator in field theory and so on. 


(d) Lower case Greek letters y, ¢, x will generally be used to designate 
wave functions. A mixed notation is used to relate wave functions and state 
vectors: 


¥(a) = (a|¥) 


The scalar product of two wave functions is sometimes written 


[ v@s@ 


2. ROTATIONS, ANGULAR MOMENTA, AND COUPLING 
COEFFICIENTS 


For a discussion of the origin and significance of the following results the 
reader is referred to Gottfried (66, p. 264f) and deShalit and Talmi (63, p. 
63f). Other important references are Rose (57), Rotenberg et al. (59) Ed- 
monds (60), Brink and Satchler (62). 

Three-dimensional rotations R are specified by the Euler angles a, 8, y 
shown in Fig. A.1. The corresponding unitary operator* D(R) given by 


D(R) = D(a, B, y) = exp (—iaJ,.) exp (—iBJ,) exp (—i7yJ2) (2.1) 
relates Y(r) and ¥ (Rr): 
¥(Rr) = DY) (2.2) 


with D in the coordinate representation 
More explicitly, for a rotation of the coordinate system about the z-axis through 
an angle a, r’ = Rr is 


x’ = xcosa+ ysina 
y’ = —-xsina+ ycosa 
a= 7 


*Unfortunately there are different conventions for the D operator. In the older 
literature one may even find D’s that refer to the rotation of left-handed rather 
than right-handed reference frames. Our convention agrees with that of Rose 
(57), Jacob and Wick (59), deShalit and Talmi (63), and Gottfried (66). It is 
the convention that is used in particle physics. Much of the literature on col- 
lective motion in nuclei uses a D that is the complex conjugate of the one used 
here [see, for example, Bohr and Mottelson (69)]. 
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2% 


FIG. A.1. 


The D-matrix is the matrix formed by taking matrix elements of the D- 
operator with respect to an irreducible representation of the rotation group of 
dimension 27 + 1 corresponding to the angular momentum /j. Each element 
of the representation is identified by two eigenvalues j and m. Thus the D- 
matrix, Dinm'™ (a, 8, y) is defined by 


Dinm' (a, B, ¥) = (jm| D(a, B, y)| jm’) 


(jm| exp (—iaJ,) exp (—iBJ,) exp (—iyJ,)| jm’) (2.3) 


I 


where J, the generator of an infinitesimal rotation, equals, except for a factor 
of h, the angular momentum operator. The components of J satisfy the com- 
mutation rule [J,, J,] = iJ,. Below are some properties of D that we have 
found useful. 


Unitarity 


D(a, B, 7) = D~' (a, B, 7) = D(—y7, —p, —a) (2.4) 
[Dim (a, B, y)F = Dim (—7; ==; —a) (2.5) 


920 APPENDIX 


De Dinu (RYDmiy® (R) = 8mm’ (2.6) 
Y Dym® (R)D ym (RY = Simm" (2.7) 

Group Property 
D(R2)D(R,) = D(R2R,) (2.8) 
dX Dim (Ro) Dmm!® (Ri) = Dinm® (RoR; ) (2.9) 
D(R)D(R") = D(R)D“(R) = 1 (2.10) 


Orthogonality 


27 2a v 
| da | ay | sin B dB[ Dinm™ (a, B, vy) Duy (a, B, v) 
0 0 0 


Sar? 
= ya Simp Om 853" (2.11) 
Explicit Evaluation of Dim: (a, B, y) 
Dim? (aby) = exp (—ima )dnm (B) exp (—imy) (2.12) 


(j+tm)'G— m)! 


1/2 
Gem e my] 08 48 in BB 


Amm? (8) = (- acm | 


. pimem mtm) (cos B) (2.13) 
w+tn y+n 
P,” (cos 8) = (— y-#(sin? $8 "-*(cos? 48 )* (2.14) 
* a nh—-ea 
n+ p 
= F(—n,n+p+v3y + 1; (sin $8)?) (2.15) 
nl 


n+p 
_ (cos $6 )°**F(—n, —n — v3 n+ 1; — tan? $6) 
n 


(2.16) 
F is the hypergeometric function 
a(a+ 1)b( + 1)x? 


ab 
ENG OP Ce) Se i er eae 71 
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Symmetry Properties of din” 


dinm'? (8) = d_m' gga (6) 
dinm'!® (8) = Amrm? (—B) 
= (— rod m (8B) 
Am m? (x — BY) = (— )™dn,—m' (B) 


Special Values and Symmetries of D,,,,°‘” 
Dinmt®*(R) = (— YO™ Din mt (RY = Dnt (R71) 
When R = R,, a rotation about the z-axis through the angle a 
Dinm'® (Rz) = exp (—ima)bmm' 
When R is a rotation about the y-axis through the angle z: 
Diam! ™® = (—}" Sin mt 
When R is a rotation about the x-axis through an angle 7: 


Diam ® = (— )?8m,—m' 


Relation to Spherical Harmonics 


in ys 
Das (a8) = a[z— = YinlB, @) 

ar Pm 
Don’? (a1) = (=) afm YinlBY) 


Dw? (aby) = Pi(cos B) 
Yim (r’ ) = DS Yim (F ) Dinm™ (R) 


where Rr = r’. 


Properties of Spherical Harmonics 


# (4 22+1)d—- ! 
Yin®) = Yon, 6) = (= y9| SEE 
X exp (im¢) 

dP (x) 


Pim(x) = (1 — xtyn2 2 


1/2 
| P,'™' (cos 6) 
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(2.17) 


(2.18) 


(2.19) 


(2.20) 


(2.21) 


(2.22) 


(2.23) 


(2.24) 


(2.25) 
(2.26) 


(2.27) 


(2.28) 
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, Yiu (E) Yin (2) dF = 8121 Baw’ (2.29) 
1 ad 

P(x) = aN dx! (x? — 1)! (2.30) 
Pym(—x) = (— JP n(x); Prox) = (—)» L—™ pm) 2.31) 

l 9 l (J + m)! l e 

Yim(9, 6) = (—)™Yi-m(0, ¢); Yim(—?) = Yin(r — 6,4 + ¢$) 

= (—)'¥in(r) (2.32) 
Yio(®, 6) = [> Pi(cos 0) (2.33) 
P,(cos 6) = =u >) Yim@’)Yim(r)  ’-r = cosé (2.34) 


21+ 1 


m 


Viai@)Yuast) = >, 


lm 


Ar 


LK kb 1 L hk dl 
Xx Yim(f) (2.35) 
m, m, m/\0 0 0 


A= NEDO : )? ®<> ( ’ : 


4m 0 0 0 mm. \m, M2. mM 


Ee + 1)Qh + 1)Q7 + oy" 


X Yorimi(®)Yieme(F) (2.36) 
When discussing time reversal invariance it will be useful to introduce 
VYimn(r) = i Yin (f) (2.37) 
with the property 
Vint) = (= "Yr —m(F) (2.38) 


Spherical Tensors 


An irreducible spherical tensor field of degree k, T,“ (—k < x < k), has 
2k + 1 components that transform under rotations according to (2.26) 


TO) = DD Te) De® (RR); = Re (2.39) 
xl 


where 7,’ are the components of 7,” referred to the rotated coordinate 
system. 
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If J is the infinitesimal rotation operator then 
67, = —idon- IT, 
where 67 is the change in T because of a rotation of the coordinate system by 
an angle 60 about a direction n and 
JTS a (2.40) 
(Jet Vy TO = Sk(K +1) — «ke + DDT a (2.41) 


Spherical Tensor Operators: Commutation Rules An irreducible tensor 
operator T, satisfies 


[J Te] = eT ® (2.42) 


[Jr ty, TO] = SRF 1) — Ke EDT ee (2.43) 


Spherical Tensors: Wigner-Eckart Theorem 


Jk f 
(jm|T,. |j’m’) = (— r( Ci) |T® | 7) (2.44) 
—m x m 
where the double-barred quantity is called the reduced matrix element. It is 


independent of the magnetic quantum numbers m, x, and m’. The symbol 


( jok fj 

—m x m 

is the Wigner 37 symbol defined in (2.66). The Wigner—Eckart theorem im- 
plies the selection rules 


m=xk+m' and jtk>j’'> lj-k| (2.45) 
For scalar tensors (k = 0). Some special reduced matrix elements: 
CALI) = V2 + 1b5% (2.46 ) 
GSD = WIG + DQ@+ 1) (2.47) 
1 kr ai a a a 
; 22+ 1)Qk + 1)Q/ +1) 
(|| Yel (") = > Easy 
00 0 - 
j ok f 
BY | Yel (ol) = 2(— UPL + (- Ret "7 
1/2 0 1/2 
j 2k 2j’ 
— ([GEDCFDAFFD — yg 


an 
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Tensor Operators: Matrix Elements of Tensor Products 


The tensor product T™ of TY and T“ is defined by 
T. (kiko) = D> (kis, Keke | ke Tg? Teg (2.50) 


K1K9 


where the coefficient (k,; x1, ke x2|kx) is defined by (2.57). 7,“ transforms 
under rotations like an irreducible spherical tensor or order k. The scalar 
product of two tensors T™ and U“ is defined as 


T®-U® = (—)e/2k F IT) (k, k) (2.51) 
>> (—)* T_,. T, (2.51la) 


Reduced Matrix Elements of Tensor Products 


If T“) and T“) operate on the same set of coordinates: 


all gt j j ha 
= Caf] [TO | fal" Ve! F7| |T |e) (2.52) 


where { } is the Wigner 6j coefficient defined by (2.84) 
If 7,4) and T.“*) operate on two differing systems denoted by subscripts 
1 and 2: 


(a1 fro jo J| |T | lon’ jr'a’e jo J’) = V QI + 12k + 1)QI 4+ 1) 
hAoh J 
hi) jo’ SJ") Can dal {Ti | [aes 71) (ae ja| [To | a’2j’2) (2.53) 
ki ke k 

where { } is the Wigner 9j coefficient defined by (2.100) 


ki ke. k 
(a,j| |T® | |a") = (— eH VIE FT | | 


je’ fy ik 
- bse (ar fil [Ti | lar’ fr’) (a2 jo| [To | las’ jo’) = (2.54) 
(or frase jo J] | Ti | laa! jr’as! jo! J’) = (— Jertigtt’t#a/ (27 + 1) QI’ + 1) 
ji J fe 


° A jo J 
(a Jiae2 Je J| |T, -T, | |e’ jf’ 1009 jo’ Lj =(= jitI+iv a /DJ 1 ( 


ar ee eee | | (aril |Ti| Jo's’) (2.55) 


yj k 
(a1 frase jo J| [To | Jor’ jr’are! jo’ J’) = (— da ti'teteay/ (27 + 1) QI’ + 1) 


Jo J fh 
+ Oare’s Oita" (a2 jo| |T2 | | ae’ jo’) (2.56 ) 
J! jl k 
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Clebsch-Gordan Coefficients 


The state of a system with a given angular momentum J, “‘z-component”’ 
M constructed from two systems each in a state with angular momentum, 
Jism; (i = 1,2) 1s: 


V(jrjeJIM) = D> (jum jena |JM (jum (jam: ) (2.57) 


MMe 


The Clebsch-Gordan coefficient (j171 j2r2|JM) is real. 


(jum jom2|JIM) = W(hrje IM) | (jum) (joe )) (2.58 ) 
is a matrix of a unitary transformation: 
v( jum (jam) = DY (jus fama | IM) (jr jn JM) (2.59) 
J AT 
Unitarity: 
> (im jome|JM)( jum jome|J'M’) = 877 bum (2.60) 
Dd, (im jem |JM)( jum’ jom'2|IM) = bmym', Sams (2.61 ) 
JM 
Symmetries: 
js ti pe. : ; 
(jm jome|j3m3) = (— ym | ah | (je — me jsms|jum1) (2.62 ) 
2ji + 1 
2j; + 1 12 
= (-—)jr™ j _— 2.6 
(=) E ih | (jsms jx — m|jome) (2.63 ) 
= (— )itiis( jy — my joe — me|js — ms) (2.64) 
= (— )atienis( jome jum |jsms ) (2.65 ) 


Wigner 3-7 Symbol 


Ji Jz J (— )iraz-ms 
= ey ras ( jimmy Jomo We = ms ) (2.66 ) 
3 


= Q if m, + M2 + m; # 0 and ji + je ¥ js 


(2.67) 
(See Eq. 2.87 for definition of j: + je = js) 


Ji Je Js 
(jum jome|jsm3) = (— i 4/2), + 1 ( (2.68 ) 


Mm, Mo —mMs3 
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Symmetries: 
ji je J Jo Js Si 
mM, Mo. Ms Mp M3; M 
J3 jt Jj2 
mM; Mm, Me 
ItoJs Je 
= (— )irtictis 
mM, M3; Me 
ji J2 J3 
= (— )irtirtis (2.69 ) 
—-m, —-Mo —Ms3 
Unitarity: 
diode 6a \ fii Je J’ 1 
» 7 ie Dj, + 1 OH bmgm'3 (2.10) 


mm \mM, Me Ms mM, Ms, M3 
ii Je Js ji Je Js 
>> Qj; + 1) = 8mm’, bmem', (2.71) 


733 mM, Mo Ms m'; m'> ms 
3-7 Coefficients and the D Matrices 


ji je is ji jo js | | . 
= 2 DP (RR) D Pn (R) De m,(R) (2.72) 


mM, Mm. Msg m! mom! m ms ms 


Do? DDE, Sin B dB da dy = 8r? 
Mm, M2. M3 my’ M2! ms! 


(2.73 ) 


i Ji Jn Is \ fh je Js 


Ji Ja a \ ffir Je Ss . . 
Der = al). 2, Dor Deen's (2.74) 
mm! mem!» Mm, Me. Ms m', m'> ms 
Jia a \ fh Je Ss . 
Dintin': Drains = 2 is + 1) D®, (2.75) 
is mM, me ms/ \m'; m’', ms 
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Special Values of the Clebsch-Gordan and 3-j Coefficients 


ee ee 
(jm j’ — m'|00) = Vey Oe Simm (2.76) 
(jm 00|j’m’) = 655° bam (2.77) 
Ji Jj2 
( "ao if hh + Je + Js is odd (2.78 ) 
0 O QO 
fd J i 
CO eR er ee 2.179 
pom) | VIGEDGED oe 
Jjo2 fj 
m — j(jt+ 1) 
ey Ce ot en en a 2.80 
Lo ; 4 a * JGDaEOTGE a 


jh hol, IV (i je J 
= -V7 (2h +1)Qk4+ 1) | (2.81) 
3 — 3 0 00 O/(h h 2 


where /; = fj; + 34,4 + 1 + J even 


(4m,lm,|jm) 


J Mm, 1/2 —1/2 
ae Rea ET.. Qe 
7 23+ 1 2i+1 
a I+ (1/2)—m I+ (1/2) +m 
i 3 nas ae 21+ 1 7 21+ 1 ene 


(1m,lm,| jm) 
jm, 1 0 ] 


pri eee eet es EES feed 
(27 + 1) (2/7 + 2) (27+ 1)@ + 1) (2/ + 1) (22 + 2) 


, | fcem c= m+) om SD ae ee 
2 + 1) Vil +1) 2KI + 1) 

ee ee ae nee yee eee 
221 + 1) 21 + 1) 22/1 + 1) 


(2.83) 
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Recoupling Coefficients: 6; Symbols 


Coupling of three angular moments ju, je, js. There are two orders of coupling 
ji + je to get ji. that is then coupled to j; to give J. Or j. and j; can be coupled 
to je; which when coupled to j, gives J. The unitary transformation that con- 
nects these two schemes is: 


(ji Jje( Jie iss Jit Jods (Jes) J) = (— )rtietist¥a/ (Qjre + 1)(2j23 + 1) 
ih Je Jie 
. (2.84) 
Js J Jes 
(ii Jds (jis jes Shi je Chie diss J) = (— dietististiy/ Qhie + 1)(2jia + 1) 
ji Joe Jie 
. (2.85 ) 
J Js Jis 


where the curly bracketed factors are Wigner 6j symbols. 


fi Je Js ta 
vanishes unless 3° : ‘i (2.86) 

js J jes jot J = jes 

js + JI = ju 


The notation a + b = cis shorthand fora +b >c 2 |a—)| (2.87) 


Symmetry: 
‘ Je ¥ ‘ Js : 4 ji 7 ‘ ji 7 lp 7 
h; le 1; lo I; lh; I; h le lo hy ls hh J2 ls 
(2.88 ) 

Unitarity: 

Ji Jo Ja) (i Je Js 
Dd (2s + 1)Q2k + 1) = Sig's (2.89) 
73 Li I, [; L l, I's 


Composition of recoupling transformations: 


Ajo P(A ds 7" Aj. J 
= (2.90) 
Js Jo JT) Ve Ia J ja js J” 


2 (— jiti" (27 + 1) 
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hh min Ke A ko 7 
J’ Je Ii Jo” Je! Je qi’ 


Ajo JF ) (WW de! 
(2.91) 
A” jel’ ko 


b> (— jerbeeth(2k + 1) 


= (— parbiebayl the! tat i td | 


hi’ Je” ky 
Regge relation: 


(ji +theth — I.) a(/i1 + je + le ~~ ly) Js 


| (2.92) 


ji je 7 
I, de fs 


HMht+h +1 — je) 3h+h+ je — ji) ls 


Relation to 37 symbols: 


Ji Jn Ia \ AA Je Js 
( )| = »> (— yertlatlstm! tm! stm! 


m, Me lL I. I; my! meh ms! 


Ji le ls ly Je Is L, I, J3 
: (2.93 ) 
m, m’, —m'3/ \—m', me m’3/ \m'; —m'. ms 


Further relations can be obtained from unitarity properties of the 37 and 6j 
symbols. 


ji je J ji je Js 
| ‘- > (— ls asT hhh le g—m,—m!, ( 
hh lo m, Me —mMs3 
h ls Js Je hy I; lo - ji Is 
. (2.94) 
m', m’> M3 Mo m'1 —m's m'> My ms 
Ji Je J3 hh dl js 
= 2 etl) (= priate 
nm, Mo —-mMs3 m’; m's M3 
hh Je Js le ji Is J2 ly ls 
(2.95) 
h Ip Is m.! my ms! My» my’ —m,’ 


/ jv \- (— jirtistis 


Special value: 


a es V Oi + N)@h +1)” 
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Other notation: 
‘ Jo Js 


| = (— )rtetathy ( fy jolelr; Jats) (2.97) 
h i, |; 


Coupling of Four Angular Momenta: Wigner 9j Symbols 


Four angular momenta can be coupled as follows to achieve a final value 
of J; 


ja + Js = jis, Jo + ja = Jos, jis + jaa = J (2.98 ) 


or 
hi + Jo = fae. Js + Je = Jaa, jie + Ju = J (2.99 ) 
The unitarity transformation connecting these two schemes is 


OLE FLGLTD ILE GLO HCANLELL@LUD ENA @L Shee, 


hh Je Jie 
= Jf (fis + 1) Qjea + 1) Qh + 1) Qijsa £1) Sis is sa (2.100) 
jis ju J 


where the curly bracketed factor is the Wigner 97 symbol. 
Unitarity: 
ji jan Sa) (fr fa ae” 
Dd (jis + 1)(Qjoa + 1) his fs sap Sis in Sse’ 
jis Joa JS J Nfs Jug J 
J 


SS ei a 2.101 
(212 ze 1) (2js4 ae 1) J12 912 “334 334 ( ) 
Composition: 
SY (— i aetictiat( ietistied (213 + 1)(Qjea + 1) 
dis Jo4 
hoods) has) (in ja us Ji Ja Siu 
Jo Ja Jone VJs Jz Jesh _ (— )istictin Jo Ja Jas (2.102) 


Jw J3xa J jis joa oS Jin Jaa JS 
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ji Je Jue) (Fo JU fae) (7 fe is 
Dd (+1) +1" +1) Gis ia FD Vis is ise) Vi" is ie 


ggegtt 


Jis J’ J" J4 Je Jae Jis Jas Jae’ 
Jss Sis Joe 
O j46,546" ; ; ; 
ay 2.103 
un + 1 Ju fi je ( ) 
Jss Ja Jb 


Symmetries: an odd permutation of the rows or columns changes the nu- 
merical values by the factor (— )rtirbisticthstisthstiat , 
An even permutation or a transposition leaves the value unchanged. 


ji J2 Jie 


ABIL if WAthetin)+ Qth+h) — is odd. 
h I» Is 


(2.104) 


Relation to 37 coefficients: 

ga-ga Sh Ji Je Sie Js Ja Jaa jis Juss 
Js Js Josep = = 

: J ms \m, Me Mf \m3 mse m/l \iN13 Ma M 


Ji3  J2 
Jit Jas Ji Jo Ja Joa \ [fie isa J 
. (2.105 ) 
mM, Ms My3/ \Me Me Mos] \N. Mze M 


Relation to 6j coefficients: 


A je J ‘ Jo J 
oy ep aan a lot ytkt+J hy oy ° 
i’ fe’ J (— )izti dw atk) (2.106 ) 
k k 0 V/ OI + 1)Qk +1) 
Ji j2 Ji2 hh J3 Ji3 Js Jos Jie J34 J 
J3 J4 Js4 a » (— )?* (27 = 1) 
Jus Jug J J oO ae ae 


(2.107) 
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Ji jez Sue 
Js Js Jaa) (Jia Jor J oo ke Oe 
(— ) = > Of’ 1) Js Ja J34 
Je J Jos J ji Js fie jis Jos J 
‘ Jo . 
; (2.108 ) 
Jsaa JJ 


Special value: 
A je J 
. ad _ hat VD HAG +) ~ hCG +1) + his + DD) 
ee /4I(J + 1)QJ + 1YL + 1)CL + 1)? 
LL | 
A je J 
- (— jit sti tig (2.109) 
Js Js L 


3. TIME REVERSAL 


The formulation of time reversal that will be presented here will generalize 
and modify the usual textbook discussion in several respects. (For a summary 
of the resultant changes see p. 937 ) First the concept of time reversal is extended 
so that it can be applied to systems with nonhermitian Hamiltonians.* The 
complex Hamiltonian of the optical model is an example of where such an 
extension is needed in nuclear physics. In the standard formulation, this 
Hamiltonian is said to be not time-reversal invariant; but one hastens to add 
that the symmetry of the scattering amplitude is still preserved and detailed 
balance is maintained. The customary definition thus sets up a distinction of 
no observable significance. In the formulation of this appendix the choice of 
definition of time reversal is such that whenever the S-matrix is symmetric, 
the corresponding Hamiltonian is time-reversal invariant and vice versa. For 
hermitian Hamiltonians the two formulations, the traditional one and the 
one proposed here, are identical. As a by-product 1t becomes necessary to 
discuss the behavior of the time reverse of systems whose Hamiltonian is not 
time-reversal invariant. Such systems do exist as has been shown by experi- 
ments on the decay of neutral K-mesons [Christiansen, Cronin, Fitch, and 
Turlay (64) ]. In the main text we shall be mostly concerned with systems that 
are time-reversal invariant. For a description of the various possible tests of 
time-reversal invariance of nuclear systems that have been considered see 


*These for physical reasons are absorptive. 
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Henley and Jacobson (59) and a recent review article by Henley (69). As 
of this writing, no conclusive evidence for a violation of time-reversal invari- 
ance, other than in the neutral kaon decay, has been found. 

Following Messiah (63) let us begin with a discussion of time reversal in 
classical mechanics. Consider the simple classical particle trajectory shown in 
Fig. A.2 in which the particle position from t = 0 to t = T is recorded. The 
classical time-reversed path is defined to be the path obtained by reversing the 
velocity, without changing its magnitude, at every point in the trajectory. The 
new trajectory obtained in this way coincides spatially with the original one but 
is described in the opposite direction by the particle. It 1s important to realize 
that such a reversed path can always be achieved dynamically. If the forces 
are conservative, then we need only require that at t = T, the particle’s velocity 
be reversed, and the same forces be allowed to act. If the forces are not con- 
servative, for example, if the particle moves in a viscous medium, the time- 
reversed path will be described by the particle only if the forces are changed 
appropriately. We need to change the Hamiltonian or, as we shall say, the 
time-reversed system is not the same as the original one. In the case when 
viscous frictional forces act on the original system, 0 < t < T, the new forces, 
operating while the time-reversed trajectory is described, must be accelerating 
rather than decelerating, being equal at every point in magnitude to the forces 
that are frictional but opposite in sign. If the frictional force is F(r, v) then 
the force acting in the time-reversed system is F(r, —v). If these forces, 
F(r, —v), act once the particle’s velocity is reversed at t = T, the time-reversed 
trajectory will be described by the particle. 

The trajectory in the interval 0 < t < T will be referred to as r(t). The time 
t in this expression is that given by a “laboratory clock.’’ The position of the 
particle on the time-reversed trajectory can also be written as a function of 
t. However another possibility is to use the first trajectory to define a clock 
and. refer the reversed motion to it. Turning to Fig. A.2 we can see how this 
can be done. For each point on the original trajectory (0 < t < T), there isa 


Original 
trajectory 


Time—reversed trajectory 


FIG. A.2. 
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corresponding point on the reversed trajectory (T < t < 27). The position 
at ¢ 1s identical with the position on the reversed trajectory at a time equal to 
2T — t. We may write the position of the particle on the reversed trajectory 
as a function of the laboratory clock time ¢’, or eae vale y as a function of ¢ 
where ¢ is defined by 


{= 9F =4 t< T (3.1) 


referring the time ¢’ along the reversed orbit to the time ¢ at which the particle 
arrives at the corresponding point on the original trajectory. Note that ¢’ in- 
creases from T to 2T as t goes from T to 0. The ft-clock thus effectively runs 
counterclockwise, and it is essentially for this reason that the phrase “time 
reversed”’ is used. Of course time is not reversed; rather the motion of the 
hands of the clock is reversed. 

We turn now to the development of these ideas in quantum mechanics. Let 
8 be a system whose time evolution is governed by the Hamiltonian H so that 
if the state of S at ¢ = 0 is described by ¥(0), at a time ¢ later: 


W(t) = exp (—i/hHt)v(0) (3.2) 


Time reversal is connected with the use of ¢ defined by (3.1) as the inde- 
pendent variable; that is, through the introduction of a clock that runs counter- 
clockwise. Let us first investigate the effects of using such a description of time 
and later return to the problem of defining the time-reversed system and state. 
Suppose then that ®(t’) is the state of a system $ (which is not necessarily 
the same as S$) at a time 7’. In terms of tf 


@(t') = QT — t) = P(t) (3.3) 
defining &(r). The time development of @ for ¢ < T, that is, for T < t' < 2T 
is governed by a Hamiltonian operator H' whose nature depends upon $8: 

®(t') = exp [—i/hAl(t’ — T)]@(T) (3.4) 
or 
é(t) = exp [—i/AH'(T — 1)]®(T) (3.5) 


From this equation it is possible to obtain the equation satisfied by ® by differ- 
entiating with respect to ¢. We find 


es oe 
H'e(t) = —ih — (3.6) 
Ot 
Assuming that H, or better H7 as we shall see, and Hi span the same Hilbert 
space, one can relate them as follows. Compare (3.6) with the equation satis- 
fied by W*: 
ov* 


nyt — — Ff 
H*y ik (3.7) 
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Thus if 
@ = K¥*(t) = OV(t) (3.8) 
where K is a unitary operator then 
K'H'K = H* 
or 
H = KHTK' (3.9) 


The operator © consists in taking the complex conjugate and then trans- 
forming with K. © is referred to as anitunitary operator. In contrast with a 
unitary operator it does not conserve the inner product in Hilbert space but 
only its magnitude. To show this consider (¥|W’). Note 


(EU) = |e )* = (WG) = (K'S'| K'S) 
Or 
(YW) = (6/2) (3.10) 


proving the assertion. 
To determine how an operator transforms consider (¥|OW’). Following 
the steps that led to (3.10) yields 


(Y|OW’) = (OFW*|U*) = (OFKTS’| K'S) 
or 
(Y|OW’) = (8'| KOTK'S) 
Comparing with (3.9) suggests the definition 


O = KOTK' (3.11) 


Under the transformation 6, O — O, and 
(¥|OW’) = (8'|06) (3.12) 


The definition of the time-reversed state Y(t) corresponding to W(t) of 
(3.2) requires (i) fixing a relation between the two states at a given time, in 
this case J, and (ii) determining K from which H can be obtained from H 
(3.9) and the time development of © can be calculated according to (3.5). 
Recalling the classical discussion we require that at ¢ = T and for a spinless 
particle 


[Ple(T))| = |{—p|¥()| ~—s thatis = |p) = | —p) (3.13) 


so that the time-reversed state has the same probability density in momentum 
space at —p as the original state at p at a time J. This is the quantum analog 
to the classical condition that at a time T the velocity of the particle is reversed. 
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Only the magnitudes of (p|) and (—p|W) can be compared because the 
antiunitary operator © relates WY with ¥* not with v. In coordinate space the 
relation between W and W is : 


Hr|¥(T))| = |@le(T))| that is | |r) = |r) 14) 
To determine p from (3.13) consider: the relation 
(polp|pi) = Pi 8(Bo — Px) 
But according to (3.12) and (3.13) the left-hand side can be rewritten to yield 
(—P:/P| — Po) = pr (Po — pr) 


This is possible if p = —p. The relation of r andr: can be obtained in the same 
way. Hence ; 

f= Kr7K' =r 

p = Kp’K' = —p (3.15) 


When K satisfies these relations for a spinless particle (the additional require- 
ments for particles with spin will be discussed later) then 


Vv = Ky* (3.16) 
is the “‘time-reversed’’ state and 
6 = KOTKt (3.17) 


is the “‘time reverse’’ of operator O. 

From (3.9) we see that with this definition the time reverse of the Hamil- 
tonian operator H is H in agreement with (3.17). Moreover if H depends 
upon the momentum operator, so that H = H (r, p) 


H = H7(@,p) = H7(r, —p) (3.18) 


Note that the time dependence of ¥(¢) is, according to. (3.4), determined 
by H' rather than H. This is important only when H is nonhermitian. If H is 
absorptive, as one would expect from the classical analog’ discussed earlier, 
the time-reversed system should involve a regenerative potential that corre- 
sponds in the classical case to changing a frictional force into an accelerating 
one. Hence the Hamiltonian Ht describing the time-reversed system § is ob- 
tained by time-reversing H according to (3.9) and then taking the hermitian 
adjoint to convert from an absorptive to a regenerative potential. _. 

We now turn to the question of time-reversal invariance. We say that an 
operator O is time-reversal invariant if 


O=0O 


for then the matrix element of O between the states WV and ® and between the 
corresponding time-reversed states ® and W are equal; that is, from (3.12) 


(~¥|O8) = (6|O%)  time-reversal invariance —S(3.19) 
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When 4 is a function of r only, H according to (3.18) is time-reversal in- 
variant. Thus if the complex potential of the optical model is local, the cor- 
responding A is time-reversal invariant. More generally for a spin independent 
H we shall show that H need only be symmetric, that is, H = H” for time- 
reversal invariance to hold. 

To prove this last result and to discuss more general situations it is neces- 
sary to specify the properties of K, a task to which we now turn. 

Both the traditional discussion of time reversal and the discussion in this 
appendix employ the identical relation between Y and W; that is the trans- 
formation 0 between the two is given by (3.16) in both treatments. However 
the traditional definition of time-reversal invariance requires O* to equal O 
rather than (3.19). For hermitian operators the two definitions are identical. 
For nonhermitian operators, they differ. But as we can see from the discus- 
sion just above (3.19) and comparing with the classical case, it makes more 
sense physically to use H' as the effective Hamiltonian to describe the time 
dependence of Y. And, although we shall not prove it here, such use also 
makes it possible to relate the symmetry of the scattering amplitude with the 
time-reversal invariance of H without requiring the introduction of additional 
concepts. 


Properties of K 


A condition is put on K by the requirement that application of two time 
reversals on an operator must yield the original operator. Hence 


(O)}=O or  K(KOTK‘t)?K-1 = 0 


This is identical with 
[KK*, O] = 0 (3.20) 


This equation states that KK* commutes with any operator. It must therefore 
be proportional to the unit operator. Since KK* is unitary it follows that 


KK* = exp (in) 
or 
K = exp (in)K? 


Taking the transpose of both sides we immediately obtain 
exp (2in) = 1 


so that »y = o or x. If n = 0, K is symmetric; if 7 = 7, K is antisymmetric. 


Examples 


(a) We begin with position operator r and its conjugate momentum p. 
According to (3.15) K must satisfy the two equations 


r= Kr7'K' p= —Kp?K' 
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In the representation in which r is diagonal, 


The operator p is given by (#/i)V so that 


p’ = —Pp 
Comparing with (3.15) we see that K can be taken to be a constant say e, 
where |¢«| = 1 as far as its dependence on r and p is concerned. 


With the time reversal of the two fundamental vectors r and p determined, 
the time-reversal properties of operators such as L, the angular momentum, 
constructed from r and p can be readily obtained. From 

L=rxXp 


we find 
L = (Xp)? = (r7 X p?) = —(r X p) 
or 
| Os B (3.21) 


Returning to the Hamiltonian, we see that when H is a function of r and p 
only, 

H = HT 
Then the time-reversal invariance becomes the condition H? = H, or H must 
be symmetric. In a one-channel theory, for example, any local or symmetric 


potential is time reversal invariant. 


(b) When a particle has internal degrees of freedom, the corresponding 
operators are not functions of r and p and their behavior under the operator 
of time reversal must be determined by other considerations. In these volumes 
we will be concerned with three such internal degrees of freedom, spin, charge, 
and isospin. As a first example, consider spin. The spin of a particle is an 
angular momentum and will combine additively with orbital angular momenta 
to give the total angular momentum J. In order that the properties of the sum 
J be preserved under time reversal, 6 like L must be odd under time reversal: 


é= —6 (3.22) 


Somewhat more physically we may envisage a more detailed description of 
the spin degree of freedom. Such a model will always involve a rotation of 
some kind and therefore will give rise to time-reversal properties identical 
with those of the orbital angular momentum. 

In the usual representation in which o, and o, are symmetric and a, is 
antisymmetric, the unitary operator K must satisfy 


Ko,K' = ~o, 
Ko,K' = o, 
Ko,K' = —<«, 
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These conditions are met by 


0 -1 
K = —is, = (3.23) 
1 0 


where again it is possible to multiply this K by a complex number of unit 
magnitude. The time-reversed wave function for a positive spin state 


1\\ 0 
y= —-le, aa 
0 1 


In other words the time-reversed state has the opposite spin orientation. 

It is also possible to obtain the transformation operator K for spin 1/2 
particles by exploiting the properties of the Dirac equation for such particles. 
The equation implicitly treats the spin and orbital angular momentum on the 
same footing so that there is no surprise that the conclusion remains unchanged 
in the relativistic situation. The Dirac Hamiltonian for a free particle of mass 
m is 


is 


H = c(a-p) + Bmc? (3.24) 

Assuming H to be time-reversal invariant we write 
H = KH'K' = H for time-reversal invariance 
Inserting (3.24) on both sides one obtains 
K[—c(a*-p) + Bmc?]K' = c(a-p) + Bmc? 

The consequent conditions on a and 8 are 

e = Ko*K'= —e@ 
B = K6K'= 8 


It can be readily verified that these equations are satisfied with the K given by 
(3.23). To illustrate consider the effect of time reversal on a plane-wave 
solution of the Dirac equation for a particle of mass m energy E and mo- 
mentum p with positive spin orientation when viewed in the rest frame. Then 


1 
0) 
y= exp (ip/h-r) 
cp./ (mc? + E) 


C(pz + ipy)/ (mc? + E) 


The time-reversed solution y is 


Y= Ky* = —ioyy* 
Or 


0 
1 
—C(pz — ipy)/ (mc? + E) 
cp./ (mc? + E) 


Thus y¥ corresponds to a particle with reversed spin and momentum. 


exp (—ip/f-r) 


Ee: 
I 


Problems. 1. Prove that p and j defined by 
p=Vp j= Pray 
transform as follows 
p=p j=—Jj (3.25) 
Note that ¥*y is a shorthand for Dy zy... 


2. Show that under time reversal, the Dirac y, transform as follows: 


w= 1 (3.26) 


(c) We turn next to the electromagnetic field. Presuming time-reversal 
invariance of the interaction term (—e/cj-A), eA must be odd under time 
reversal since j is odd. It will be convenient to choose e to be invariant so that 
A itself is odd: 


A=-A (3.27) 
It follows from the relations between A and the electromagnetic fields that 
H = —H (3.28) 
and 
E =E (3.29 ) 


These results may also be verified directly from the Maxwell equations. 
(d) The time reverse of the isospin operators is given by (3.17). Thus 
t, = Kr,7K' = Kr,K' 
ty = —Kr,K' 
7, = Kr,K' 
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The choice of K is dictated by the requirement that the charge remain invariant 
so that 7, should not be changed by time reversal.. Physically this means that 
time reversal cannot change a proton into a neutron. K must then be of the 
form a + br,. It causes no loss of generality to take K to be a constant so that 


Tz = Tz 
omer (3.30) 
Tz = Tz 


One can verify that with this choice the 6-ray Hamiltonian is time-reversal 
invariant. But for such verification, we must discuss time reversal for quantum 
field theories. 


Time Reversal in Quantum Field Theory 


The results (3.16) and (3.17 ) obtained earlier in this appendix apply as well 
to the operators and states of quantum field theory. In this domain, the pro- 
cedure we have adopted corresponds to Gasiorowicz’s (67 ) “‘second definition 
of the antiunitary operation,’’ and is the one he also employs. This differs 
from the more traditional treatments as given for example by Schweber (61 ); 
and again the differences are of no practical consequence as long as matrix 
elements of hermitian operators are involved. 

Let ¥(r) be the nonrelativistic operator (see Eq. VII.1.69) that destroys a 
particle atr. Then according to (3.17) the time-reversed operator y/(r) is 


v(t) = KyrKt (3.31) 


where the hat on K indicates that this quantity will generally operate on a 
many-body state vector.* To obtain y” we shall use a representation 


y = Ky* (3.32) 
in which r; is diagonal. The possible state vectors in addition to the vacuum 
state |0) include |r,), |ri,re),..., |fi,Te,..-.,0n)... eigenvectors of the 
operators fi, f1 and fe, fi, Fo, . . . , Fy respectively. Following the techniques 


given in Section VII.1, or using (VIII.1.69 ) directly, one finds that 


vir) = |0)¢| + fdes|0,11) (en + | des f arsio ry, te), ti,8e| +... 
(3.33) 


The operator ¥(r) thus destroys a particle in the volume element dr located 
at r. 


*In this section, K without a “hat” will operate on a single-particle wave 
function so that according to (3.16) 


y = Ky* 
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The single-particle wave function y(r) is given by 


¥r) = Ol¥(@r)Ir) (3.34) 

If its time reverse is 

Wr) = (r|¥|0) 
then 
y= kt = Kitt (3.35) 
and 

Ky = Ky*K' 
where K operates on y. Time reversal thus transforms a destruction operator 
y into a creation operator. 


To obtain the behavior under time reversal in momentum space we employ 
the expansion (VII.1.69 ) 


v= DY ag.(r) (3.36) 
According to (3.35 ) 
¥ = Dd) aleiK' = D> ald, 


For spinless free particles 
l 
o, = wa (ik-r ) and K= 1 


where 2 is a normalization volume. Expanding y as follows 


y= 7 x a, exp (ik-r) 


where a, is defined to be time reverse of a, we find upon comparing with 
(3.36 ) that 
a, = al, (3.37) 


Thus the time-reversal transformation converts a destruction operator for a 
particle of momentum fk into a creation operator for a particle of momentum 
(—hk ). If the particle has spin, the spin orientation would have been reversed 


upon time reversal. 
Let us examine the behavior of some typical field theory operators. The 


charge density operator 
p= Vy 
becomes upon time reversal (see Eq. 3.35 ) 
p= K@yrR! 
= KyTy*K' = (KVR) (KY*K") 
= VK'Ky = VY 


TIME REVERSAL 943 


or 
p= ?p (3.38 ) 
Hence 6 is invariant under time reversal. 
The momentum operator p for a field is defined by 
~ Af ae 
p=-|]V'vvar (3.39) 
i 


Then following the steps that lead to (3.38) one finds that 
a Ah ne. on 
Pa (vy') yar 


Integrating by parts, dropping contributions from “infinity” one obtains the 
expected result 


~ 


p= —p (3.40) 


Under time reversal the field momentum changes sign. 
As a final example consider the 6-decay Hamiltonian density in the non- 
relativistic limit for the nucleons: 


A = Crg[rvi, + ride] (3.41) 
Only the Fermi term (Chapter IX) is given. Then using (3.30) 


ry orwylWy. under time reversal 
Hence 
H=4 


and the Hamiltonian density (3.41) is time-reversal invariant. 


4. Shell-Model States 


(a) Single nucleon states in the shell model 
Shell State 
1 Ise 
2 I pse, 1prj2 
3 1ds/2, 21/2, 1d3/2 
4 Mfz/2 
5 2prja, Ufsj2, 2Prje, 1892 
6: Dans Tea Ss Daas Ways. 
7 — Whgye, 2ft/25 3p3j2. 2fs/25 381/25 Liisy2 


944 APPENDIX 


(b) Possible total spin J for various configurations (j)* [taken from 
Mayer and Jensen (55). ] 


j= 7 J=3 j= 9 
k=1 3. k=1 3. k=1 @f. 
= 0, 2 =2 0,2,4 = 2 0,2, 4,6 
= 3 333 = 3 oe ie eae € 
= 4 0,2 (twice), 4 (twice ), 5, 6, 8 
J=2% 
kK=1 3. 
= 2 OQ, 2, 4, 6, 8. 
= 3 3 3 d 2 (twice ), Eno ys 4y, a 
= 4 0 Cwice); 2 (wee): 3, 4, G times ), 5, 6 iS times ), 7, 9, 10, ae 
= 5 4, 3, 3 (twice), ¢ ere ), $ G times), 44 (twice), 42 (twice), 4; 
(twice ), 45" ane ), 732, 25+, 45. 
j= 4 
kK=1 4. 
= 2 0, 2, 4, 6, 8, 10. 
= 3 3 2 2 2» z (twice ), 73 (twice ), ae - (twice ), “ys o mt Fs ay. 
= 4 0 (twice), 2 (3 times), 3, 4 (4 times), 5 (twice), 6 (4 times), 8 (4 


umes ), 9 (twice), 10 (3 times), 11, 12 (twice), 13, at 16. 

=5 4,2 ce ),  G times )3 % (4 times 3 3 (4 times ), 4+ (5 times ), 422 (4 
times ), 4,2 (5 times ), 2 = (4 ae A 2 (4 times ), 2+ (3 times ), 22 (3 
times ), 22 (twice ), 3,5 (twice), 22, 3+, 32. 

= 6 O (3 times), 2 (4 times), 3 (3 times), 4 (6 times), 5 (3 times), 6 (7 
times ), 7 (4 times ), 8 (6 times ), 9 (4 times ), 10 (5 times ), 11 (twice) 
12 (4 times), 13 (twice), 14 (twice), 15, 16, 18. 
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spectrum in beta decay, 777, Kurie plot, 780 
Equation of motion, Heisenberg, 676 
Equivalent particles, configurations with, 231 
j?,231 
7°, 234 
j?, 335, 338 
non-, in heavy nuclei, 305 
Ericson fluctuations, 87 
Evaporation spectrum, 107 
Even-Even nuclei, energy gap in, 566 
energy of second excited state in deformed nuclei, 
480 
quadrupole transitions in and vibrations of, 478 
rotational, 403 
first excited state of, 642 
spin and parity of, 40 
of first excited state, 41 
Exchange current, 120, 674, 750 
Exchange nucleon-nucleon interaction, 15 
and meson exchange, 16 
and n-p scattering, 15 
and nuclear stability, 150 
Excitation, collective, 636 
of definite multipoles, 545 


fa 2 nuclei, effective charge for, 719 
Fermi beta decay and vector weak current, 774 
selection rules for, 784 
isospin forbidden, 801 
gas model of nucleus, 122 
Coulomb energy in, 140 
densities in one and two body, 135 
momenta, relative in, 143 
surface energy in, 128 
symmetry energy in, 127 
wave function for, 131 
energy, 126, 560 
and chemical potential, 560 
momentum, 126, 618 
Field electric, magnetic, 680 
Field operator, commutation rules for, 520 
and Fock space operators, 521 
time reversal of, 941 
Fields, quantization of, see Second quantization 
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Fierz transformation, 819 
Fission, 67 
and shape isomerison, 52 
Fluctuations in cross-sections, 87 
Fock space, 508 
and field operators, 521 
and Slater determinants, 510 
Form factor, electromagnetic, nucleon, 678 
and weak currents, 848 
nuclear, 678 
sum rule for, 714 
weak, nucleon, axial, 853 
Adler-Weisberger relation for, 859 
psuedo-scalar, induced, 857 
nuclei, 884 
vector, 847 
for non-parity conserving nuclear forces, 875 
Forces, nuclear, many body, 121 
three body, 188 
see also Nucleon-nucleon interaction 
Four particle configurations, 333 
Fractional parentage, coefficients of, 333 
for (7/2)° , 340 
ft values for beta decay, 66, 781 
for allowed unfavored transitions, 798 
for mirror nuclei, 790 
for p-shell nuclei, 796 


Gamow-Teller beta decay, and axial weak current, 
7174 
for odd A nuclei, 799 
selection rules for, 784 
Gauge invariance, 672, 679 
G matrix, 177, 587 | 
and Brueckner, Hartree, Fock method, 178, 590, 
593, 612 
and core excitation, 653 
and effective potential, 618 
ladder energy in terms of, 588 
short range, 651 
tensor force, effect of, 652 
Goldberger-Trieman relation, 855 
Goldstone diagrams, 579 
and Tamm-Dancoff approximation, 639 
unlinked, 580 


Hadrons, 2, 75 
Hamiltonian, Bohr, 482, 641 
for beta decay, 834 
effective, 884 
density dependent, 625 
Nilsson, 445 
and asymptotic quantum numbers, 444 
wave functions and energies for, 446 
for rotational nuclei, 391 
Coriolis term, 397 
for shell model, 279 
spin independent, 298 
Harmonic oscillator and Brody-Moshinsky 
brackets, 614 
Harmonic oscillator potential, single particle, 194 
configurations in, 346 
deformed, 442 
energies and wavefunctions, 446 
and moments of intertia, 422 
spherical, wave functions in, 199 
and SU(3), 665 
and Talmi integrals, 349, 613 
wave functions, expansion of Hartree-Fock 
solutions in, 605 
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expansion of Brueckner-Hartree-Fock 
solutions in, 613 
expansion of Pauli projection operator in, 
614 
Harmonic, spherical, 921 
Hartree-Fock-Bogoljubov method, 571, 572 
and Bohr Hamiltonian, 641 
Hartree-Fock method, 251, 522, 548, 588, 604 
with boundary condition model, 609 
interation procedure of, 255 
for p shell nuclei 
and potential, self consistent, 526, 533 
direct and exchange, 253 
symmetry, axial, 262 
symmetry, spherical, 256 
projected, 463 . 
for s-d shell nuclei, 467 
single particle energies of, 548 
single particle potential of, 248 
and singular potentials, 593 
and Skyrme potential, 623 
and soft and supersoft cores, 603 
stability of, 528, 529 
and Tabakin potential, 606 
and tensor forces, 607 
time dependent, 529 
vibrational solutions, 533 
wave functions for, expansion of, 605 
variational, Thouless, 523 
Healing distance, 167, 186 
Heavy ion reactions, 74, 80 
and Coulomb excitation, 74 
and Coulomb scattering, 77 
and nuclear size, 77 
radiation emitted in, angular distribution 
of, 693 
Heisenberg exchange operator, 372 
Helicity, 681, 684 
of neutrinos, 813 
projection operators, 832 
Hole states, 321 
magnetic moment of, 324 
Hypernuclei, 3, 75 


Independent pair model, 161 
energies and wave functions, 170 
for finite nuclei, 19] 
and the hard core, 162 
and the independent particle approximation, 177 
and the Pauli principle, 162 
and two particle correlations, 162 

Independent particle model, 157 
for finite nuclei, 19] 
for nuclear matter, 159 
for rotational nuclei, 428 

_ gee also Shell model 

Interaction residual, 192 
Bartlett, 372 
central scalar, 343 
decomposition of, 597 
delta, 283, 630 

surface, 632 
effective for finite nuclei, 628, 343 
Heisenberg, 372 
and magnetic moments, 757 
Majorana, 372 
matrix elements of, 280 
and moment of inertia, 428 
multipole expansion of, 259 
‘pairing plus quadrupole, 369 
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quadrupole—quadrupole, 665 
spin dependent, 370 
table of, 372 
Interference in resonance scattering, 83 
Intermediate coupling, 302, 791 
structure in cross-sections, 91, 99, 109 
Internal conversion, 724 
penetration, 730 
Isobar analog states, 99, 102, 800 
and Fermi beta decay, 800 
Isomerisin, 42, 699 
and the spin-orbit interaction, 43 
shape, 51 
Isospin, 32, 290 
and analog resonances, 99, 102 
and charge conservation, 33 
and charge independence of nuclear forces, 33 
determination of, from nuclear reactions, 69 
forbidden beta decay, 801 
magnetic moments, dependence on, 751 
mixture, 298, 803 
M1 radiative transition, 744 
operators, 34, 293 
selection rules for radiative transitions, 703, 705 
and El experimental values, 737 
space, 35 


jj coupling, 300 
first order energy using LS coupling, 300 
two particle energies, 365 

j? configuration, 231 
effect of residual interaction, 238 

j® configuration, 234 

j=%,j' configuration, 372 

j" configuration, energy of, 335, 338 
states, 944 


K, and angular momentum, minimum, of a 
band, 402 
projection of angular momentum on the 
symmetry axis, 396 
=¥, band and decoupling parameter, 403, 457 
radiative transitions within bands, 432 
selection rules for, 413, 733 
K capture, see Capture, orbital 
Kaons properties of, 75 
decay of, 772 
neutral, decay of, and time reversal, 773 
and parity non-conservation, 815 
Kinetic energy, rotational, 391, 395 
Knockout reactions, 106 
at high energy, 114 
Kurie plot for allowed beta decay, 780 
for unique forbidden beta decay, 890 


Ladder graph and Bethe-Goldstone eq., 586 
A° properties of, 75 
and hypernuclei, 75 
decay of, 772 
Lepton, 772 
quantum number, 773 
conservation of, 839 
Levels, single particle, grouping of, 209 
magnetic moment of (Schmidt), 59 
proton, 215 
Of shell model, 20, 214 
and spin-orbit interaction, 43 
Linearization and RPA, 543 
Linked cluster expansion, 576, 586 
and Goldstone diagrams, 579 
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Local density approximation, 617 
with soft core nuclear force, 619 
and electron scattering, 619 

LS coupling, 298 
and delta residual interaction, 302 


Magic numbers, 19, 213 
and alpha decay, 68 
comparison with atomic shell model, 210 
and fission, 68 
independence of for neutrons and protons, 212 
Magnetic dipole (M1), giant resonance, 751, 760 
radiative transition, 431, 744 
isoscalar and isovector, 745 
selection rules, 689, 744 
l-forbidden, 749 
Morpurgo, 706 
Magnetic moment and beta decay, 753, 790 
of the deuteron, 61 
and exchange currents, 750 
of 37H and *He and exchange currents, 751 
isospin dependence of, 59, 63, 751 
of neutron, 31 
of nuclei, 4, 57, 750 
effective operator, 758 
of mirror nuclei, 753 
and the residual interaction, 756 
for rotational nuclei, 429, 431 
for shell model, 239 
of hole state, 324 
of j" configuration, 244, 324 
Schmidt value, 59, 242, 750 
single particle, 59 
of transitional nuclei, 646 
of proton, 31 
Magnetization currents, 676 
volume of, 673 
Magneton, nuclear, 57 
Majorana exchange operator, 372 
theory of neutrino, 811 
Mass of electron, 9 
of hadrons, 75 
of the neutrino, 777 
of the neutron, 9 
of the pion, 17 
of the proton, 9 
of the rho meson, 17 
Masses, nuclear, & 
semi-empirical formula for, 11, 126 
Matter, classes of, 2 
quantal structure of, 2 
Matter, nuclear, 155 
independent pair model for, 170, 188 
independent particle model for, 159 
Meson and nuclear forces, 16 
Mirror nuclei, 26, 38 
beta decay of, 790 
Coulomb energy of, 26 
and magnetic moments, 753, 790 
and second class currents, 862 
Models, nuclear, 1, 119 
collective, 48, 377, 485 
Fermi gas, 1719 
independent particle, 157, 191 
independent pair, 161 
Nilsson, 445 
radiative transitions, 743 
optical, 91 
rotational, 48, 121, 377 
radiative transitions, EO, 733 
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El, 742 
E2, 411 
Ml, 431 
schematic, 499 
shell, 20, 191, 277 
with harmonic oscillator single particle 
potential, 194 
radiative transitions EO, 733; El, 740; 
Ml, 746 
vibrational, 471 
radiative transitions, EO, 733; El, 741 
for nuclear forces, boundary condition, 601 
space, 629 
Moment of inertia, 122, 385, 391, 396, 538 
cranking formula for, 420, 422 
for deformed harmonic oscillator potential, 422 
of a deformed rigid body, 416 
for a fluid model, 417, 426, 435 
and the internal wave function, 418 
and the residual interaction, 428 
in time-dependent Hartree-Fock potential, 538 
Monopole, electric, 731 
in various models, 733 
giant, 734 
Morpurgo selection rules, 744 
Moskowski-Scott method, 597, 650 | 
m scheme with particles outside filled levels, 220 
transformation to LS coupling, 299 
Multi-nucleon systems, 507 
BCS ground and excited states, 552 
Bethe-Goldstone eq., 586 
Bogoljubov-Valatin transformation, 547 
Brueckner-Hartree-Fock method, 590, 593, 612 
finite, 602 
Hartree-Fock potential, 522, 588 
Hartree-Fock-Bogoljubov method; 571, 641 
linked cluster expansion, 576 
perturbation method, 572 
random phase approximation, (RPA), 541 
and second quantization, 509 
summary, descriptive, 661 
superconducting solution, 559 
time dependent Hartree-Fock, 529 
Multipoles electric, 54, 676, 680 
parity of, 687 
radiation, 698 
electromagnetic field, expansion of, into, 670 
electromagnetic and forbidden beta transitions, 
893 
magnetic, 56, 680 
parity, 687 
radiation, 699 
order of, and internal conversion, 724 
radiation of a single, angular distribution, 690 
for rotational levels, 410 
magnetic, 429 
quadrupole, 411 
residual interaction, expansion of, into, 259, 367 
excitation of, 545 
first order energy, 371 
and specificity, 502 
values of, 632 
Muon capture by nuclei, 67, 897 
by heavy nuclei, 898 
and the giant dipole resonance, 904 
rate, 908 
decay, 772, 835 
and neutrino helicity, 836 
transition probability, 836 
scattering of neutrinos, 839 
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Mu-mesic X-rays and charge density, 6 
Muonic atoms, 6 
Muons from pion decay, 837 


Neutrino, 65, 771 
absorption of, 810 
anti-, 775 
electron, 65 
angular correlation, 811 
mass of, 777 
helicity of, 813 
mu, 65, 773, 835 
helicity of, 836 
scattering by electrons and muons, 839 
wave equation for mass-less, 822 
Neutron beta decay, 771, 785 
fluid, moment of inertia, 436 
and giant dipole resonance, 493 
form factor, 677 
and beta decay, 848 
magnetic moment of, 31 
mass of, 9 
radius, 678 
resonance cross-sections, 85 
scattering by protons, 15 
strength function, 95 
Nilsson Hamiltonian, 445 
configurations in, 450 
and decoupling parameter, 457 
deformation energy in, 451 
radiative transitions and, 743 
single particle energies in, 446 
wavefunctions in, 446 
Nine j symbol, 930 
and change of coupling scheme, 299 
Nonidentical nucleons, in heavy nuclei, 305 
6 interaction for, 309 
Nuclei, beta decay of, 65, 771 
conjugate, 704 
deformed, 46, 377, 415 
energy of, semi-empirical, 126 
electromagnetic properties, 4, 53 
transitions, 667 
finite, many body theory for, 602 
rotational model for, 377 
shell model for, 191, 277 
vibrations of, 471 
shape of, 4, 383, 385 
size of, 4, 126 
and penetration, 730 
surface, 6, 130 
transition, 644 
Nucleon-Nucleon interaction, J 1 
boundary condition model for, 601 
charge independence and symmetry, 14, 31 
core of, hard, 15 
sorf, 603, 605 
exchange properties, 15 
and isospin, 34 
OPEP (one pion exchange potential), 17 
origin in meson exchange, 16 
parity nonconserving, 865 
and alpha decay of '°O, 866 
isospin dependence of, 877 


and strangeness changing weak currents, 869 


range of, 12, 17 
spin-orbit, 13 

stability of nuclei and, 142 
strength of, 12 

tensor, 13 
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Nucleon-nucleon scattering, 13, 15 
and matrix elements of the interaction on the 
energy shell, 145 


Occupation amplitudes, 550 
numbers, 508 
Octupole phonon, 481, 488 
Odd A nuclei, allowed beta decay in, 799 
core excitation of, 488 
Coulomb excitation of, 412 
intrinsic excitations of, 453 
quadrupole states of, 481 
rotational, 404 
Odd-odd nuclei, deformed, 451 
One body densities, 135 
matrix elements, 409 
operator, 516 
transition density matrix, 132 
OPEP (one pion exchange potential), 17 
and isospin, 34 
and nuclear stability, 152 
Operators, annihilation and creation, for fermions, 
$09 
for phonons, 473 
for photons, 683 
effective for magnetic moment, 758 
field, 520 
number for fermions, 514 
conserving, 514 
one and two body, 516 
particle-hole producing, 525 
projection, 647, 825, 832 
Pauli, 163 
expansion in harmonic oscillator functions, 
614 
quasi-particle, 550 
rotation, 918 
spherical tensor, 923 
spin one, 682 
Optical model, 97 
for elastic alpha particle scattering, 95 
and energy averages, 91 
for proton and neutron scattering, 97 
and shape resonances, 93 


Pairing energy of nuclei, 11,21, 25, 126 
Pairing interaction and Bogoljubov-Valatin 
transformation, 555, 568 
correlation inducing, 572 
and Hartree-Fock-Bogoljubov method, 571 
plus quadrupole, 369, 634, 641 
and core excitation, 654 
Parent of isobar analog state, 102 
Parentage, coefficients of fractional, 335 
Parity of electromagnetic field, 686 
and internal conversion, 725 
selection rules, 689 
G, 848 
nonconservation of, 772, 815 
nonconserving nuclear forces, 865 
nuclear states, determination from nuclear 
reactions, 68 
natural, 70 
in the shell model, 216, 218, 219 
Particle-hole configurations, 321 
and collective vibrations, 533 
excitations of, 525 
and giant dipole resonance, 497 
and magnetic moment, 324 
operator producing, 525 
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and quadrupole moment, 325 
and two-particle energy, 325 
Particle-rotation coupling, 437 
and Coriolis term, 397, 437 
Pauli exclusion principle, and Fermi gas model, 
124 as 
generalized, 36 
and the independent pair approximation, 163, 
614 : 
and the independent particle model, 191 


and the shell model, 42,:196, 279, 330, 333, 508 


Penetration in internal conversion, 730 
Perturbation treatment of the many Fermion 
system, 572 
Dyson’s expansion, 577 
linked cluster expansion, 576 
Rayleigh-Schrodinger, 575 
Wigner-Brillouin, 574 
Phase equivalent potential, 599 
Phonons, 48, 472 
commutation rules, 473 
frequency, 477 
octupole, 481, 488 
states, quadrupole moment of, 476 
two excitation of, 478 
Photons, 679. 
commutation rules, 683 
emission of, 688 
spin of, 681 
Pick-up reactions, 106 
Pion, electron decay of, 837 
interaction with nuclei, 75 
mass of, 17 
mu decay, 773, 837 
and PCAC, 853 
and range of nuclear forces, 17 
Polarization, 71 
of electrons emitted, in beta decay, 813, 832 
in forbidden beta decay, 889 
of protons by scattering, 98 
Potential, delta, 283, 309, 630 
effective and G matrix, 618 
integral equation for, 649 
phase equivalent, 599 
residual, see Interaction, residual 
saturation, 619 
single particle in shell model, 20 
axially symmetric, 263 
direct and exchange, 255 
general properties of, 204 
Hartree, 248 . 
Hartree-Fock, 251 
spherically symmetric, 256 
spherical and deformed, 461, 467 
wave functions in a, 264 
spin-orbit, 43, 206 
vector, 679 
expansion of, 685, 687 
Primakoff’s formula, 899 
Propagator corrections, 660 
Proton and beta decay, 771 
fluid, moment of inertia of, 436 
and giant dipole resonance, 493 
form factor, 678 
and beta decay, 848 
inelastic scattering of, 72 
knockout reactions, 115 
magnetic moment, 31 
mass, 9 
radius, 678 
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scattering by neutrons, 15 
Pp shell nuclei, 790 
beta decay of, 790 
effective charge for, 719 
ft values for, 796 
rotational structure, 466 
and Talmi method, 791 
Psuedoscalar, induced weak interaction, 857 


Quadrupole moment, electric, 4, 55, 379 
and Coulomb excitation, 412 
and deformation of nuclei, 48, 270, 379, 460 
of the deuteron, 13 
effective charge of, 643, 709 
of excited states, 74 
of phonon states, 477 
of phonon states, excited, 480 
for rotational nuclei, 410, 460 
in the shell model, 325 
Quadrupole-quadrupole interaction, 665 
Quantization of the Bohr Hamiltonian, 483 
the electromagnetic field, 679 
Quantum electrodynamics and beta decay, 818, 
841 
Quasi-particles, 550 
and BCS ground state, 552 
excited states, 564 
commutation rules for, 550 
one, state, 555 
RPA for, 634 
two, state, 555 


Radiation, electromagnetic, emission of, 686 
angular distribution, 690 
B coefficients, 698 
dipole, electric, 698, 734 
magnetic, 431, 699 
multipoles, electric and magnetic, 698 
quadrupole, electric, 411, 475, 479, 644 
selection rules, 689 
by a single particle, 700 
Radius, nuclear, 7, 126, 609 
Raleigh-Schrédinger perturbation method, 575 
Range of nuclear forces, 12, 17 
Reactions, nuclear, 68 
channels in, 105 
Coulomb excitation, 74 
direct, 106 
energy dependence of and time delay in, 83 
evaporation, 107 
heavy ion, 74, 80 
intermediate structure, 91 
inelastic, 69, 72 
knockout, 106 
and nuclear size, 76 
optical model and, 91 
pick-up, 106 
pion induced, 75 
specificity of, 72 
strength function, 94 
and time reversal invariance, 878 
two body, 69 
Recoil, nuclear and radiative transitions, 707 
energy in beta decay, 776 , 
in orbital capture, 806 
Recoupling coefficients, and 9j symbol, 930 
and 6j symbol, 928 
Redundant variables, 386 
Relativistic correction to nuclear matter energy, 
188 
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Residual interaction, 192, 372, 720 
‘Bartlett, 372 
Central, scalar, 300 
delta, 283, 630 
effective, 343, 618, 649 
Heisenberg, 372 
Majorana, 372 
matrix elements of, 280 
and magnetic moments, 757 
and moment of inertia, 428 
multipole expansion of, 259 
pairing plus quadrupole, 369 
quadrupole-quadrupole, 665 
spin dependent, 370 
surface delta, 632 
table of, 372 
Resonances and the compound nucleus, 88 
doorway state, 99 
giant, electric dipole, 48, 99, 491 
effect on El transitions, 734 
hydrodynamical model for, 493 
and muon capture, 904 
and one particle-one hole states, 497 
resonance frequency, 496 
magnetic, 49 
monopole, 734 
in nuclear reactions, 83 
shape, 87 
and time delay, 88 
width of, 83 
Rho meson, mass, 17 
and nuclear forces, 17 
properties of, 75 
Rigid body, deformed, and moment of inertia, 
416, 423 
Rotational nuclei, 377 
angular momentum of, 395 
bands, 386 
and center of mass motion, 383 
Coriolis effect, 397 
as a collective motion, 383 
and deformation, 48, 377, 415 
and density of levels, 389 
electric multipole transitions of, 407 
EO, 733 
El, 742 
E2, 411 
Ml, 431 
K selection rules, 413 
energy, 403 
comparison with experiment, 405 
spectrum, 381 
Hamiltonian, 391 
intrinsic structure, 442 
magnetic dipole moments, 429 
moment of inertia, 122, 385, 391, 396, 
416, 538 
one body operators, matrix elements of, 409 
Pp shell nuclei, 466 - 
rotation about symmetry axis, 399 
two dimensional case, 387 
wave function, 391, 396, 400 
symmetries of, 397 
Rotation, operator for, 392, 918 
about symmetry axis, 399 
and Wigner D function, 919 
RPA (random phase approximation), 541 
and collective states, 639 
excitation of definite multipoles in, 547 
linearization, 543 


and time dependent Hartree-Fock, 544 
Rutherford formula, 76 


Saturation, 10 
Scalar residual interaction, 300 
Scattering, of charged particles, 76 
Rutherford formula, 76 
cross-section, 70 
diffraction, 106 
elastic, of alpha particles, 78 
protons, neutrons, 97, 108 
shape, 94 
electrons, 4, 609, 611, 615, 619 
inelastic of alpha particles, 69, 78 
of deuterons, 72 
of protons, 72, 108 
interference in, 83 
high energy, 109 
and correlations, 112 
neutrino, 839 
nucleon-nucleon, 13 
angular distribution, 15 
charge exchange, 15 
pion, charge exchange, 75 
resonance, 83 
shadow formation by, 106 
Schmidt magnetic moment, 59, 754 
Screening, 660 
s-d shell nuclei, rotational structure of, 467 
Second quantization, 508 
annihilation and creation operators, 509 
commutation rules, 514 , 
field operator, 520 
Fock space, 508 
normal form, 556 
number operator, 514 
one body operator, 516 
two body operator, 516 
Selection rules, for beta decay, allowed, 784 
forbidden, 888 
isospin forbidden, 801 
l forbidden, 786,.798 
for electromagnetic transitions, 686, 742 
and isospin, 703, 705 
K, 413, 733 
Morpurgo, 744 
Self-consistent Brueckner-Hartree-Fock, 590, 
593, 612 
Hartree-Fock potential, 251 
Hartree-Fock-Bogoljubov, 571 
iteration procedure, 255 
Separation distance, 598 
method of, 597, 650 
Separation energies, 18 
of neutron pairs, 21 
Shadow formation, 106 
Shape of nuclei, 4, 269 
deformed, 46, 385, 415 
isomerism, 51 
oscillations, small, in, 471 
resonance, 87, 93 
Shell model, nuclear, 20, 202, 277 
angular momenta, 216,218 
assumptions of, 202, 277 
center of mass effects, 193 
classification of states, 279 
closed shelis, role of, 316 
configuration, 221, 279, 321 
configuration mixing, 345 
coupling schemes, 298. 
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J scheme, 227 
m scheme, 221 
energy first order, 282 
Hamiltonian, 279 
Hartree potential, 248 
Hartree-Fock potential, 251 
for closed shells, 256 
isomerism, 43 
and magic numbers, 19 
magnetic moments, 239, 244, 754 
effect of residual interaction, 756 
Schmidt value of, 59, 242 
parity of levels, 216 
nuclear, 218 
particle-hole configuration, 321 
radiative transitions, single particle, 700 
EO, 733 
El, 740 
Ml, 747 
residual interaction, 192, 720, 756 
effective, 342 
matrix elements of, 280 
table of, 372 
self consistent field, 251 
shells, 216 
single particle levels, 20, 216, 943 
potential, 192 - 
harnomic oscillator, 194, 346 
Siegert’s theorem, 676 
and long wavelength limit, 675 
for weak interactions, 894 
Single particle density. matrix, 132 
energies, 548 
levels in shell model, 20 
in deformed Nilsson potential, 446 
grouping of, 209 
for neutrons and protons, 213 
magnetic moment, 59, 242 
potential in shell model, 192 
axially symmetric, 263. 
direct and exchange, 255 
general properties of, 204 
Hartree and Hartree-Fock, 248 
harmonic oscillator, 194, 346 
Nilsson, 445 
self consistent, 251 
spin-orbit, 43, 206 
p-shell splitting, 359 
radiative transition probability, 701 
effective charge for, 720 
Nilsson, 743 
widths, 702 
transition density matrix, 132 
wave functions, 264 
behavior at large distances, 200 
properties of, 207 
Six j symbol, 928 
Size of nuclei, 3, 126 
from electron scattering, 4, 615, 619, 626 
from nuclear reactions, 76 
alpha particle scattering, 79 
Slater determinants, 136, 384, 461 
and Fock space, 510 | 
integrals, 365 
Space, model, 629 
truncated, and collective states, 639 
and effective charge, 716, 723 
Specificity, 72, 502 
Spectroscopic factors, 108 
Spectrum, energy in beta decay, 777 
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Coulomb effect on, 778 
first forbidden, 892 
Kurie plot for, 780 
unique forbidden, 890 
energy, of nuclei, 40 
deformed, intrinsic, 450, 453 
Spherical symmetry of Hartree-Fock potential, 
256, 274 
Spin dependence, of nuclear forces, 13 
of the residual interaction, 370 
of even-even nuclei, 40 
of first excited state, 41 
-one, 682 
-orbit interaction of nuclear forces, 13 
single particle potential, 43, 206 
and isomers, 43 
radial dependence of, 206 
splitting caused by, 216 
in p shell, 359 
time reversal of, 938 
Spurious states, 537 
Stability of Hartree-Fock solution, 529, 532 
neutral and spurious states, $37 
nuclear, 142 
and exchange potential, 150 
and hard core, 149 
and tensor potential, 150 
Strength function, 94 
Strength, interaction, of fundamental forces, 3 
of electromagnetism, 667 
of nuclear forces, 12, 667 
of the weak, 667 
Stripping of deuterons, 72, 84 
Structure of matter, 2 
SU(3), 665 
Sum rules, 709, 736 
and dispersion theory, 714 
for form factors, 714 
Superallowed transitions, 67, 78, 782 
and the weak coupling constant, 788 
Superconductivity, nuclear, 559 
Surface energy, 11, 126, 128 
nuclear, 8 
thickness, 6, 8 
waves, 48 
Symmetry energy of nuclei, 11, 126 
spatial of Hartree-Fock potential, 256 
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spherical, and operators, spherical, 922 
Thouless variational wave function, 523 
Three body correlations, 594 
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particle configurations, 330 
Time delay in nuclear reactions, 83, 88 
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Time reversal, 932 
of the Dirac equation, 939 
invariance, 877 
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of quantum fields, 941 
Time reversed state, 40 
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Coulomb field, effect of, 778 
forbidden, 783, 884 
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Hamiltonian, 834, 884 
probability, 781 
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effective charge for, 643, 716 
for single nucleon, 720 
electric dipole, 734 
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Valence particles, microscopic theory, 647 
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with Hamada-Johnston and Tabakin potentials, 
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Variational principle, and Hartree-Fock method, 
251, 527 
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and particle-hole excitations, 533 
small of nuclear shapes, 471 

Violation of conservation laws, 268 

Virial theorem, 424 

Volume energy of nuclei, 11, 126 


. Wave functions for finite nuclei, 207 


for neutrinos, 823 
for Nilsson Hamiltonian, 446 
for nuclear matter, 170 
projected, 461 
for rotational states, 391, 396, 400 
Thouless variational, 523 
Wavelength, long limit of, 657, 697, 699 
Weak interaction, 668, 771 
Adler-Weisberger relation, 859 
analogy with electrodynamics, 841 
beta decay, double, 863 
formal theory, 818 
simple theory, 775 
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coupling constant, 788, 835 
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-current interaction, 838 
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Weisskopf units, 702 
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